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Key Points:

« The vorticity budget is used to identify forces spinning gyres up and down when
integrated over the area enclosed by streamlines

e Spurious topographic forces and a numerical beta effect emerge from the Corio-
lis acceleration when using a C-grid with z-coordinates

e The identified spurious forces are significant in both an idealized gyre configura-
tion and the Weddell Gyre in a realistic global model
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Abstract

Gyres are prominent surface structures in the global ocean circulation that often
interact with the sea floor in a complex manner. Diagnostic methods, such as the depth-
integrated vorticity budget, are needed to assess exactly how such model circulations in-
teract with the bathymetry. Terms in the vorticity budget can be integrated over the
area enclosed by streamlines to identify forces that spin gyres up and down. In this ar-
ticle we diagnose the depth-integrated vorticity budgets of both idealized gyres and the
Weddell Gyre in a realistic global model. It is shown that spurious forces play a signif-
icant role in the dynamics of all gyres presented and that they are a direct consequence
of the Arakawa C-grid discretization and the z-coordinate representation of the sea floor.
The spurious forces include a numerical beta effect and interactions with the sea floor
which originate from the discrete Coriolis force when calculated with the following schemes:
the energy conserving scheme (ENE); the enstrophy conserving scheme (ENS); and the
energy and enstrophy conserving scheme (EEN). Previous studies have shown that bot-
tom pressure torques provide the main interaction between the depth-integrated flow and
the sea floor. Bottom pressure torques are significant, but spurious interactions with bot-
tom topography are similar in size. Possible methods for reducing the identified spuri-
ous topographic forces are discussed. Spurious topographic forces can be alleviated by
using either a B-grid in the horizontal plane or a terrain-following vertical coordinate.

Plain Language Summary

Gyres are large scale circulations in the world ocean that often interact with the
sea floor. It is important to develop a method to assess how the representation of the
sea floor in models affects gyre circulations. By calculating how model forces generate
vorticity (the tendency to rotate) in the flow, we are able to determine the forces act-
ing with and against the gyre circulation. We apply this method to results from a sim-
plified double gyre model and the Weddell Gyre in a realistic global model. We show that
spurious forces which emerge from the layout of the model grid play an important role
in the presented gyre circulations. The spurious forces originate from the calculation of
the Coriolis acceleration in the model. In previous studies, it has been argued that gyre
circulations interact with the sea floor primarily by forming pressure gradients; here we
show that contributions from pressure gradients are significant, but the spurious forces
are similar in size and also emerge from interactions with the sea floor. We discuss pos-
sible approaches to reduce the identified spurious forces by considering alternative grid
layouts. The spurious forces can be alleviated by using a B-grid or a terrain-following
vertical coordinate.

1 Introduction

Accurately representing the sea floor has always been a challenge for the ocean mod-
elling community. Quantifying the full influence of the sea floor on model circulations
is important for both future model development and the interpretation of results from
existing models. We present a diagnostic method that reveals how bottom topography
influences the depth-integrated vorticity budget of general circulation models (GCMs)
and we identify significant spurious forces that emerge from the discrete Coriolis force
when calculated on a C-grid (Mesinger & Arakawa, 1976) using z-coordinates.

The recent article by Stewart et al. (2021) also studied the impact of bottom to-
pography on vorticity budgets. However, the model used by Stewart et al. (2021) is a
two layer isopycnal model where the bottom topography is completely contained in the
lower density layer. In this article we consider models that have a higher vertical res-
olution and a step-like bathymetry. It is in these more commonly used models that we
identify a new category of spurious forces.
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The textbook theory of gyres relies on the idea of a depth-integrated vorticity bud-
get and gyres can be classified by the leading order terms in the depth-integrated vor-
ticity equation. For example, the Stommel (1948) gyre is dominated by wind stress curl,
lateral bottom friction, and the beta effect. In another example, Niiler (1966) analyt-
ically integrated the vorticity equation over the area enclosed by gyre streamlines to study
inertial gyres dominated by the wind stress curl, the advection of vorticity, and lateral
bottom friction.

GCMs have a primitive momentum equation with an associated vorticity budget.
By taking the curl of the depth-integrated terms from the primitive momentum equa-
tion we can calculate the corresponding terms in the model’s depth-integrated vortic-
ity equation (referred to as vorticity diagnostics hereafter). The vorticity diagnostics can
then be integrated over the area enclosed by gyre streamlines to reveal the model forces
responsible for spinning the gyre up and down. In this article we diagnose the vortic-
ity budget of gyres in two case studies using the NEMO model (Madec et al., 2019). We
consider a simple double gyre configuration with analytic forcing and idealized geom-
etry which resembles a North Atlantic basin. We also consider the vorticity budget of
the Weddell Gyre in a realistic configuration of the global ocean. In both of these case
studies we identify spurious force profiles with different characteristics. In the light of
these results, we discuss potential changes to the model discretizations that could mit-
igate the spurious forces.

The article is structured as follows. We first discuss the analytic depth-integrated
vorticity budget in Section 2 as well as the analytic method of contour integration. In
Section 3 we consider how the depth-integrated vorticity budget behaves on a C-grid with
step-like bathymetry and how spurious terms emerge from the discrete Coriolis accel-
eration. Results from the analytically forced double gyre model are presented in Section
4 and results for the Weddell Gyre are presented in Section 5. A discussion of approaches
to avoid the spurious forcing terms can be found in Section 6. Closing remarks are given
in Section 7. In Appendix A we present the discrete forms of the Coriolis acceleration
for various vorticity schemes. Appendix B presents results from the double gyre model
using various forms of the discrete Coriolis acceleration. In Appendix C we consider a
simple example of contour integration on the B-grid. Appendix D presents contour in-
tegrations of uninterpolated diagnostics from the double gyre model.

2 The analytic vorticity budget
2.1 The depth-integrated vorticity equation

Vorticity diagnostics are an underused tool for interpreting model circulations and
offer a description of gyre dynamics that complements textbook theory (Vallis, 2017).
A handful of recent papers have used a vorticity budget to diagnose regional GCM mod-
els (Schoonover et al., 2016; Bras et al., 2019; Le Corre et al., 2020).

To obtain a depth-integrated vorticity budget analytically we start from the vector-
invariant form of the momentum equation:

8uh

a5 = (qu)xu+;V(u~u)}

ff(f{x u) _leperio ()

h h po

where f is the Coriolis parameter, F" is top and bottom surface forcing, D" is the lat-

eral diffusion of momentum, uy, is the ‘horizontal’ (parallel to the Earth’s surface) ve-

locity vector, V, is the horizontal gradient operator, and [ -], is the horizontal compo-

nent of a vector. To derive a depth-integrated vorticity equation, we need to depth-integrate
and take the curl of Equation 1. The order of the two operations and any multiplications
carried out significantly alters the form and physical meaning of the obtained depth-integrated
vorticity equation.
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If we choose to depth-integrate the curl of the momentum equation, the pressure
gradient vanishes upon taking the curl and bottom vortex stretching represents the in-
teraction of the geostrophic currents with the sea floor. Both the beta effect and bot-
tom vortex stretching originate from the Coriolis acceleration in Equation 1. In the model,
the curl of the single momentum diagnostic associated with the Coriolis acceleration will
be responsible for two distinct physical processes.

