
manuscript submitted to Journal of Geophysical Research Earth Surface 

 

Quantify the Abundance of Granite Composit Minerals Using the Hapke Model 

from Bidirectional Reflectance 

Mengjuan Wu1,2,3,4, Quan Wang5,6, Jinlin Wang1,2,3,4, Kefa Zhou1,2,3,4, Zhixin Zhang1,2,3,4, 

Xiumei Ma1,2,3,4, and Weitao Chen7 

1State Key Laboratory of Desert and Oasis Ecology, Xinjiang Institute of Ecology and 

Geography, Chinese Academy of Sciences, Urumqi, China 

2Xinjiang Key Laboratory of Mineral Resources and Digital Geology, Chinese Academy of 

Sciences, Urumqi, China 

3Xinjiang Research Centre for Mineral Resources, Chinese Academy of Sciences, Urumqi, China 

4University of Chinese Academy of Sciences, Beijing, China 

5Faculty of Agriculture, Shizuoka University, Shizuoka, Japan 

6Research Institute of Green Science and Technology, Shizuoka University, Shizuoka, Japan 

7School of Computer Science, China University of Geosciences, Wuhan, China 

Corresponding authors: Quan Wang and Jinlin Wang (wang.quan@shizuoka.ac.jp, 

wangjinlin@ms.xjb.ac.cn)  

Key Points: 

 General spectral patterns and photometric parameters of natural granite, endmeber 

minerals, and their mixtures were retrieved from the bidirectional reflectance spectra 

measured at a range of incidence, emergence, and phase angles. 

 Using the photometric parameters retrieved from multi-angle measurements as inputs to 

the Hapke model has accurately estimated the abundances and particle sizes of composits 

minerals for both natural and synthetic granite samples. 

 Particle size and dark mineral (biotite) have little influence on the estimation accuracy. 
  

mailto:wang.quan@shizuoka.ac.jp
mailto:wangjinlin@ms.xjb.ac.cn
mailto:wangjinlin@ms.xjb.ac.cn


manuscript submitted to Journal of Geophysical Research Earth Surface 

 

Abstract 

Quantitatively assessing the abundance of the composite minerals of terrestrial granite is crucial 

for understanding the evolutionary history of the Earth’s crust and for mineral exploration. 

Prevalent methods based on the Hapke model to estimate mineral abundance by setting the 

optical constants of endmembers ahead are no longer applicable to terrestrial granite because of 

the complexity of natural granite, which will lead to remarkable uncertainties in estimations. In 

this study, we retrieved such specific photometric parameters from the bidirectional reflectance 

spectra measured at a range of incidence, emergence, and phase angles before they were inputted 

to the Hapke model to estimate mineral abundance. Four different kinds of granite samples of 

main rock-forming minerals (quartz, alkali feldspar, and plagioclase) comprising the bulk of 

granite were used to test the effectiveness of our proposed method. The effects of particle size 

and dark minerals on the inversion results using the visible near and shortwave infrared (VNIR-

SWIR) wavelengths were also examined. The results show that using the photometric parameters 

retrieved from multiangle measurements as inputs for the Hapke model accurately estimated the 

abundances of quartz, alkali feldspar, and plagioclase for both natural and synthetic granite 

samples. Furthermore, the results also prove that the retrieved particle sizes of particulate 

samples are all within their measured ranges. These results indicate that the proposed approach 

provides a more accurate and efficient estimation of the compositions of terrestrial granite and is 

feasible for quickly assessing the abundance of minerals contained in granite. 

1 Introduction 

Granite consists essentially of quartz, alkali feldspar and/or plagioclase (Le Maitre, 1989) 

and is a major component of the Earth’s crust (Bonin, 2012). Knowledge of granitic rocks 

contributes to understanding the evolutionary history of the Earth’s crust, characterizing the 

crystal structure and compositional variation, and locating a series of ore deposits (such as gold, 

iron, copper, lead, and zinc) (Wang, 2015). To date, the traditional method used to identify and 

classify granite is based on a series of laboratory analyses, such as optical microscopy, X-ray 

fluorescence (XRF) analysis, and X-ray diffraction (XRD) analysis, which are time-consuming, 

often costly, and only applicable to limited samples collected from the field. 

