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Key Points:

+ The predictive skill of a neural network (NN) model for the prediction of Lorenz ‘96 dynamics
is examined.

* NN models are competent in representing highly nonlinear dynamics even without resolving
smaller-scale processes.

« The performance can be enhanced by some approaches in an attempt to increase the diversity

of a whole ensemble.
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Abstract

The predictive skill of a neural network model for the prediction of the highly nonlinear Lorenz
‘96 dynamics is examined and a way to improve the skill is investigated. We train neural networks
with pairs of a large-scale variable and its tendency generated by numerical integrations of full-level
Lorenz 96 equations. The Neural Network (NN) models are then used to estimate the tendency
given state of the variable which is then updated without resolving or parameterizing smaller-scale
processes. We also apply ensemble data assimilation to the predicted background states and examine
to which degree NN models capture the dynamics in a long-term prediction-analysis cycle. It has
been found that NN models are skillful in estimating the tendencies for dynamics with quasi-periodic
characteristics. Moreover, they have strong potentials in predicting even more chaotic waves when
an external forcing has been increased. We have examined if the performance of NN models can be
enhanced by using ensemble frameworks in the context of machine learning or training an NN with
a dataset generated by ensemble simulations of full-level Lorenz 96 equations. In these approaches,
prediction-analysis cycles run stably for long periods and NN models are skillful in representing
the large-scale dynamics. However, NN models can face difficulties in capturing extreme events
occurring rarely and whose predictability is very low. An interesting aspect of the results is that
efforts need to be focused in finding an effective way to increase the diversity of a whole ensemble

and improve the skill in such situations.

Plain Language Summary

We have examined the performance of a neural network model for the prediction of a con-
ceptual dynamic system of complex weather and climate called ”Lorenz 96 model”. It has been
found that neural network models are competent in representing slowly varying dynamics which
has quasi-periodic characteristics. This can be done without solving the full-level equation set but
by training the neural network with information about the states of the first-level variables and
their tendencies. However, it is especially challenging for neural network models to predict rarely
occurring extreme waves which are highly unpredictable. Their predictive skill can be improved by
using some approaches tested in an attempt to use a combination of neural network models or an
effective training strategy. Upon results from this study, we suggest that efforts need to be focused

in finding methods to increase the diversity of a whole combination of neural network models.
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1 Introduction

Machine learning approaches have drawn intensive attentions from diverse research communi-
ties including Numerical Weather Prediction (NWP). For example, the early applications of Neural
Network (hereafter, NN) model to prediction and data analysis in the research area of meteorology
and oceanography are reviewed and discussed about some of associated difficulties in Hsieh and
B. (1998). They also proposed a link between the NN model to variational data assimilation and
outlooked a hybrid of NN and dynamical models. For aerodynamic problems, White et al. (2019)
introduced a new neural network architecture called “a cluster network” model that performs better
than previous model-free methods, in attempts to save time for the prediction of computation inten-
sive problems while maintaining sufficient accuracy. Recently, Scher (2018) measured the predictive
skill of a Convolutional Neural Network (CNN) model trained on a simple general circulation model
and showed that it could predict model states several time steps ahead. They further suggested
that the NN model could produce similar climate statistics to that generated by the global circu-
lation model. Weyn et al. (2019) developed weather prediction models using deep CNN trained on
past weather data and used them to predict 500-hPa geopotential height. Their best performing
CNN has captured the climatology, annual variability of 500-hPa heights, and predicted realistic
atmospheric states at lead times of 14 days although this model did not outperform an operational
weather model. Meanwhile, Brajard et al. (2020) built a data-driven surrogate CNN model to em-
ulate the 40-variable Lorenz model (Lorenz & Emanuel, 1998) from partial and noisy observations.
Their method is based on an iterative algorithm in such way that at each iteration, an Ensemble
Kalman Filter (EnKF) step alternates with a machine learning step that learns the underlying dy-
namics of the analysis from the data assimilation. In their sensitivity experiments, forecast skills
decrease smoothly with increased observational noise as long as the fraction of observations exceeds
a half of the model domain. They argued that the success of this newly suggested approach might
at least partially rely on the autonomous characteristics of the Lorenz '96 system but expect that

this method can be extended to a system of slow variations.

Recently, Scher and Messori (2021) have tested some ensemble generation methods in the
context of machine learning such as a “network retraining ensemble” which is generated by starting
with different initial seeds for the random number generators in the initialization of the network
weights. An ensemble framework can be also generated by retraining the network by using different
sets of features or input variables (Borovkova & Tsiamas, 2019). Scher and Messori (2021) have
found that their ensemble approaches enable the system perform better than an ”unperturbed
neural network forecasting system”. Among the four ensemble approaches used in their study, the
retraining ensemble performed best. The machine learning ensemble models have drawn attentions
in diverse research areas (e.g., Eslami E. & Lops, 2019, and others) and demand for them would
grow. Studies on the use of neural networks further include postprocessing of ensemble weather
forecasts (e.g., Rasp & Lerch, 2018, and others), and it is suggested that neural network models

can be more efficient and perform better than benchmark postprocessing techniques.