If we choose to take the curl of the depth-averaged momentum equation then sea
floor interactions are represented by the JEBAR term (Joint Effect of Baroclinicity and
Relief). Cane et al. (1998) and Drijfhout et al. (2013) have questioned the relevance of
JEBAR by presenting simple examples in which there is no flow immediately above the
bathymetry. In these examples there is trivially no interaction between the flow and the
bathymetry, but there is a non-zero JEBAR term.

Throughout this paper we consider the vorticity equation obtained by taking the
curl of the depth-integrated momentum equation:

¢ — 1 .
%_ Vi (Cu)— Vn-(fa) +— (VP xVH) k
Advection Planetary Vort.

Bottom pressure torque

1 | .
+ = (VX Tout) k= — (V X Tpot) - k+ DS , 2
pO( ) pO( bot) D, (2)

Surface stress curl Bottom friction

Lateral diffusion

where ( is the vertical component of the vorticity, Tgu.f is the surface stress due to wind
and sea ice, Thos is the bottom stress due to friction at the sea floor, D¢ is the lateral
diffusion of depth-integrated relative vorticity (= V x D" 1A<), and P is the pressure

at the sea floor. Variables with a bar represent a depth-integrated quantity:

n((Evy#t)
a= / wp dz, (3)

—H(z,y)
where 7 is the free surface height, H is the depth of the sea floor, = is the zonal coor-
dinate, and y is the meridional coordinate.

The terms on the right-hand side of Equation 2 are the following: the advection
of relative vorticity; the planetary vorticity term; the bottom pressure torque; the sur-
face stress curl; the curl of bottom friction; and the lateral diffusion of relative vortic-
ity. The planetary vorticity term in Equation 2 contains contributions from the evolv-
ing free surface as Vj, - @ = —9n/0t. In an equilibrated state, the free surface evolu-
tion is small, and hence we assume V- (fU) =~ S0 where § represents the linear vari-
ation of f with latitude and v is the meridional component of the depth-integrated ve-
locity. This formulation is practical as topographic interactions emerge from pressure
gradients in the form of the bottom pressure torque and beta effects emerge from the
curl of the Coriolis acceleration; the Coriolis acceleration is responsible for one physi-
cally meaningful term in the analytic vorticity budget. Equation 2 is also used in Stewart
et al. (2021).

As a consequence of Stokes’ theorem, the area integral of a term from Equation 2
is directly related to the line integral of the depth-integrated forces along the area edge.
This is particularly useful when considering area integrals of terms from the vorticity equa-
tion and is discussed further in the next sub-section.

2.2 Contour integration method

All terms in the depth-integrated vorticity equation can be expressed as the curl
of a depth-integrated acceleration in the momentum equation:

0= (VxM) k (4)
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where Q is a term in the depth-integrated vorticity equation and M is a term in the depth-
integrated momentum equation. If we integrate €2 over the area enclosed by a depth-integrated
streamline, we can interpret the integral using Stokes’ theorem:

1(¢):i//A Qad-+f M-aL (5)

where A, is the area enclosed by a depth-integrated streamline and I'y, is the anticlock-
wise path along the same streamline. The criteria for selecting the sign in Equation 5

is defined later in this paragraph. The integral I(¢)) can be interpreted as the work done
per unit mass by the force associated with M on a fluid column in one circulation of I'y.
For a gyre circulating in a clockwise direction, the direction of circulation would be op-
posite to the conventional anticlockwise direction of I'y,. So that the reader does not have
to constantly consider the direction of the flow relative to I'y, we select the sign in Equa-
tion 5 so a positive value of I(1)) corresponds to a force that is spinning the gyre up.

Analytically, we would expect the planetary vorticity term to vanish upon integra-
tion as a consequence of the divergence theorem:

/ V- (fu) dA = fu-ndl =0, (6)
Ay

Ly
where 1 is the horizontal vector which is normal to the streamline and the depth-integrated
velocity. The Coriolis force can still play a role in shaping the streamlines of the circu-
lation but ultimately has no influence on the integrated budget. Although the advection

term, Vh-(TC), has a similar form, we do not expect the same zero integral for the ad-
vection term as u( is not parallel to U in general.

This method has been used in models before. Schoonover et al. (2016) integrated
vorticity diagnostics over a limited number of streamlines in the North Atlantic and con-
cluded that wind stress curl is largely balanced by bottom pressure torques. Stewart et
al. (2021) also used this method in an isopycnal model and concluded that wind stress
curl is not balanced by bottom pressure torques in general. Stewart et al. (2021) discuss
how the integrating area affects the resultant vorticity balances and in their model the
wind stress curl is only balanced by bottom pressure torques when integrated over lat-
itude bands. It should be noted that Schoonover et al. (2016) and Stewart et al. (2021)
use terrain-following coordinates in their models but in this article we study the vortic-
ity budget of a z-coordinate model. In Section 6.3 we discuss how the vorticity budget
can be affected by the choice of vertical coordinate and how terrain-following coordinates
can mitigate spurious Coriolis forces related to the topography.

3 The vorticity budget on a C-grid
3.1 The discrete depth-integrated vorticity equation

In NEMO, and many other contemporary ocean GCMs, the discretized model vari-
ables are distributed on the C-grid (Mesinger & Arakawa, 1976). The geometry of the
C-grid is shown in Figure 1: T points hold scalar information including the divergence
of the flow; the U and V points hold the horizontal components of vector quantities in-
cluding the horizontal velocity, surface stresses, and accelerations in the momentum equa-
tion (M). Values closely related to vorticity are found on F' points, this includes the rel-
ative vorticity, the Coriolis parameter, the streamfunction, and terms in the depth-integrated
vorticity equation (). Vertical velocities are located on W points that are directly above
and below T points as shown in Figure 1.

Every point in the C-grid has an associated cell with a vertical thickness and hor-

izontal width. Throughout this article 3 is the T cell vertical thickness and e't, e?* are

the T cell widths in the ¢ and j direction respectively. The same convention is used for
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Figure 1. The distribution of variables on the C-grid in both a three dimensional (left) and
horizontal (right) view. The T, U, V, F', and W points are shown alongside important values
that are centred on these points. The variable w is the vertical velocity and M., M, are the x
and y components of a term in the momentum equation. Note that k increases downwards whilst

z increases upward to match the NEMO model convention.

U, V,and F cells also. It should be noted that the values of the F' cell thicknesses in
this article depend on the scheme used to calculate the Coriolis acceleration (see Sec-
tion 3.2).

The GCM configurations discussed in this paper use a primitive momentum equa-
tion that is a discrete equivalent to the vector invariant momentum equation (Madec et
al., 2019). Momentum diagnostics can be combined to represent terms in the analytic
momentum equation (Equation 1). The curl of the depth-integrated momentum diag-
nostics is taken to form a closed discrete vorticity budget that is valid in an unsteady
state as the time derivative diagnostic is included. The resultant vorticity diagnostics
should closely resemble the terms in the depth-integrated vorticity equation (Equation
2); however, the planetary vorticity diagnostic deviates from the planetary vorticity term
in several significant ways.