As a recent development, determining the abundance and distribution of rock 

composition over a large area through reflected information proves to be a quick and reliable 

method and is of increasing importance for geology and mineral exploration. Furthermore, 

absolute or relative estimations of the abundance of endmember minerals making up granite 

from the visible near and shortwave infrared (VNIR-SWIR) reflectance spectra may also provide 

important insights into the formation and evolution processes of granite. In general, qualitative 

methods used to characterize and classify different minerals use the diagnostic absorption 

features of the concerned minerals in the VNIR-SWIR region resulting from the molecular 

vibrational and electronic processes of water molecules, OH groups, and other bonds (Freek, 

2018). Unfortunately, the spectra of granite lack unique diagnostic absorptions in the VNIR-

SWIR region (Mustrad & Hays, 1997), and the endmember minerals (e.g. alkali feldspar and 

plagioclase) have often been considered spectrally transparent and almost featureless in this 

spectral domain (Serventi et al., 2013), leading the qualification to not be so straightforward. 

However, spectral ‘unmixing’ using radiative transfer models (RTMs) by considering all the 

influences of particle size and all endmembers, including spectrally neutral components, should 
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help to estimate the endmember minerals abundance of granite through the simultaneous fitting 

of reflectance values at many wavelengths (Robertson et al., 2016). 

Two radiative transfer models commonly used in current remote sensing applications are 

those of Hapke (1993) and Shkuratov et al. (1999), both of which are mainly oriented for 

planetary bodies (Robertson et al., 2016). In comparison, the Hapke model (1993) considers 

multiangular measurements with the consideration of the incidence, emergence, and phase 

angles, while the Shkuratov et al. (1999) method is a simple one-dimensional geometrical-optics 

model based on the normal incidence and emittance angles used for calculating spectral albedo. 

Since reflectance spectra could vary with changes in illumination and viewing angles, the 

accurate estimation of mineral abundance using reflectance spectra would then rely heavily on 

light scattering models that quantitatively describe how light is scattered from the measured 

materials (Yang et al., 2019). In this context, the Hapke model is more appropriate for abundance 

estimation, and we only consider it in this study. 

Previous studies suggest that the simplified Hapke model combined with a linear mixture 

model can estimate the abundance of minerals in intimate binary and ternary laboratory mixtures 

with reliable accuracies (Mustard & Pieters 1987a, 1989; Li & Milliken 2015; Robertson et al., 

2016), and this approach has been widely applied to the Moon, Mars, and asteroids (Li & 

Milliken 2015; Poulet et al., 2002, 2010; Goudge et al., 2015； Liu et al., 2015; Lapotre et al., 

2017); however, most geological materials analyzed to date are on mafic mineral mixtures 

(Mustard & Pieters, 1987a, 1987b, 1989; Li & Milliken, 2015) and less on rock-forming 

minerals. In this study, we specifically assessed the efficiency of the Hapke model for dealing 

with the nonlinearity of the spectral mixtures of main rock-forming minerals (quartz, alkali 

feldspar, and plagioclase) comprising the bulk of granite, as well as used only VNIR-SWIR 

wavelengths to study the effect of particle size and dark minerals on the inversion results. Note 

that the Hapke model (Hapke, 1993) has been fundamentally developed to explain the optical 

behavior of particulate mono-minerals or their mixtures, typically compact/loose powders (i.e., 

planetary regoliths) or atmospheres (De Angelis et al., 2017). 

The procedure of spectral unmixing typically involves first decomposing into a collection 

of constituent spectra, or endmembers before determining the corresponding abundance of these 

endmembers (Keshava & Mustard, 2002). Thus, in this study, we built a spectral database of the 

main rock-forming minerals (endmember minerals) that are physically disaggregated from bulk 

granites based on laboratory bidirectional reflectance measurements. In previous studies, optical 

constants of endmembers retrieved from the Hapke/Shkuratov model were typically used as 

inputs to the Hapke model to estimate mineral abundance (Lucey, 1998; Li et al., 2015; 

Robertson et al., 2016; Warell & Davidsson, 2010), a step causing the largest source of 

uncertainty in the implementation of the Hapke model (Li et al., 2015). A study by Yang et al. 