79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

Dueben and Bauer (2018) examined whether models based on machine learning can compete
with conventional physical models in the simulation of large-scale flows of the three-level Lorenz "96
system (Thornes et al., 2017) and global weather forecasts. Upon some success with NN models
for short-term forecasts, they discussed that NN models would face challenging issues such as
complex interactions between coupled components of the earth system. This perspective has drawn
our attention to the predictive skill of NN models for a highly-nonlinear dynamic system and
finding a way to improve their performance. In connection with the studies by Dueben and Bauer
(2018), we investigate closely the accuracy of predicted large scale variables of multi-scale Lorenz
'96 systems without parameterizing or resolving smaller scale processes explicitly. Also, ensemble
data assimilation is applied for the variable to examine to which extent the NN models can identify
the evolution of complex dynamics in a long-term prediction-analysis cycle. In this study, it has
been found that the accuracy of NN model predictions is influenced by the dynamical characteristics
of the Lorenz '96 system, and it is challenging for the NN model to capture highly unpredictable
transitions correctly. For the purpose of finding a way to improve the predictive skill of NN models
in such situations, we use data sets generated by ensemble simulations of full equation sets for the

training of NN models and additionally test an ”ensemble” (Scher & Messori, 2021) frameworks.

A neural network ensemble is generated most commonly following a two-stage design process
(Sharkey, 1996): 1) first generating individual networks; 2) and then combining the output of
several networks that solve the same task. For an extension of it, Loyola R. (2006) suggest a three-
stage design process for neural network ensembles: 1) first generating multiple training data sets
different from the original data set; 2) training networks individually using the data sets, one for
each network; 3) and then selecting a subset of the more suitable networks for a combination. In
our initial pursuit, we adopt simple approaches each from these two types of NN ensembles for
testing highly-nonlinear cases. Also, we suggest a way of NN training by providing information
about diverse state transitions obtained from ensemble simulations of full-level equation sets. It
has been found that NN models have potentials in predicting states of large-scale variables without
having to parameterize or resolving smaller-scale processes explicitly so that they can be applicable
for an individual multi-scale or a coupled system. However, it has been also observed that NN
models have difficulties in estimating correct tendency for dynamical states which undergoes rapid

changes.

We provide detailed explanations of the two- and three-level Lorenz '96 systems and parameters
chosen for the tests in the following section. Tests of two different external forces in the Lorenz
system are introduced and dynamic features are also illustrated. Then, the NN model generated for
this study is briefly presented and the information of training/validation data sets are given. Also,
we summarize some concise details of data assimilation process based on Ensemble Kalman Filter
(EnKF). In section 3, we compare the accuracy of predictions by NN models and numerical solvers
for the large-scale flow dynamics, and evaluate the performance of NN models when ensemble data

assimilation is applied cyclically. Also, results from the test of machine learning ensemble are given
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in details. We discuss the skill of NN models in representing large-scale dynamics for multi-scale
systems and summarize the performance of the NN models dependent on the dynamical properties

of a target system in the final section.

2 Experimental set-up
2.1 The Lorenz ’96 system

We examine the performance of a neural network model for the two-level Lorenz ’96 system
(Lorenz, 1996) first and then test the three-level Lorenz 96 equation suggested in Thornes et
al. (2017). The three-level equation is an extended version of the two-level one by adding one
more level to further subdivide multi-scale interactions. Accordingly, the NN model updates only
states of large-scale variables without solving one or two smaller-scale processes of each Lorenz '96
system, respectively. We describe these two multi-level systems by adopting the same notations
used in Lorenz (1996) and Thornes et al. (2017). The two-level model consists of the two governing
equations coupled to represent a larger scale variable “x” and a smaller scale variable “y”:

J
dxy, he
i Tip—1(Tht1 — Th—2) — T + b jEZlyj,kv

dy; i

C
2t = DYtk (Yj+2,6 = Yj—1,k) = CYjk + - Tk -

The indices j and k range from 1 up to J and K that represent the dimension of = and v,
respectively. Likewise, the three-level model is composed of three governing equations with the
variables, a large-scale “x”, medium-scale “y” and small-scale “z”, and the index 7 is used to for

the variable z and it ranges from 1 up to I:

d$k

J
he
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I
dy;.k he he
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Table 1 shows the list of the parameters chosen following Thornes et al. (2017) and Dueben and
Bauer (2018). Among the parameters in table 1, F is the large-scale forcing term that can modulate
the behaviors of the Lorenz system. It is set to be first 8.0 and then raised to 20.0 to examine the
predictive skill of NN models for a system having different dynamical characteristics (Lorenz, 1996).
For simplicity, the other parameters are left unchanged that are tunable to control the frequency,
amplitude of oscillations, and the strength of coupling between variables that represent different
scales. The degrees of the freedom given to the two-level model are I = 10, J = 10, and to the three
level are I = 8, J = 8, K = 8 as chosen in Thornes et al. (2017) and Dueben and Bauer (2018).
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Table 1: List of parameters for the Lorenz 96 equation set