3.2 The discrete Coriolis acceleration

The Coriolis acceleration is a product of the Coriolis parameter, f, and the veloc-
ity u. Here f and u are located at different points on the C-grid so there are many pos-
sible schemes for calculating their cross product and the choice of scheme affects the quan-
tities that are conserved in the model flow. Mainstream schemes use multi-point and thickness-
weighted averaging of f and u (Madec et al., 2019). A general form of the discrete Cori-
olis acceleration under these schemes is:

n=1 .5 \ €k (bn)
N
-11 flan) \ ~
Y — _
COR%J’]C - —~ N 6123 <ez'f(bn)> k(cn)a (7)
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where a,,, by, and ¢, are the horizontal locations of three neighbouring points (not nec-
essarily different) for the n'" term of the sum. The terms V = velVe?” and U = ue?“e3"
are volume fluxes; N is the number of terms in the average; and COR” (CORY) is the

x (y) component of the Coriolis acceleration.

In this article we consider three popular schemes for calculating the Coriolis ac-
celeration. The energy conserving scheme (ENE) (Sadourny, 1975) conserves total hor-
izontal kinetic energy and uses a four point average (N=4). The enstrophy conserving
scheme (ENS) (Sadourny, 1975) conserves potential enstrophy and has eight terms (IN=8).
Finally the energy and enstrophy conserving scheme (EEN) (Arakawa & Lamb, 1981)
conserves both horizontal kinetic energy and potential enstrophy and uses a twelve point
average (N=12). The explicit forms of the ENE, ENS, and EEN schemes for the Cori-
olis acceleration are given in Appendix A. The results in Section 4 and 5 use the EEN
scheme; however, in Section 6.1 we argue that all three schemes produce similar spuri-
ous forces. This argument is more concise when we use a form of the Coriolis acceler-
ation that is general to the ENE, ENS, and EEN schemes.

We identify deviations from the analytic value of the Coriolis acceleration by con-
sidering linear variations of f and €3/ near the U and V points. Expansions around the
U and V points are used for COR® and CORY respectively:

fr) = [l 4B (v—riy) = fi;+8- (r—17)), (8)
1 1
el (r) = a® e+ me (r—135)] = o [0+ me (r=x5)] (9)

where f* (fv) is the value of the Coriolis parameter centred on the U (V') point; 3 is
a vector describing the local horizontal gradient of f; w is a vector describing the local
horizontal gradient of F' cell thicknesses; r is a general horizontal point; ry; (rfj) is the
horizontal location of the U (V') point with the coordinate (i, 7). We assume that the
local domain for calculating the Coriolis force is small enough for a linear approxima-
tion of the Coriolis parameter and the bathymetry to be valid. We do not assume the
same for a(r) ~ 1 which represents sudden changes in 3/ that only occur in the EEN
scheme. In the EEN scheme:
: 1 . .

€= 1 (€2 + efbajn + el T €l i) s (10)
where masked T cell thicknesses are set to zero. Equation 10 can produce sudden changes
in F cell thicknesses near bathymetry. Sudden changes in €3/ are unique to the EEN scheme
so a =1 in the ENS and ENE cases. The ENS and ENE schemes have an alternative
definition of 3/ found in Appendix A.

By combining Equations 7, 8, and 9 we can derive a general decomposition of the
Coriolis acceleration:

N ~
. I Voo [ B
COR} ., = vl Omt 1]+ —— - (a, — 1l
25k ; N (61u63u)i’j7k fz'lfj ( ,J)
Num. beta
u ﬁ u
+ [a(b,) —1] — a(by)p - (bn - ri,j7k) + [a(b,) — 1] o (an - ri,j) ,(11)
2,3
Topographic
Coupled beta-topo
N _ rv 0 ﬁ
_ 2,7 b,k v
CORZLIC - Z N (e2vedv), |:1 + v (a” _ri7j)
n=1 75 ,J
[ —
Num. beta
v 16 v
+ [a(bn) —1] — a(by)p - (b, — ri,j7k) + [a(by) — 1] o (a, — ri)j) .(12)
1,3

Topographic
Coupled beta-topo
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The Coriolis acceleration has a zeroth order contribution centred on the U or V
point. The unmasked (see Section 3.3) zeroth order term matches the analytic form of
the Coriolis acceleration as it is the analytic value of f centred on the U point (V point)
multiplied by the point-averaged value of v (—u) centred on the U point (V point).

The remaining terms are first order departures from the analytic value of the Cori-
olis acceleration. The first order contributions are: a numerical beta effect caused by de-
viations of the point-averaged f from its analytic value at the U or V' point; a topographic
effect caused by variations in F' cell thicknesses; and a coupled beta-topographic effect
caused by the combined effect of sudden changes in cell thicknesses and the previously
mentioned numerical beta effect. Note that if & =1 (true for ENS and ENE) then the
beta-topographic effect vanishes.

The depth-integrated Coriolis acceleration is:

Kaw (6:7)

COR;; = > €lsCOR] (13)
k=1
kaw (6:7)

COR; = > ¢lj,CORY,,, (14)
k=1

where k7. and kY. are the highest unmasked indices in the column and they may vary
with horizontal index when z-coordinates are used. The depth-integrated Coriolis ac-
celeration is therefore also sensitive to steps in the bathymetry. This is discussed in the

next sub-section.

3.3 The influence of model level steps on the Coriolis acceleration

In this section, we present a toy configuration that highlights how model levels can
influence the discrete Coriolis acceleration. The configuration is shown in Figure 2. The
configuration has two model levels, three U-grid points in the 4 direction, two in the j
direction, and a rigid lid. The points in the upper level are surrounded by unmasked points,
we assume the grid is regular, and cell widths are the same in the ¢ and j direction. We
also assume an f-plane so f does not vary.

The configuration has a step bathymetry and a current running alongside it. The
current has no y component so v = 0 everywhere and therefore COR® = 0 at all points.
The lower limb of the current decelerates by an amount U; and as a consequence of in-
compressibility a vertical velocity is induced which accelerates the upper current by U;.

Under these assumptions, the discrete Coriolis acceleration does not vary between
the ENE, ENS, and EEN schemes and is:

CORY; . = g [wi ok + i1, + Wi g1k + Uim14+1,k] (15)
which is effectively f multiplied by the four point average of u.

In the upper layer, the Coriolis accelerations, located on the V points marked by
red triangles in Figure 2, are:

CORY,,_, = fU, (16)
CORY,,_, g (4Uo + U7) . (17)

In the lower layer, the Coriolis accelerations are set to zero as they lie on masked V points.
The V points are masked to prevent accelerations into the topography that would vi-
olate the no penetration boundary condition. The depth-integrated Coriolis accelerations
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Figure 2. A toy model demonstrating how model levels influence the discrete Coriolis ac-
celeration. A horizontal plan is shown for the upper and lower level as well as a view of the
depth-integrated fields divided through by the cell thickness Az. Single arrows represent pre-
scribed velocities; double arrows represent calculated Coriolis accelerations; and shaded cells
represent bottom topography. Accelerations on the lower level are masked to prevent the velocity
field from evolving into a flow that would violate the no penetration boundary condition. The

central F point is marked by a cross and is where the depth-integrated vorticity is generated.



288 are:

259 COR;, = CORY,,_ Az (18)
COR;, = CORY,, Az (19)
201 where Az is the constant cell thickness. It should be noted that U; vanishes when cal-

200 culating the depth-integrated velocities but remains in the depth-integrated acceleration.