(2019) on olivine, pyroxene, plagioclase, ilmenite, and their mixtures suggests that well-

constrained photometric parameters retrieved from the Hapke model of the endmember minerals 

and their mixtures can help improve the accuracy of mineral abundance estimations. 

Our analytical strategy used in this study is to examine the VNIR-SWIR reflectance 

spectra of the bulk slab and powder natural granite and the synthetic mixtures of endmember 

minerals (quartz, alkali feldspar and/or plagioclase). A previous study suggested that the 

differences with respect to particulate must be considered when this model is applied to bulk slab 

and powder surfaces of granite (De Angelis et al., 2017). Under a controlled laboratory setting, 

synthetic samples of a given mineral abundance and particle size for each component can be 
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prepared, enabling an assessment of the thresholds and accuracy evaluation. To improve the 

accuracy of mineral abundance estimations, the specific photometric parameters of a given 

sample used for the Hapke model are inversed alternatively based on the bidirectional reflectance 

spectra measured from a range of incidence, emergence, and phase angles in this study. These 

parameters are then inputted to the Hapke model as knowns to estimate the abundance of 

minerals. In detail, we assessed (1) the feasibility and accuracy of the proposed approach to 

derive the known mineral abundance for both natural granite and synthetic mixtures of 

endmember minerals using VNIR-SWIR reflectance spectra; and (2) the influence of particle 

size and dark minerals on the estimation accuracy. 

2 Materials and Methods 

2.1 Sample Preparation and Spectral Measurements 

The samples used in this paper are from the same area as those used in Wu et al. (2020), 

in which the general background of the research area was introduced. Furthermore, a detailed 

description of measuring the spectral data of natural granite samples has also been provided in 

Wu et al. (2020). 

2.1.1 Endmember Minerals 

Estimating the abundance from the Hapke model requires an endmember spectral library 

of each mixture. As revealed above, the primary minerals relevant to natural bulk granite are Qtz, 

Pl, and Kfs. The endmember mineral of biotite was also extracted to reveal the influence of dark 

minerals on the inversion. We prepared mineral samples from three large bulk granite pieces, 

which were used to separate the crystals of the endmember minerals and sieved to different sizes 

(Fig. 1). The rock sorting process was carried out in a professional appraisal agency (Integrity 

Geology Services Limited) for grinding and sieving. 

Different endmember minerals were prepared using different methods. For instance, 

electromagnetic minerals, e.g., biotite, were separated by electromagnetic selection, feldspar and 

quartz were sieved by flotation, feldspar was separated into plagioclase, and K-feldspar was 

finally separated by a dense liquid method. The purity of each endmember mineral was again 

determined by XRD analyses (Table 1). There were only minor composition differences for 

different Qtz and Pl endmembers, but the compositions of different Kfs endmembers were 

markedly different. The compositions of Kfs1-Kfs3 include mainly Kfs and Mc, while those of 

Kfs4-Kfs8 are mainly Pl and Mc. 
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Figure 1. Endmember minerals separated from three granite pieces (each column corresponds to 

one sample). Qtz-quartz; Pl-plagioclase; Kfs-K feldspar. The particle size of the endmembers are 

as follows: Qtz1, Pl1, Kfs1: 250-380 𝜇𝑚; Qtz2, Pl2, Kfs2: 180-250 𝜇𝑚; Qtz3, Pl3, Kfs3: 150-

180 𝜇𝑚; Qtz4, Pl4, Kfs4: 120-150 𝜇𝑚; Qtz5, Pl5, Kfs5: 109-120 𝜇𝑚; Qtz6, Pl6, Kfs6: 96-109 

𝜇𝑚; Qtz7, Pl7, Kfs7: 80-96 𝜇𝑚; Qtz8, Pl8, Kfs8: 75-80 𝜇𝑚. 

Table 1. Mineral Abundance in All Endmember Minerals Determined from XRD Analyses. 