Notation Definition Value
H Strength of the coupling between spatial scales 1.0
B Relative magnitudes of the coupled variables x and y 10.0
C Relative evolution speed of the coupled variable z and y 10.0
F Large-scale forcing applied to the system 8.0 or 20.0
D Relative magnitudes of the coupled variables y and z 10.0
E Relative evolution speed of the coupled variables y and z 10.0
[ Damping parameter 1.0

The multi-level Lorenz 96 equations are integrated by the fourth-order Runge-Kutta method
(e.g., Ott et al., 2004, and others), and the numerical solutions of x are assumed to represent
the true states of the large-scale flow. In this way, the data for training and validation of neural
network models are obtained by integrating these discretized multi-level equation sets. The temporal
discretization is At = 0.005 Model Time Units (MTUs) for the integration as in Dueben and Bauer
(2018). The lag autocorrelation and dynamical characteristics of the simulated system is shown in
Fig. 1a for the case F' = 8. The correlation draws closely to zeros near 0.37 M'TU, which corresponds
to about 2 days (Lorenz, 1996). Figure 1b shows the phase space of z1 and x5 trajectories among the
ten x variables, illustrating a quasi-periodic characteristics of the system. Dynamical systems with
diurnal or seasonal cycles have a strong quasi-periodicity (Sterk & van Kekem, 2017). Trajectory
alternates one or the other periodic courses. Meanwhile, the lag autocorrelation given F' = 20 is
about 0.27 MTU ( 1.3 days) (Fig. 1c). With the increased forcing, the system shows highly chaotic
characteristics as illustrated by the the phase space trajectories of 1 and x5. During the time
integration of the equation, z}! and Az} = xZH - xy are saved at every 1 MTU for the training
of NN models so that 2,010,000 sets of this pair are prepared. Namely, the input data for the
training are pairs of the largest scale variable and its tendency sampled in such way that temporal
correlation of each pair is sufficiently low (Dueben & Bauer, 2018). Eventually, the predictive skill
of a numerical solver and NN models are evaluated by measuring the deviation from the true state
of x when they solve the evolution of only large-scale variable x. It means that the numerical solver
integrates only the first-level equation for x while the y-dependent term in the equation is omitted.
Meanwhile, NN models estimate the tendency of the large-scale variable only to update its state at

every time step.
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Figure 1: Autocorrelation in time and the phase space of x; and x5 trajectories of the two-level
Lorenz’ 96 system given F' = 8; (a) and (b), and F' = 20; (c) and (d).

2.2 The NN model

“Artificial Neural Networks” consist of many connected neurons that can produce a sequence
of activations. Neurons get activated through weighted connections from other neurons activated

I3

earlier. In this way, “learning” is about finding the “weights” in order to make NNs eventually
exhibit “desired behavior” (Schmidhuber, 2014). We use the Keras Python library Chollet (2015)
to construct a sequential neural network which is a linear stack of layers with neurons placed on
input, hidden, and output layers. The input layer is the first layer that feeds on information from
input data, while results from neural networks are sent off from the output layer. There are hidden
layers in between. The information about the input is given to the first layer with specifications of the
dimension of the input data. The connections of neurons in the network designate assigned weights.
A positive weight reflects an excitatory connection, while negative values inhibitory connections.
Then a bias term is added to the total weighted sum of inputs to shift the activation function
that controls the output. We use the same design options for the generation of NN models as

done in Dueben and Bauer (2018). For the activation function, we use the hyperbolic tangents

while a stochastic gradient descent is used for optimization processes. During the training phase
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of the neural network, the weights and biases within the network are optimized by reducing a
given loss function. We use the mean absolute error as for the loss function. The optimization
algorithm repeats propagations and weight updates. When an input vector is fed on the network,
it is propagated forward through the network, layer by layer, until it reaches the output layer. The
output of the network is then compared to the desired output and the loss function is computed.
The resulting error value is calculated for each of the neurons in the output layer. The error values
are then propagated from the output back through the network in such a way to minimize the
loss function. The software package developed by Hatfield (2019) has provided a basis for the

computational tool for the investigation of the multi-scale Lorenz 96 systems in this study.