203 The depth-integrated Coriolis acceleration depends on more than the depth-integrated
204 velocities.

205 When we take the curl of the depth-integrated accelerations, we can see how a depth-
206 integrated vorticity is generated:

297 E CORQJ - COR1’1i| = ZEfUl, (20)
208 where Az is the constant cell width. Note that this value is located on the central F' point
209 shown in Figure 2.

300 The masking of the Coriolis accelerations on the lower level introduces a spurious

301 force which exactly opposes the Coriolis force near topography. Pressure gradients are

302 ambiguous on V points near bathymetry, so an explicit force balance cannot be resolved.
303 The spurious forcing that emerges from the masking can be considered as an inferred

304 response of the pressure field to the Coriolis acceleration near the topography. There are
30 two possible interpretations of the result in Equation 20. We can think of the result as

306 either the curl of an inferred pressure gradient near the bathymetry or as a form of vor-

307 tex stretching that takes place on F' points near model level steps (Bell, 1999).

308 3.4 Decomposing the planetary vorticity term

300 The planetary vorticity diagnostic is sensitive to variations in the Coriolis param-
310 eter, cell thicknesses, model level steps, and the divergence of the depth-integrated flow.
31 The magnitude of these contributions may vary significantly between configurations so
312 a general method for decomposing the planetary vorticity diagnostic is valuable. In or-
313 der to effectively decompose the Coriolis acceleration, it is useful to perform variations
314 of NEMO'’s calculation of the Coriolis acceleration under three different assumptions. In
315 one calculation we impose cell thicknesses that do not vary horizontally; in another cal-
316 culation we impose a constant Coriolis parameter; and in the final calculation we impose
317 cell thicknesses that do not vary horizontally and a constant Coriolis parameter.

318 We then take the curl of the three depth-integrated accelerations to calculate three
310 variations of the planetary vorticity diagnostic. The planetary vorticity diagnostics un-
320 der all three assumptions include zeroth order contributions from model level changes

21 and divergences in the depth-integrated flow (fV},-u). The divergence of the flow over
32 four T cells is also calculated separately. These three variations of the planetary diag-

323 nostic, the divergence contribution, and the complete planetary vorticity diagnostic are
304 linearly combined to calculate five components of the planetary vorticity diagnostic:

325  the divergence of the depth-integrated flow;

326 » the beta effect;

327  the influence of model level steps;

328 * the influence of partial cells;

329  the coupled beta-topographic effect.

330 From the analytic form V,-(fu), we would expect contributions from the diver-

331 gence and the beta effect but the remaining contributions are purely numeric. The beta
332 effect component contains a real part that arises from spatial variations of the analytic
333 value of f and a numerical part that arises from the difference between the point-averaged

—10-
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Figure 3. The application of Stokes’ theorem on a C-grid. The vorticity diagnostic Q is equiv-
alent to the normalized line integral of M around a single F' cell of area Ar. The area integral of
Q over a collection of F cells (e.g. Asr) is equivalent to the line integral of M along the perime-

ter (e.g. I'sr).

value of f and its analytic value. The coupled beta-topographic component contains higher
order terms as it is calculated by finding the difference between the complete planetary
vorticity diagnostic and the sum of the four other components; therefore, the five com-
ponents add up to the complete planetary vorticity diagnostic by construction.

3.5 Contour integration on a C-grid

Calculating the curl on a C-grid is consistent with Stokes’ law applied to an F' cell,
and integrating V x M -k over several adjacent F cells is equivalent to a line integral
of M around them (see Figure 3). As the streamfunction v is defined on F points we
can argue that the area enclosed by a streamline is a collection of F' cells and that the
area integral of vorticity diagnostics is the work done by model forces in one circulation
around them.

Analytically, the planetary vorticity term vanishes upon contour integration. In this
section we determine whether this mathematical identity carries over to the C-grid by
considering the simple configuration shown in Figure 4. We consider a depth-integrated
flow on a C-grid made up of four F' cells in the ¢ direction and three in the j direction.
The grid is regular and cell widths in the ¢ and j direction are the same. There are no
topographic effects as the system has no partial cells or masked points. The outer edge
of the domain is a rectangular streamline, 1.,;, which no flow can pass through. The in-
terior flow follows the inside edge of 1.,; and has a base velocity of Uy. A recirculation
on the left intensifies the interior flow by an amount U;. The velocity field is incompress-
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Figure 4. A simple flow where the planetary vorticity diagnostic does not integrate to zero
when integrated within streamlines. The box is a rectangular streamline of value ¥, and no
flow is permitted to pass through it. The depth-integrated flow is prescribed and incompressible.
The grid point values of the depth-integrated velocity are given on the left and an illustration of

the background flow and recirculation are given on the right.

ible and summarized below:

U =us; = 0,
Upz = —TUg2 = Uy+U,
ug3 = —uz2 = Uy,
U1 =033 = 0,
Vao = Uy+U,
V3o = —Ui,
V4o = —Uo,

)

where we assume Uy, U; > 0. In this case the circulation is clockwise so the interior
values of the streamfunction will be larger than .;;. The minimum interior value of the
streamfunction is 1;,:. The area enclosed by a streamline ¥ where ez < ¥ < Yint

is made up of the two interior F cells at (2,2) and (3,2). Using the form of the depth-
integrated planetary vorticity diagnostic, PVO, for the EEN scheme (derived and pre-
sented in Equation A12 in Appendix A) we can determine the value of the area integral:

I = (8 [PVOL, 4 PVO,.].
A
— U112~T [(fi2 = f10) + (f2.2 — f2,0)], (21)

where PVO is the planetary vorticity diagnostic and Az is the constant cell width. Equa-
tion 21 describes a numerical beta effect that only acts on the recirculation part of the
flow. The presented example is highly idealized but it simply demonstrates that the plan-
etary vorticity diagnostic does not generally vanish when integrated within streamlines.

4 A double gyre model
4.1 Details of the configuration

The first experiment in this article is an idealized double gyre configuration based
on the GYRE PISCES reference configuration in NEMO. The GYRE PISCES reference
configuration has been used for a wide range of experiments (Lévy et al., 2010, 2015; Rug-
giero et al., 2015; Perezhogin, 2019). The domain is a closed rectangular basin which is
3180 km long, 2120 km wide, and is rotated at an angle of 45° relative to the zonal di-
rection. The basin exists on a beta plane where f varies linearly around its value at ~
30°N.
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Figure 5. (a) Bathymetry of the SLOPED configuration. (b) The wind stress profile for both
the FLAT and SLOPED configuration. The wind stress profile varies seasonally in a sinusoidal

manner between summer and winter extremes that are highlighted.

The model has a regular 122x82 grid that is aligned with the rotated basin. The
horizontal resolution is equivalent to a 1/4° grid at the equator and the configuration has
31 model levels. Two forms of bathymetry are used in this section. The FLAT config-
uration has a fixed depth of 4.5km and no partial cells are used. The SLOPED config-
uration has a linear slope that extends from the North West side of the basin and spans
half the basin (see Figure 5a). The maximum depth of the SLOPED configuration is 4.5km
and the minimum depth is 2km and partial cells are used to represent the slope.