Sample ID 
Mineral Abundance (%) 

Qtz1 Pl2 Kfs3 Mc4 Chl5 Bt6 

Qtz1-Qtz3 99 1 0 0 0 0 

Qtz4-Qtz6 100 0 0 0 0 0 

Qtz7-Qtz8 98 1 1 0 0 0 

Pl1- Pl3 6 94 0 0 0 0 

Pl4- Pl6 5 95 0 0 0 0 

Pl7- Pl8 6 94 0 0 0 0 

Kfs1- Kfs3 8 19 73 0 0 0 

Kfs4- Kfs6 6 22 0 72 0 0 

Kfs7- Kfs8 0 13 0 87 0 0 

Bt 0 0 0 0 4 96 

Note. 1 Qtz-quartz; 2 Pl-plagioclase; 3 Kfs-K-feldspar; 4 Mc-microcline; 5 Chl-chlorite; 6 Bt-

biotite. 
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2.1.2 Mixtures of Endmember minerals 

To verify the effectiveness of the Hapke model to retrieve the abundance of rock-forming 

minerals of granite, the endmember minerals were mixed by stirring and shaking to produce 

ternary mixtures with 0, 15, 30, 45, 60, 75, and 100 wt. % plagioclase in proportion to feldspar 

according to the QAPF (Q-quartz, A-alkali-feldspar, P-plagioclase, F-feldspathoids) double-

triangle diagram (Streckeisen, 1968) recommended by the International Union of Geological 

Sciences (IUGS). Furthermore, to study the effect of particle size on the inversion results, we 

prepared mixtures of three different particle size ranges (250-380 μm, 120-150 μm, and 75-80 

μm) for each of the different contents of dark minerals (e.g., biotite) that were additionally added 

into the ternary mineral mixtures to examine their its influence on the abundance inversion. The 

detailed configuration is shown in Table 2. 

Spectra of these mixtures provide perfect scenarios for testing the RTMs because 

important variables (mineral abundance and mean particle sizes) are known (Li et al., 2015). The 

results obtained from these idealized cases can then be compared to results from natural bulk 

granite to understand the likely sources of uncertainty when applying the models to more 

complex natural systems. 

Table 2. Actual Mass Fractions of Each Mixture Composed of Endmember Minerals. 

Mixture ID Endmember Minerals Mass Fraction (%) Biotite Mass Fraction1 (%) 

EM101 Qtz1 Pl1 Kfs1 25.00 0.00 75.00 0.00 

EM102 Qtz1 Pl1 Kfs1 25.00 11.25 63.75 0.00 

EM103 Qtz1 Pl1 Kfs1 25.00 22.50 52.50 0.00 

EM104 Qtz1 Pl1 Kfs1 25.00 33.75 41.25 0.00 

EM105 Qtz1 Pl1 Kfs1 25.00 45.00 30.00 0.00 

EM106 Qtz1 Pl1 Kfs1 25.00 56.25 18.75 0.00 

EM107 Qtz1 Pl1 Kfs1 25.00 75.00 0.00 0.00 

EM108 Qtz1 Pl1 Kfs1 25.00 33.75 41.25 1.00 

EM109 Qtz1 Pl1 Kfs1 25.00 33.75 41.25 2.00 

EM110 Qtz1 Pl1 Kfs1 25.00 33.75 41.25 3.00 

EM111 Qtz1 Pl1 Kfs1 25.00 33.75 41.25 4.00 

EM112 Qtz1 Pl1 Kfs1 25.00 33.75 41.25 5.00 

EM201 Qtz4 Pl4 Kfs4 35.00 0.00 65.00 0.00 

EM202 Qtz4 Pl4 Kfs4 35.00 9.75 55.25 0.00 

EM203 Qtz4 Pl4 Kfs4 35.00 19.5 45.50 0.00 

EM204 Qtz4 Pl4 Kfs4 35.00 29.25 35.75 0.00 

EM205 Qtz4 Pl4 Kfs4 35.00 39.00 26.00 0.00 

EM206 Qtz4 Pl4 Kfs4 35.00 48.75 16.25 0.00 

EM207 Qtz4 Pl4 Kfs4 35.00 65.00 0.00 0.00 

EM208 Qtz4 Pl4 Kfs4 35.00 29.25 35.75 1.00 

EM209 Qtz4 Pl4 Kfs4 35.00 29.25 35.75 2.00 

EM210 Qtz4 Pl4 Kfs4 35.00 29.25 35.75 3.00 

EM211 Qtz4 Pl4 Kfs4 35.00 29.25 35.75 4.00 

EM212 Qtz4 Pl4 Kfs4 35.00 29.25 35.75 5.00 

EM301 Qtz8 Pl8 Kfs8 45.00 0.00 55.00 0.00 

EM302 Qtz8 Pl8 Kfs8 45.00 8.25 46.75 0.00 
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EM303 Qtz8 Pl8 Kfs8 45.00 16.50 38.50 0.00 