Figure 2 illustrates the processes of feeding data into the neural network and following se-
quences. Each neuron (node) in a layer is sequentially connected to a neuron in other layer forming
a multilayer neural network. As briefly stated in the previous section, 2,010,000 sets of 2} and Az}
= xZH - x}} are prepared for the training of NN models. Then, the constructed NN model is used
to make predictions of the tendency of the large-scale variables x to update the state of x of the
next time step. In this study, we try only the so called “global” approach suggested in Dueben
and Bauer (2018), in which all z; variables (k =1, ---, K) are used to predict a tendency of a
single variable xy, instead of using variables surrounding that grid point. Dueben and Bauer (2018)
used the third-order Adams—Bashforth explicit time-stepping scheme by iteratively using NN model
tendency outputs to reduce the error associated with temporal discretization. However, we directly
use the tendency (Az}") output from NN models to update the states of xj at the next time step
(2 = 2 + Az}") to uniformly use the same order of time stepping as in the tests for which
data assimilation is applied. Some more details of the data assimilation procedure are given in the

next subsection. It might need to be reminded again that the other smaller scale variables (y or z)

of the Lorenz system are neither used for training nor resolved in the NN.

Neural Network

Training 80 % & ) _ _
Validating 20 % |—> =, = . — output
) - . g AX
. . . > [ ()] o
training pair: © > > =
X, AX s = P 3
= 3 3 5
- i) i) o
< <
N A
n[l]: nodes n["]

Figure 2: Schematic diagram for the training of neural network models

Since the solution of the Lorenz 96 equation has relatively short-term autocorrelation given the

parameters in this study (Fig. la and 1c) and the input data are 1 MTUs apart, we did not select a
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random splitting of training and verification data sets (Scher & Messori, 2019). As frequently done
in machine learning practices, 80 % of the numerically generated data is used for training and 20 %
for verification (Fig. 2). All input states of the large-scale variable z;, have been normalized in such
way that the value ranges between -1.0 and 1.0. The updated value using the output tendencies is
then inverted again to produce new physical state . We have examined the performance sensitivity
of NN models to the number of epochs, nodes, hidden layers, by simply changing their numbers.
It is observed that the performance is little affected or even gets slightly worse if the number of
hidden layers, nodes, and epochs exceeds 32, 100, 100, respectively for the dynamical system given
parameters. In this study, we present results from tests all with the NN model combination of 32,
100, 100 except one test with the combination 4, 100, 100 for the experiment with F' = 8.0 and F

= 20 for the two-level Lorenz '96 equation.

2.3 Data assimilation

We are especially interested in the use of ensemble predictions from a NN prediction system
as background states for data assimilation. The term ‘background’ means that the predicted states
of each model prior to a data assimilation process. To examine this question, we use the Ensemble
Kalman Filter (EnKF) method with perturbed observations with a simplified setting. The obser-
vation is generated by adding perturbations to true states with the standard deviation of 1.0 which
is often used in data assimilation studies (e.g., Ott et al., 2004, and others). At first, EnKF is
applied at every time-step for the variable xj at every grid point. This is intended to examine the
ability of models in updating right tendencies for the dynamic system when the state is corrected
by EnKF every time step. After this test, data assimilation is applied for every 10 time step, which
is approximately corresponding to 6 hour interval. A multiplicative inflation with a constant factor
1.1 is multiplied to the background ensemble states. The size of ensemble is chosen to be 10, the
same number as given degrees of freedom (the number of grid is 10) for the two-level system. We
use the simply same number of ensemble member for the three-level tests as well, where the number
of grid for the large-scale variable is 8. The initial ensemble states are sampled from the outputs
from a long-term spin-up simulation of multi-level equations so that each member is the state at a
randomly chosen time step. The accuracy of analysis is evaluated by comparing with the assumed
true states which are obtained by numerically integrating the full-level equations for 2000 time steps
starting from the final state of the spin-up simulation mentioned above. We use the Root Mean
Square Difference (RMSD) from the true state to measure the accuracy of ensemble mean of model

predictions or analysis.

3 Results and Discussions
3.1 The performance of NN models

At first, we compare the results from the tests using the numerical solver and the NN models

with 4 hidden layers having 100 neurons on each for the two-level Lorenz ’96 system with the
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forcing F' = 8. Data assimilation is processed at every time step, which means that corrections on
the forecasts are made at every time step prior to the production of a new prediction. We expect
that accuracy of analysis becomes equivalent to each other eventually in both numerical and NN
model tests. Figure 3 shows the time series of ensemble spread and RMSD for all . Also, RMSD
and ensemble spread averaged over the time period between 2 and 10 MTUs is denoted by ‘RMSD’
and ‘SPRD’ respectively on the upper left part of each panel. We have excluded the values before
2 MTU as a spin-up period of data assimilation. The RMSD and SPRD in the test with the NN
model with 4 hidden layers (Fig. 3b) are equivalent to those values in the test with the numerical
solver (Fig. 3a). This means that NN model with this configuration is as skillful as the numerical

model for the dynamical system showing a quasi-periodic behaviors.