The circulation is forced by sinusoidal analytic profiles of surface wind stress and
buoyancy forcing. The wind stress is zonal and only varies with latitude so that the curl
changes sign at 22°N and 36°N (see Figure 5b). The wind stress profile is designed to spin
up a subpolar gyre in the north, a subtropical gyre in the south, and a small recircula-
tion also emeges in the bottom corner. The wind stress and buoyancy forcing varies sea-
sonally in a sinusoidal manner.

The model uses a free slip condition on all boundaries except at the bottom where
a linear friction drag is applied. A simplified linear equation of state is used with a ther-
mal expansion coefficient of ag = 2x10~*kg m~ K~ !, and a haline coefficient of by =
7.7x107*kg m 2 psu~!. Horizontal and biharmonic diffusion of momentum is imple-
mented with a diffusivity of 5x10'° m*s~!. Biharmonic diffusion of tracers along isopy-
cnals is implemented with a diffusivity of 10 m*s—!.

The model is spun up for 60 years and the experiment was run for an additional
10 years with monthly-mean outputs. A steady state is not required for this diagnostic
method to work as the time derivative term is present in the vorticity budget. A time
step of 10 minutes is used for the model integration.
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300 The EEN vorticity scheme is used for consistency with all analysis discussed in Sec-

400 tion 3 and the results from the Weddell Gyre in Section 5. The EEN method calculates

401 F cell thicknesses using the method described by Equation 10 and we therefore expect

102 sudden changes in the F' cell thickness near the domain edge for both the FLAT and SLOPED
403 configurations.

404 4.2 Methods

405 Momentum diagnostics are calculated for every time step and the discrete vortic-
206 ity diagnostics are calculated by depth-integrating the momentum diagnostics and tak-
a07 ing the curl. The resultant diagnostics are time-averaged over the ten year experimen-

408 tal period. The extensive time-averaging will influence the advection vorticity diagnos-
409 tic as there is an added contribution from the eddy vorticity flux.

410 For contour integration, the vorticity diagnostics are then linearly interpolated onto
m a regular 1/12° grid. This is to minimise edge effects when carrying out the contour in-
a2 tegrals but integrations without interpolation are similar in form (see Appendix D for

a3 an example). The depth-integrated streamfunction is calculated and also interpolated

a14 onto a regular 1/12° grid for the contour integration.

a15 For 1001 values of 1, closed streamline contours are identified using a marching squares
416 algorithm from the scikit-image package (Van Der Walt et al., 2014). Streamlines that
a7 are near the recirculation gyre (south of 20°N) are ignored in this experiment and for some
a8 values of ¥ no closed streamlines could be found. For each closed streamline found, the
410 vorticity diagnostics are integrated over the area enclosed; this is equivalent to calculat-
20 ing I(%) in Equation 5 over many values of .

21 Multiple closed contours can be found for the same value of 1 so an additional con-
a2 tour constraint is needed to ensure I(¢)) is single-valued. In this experiment we always
23 choose the contour that spans the largest area when necessary which minimises the in-
o fluence of small pocket circulations that are not a part of the gyre. Closed streamlines

s that run along the edge of the domain can be hard to identify so a discontinuity in I(1))
426 near ¢ = 0 is expected as the largest detected contours will suddenly become pocket

a7 circulations as 1 approaches zero.

a2 4.3 Results

20 The depth-integrated streamfunction from the FLAT and SLOPED configurations
430 is shown in Figure 6. In both configurations a subtropical and subpolar gyre can clearly
431 be identified and a small recirculation gyre can be found in the Southernmost corner.

32 The subtropical gyre circulation is clockwise and the subpolar gyre circulation is anti-

433 clockwise.

a3 In the FLAT configuration the subtropical gyre has a transport of 68 Sv and the

435 subpolar gyre has a transport of 18 Sv. In the SLOPED configuration the subtropical

436 gyre has a transport of 40 Sv and the subpolar gyre has a transport of 13 Sv. We note
237 that the sloped bathymetry significant alters the form of the subtropical gyre stream-

438 lines.

239 The depth-integrated vorticity diagnostics of the FLAT and SLOPED configura-

440 tion are shown in Figures 7 and 8 respectively alongside the decomposition of the plan-

an etary vorticity diagnostic introduced in Section 3.4. In the FLAT configuration we note

a2 that the non-linear advection of vorticity and the planetary vorticity diagnostic have the
3 largest grid point values (~ 107 m s72) near the western boundary currents of both

o gyres. The wind stress curl is one order of magnitude smaller (~ 107 m s=2) but changes
s sign less frequently within the gyre regions. We see that the planetary vorticity diagnos-

a6 tic is almost entirely a result of the beta effect (Figure 7g and h). We note that the par-
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Figure 6. The depth-integrated streamfunction of the (a) FLAT and (b) SLOPED configura-
tions. The transports of the subtropical gyre (Ts:) and subpolar gyre (Tsp) are given.

tial cells contribution for the FLAT configuration is non-zero and localized to the edge
(Figure 7j) where the EEN Coriolis scheme artificially shrinks F cell thicknesses near masked
points.

In the SLOPED configuration (Figure 8) the advection and planetary vorticity di-
agnostics are still large but have an elongated structure similar to the SLOPED stream-
lines in Figure 6b. The bottom pressure torque is significant and is localized to the sloped
region (Figure 8b). The planetary vorticity diagnostic has a more complex decomposi-
tion as the influence of partial cells extends beyond the edge of the domain and model
level steps also contribute (Figure 8j).

The integrals of the vorticity diagnostics over areas enclosed by streamlines are shown
in Figure 9 and Figure 10 for the FLAT and SLOPED configurations respectively as well
as the integrals of the planetary vorticity diagnostic components. Example streamline
contours are also shown. In these figures ¢ > 0 describes the subtropical gyre and ¥ <
0 describes the subpolar gyre. The subtropical and subpolar gyres circulate in the op-
posite direction but the sign of the integration results are adjusted so that positive in-
tegrals correspond to forces that spin the gyres up.

In the FLAT configuration we see that the subtropical and subpolar gyre are en-
tirely driven by wind stress curl. At the exterior of the subtropical gyre (small and pos-
itive values of 1) the wind stress curl is largely balanced by the advection of relative vor-
ticity which implies a net import of positive vorticity into the gyre. The imported vor-
ticity cannot originate from the subpolar gyre as the advection of relative vorticity plays
no role in spinning the subpolar gyre down. Therefore the imported vorticity must orig-
inate from the recirculation gyre in the southernmost corner In the subtropical gyre in-
terior the wind stress curl is largely balanced by the curl of bottom friction, matching
the balance proposed by Niiler (1966).
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The planetary vorticity diagnostic is significant in both of the FLAT gyres and is
the dominant drag for the subpolar gyre. At both gyre exteriors (small values of 1)) the
integrated planetary vorticity diagnostic is a combined effect of the numerical beta ef-
fect discussed in Section 3.5 and the influence of partial F' cells that are artificially cre-
ated by the EEN scheme. At the interior of both gyres (large values of ¢) the numer-
ical beta effect is the only component.