EM304 Qtz8 Pl8 Kfs8 45.00 24.75 30.25 0.00 

EM305 Qtz8 Pl8 Kfs8 45.00 33.00 22.00 0.00 

EM306 Qtz8 Pl8 Kfs8 45.00 41.25 13.75 0.00 

EM307 Qtz8 Pl8 Kfs8 45.00 55.00 0.00 0.00 

EM308 Qtz8 Pl8 Kfs8 45.00 24.75 30.25 1.00 

EM309 Qtz8 Pl8 Kfs8 45.00 24.75 30.25 2.00 

EM310 Qtz8 Pl8 Kfs8 45.00 24.75 30.25 3.00 

EM311 Qtz8 Pl8 Kfs8 45.00 24.75 30.25 4.00 

EM312 Qtz8 Pl8 Kfs8 45.00 24.75 30.25 5.00 

Note. 1 Biotite separated from the first sample, and the grain size is 150-380 μm. 

2.1.3 Measurement of the Bidirectional Reflectance Spectra 

The bidirectional reflectance spectra of all samples were measured using the Northeast 

Normal University Laboratory Goniospectrometer System (NENULGS), consisting of a 

goniometer, artificial illumination, and an ASD FieldSpec3 spectroradiometer. Details of this 

system can also be found in Sun et al. (2014). The placement of the slab and powder samples and 

the detailed observation angle setting can be found in Wu et al. (2020). 

2.2 Spectral Unmixing Using the Hapke Model 

Unmixing methods based on radiative transfer theory exploit the fact that although 

reflectance is not linearly correlated with a concentration in a mixed spectrum, the bulk single 

scattering albedo (SSA) or the probability that a photon will survive the interaction with a 

particle is a linear combination of the SSAs of the minerals in the mixture (Sklute, 2015). Using 

the Hapke model (1993), we assumed that the mean SSA of a mixture is a linear combination of 

the single-scattering albedos of the endmember components weighted by the relative geometric 

cross section of that component according to Mustard and Pieters (1987). The equation 

describing this can be represented as 

ω𝑎𝑣𝑒(λ) =
∑ 𝜔𝑖(𝜆)(𝑀𝑖 𝜌𝑖𝑑𝑖⁄ )

∑(𝑀𝑛 𝜌𝑛𝑑𝑛⁄ )
,                                                        (1) 

where 𝜔𝑖, 𝑀𝑖, 𝜌𝑖, and 𝑑𝑖 are the SSA, bulk density, solid density, and particle effective diameter 

of endmember i, respectively. The coefficient by which the single scattering albedo spectrum of 

endmember i in the mixture is weighted as 

𝐹𝑖 =
𝑀𝑖 𝜌𝑖𝑑𝑖⁄

∑(𝑀𝑛 𝜌𝑛𝑑𝑛⁄ )
,                                                                      (2) 

where 𝐹𝑖 is the relative geometric cross-section of endmember i (Mustard & Pieters, 1987). In 

this study, the particle sizes of all the endmembers and mixtures are the same, and the solid 

densities of all the endmembers are similar. Consequently, the F-parameter can be taken as the 

mass fraction (Hapke, 1993). 

The Hapke model has evolved over the years from the isotropic multiple-scattering 

approximation model (IMSA) to the anisotropic multiple-scattering approximation model 

(AMSA) and, eventually, to H2008 (including porosity effects) (Hapke, 2008). Following Yang 

et al. (2019), we employed the same model in this study, in which the reflectance is described as 
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r(i, e, g) =
ωave

4π

μ0

μ0+μ
[(1 + B(g))p(g) + H(μ, w)H(μ0, w) − 1],                         (3) 

where 𝜇0 and 𝜇 are the cosine of the incidence and emergence angle, respectively. 𝐵(𝑔) is the 

back scattering function, 𝑝(𝑔) is the phase function, and 𝐻(𝑥, 𝑤) is the multiple scattering 

function which is described by Ambartsumian-Chandrasekhar’s H-function (Chandrasekhar, 

1960). 