® 10 RMSD=0.279516 —— RMSD
<o SPRD=0.386687 —— Spread

4
Time in MTUs

® 10 RMSD=0.283611 —— RMSD
= SPRD=0.392151 —— Spread

4
Time in MTUs

Figure 3: Time series of RMSD and ensemble spread in tests with (a) a numerical model and (b) an

NN model with 4 hidden layers, for the two-level equation system with F'=8.

Interestingly, the situation changes significantly when EnKF is applied to at every 10th step,
i.e., every about 6 hour as often done in numerical weather prediction systems. Since observation
is available at every grid point, the data assimilation works no better than a simple insertion of
observation if a time-averaged RMSD is larger than the observation error. Figure 4a shows that
the time-series of RMSD is below observation error 1.0 but much higher than the ensemble spread
in the test with the numerical model. Meanwhile, the analysis RMSD is smaller than the value in
the test with the numerical solver as well as the given observation error in the test using the NN
model with 4 hidden layers (Fig. 4b). This result indicates that the the NN model is competent in
predicting tendencies of large-scale flow even without resolving smaller scale evolutions explicitly.
It may suggest that the NN model has potential to be an alternative tool in the prediction of large-
scale geophysical flows with quasi-periodic behaviors with a lower computational complexity in that

sub-grid processes are not required to be treated in predictions.
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Figure 4: The same as figure 3, but EnKF is applied at every 10th time step.

Now, we compare the results from the tests for the system with the forcing F' = 20. Differently
from the situation in F' = 8, the performance of the NN model with 4 hidden layers is slightly worse
than that of the numerical counterpart according to the overall value of RMSD (Fig. 5a and 5b).
In an attempt to improve the skill of the NN model, we first increase the number of hidden layers.
Here, we present the result from the test with the NN model having 32 hidden layers. The increase
of layers has led to an improvement in the performance and the peaks of large errors have subsided
(Fig. 5¢). Further increases in the number of layers or neurons (beyond 32 and 100, respectively
and in combination) are little effective in a significant decrease of errors any more. From a number
of tests with different combinations, we have learned that the improvement through such a simple
change in the neural network might be limited and may not bring out fundamental changes in the
predictive skill of NN models, at least for highly nonlinear problems. Therefore, we rather pay more
attention to an alternative training strategy and network ensemble combinations than tuning of

optimal NN configurations.

First, we have examined the increase of training data for NN model. One way was simply
increase the integration time for true states, and we found that there is no significant gain in the
skill of NN models. Next, we have prepared a training data set including outputs from ensemble
integrations starting from perturbed initial states so that the size of training data became the
number of ensemble member multiplied by the 2,010,000 pairs of z}} and Az}. It is found that
the larger the ensemble size, the better the performance of NN models is. We present results from
the test with the NN model trained by a data set including 30 members of ensemble integrations.
Besides this approach, we have tested two additional ensemble approaches in the machine learning

context. One is the training of neural networks with a single data set, but by starting different
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Figure 5: Time series of RMSD and SPRD in tests with (a) a numerical model, (b) an NN model with

4 hidden layers, (c¢) and with 32 hidden layers for the two-level system with F'=20.

initial seeds for the random number generators to produce multiple NN models. The ”Glorot
normal” initialization procedure contained in the Keras package is used for the weight initialization
in this study. This ensemble method is also tested for weather forecasts and showed good predictive
skill in (e.g., Scher & Messori, 2021). As introduced in section 1, this is a kind of two-stage design
process (Sharkey, 1996). Another ensemble approach examined here is the use of multiple training
data sets to generate multiple NN models. We have prepared individual 10 training data sets from
the ensemble integrations starting from perturbed initial conditions. This can be a kind of three-
stage design process suggested by Loyola R. (2006) but here we do not go on selecting a subset
of the generated networks for a combination. Thus, the number of NN models ready for use is
10, which form another multi model ensemble. To identify the characteristics of the error growths
in the ensemble predictions, we did not apply data assimilation at first. A brief description and
the list of tests are summarized in Table 2. For comparisons, we have examined L; norm errors
and Continuous Ranked Probability Score (CRPS) of ensemble predictions in each test described
in Table 2. The size of ensemble is set to be 10, as in the previous data assimilation test. Here,
we show results only up to 1.0 MTU corresponding to about 5 days, since major differences in the

predictive skills between models can be indiscernible later (Fig. 6). According to the L; norm

—12—
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Table 2: List of tests and brief descriptions

Test Model Description
Numeric Numerical solver for the equation of large-scale variable x
Single A single neural network with the configuration of 32 hidden layers
Ens.Train A single network trained with a data set made of ensemble simulations

Multiple NN-I | Networks trained individually by using different data sets from each other

Multiple NN-IT Networks generated individually by varying the initialization of weights