In the SLOPED configuration we see that both the subtropical and subpolar gyre
are almost entirely driven by wind stress curl. There is no dominant force spinning the
gyres down. Advection, bottom pressure torques, lateral diffusion, bottom friction, and
planetary vorticity all make a similar contribution to spinning the gyres down. The plan-
etary vorticity diagnostic is similarly mixed as both the beta effect and partial cells make
up the signal. The gyres in the SLOPED configuration appear to be an intermediate case
between a topographically steered gyre and an advective regime.

Spurious forces that emerge from the discrete Coriolis acceleration are significant
in idealised models with and without variable bathymetry and appear to have a large
influence on gyre circulations. In the next sub-section we see if these forces are also sig-
nificant in a realistic global model.

5 The Weddell Gyre
5.1 Details of the configuration

We now consider a more realistic configuration based on the NEMO global model
with realistic forcing and bathymetry. In this experiment, we use an ocean-ice global con-
figuration that is similar to that described in (Storkey et al., 2018) but based on NEMO
version 4. The global grid is based on the ‘ORCA’ family of grids within the NEMO frame-
work (Madec et al., 2019). In this article we only consider the configuration using the
ORCAO025 grid (1/4° horizontal resolution at the equator). Most of the model bathymetry
for ORCAO025 is derived from the ETOPO1 data set (Amante & Eakins, 2009). Bathymetry
on the Antarctic shelf is based on IBSCO (Arndt et al., 2013) and has been smoothed
by three applications of a first order Shapiro filter. The bathymetry is represented in z-
coordinates by partial cells (Bernard et al., 2006). Surface forcing is taken from the CORE2
surface forcing data set (Large & Yeager, 2009) and includes contributions from sea ice.
The bathymetry is shown in Figure 11a.

The model uses a free slip boundary condition with a non-linear drag along the bot-
tom boundaries and the TEOS-10 equation of state (McDougall & Barker, 2011). Bi-
harmonic diffusion of momentum is implemented and acts along model level surfaces with
a diffusivity that varies with local horizontal grid spacing (Willebrand et al., 2001). Lapla-
cian diffusion of tracers is implemented and acts along isopycnal surfaces with a diffu-
sivity that also varies with local horizontal grid spacing. The EEN vorticity scheme is
used again for consistency with analysis in Section 3 and results in Section 4.

5.2 Methods

The methods used for calculating the depth-integrated streamfunction, vorticity
diagnostics, and contour integrals are identical to those described in Section 4.2.

We study the area including and surrounding the Weddell Gyre in the model (see
Figure 11) and consider the time-averaged fields over a typical year. The stream func-
tion is interpolated onto a regular 1/12° grid and closed contours are identified for 201
values of ¥. As we are studying a one gyre system we choose to only identify contours
where ¢ > 0. This effectively filters out the vorticity budget of the Antarctic Circum-
polar Current. The sign of the integration results are adjusted so that positive integrals
correspond to forces that spin the Weddell Gyre up.
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Figure 11. (a) The bathymetry of the Weddell Gyre region in the global model. (b) Depth-
integrated streamfunction of the Weddell Gyre.

5.3 Results

The depth-integrated streamfunction of the Weddell Gyre is shown in Figure 11b
and it can be seen that the Weddell Gyre has a transport of 60 Sv. The streamlines fol-
low the isobaths closely suggesting the circulation is largely constrained by the bathymetry.

The depth-integrated vorticity diagnostics are shown in Figure 12. The combined
effect of the wind stress and stress due to sea ice are shown in Figure 12e. With real-
istic topography and forcing, the grid point values of depth-integrated vorticity diagnos-
tics are very noisy with the exception of the surface stress curl. This highlights how im-
portant the integrating area is when interpreting vorticity diagnostics. For individual
grid points we see that the planetary vorticity diagnostic is made up of contributions from
the beta effect, partial cells, and a significant contribution from model level steps. The
beta effect is the most coherent of the contributions and is mostly negative in the west-
ern limb of the gyre where ¥ > 0 and positive in the eastern limb where 7 < 0. As
expected, the contribution from model levels steps is localized to areas where the num-
ber of model levels change.

Unlike in the double gyre model, bottom friction appears to be small and incoher-
ent in the Weddell Gyre region and is unlikely to have any significant influence on the
vorticity budget. The divergence of the depth-integrated budget is also small relative to
the vorticity budget which suggests that the effect of fresh water input due to precip-
itation and sea ice is negligible. The total time tendency (Figure 12d) is non-zero in this
vorticity budget suggesting that the model is not in a completely steady state; however,
the grid point values are only significant in the Drake Passage and are noisy.

The integrals of the depth-integrated vorticity diagnostics over areas enclosed by
streamlines are shown in Figure 13 alongside integrations of the planetary vorticity com-
ponents. We see that the Weddell Gyre is almost entirely spun up by the wind stress curl.
The stress due to sea ice (marked by hatching in Figure 13a) and the advection of rel-
ative vorticity also help to spin the Weddell Gyre up. The advective contribution is caused
by vorticity exchange at the interface between the Weddell Gyre and the ACC.
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planetary vorticity diagnostic and its components.

Bottom pressure torques and lateral diffusion play a notable role in spinning the
Weddell Gyre down but the planetary vorticity diagnostic is the most significant con-
tribution. Looking at the decomposition of the planetary vorticity diagnostic we see that
the signal is mostly determined by changes in model level and the remainder is deter-
mined by partial cells. This suggests that the Weddell Gyre is almost entirely spun down
by topography due to the combined effect of bottom pressure torques and the planetary
vorticity diagnostic, but the majority of the gyre’s interaction with the sea floor is spu-
rious. This conclusion is true in both the interior and exterior of the gyre.

6 Discussion

We have shown that the vorticity dynamics of both highly idealized and realistic
gyre configurations are greatly influenced by spurious forces that emerge from the dis-
crete Coriolis force and the step-like representation of bathymetry. In the idealized dou-
ble gyre configuration (Section 4) the spurious force is a combination of numerical beta
and topographic effects that are present in both the FLAT and SLOPED configuration.
In the realistic Weddell Gyre (Section 5) the spurious force is the dominant drag and is
entirely determined by model level steps and partial cells. In this section we discuss pos-
sible methods to mitigate these spurious forces.

6.1 Alternative vorticity schemes

The results presented in Sections 4 and 5 both use the EEN vorticity scheme and
it is tempting to dismiss the spurious forces as an artifact of the selected scheme. The
analysis in Section 3.2 is general for three popular schemes: EEN, ENE, and ENS. The
methods and decomposition used in this article are applicable under any scheme where
the Coriolis acceleration can be expressed in the form of Equation 7. Results from the
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SLOPED double gyre configuration using the different schemes are presented in Appendix
B and the vorticity budgets are qualitatively similar. Spurious topographic forces and
the numerical beta effect are still significant.

It therefore seems that switching between the available vorticity schemes will not
alleviate the spurious signal. It is possible that a new scheme could be formulated which
is designed to significantly reduce the spurious forces, but that will most likely require
abandoning the conserved quantities that characterise the existing schemes.

6.2 The B-grid

Altering the grid geometry can significantly alter the behaviour of model forces.
To highlight this we consider how the Coriolis force behaves on the B-grid.

The B-grid excels at representing geostrophic flows as f, u, and v are located on
the same vector point. The streamfunction and relative vorticity are located on the tracer
point as shown in Figure 14.

On the B-grid the Coriolis acceleration is simply:

COR{;x = fijvijk (22)
CORZ]k = —fi,jui’j,k. (23)

The Coriolis acceleration does not rely on multi-point averaging or thickness weighting
of f so numerical contributions do not emerge in the grid point acceleration.

On the B-grid u and v lie on the same point so they share the same mask. This
means that non-zero Coriolis accelerations are never masked near model level steps and
the depth-integrated Coriolis acceleration is a function of the depth-integrated veloci-
ties only:

X

COR,; = [ijViy, (24)
COR?’] = —fi,jﬂi7j. (25)

We therefore conclude that the spurious force caused by model level steps on the C-grid
(see Section 3.3) is not present on the B-grid.

In Appendix C we integrate the curl of the depth-integrated Coriolis acceleration
over the area enclosed by a rectangular streamline which is analagous to the C-grid in-
tegration discussed in Section 3.5. The result of the B-grid integral is non-zero showing
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that fwa Vi - (fu) # 0 in general. This suggests that a numerical beta effect would
still be present on the B-grid.

Using the B-grid would remove all of the spurious topographic forces identified in
this article. This highlights how a model circulation’s interaction with the sea floor is
significantly affected by the grid geometry.

6.3 Terrain following coordinates

The spurious topographic effects found in this article are a consequence of how bot-
tom topography is represented in z-coordinates. In the Weddell Gyre especially we see
how model level steps can create large spurious contributions to the depth-integrated vor-
ticity budget.

Terrain-following coordinates (or o-coordinates) are an alternative form of verti-
cal coordinate where the vertical resolution adjusts with the bottom topography so that
the same number of model levels are present in all fluid columns (Song & Haidvogel, 1994).
o-coordinates are used in Stewart et al. (2021) and Schoonover et al. (2016) and have
the advantage of removing spurious terms that emerge from model level steps. The forms
of the EEN, ENE, and ENS vorticity schemes are unchanged when using terrain-following
coordinates so the horizontal variations in cell thicknesses could still cause a spurious
signal.

Terrain-following coordinates are not used widely in climate models because of the
difficulty in calculating accurate horizontal pressure gradients (near the equator), advec-
tion, and isoneutral tracer advection. A full discussion of the current advantages and lim-
itations of terrain following coordinates can be found in Lemarié et al. (2012).

7 Summary

The depth-integrated vorticity budget is a valuable tool for identifying important
model forces in gyre circulations. Vorticity diagnostics can be integrated over the area
enclosed by streamlines to identify forces responsible for spinning the gyre up and down.

By considering how the vorticity budget is represented on a C-grid with step-like bathymetry
we identified spurious forces that emerge from the representation of bottom topography

and the discrete Coriolis acceleration. Model level steps and partial cells produce two
distinct spurious topographic forces. A numerical beta effect emerges from the required
multi-point averaging of the Coriolis parameter and remains when integrated over the

area enclosed by gyre streamlines.

We first studied the vorticity budget of an idealized double gyre configuration with
analytic geometry, forcing, and two bathymetry options. The FLAT variant has a con-
stant depth and the SLOPED variant has a linear slope that extends over half the do-
main. The subtropical gyre of the FLAT configuration is non-linear at the exterior (wind
stress curl balanced by advection) and is in a Stommel (1948) regime in the interior (wind
stress curl balanced by friction). The FLAT subpolar gyre is spun up by wind stress curl
and mostly spun down by spurious forces found in the planetary vorticity diagnostic. Spu-
rious forces are significant in both FLAT gyres and are a consequence of the numerical
beta effect and partial F cells that are artificially introduced by the EEN vorticity scheme.
Artificial partial F' cells would not be present in the ENS or ENE vorticity schemes.

The vorticity budget of the SLOPED gyres features bottom pressure torques and
an increased influence of partial cells on the planetary vorticity diagnostic. The SLOPED
subtropical gyre is an intermediate case between a topographically steered gyre and a
non-linear circulation. The SLOPED subpolar gyre is driven by wind stress curl but spun
down by the combined effect of bottom pressure torques and spurious interactions with
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the topography via partial F' cells. This first case study highlighted how spurious terms

can dominate a vorticity budget in simple configurations with and without variable bathymetry.

The second case study was the Weddell Gyre in a global model where the forcing
and geometry are more realistic. By studying the vorticity budget of the Weddell Gyre
we conclude that the model circulation is mostly spun up by wind stress curl and spun
down by the combined effect of bottom pressure torques and spurious interactions with
the topography. The largest of the topographic forces spinning the Weddell Gyre down
is the spurious force caused by model level steps.

Switching to alternative vorticity schemes is not effective at reducing spurious con-
tributions to the vorticity budget. By presenting a general form of the discrete Corio-
lis acceleration we are able to quickly conclude that the numerical beta effect and the
influence of partial cells will remain under all three vorticity schemes and any other scheme
that uses this general form. The influence of model level steps is a direct consequence
of the C-grid geometry when using z-coordinates and is relatively insensitive to the choice
of vorticity scheme.

Altering the geometry of the discretisation is an effective method for reducing spu-
rious topographic forces. The B-grid is better at representing the Coriolis force and it
is not possible for model level steps or partial cells to influence the Coriolis acceleration.
Model level steps and their influence on the Coriolis acceleration can be avoided alto-
gether by using terrain-following coordinates.

The B-grid and terrain-following coordinates have their own unique limitations and
it is unclear how much the identified spurious forces corrupt circulation variables such
as the gyre transport. It is possible that the spurious forces are inadvertently perform-
ing the role of one or more real ocean processes that are required for accurate simula-
tions. If a combination of non-spurious forces can fully account for the spurious forces
found in this article then the identified problem is purely diagnostic in nature. Other-
wise, any part of the spurious forcing that cannot be accounted for by non-spurious forces
should be considered as a numerical error. This numerical error could be small but may
also accumulate under specific conditions and corrupt model circulations. The spurious
cooling (Hecht, 2010) that occurs when a dispersive advection scheme is used with the
Gent and McWilliams (1990) eddy parametrization highlights the dangers of ignoring
numerical errors.

It is important for the ocean modelling community to continue developing new ways
of representing bathymetry and we hope that vorticity budgets and the diagnostic method
presented in this article will provide a valuable tool for assessing and quantifying rep-
resentations of the sea floor in current and future ocean models.