4 6 —— Numeric
g —— Single NN
w —— Ens.Train
g% — Multiple NN
E )
S Multiple NN-II
=22
—
—
0
0.0 0.2 0.4 0.6 0.8 1.0
Time in MTUs
(a)
5
—— Numeric
4 " —— single NN
(3 — Ens.Train ﬁ
& —— Multiple NN-I
O 2 —— Multiple NN-II
1
0
0.0 0.2 0.4 0.6 0.8 1.0
Time in MTUs

(b)

Figure 6: Time series of (a) the L; norm of ensemble predictions in tests ‘Numeric’, ‘Single’,
‘Ens.Train’, ‘Multiple NN-I’, and ‘Multiple NN-II’ and (b) CRPS in each test.

errors, predictions in Multiple NN-I and Multiple NN-II are better than others during the early
stage less than 0.4 MTU (Fig. 6a). Around that time, the prediction error keeps on increasing
rapidly in Multiple NN-I while the error remain lowest among predictions until 0.6 MTU. From
then on the performances of the two models become similar to each other again. Meanwhile, the
prediction error in Ens.Train is slightly larger than those in Multiple NN-I and Multiple NN-IT in
the early stage, but Ens.Train outperforms after 0.6 MTU and the errors remain smallest most of
time. In contrast to this, prediction error in the test Numeric grows fastest but the growth rate
diminishes in time so that the level of errors approaches to that of the errors in other tests after
about 0.9 MTU. Likewise, the error growth in the test Single shows a similar pattern to this. In
a summary, the early growth rates of errors in tests Numeric and Single are distinguishably larger
than in other tests but performances of all tests alternate for lead in the later stage after about 0.9

MTU.
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The predictive skills of models measured by CRPS (Fig. 6b) are consistent with the accuracy
of prediction measured by L; error norms in Fig. 6a. A difference is that CRPS is best in the test
Ens.Train soon after 0.4 MTUs, while the L, error norm is lowest after 0.6 MTUs among the tests.
Overall, it is apparent that those multi NN model ensembles (Multiple NN-I and Multiple NN-II
here) response less sensitive to initial perturbations than other NN models as well as numerical
models in the early stage. Therefore, the early growth of errors are slower than in other tests until
the ensemble mean deviate eventually from the truth rapidly afterwards. The predictive skill seems
to be best when the training approach in Ens.Train is used during the period presented here. In
consideration of these results, we examine how this property affects the accuracy of analysis when

data assimilation is applied to the predictions.

Figure 7 shows the time series of analysis errors from the tests Ens.Train, Multiple NN-I,
and Multiple NN-II. The overall accuracy of the analysis from the test Ens.Train is better than
that in the test Numeric (for a comparison, see Fig. 5a). The other two NN approaches performs
equivalently to the result in Numeric (Fig 7b and ¢). The time-averaged RMSD values in these
three tests are also better than the ‘Single’ NN model test (Fig. 5c¢).
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1.2
g o RMSD=0.294076 —  RMSD
v SPRD=0.395964 —— Spread
0 0.8
%)
06
9) 0.4
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Figure 7: Time series of RMSD and ensemble spread in tests (a) Ens.Train, (b) Multiple NN-I, and (c)

Multiple NN-II for the two-level system with F'=20.
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As done in the test given ' = 8, we examine the performance of models in a more realistic
prediction-analysis cycle, i.e. when EnKF is applied to at every 10th step. Figure 8 shows the time
series of RMSD and spread as well as their time-averaged values. In the test with the numerical
model, data assimilation plays a role no more than just insertion of observation in the test Numeric
(Fig. 8a). The RMSD value is much larger than the given observation error 1.0 most of the time
period in this test. It means that the numerical model resolving only the large-scale flow of a multi-
scale system cannot capture the evolution of the dynamics any more when the state is corrected
through data assimilation only once in 10 time steps. On the other hand, the RMSD value is
below 1.0 in a majority of the time period and the analysis errors do not keep growing in the test
Single, which shows that the NN model is able to represent the dynamics to some degrees (Fig. 8b).
Moreover, errors in the test Ens.Train, Multiple NN-I, and Multiple NN-II are better controlled
than in the test Single (Fig. 8c-e). Interestingly, the capability of these NN models for identifying
the dynamics is manifested strikingly when EnKF is applied once in 10 time steps. Especially, the
accuracy of analysis is best in the test Ens.Train and the error is well controlled below 1.0 for the
whole period. The gap between RMSD and SPRD is small compared to the tests Numeric and
Single. In the next place, we examine further if the potential of NN models in representing the

large-scale dynamics without resolving smaller scale processes also for the three-level system.