Appendix A Explicit forms of the Coriolis schemes

Here we explicitly state the forms of the discrete Coriolis acceleration in the ENE,
ENS, and EEN vorticity schemes for a z-coordinate system. In the ENE vorticity scheme
the z and y components of the Coriolis acceleration are:

CORj;, = 461}?- :fi’jl ((velv)i,j_m + (velv)i+1,j—1,k)

w15 (), + (velv)Hl’j,k)} (A1)
COR!,, = 4612] :f,;_l,j (et (we™) ) )

iy (), + (ueQ“)i’jH’k)} (A2)
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683 In the ENS vorticity scheme the x and y components of the Coriolis acceleration are:

T 1 1v 1v
CORj;p = 8elt [(ve )i,jfl,k + (ve )i+1,j71,k
+ (vel) g+ (0™ g ism1 + i) (A3)
-1 2u 2u
COR?iJ,j,k = 862” [(ue )i—l,j—l,k + (ue )i—l,j-s-l,k
+ (“e2u)z,j,k + (ue2u)i,j+1,k] [fi-15 + fil- (Ad)
684 We note that each term in the ENE and ENS forms can be written in the general form
685 of Equation 7 as ve'” = V /e and u62“ = U/e3*. In the ENE and ENS cases eif (b,) =
686 eV (cy,) for COR” and eif(bn) = €3%(cy,) for CORY in Equation 7. In the EEN vor-
687 ticity scheme, the  and y components of the Coriolis acceleration are:
1 NE 3v 1 3v 1
COR%J k= 12¢lu [Fi,j,k (ve ve U) kT F%Jrl 3k (Ue € v)z+1,j,k
i,
SE 3v 1lv 3v 1
+E (ve’e 1) g1k T F+1 ik (ve’e U)H—l,j—l,k]’ (AD)
-1 NE 3u 2u 3u 2u
COR};, = 1262 [F75k (ue™e )z,jgk FJ (ue™e )%1,;',1@
3u 2u 3u 2u
+F itk (ue e )z,jﬂ,k + F i1k (ue e )171,j+1,k}’ (A6)
688 where FNE FNW  FSE and FSW are thickness-weighted triads of the Coriolis param-
689 eter:
NE = (Fant Forin+ Fim) (A7)
Fz],\;,vl‘c/ = (fz,]k:+fz 1,]k+f7, 1,5— lk) (AS)
FiSjEk = (f’t]k‘+f’b,j 1k+fz 1,7— 1k) (Ag)
F,J k= (.fi—l,j,k + fijoik+ fifl,jfl,k) , (A10)
690 where f = f/e3/ using the EEN definition of ¢3/ shown in Equation 10.
601 To calculate the planetary vorticity diagnostic we take the curl of the depth-integrated
692 Coriolis acceleration (defined in Equations 13 and 14):
50 1 Yy Yy
PVOi; = —i7ar— | (COR'e*)  — (COR"e™)
T (eter]), [ i+1,5 i
~ (COR"e!) 4 (COR"e™) } (A11)
i,j+1 i,
693 In general the resulting equation of the vorticity diagnostic is very difficult to in-
694 terpret. We only present the form of the planetary vorticity diagnostic for the EEN scheme
695 on a grid with no partial cells or model level steps as it is used to derive the numerical
696 beta effect in Section 3.5:
PVO 1 1v 1v
PVOi; = 3 (elfe2f). { i (Ve )ige1~ M (Ve )iv1 41
i,j
SE 1v 1v
+Ji; (Ve )” 1 T Z+1 J (Ve )H—l,j—l
SE 2u NE 2u
- z‘+1 J+1 (Ue )¢+1 g1 Jit1g (Ue )i+1,j
2u NW 2u
+ w+1 (Ue )171,j+1 + (Ue )zfl,j
1v 1v
= (fig+1 = fig-1) ((Ve )i+1,j + (Ve )i,j)
= (firrj — fi-14) ((UeQH)i,jJrl - (Uezu)m‘)} ' (A12)
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Appendix B Alternative vorticity schemes in the double gyre model

In this section we present various integrations of the SLOPED double gyre config-
uration using different vorticity schemes: EEN, ENS, and ENE. All other aspects of the
experiment are as described in Section 4.1. The results are shown in Figure B1. The vor-
ticity budget is qualitatively similar between the three cases as well as the decomposi-
tion of the planetary vorticity diagnostic. It should be noted that the circulations do dif-
fer as the transports vary and the separation points of the western boundary currents
change.

Appendix C Contour integration on a B-grid

In this section we consider how the planetary vorticity diagnostic on a B-grid be-
haves when integrated over the area enclosed by a streamline. The example configura-
tion used is analgous to the C-grid configuration in Section 3.5.

On a B-grid the relative vorticity is centred on the tracer point. As a result, the
curl of the depth-integrated Coriolis acceleration depends on values of COR” and CORY
on the four surrounding vector points. The resultant form of the planetary vorticity di-
agnostic is:

[ 5 (fﬂe%)j +; (fﬂezu)j_l
+0; (f@elv)i +9; (fﬁelv)i—l]’ (C1)
where §; and §; are differencing operators that act along the ¢ and j axes respectively:
0i (Aij) = Aiprj— Aiyg, (C2)
0 (Aij) = Aijpr— Aij. (C3)

The streamfunction is centred on B-grid tracer points and the associated incompress-
ible flow can be calculated using the equations:

. 1

Uij = “5As (Vi 41 — Vij + Yig1 41 — Vig1,] (C4)
1

Vii = 5AL [Vir1,j — Vi + Yiv1 41 — Vil (C5)

We consider a pen-and paper configuration that is shown in Figure C1. There are
no topographic effects as we assume the grid has no partial cells or masked points. The

external values of ¢ are arbitrarily set to zero and the internal values are ¢ ;1 = 2 (U + Uy) Az

and vy 1 = 2UpAx where Az is the regular cell width. The velocity field is derived from
1) to guarantee an incompressible flow. If we integrate the planetary vorticity diagnos-
tic over the area enclosed by a streamline where 0 < 1 < 2UyAx then the area inte-
gral is the sum of PVO over the two internal tracer points:

I(¥) = (Az)”[PVOys +PVO3,]
= UiAz(f22 — f21)- (C6)

Equation C6 is similar in form and magnitude to the C-grid result (Equation 21) and
shows that a numerical beta effect can exist on a B-grid.

Appendix D Contour integration without interpolation

The interpolation of vorticity diagnostic fields and the streamfunction is discussed
in Section 4.2. Linear interpolation is used to minimise edge effects in our contour in-
tegration but is not required. In this section we present results that use uninterpolated
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Figure B1. Stacked area plots showing the integrals of depth-integrated vorticity diagnos-
tics for the SLOPED configuration using the EEN, ENE, and ENS vorticity schemes. Positive
values correspond to a force that spins the subtropical (¢ > 0) or subpolar (¢ < 0) gyre up. A

decomposition of the planetary vorticity diagnostic integrals are given on the RHS (b,d,f).
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Figure C1.

A simple flow on a B-grid where the planetary vorticity diagnostic does not in-

tegrate to zero when integrated within streamlines. The box is a rectangular streamline of value

Yo

0. The flow is incompressible and calculated from the prescribed interior values of ¥. The

background circulation is is illustrated by the gray dashed lines and is similar to the flow in

Figure 4.
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Figure D1.

Stacked area plots showing the integrals of depth-integrated vorticity diagnos-

tics for the SLOPED configuration without using interpolated fields. Positive values correspond

to a force that spins the subtropical (¢» > 0) or subpolar (1) < 0) gyre up. (b) Shows the area

integrals of the planetary vorticity diagnostic and its components. The vorticity budget and

decomposition are qualitatively similar to that shown in Figure 9.
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fields from the FLAT double gyre configuration. The results are shown in Figure D1 and
are qualitatively similar to the interpolated results shown in Figure 9. This example is
selected to demonstrate both the qualitative similarity to interpolated results but also

the reduced coherence that comes from using non-interpolated data. The non-interpolated
results from the Weddell Gyre are in fact more coherent than the results shown in Fig-
ure D1.
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