3.2 Three-level equations

NN models are trained by data sets including pairs of x and Az from the numerical simulation
of the three-level equation set as described in section 2.2. The predictive skill of NN models is then
evaluated for representing large-scale variable x without resolving y and z in the three-level equation
set (Eq. 2) when EnKF is applied at every time step first. We have experimented the same set of
tests listed in Table 2 as for the two-level system. Figure 9 shows that the time-averaged RMSD
value is smallest in the test Numeric (Fig. 9a), while there are peaks of large errors outstanding
between 5 and 8 MTUs in all the tests with NN models when EnKF is applied at every time step
(Fig. 9b-e). During those time periods of large errors, sudden drops of predictive skill of NN models
seem to occur and the uncontrolled errors accumulates. These errors might degenerate the overall
performance by NN models and lead to a slightly larger time-averaged RMSD than in Numeric.
However, errors do not keep on growing in time and disappear rather quickly so that models seem

to find right tendencies again.

Now, we examine the performance of NN models when EnKF is applied at every 10th step,
i.e. about 6 hour as done in the two-level tests. Figure 10a shows that the accuracy of analysis
is marginally better than a direct insertion of observations since the time-averaged RMSD is only
slightly smaller than observation error 1.0. In comparison with this, the growths of errors are better
controlled in all the tests with NN models, but several enlarged peaks of large RMSD close to
3.0 are still outstanding (Fig. 10b-e). The accuracy of analysis is significantly better in the test
Ens.Train, Multiple NN-I, and Multiple NN-II (Fig. 10c-e) than in the test Single (Fig. 10b).
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Figure 8: Time series of RMSD and SPRD in tests with (a) Numeric, (b) Single, (¢) Ens.Train, (d)
Multiple NN-I, and (e) Multiple NN-II when EnKF is applied every 10th time step for the two-level
system with F'=20.
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Figure 9: Time series of RMSD and SPRD in tests (a) Numeric, (b) Single, (c) Ens.Train, (d) Multi-
ple NN-I, and (e) Multiple NN-IT when EnKF is applied at every time step for the three-level system
with F'=20.
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The RMSD values are controlled around the value 0.5 mostly except the period between 5 and
6 MTUs, 7 and 8 MTUs, and close to 10 MTUs in the test Multiple NN-I, Multiple NN-II and
Ens.Train. These results may suggest that NN models have the potential in reproducing large-
scale flows without resolving smaller-scale processes as well as interactions with them. However, a
notable point is that NN models deviate significantly when the multi-level dynamic system possibly
undergoes highly-nonlinear transitions that they are probably rarely trained for. To investigate this
point, we examine background error covariances and the evolution of the large-scale variables at
specific positions for those time periods when NN models suffer from finding right tendencies. All
of the following investigations are about the results from the test when EnKF is applied once in 10

time steps.

Figure 11 shows background error covariances computed over time and space in the tests,
Ens.Train, Multiple NN-I, and Multiple NN-II. The error covariances distinguish the test Multiple
NN-IT (Fig. 11c) from the other two tests Ens.Train and Multiple NN-I. Ensemble members show
stronger tendency to evolve in the same direction as each other in the test Multiple NN-II than
Ens.Train and Multiple NN-I. This coincides with that analysis in the test Multiple NN-II are least
accurate among the three tests (see Fig. 10e). Accordingly, we presume that the background error
covariances indicate to which degree errors of ensemble members covariate and this can be related
with the accuracy of analysis (Fig. 10). The collective behavior of ensemble members shows the
lack of diversity so that it increases chance for the ensemble mean to drift away from the true state.
To validate this reasoning, we have examined individual variables and present here the evolution
of xg for which NN models produce significantly inaccurate predictions for the time period 7 and 8
MTUs. Also, we show the temporal changes of another variable x5 for a comparison as NN models

suffer less severely from incorrect estimation of tendencies than xg.

Figure 12 shows the time series of background states of those variables in Numeric and
Ens.Train, and they are compared to their corresponding true states between 7 and 8 MTUs. The
background states of x5 in the two tests approximates the true states during the most of the time
period. Only after 7.8 MTU, they deviate notably from the true state. Meanwhile, the temporal
variations of the true xg are much more rapid and larger in magnitude than those of x5. Prior
to 7.2 MTUs the background states in Numeric deviate from the true state more than those in
Ens.Train. However, between 7.2 and 7.5 MTUs the background states of xg in Ens.Train change
in considerably retard of the true states so that errors become larger than in Numeric. Thereafter,
there is a short period of sharp increase in the magnitude of the true xg after 7.7 MTU and then the
true state drops rapidly again, while the changes of background states delay again. In a summary,
the NN model in Ens.Train has potentials for identifying right direction of state changes mostly
but lack skills in producing tendencies strong enough to represent rapid transitions of nonlinear dy-
namics closely. These two points lead us to examine if the NN models tend to estimate tendencies

depending on the probability of the occurrence of states that they have learned about. This may
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Figure 10: The same is as in fig. 9, except that EnKF is applied at every 10th time step.
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Figure 11: Background error covariances in tests (a) Ens.Train, (b) Multiple NN-I, and (¢) Multiple
NN-II for the three-level system with F'=20.

not be surprising but the clarifications may provide some insights for the design of a more skillful

NN model.
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Figure 12: Time series of the the true state, background states in Numeric and Ens.Train for (a) x5

and (b) zs.

We have examined the Probability Density Function (PDF) of the normalized background
states of zj in the test Ens.Train in comparison with the PDFs of the true states during the test
period between 2 and 10 MTUs. The number of samples for zj each from the true and predicted
states in the test Ens.Train is 12,800 and they are distributed approximately to a Gaussian function
(Fig. 13a). Also, the PDF of all z;, states in the training data is shown together, which is close
to a Gaussian distribution curve (Fig. 13a). The PDF of the background states in Ens. Train

resembles that of true states, which may indicate that NN models are skillful overall in representing
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the true dynamics. Now, we have examined the PDF of zg specifically as done for the time series
of the predictions (Fig. 12b). Figure 13b shows the PDF of the normalized zg from the training
data set, true trajectories, and background states in Ens.Train for the time period between 2 and
10 MTUs. The PDF of the true states is distributed well within the cap of the PDF of the training
data mostly, but peaks sharply in the values between 0.2 and 0.3 of the normalized zg (Fig. 13b).
Although the PDF of the background states approximate that of the true state in general, some
discrepancy can be unavoidable in that range of the xg value as the peak extrudes far beyond the
value of the Gaussian PDF of the training data. This may imply that the NN models presumably
have more difficulties in identifying the right tendencies for such state changes than those in the

other ranges of the value.
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Figure 13: Probability Density Function (PDF) for the normalized values of (a) the all z; and (b) xg
between 2 and 10 MTUs in the test Ens.Train (PDFyy) in comparison with those in the training data

set (PDFtain) and the true states (PDFputn)-

4 Conclusions

In this study, we examine the predictive skill of NN models for the multi-scale Lorenz 96
systems and suggest their potentials in capturing large-scale atmospheric dynamics without resolving
smaller-scale processes explicitly. The predictions by NN models are more accurate than those by
a numerical solver for the single-level Lorenz '96 equation until the saturation of prediction errors
approaches. As long as the data assimilation is applied at every time step, the predicted large-
scale states approximate true states well for a long time period of prediction-analysis cycle. Even
when ensemble data assimilation is applied only once in 10 time steps (~ 6 hour) NN models are
skillful in representing the evolution of the dynamics, while the accuracy of analysis is nearly no
better than a direct insertion of observations when the numerical solver is used. Especially, the NN
model trained by a data set containing dozens of long-term ensemble simulations of the Lorenz 96

system outperforms other NN model ensemble approaches. However, it has been also shown that
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the performance of NN models can drop suddenly in an extreme situation when a fully turbulent
system evolves rapidly. The system show rapid transitions of states from a maximum and to a
minimum value of the large-scale variable at a certain spatial positions within a time period of
about 1 MTUs (~ 5 days). The cyclic application of data assimilation makes effective adjustment
to the predictions by NN models, but the correction may not be enough to prevent the model from
estimating inaccurate tendencies in such circumstances. It is probably due to that NN models have
less chances to learn the extreme events and may underestimate their occurrences. Besides, we
have shown that the predictability of the true system can drop sharply when the dynamical system
undergo such transitions, and this coincides with the outstanding peak of large errors in the NN
model tests. The NN models seem to response sensitively to an event of low predictability and
predictions drift away from the true states until the model resume estimating a relevant tendency
again. Consequently, our interests have been drawn to questions how we can deal with the limitations
of NN models in representing highly unpredictable evolution of an atmospheric dynamical system.
In this study, we have focused on figuring out where the weakness of the NN model originates
and proposing what we can do to alleviate the difficulties. One of feasible approach can be the
construction of training datasets describing features that a dynamical system can have as fully as
possible to provide NN models with comprehensive information about the system. Simultaneously,
we also acknowledge that it is a challenging task to sample a number of datasets which can satisfy
physical constraints and at the same time represent diverse states observed in nature (Paul & Aires,
2015). Also, the computational costs and requiring storage would increase rapidly with the increase
of degrees of freedom of targeting problems. Nevertheless, it would be critical to carefully produce
datasets such as “reanalysis ensemble (Carton et al., 2019)” that can be used for diverse purposes,
probably also for the training of NN models. Another notable point is that individual networks are
trained independent of each other and this may result in ensemble members eventually similar to
each other so that they don’t contribute much for the diversity of a whole ensemble. Loyola R. (2006)
have suggested training the ensemble members by using such as different initial conditions, training
patterns, topology of the neural network, and training algorithms to ensure that all the members
not make the same errors. Among those suggestions, we plan to examine training algorithms to
improve the diversity of a whole ensemble such as a negative correlation learning (Liu & Yao, 1999)

and search for ways to minimize the collective behaviors of NN model ensembles.
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