The 𝑝(𝑔) is modeled by a double Henyey-Greenstein (HG) function (Hapke, 1993): 

𝑃𝐻𝐺(g) =
1+b

2

1−𝑐2

[1+2𝑐 cos 𝑔+𝑐2]3 2⁄ +
1−b

2

1−𝑐2

[1−2𝑐 cos 𝑔+𝑐2]3 2⁄ ,                                  (4) 

where b describes the angular width of the scattering lobe, and c describes the amplitude of the 

backscattered lobe relative to the forward lobe. We first simultaneously estimate the values of 

the single scattering albedo (𝜔) and parameters (b and c) in 𝑃𝐻𝐺(g) for all samples by fitting the 

spectra measured at different angles using equations (3) and (4). Since the BRFs used in the 

spectra fitting were measured at phase angles g≥ 30°, we assumed B(g) = 0. Meanwhile, we 

adopted the same method used in Yang et al. (2019) to find the best fit values of 𝜔, b, and c, 

which are endmember specific and wavelength dependent. Thus, the values of 𝜔, b, and c were 

used as known inputs into the Hapke model, which can be solved inversely to estimate the 

abundance and particle size of each endmember component at the standard viewing geometry of 

i=30°, e=0° using the constrained particle swarm optimization (CPSO) method (Chen, 2020) and 

the least square criterion by minimizing the difference between fitted and measured reflectance 

spectra. In the solutions, the sum of the mass fractions determined by the model is forced to sum 

to unity within the constrained method. Finally, the mineral abundance derived from the 

bidirectional reflectance spectra of natural bulk granite and mixtures of endmember minerals 

were compared and used to examine the validity and accuracy of the approach. 

3 Results 

3.1 General Spectral Patterns of Natural Granite, Endmember Minerals, and Their 

Mixtures 

The reflectance spectra of each endmember mineral and their mixtures are presented in 

Fig. 2, while the spectra of the bulk slab and powder natural granite samples have been reported 

in Wu et al. (2020). The spectral profiles of the bulk powder granite are similar, with prominent 

spectral absorption features located at 0.40 μm, 1.40 μm, 1.90 μm, and 2.22 μm. However, the 

spectral patterns of bulk slab granite are different for each hand specimen. In addition, the 

spectra of natural granite also have gentle absorption features at 2.23 μm and near the 

wavelength domain from 2.3 to 2.5 μm (Wu et al., 2020). 

Spectra of the same endmember mineral type exhibit strong similarities, even though they 

are separated individually from different granite pieces, except for the plagioclase endmember 

separated from the first granite piece (Pl1-Pl3) (Fig. 2a), whose spectra present a absorption band 

at 1.25 μm that is unique compared to other Pls endmembers’ spectra. The reflectance spectra of 

Qtzs, Pls, and Kfss show similar absorptions at 0.4 μm, 1.4 μm, and 1.9 μm. However, the 

absorption band at 2.2 μm was also observed in the Pls endmembers. In comparison, the 

reflectance spectra of biotite are flat and low, lacking distinctive absorption features. 
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The bidirectional reflectance spectra of all the endmember mixtures exhibit the expected 

patterns concerning both the absorption band depth and position for each particle size (Fig. 2b-

d). Most notably, there were large decreases in the reflectance values obtained for the ternary 

mixtures with increasing contents of biotite regardless of the particle size of the mixtures. The 

spectral profiles of the endmember mixtures containing biotite are more similar to those of 

natural granite, indirectly suggesting that the natural granite contains dark minerals, e.g., biotite. 

The absolute reflectance values obtained for natural granite, endmember minerals, and their 

mixtures at different particle sizes show that as particle size coarsens, the reflectance values 

decreased systematically (Fig. 2). 

 

Figure 2. Bidirectional reflectance spectra of endmember minerals and their mixtures with 

different particle sizes, measured with an incidence angle of 30° and an emergence angle of 0°. a. 

Separate endmember minerals; b. endmember mixtures of Qtz1, Pl1, Kfs1, and Bt; c. endmember 

mixtures of Qtz4, Pl4, Kfs4, and Bt end-members; d. endmember mixtures of Qtz8, Pl8, Kfs8, 

and Bt. 

3.2 Derivation of the Photometric Parameters 

To obtain the photometric parameters required by the Hapke model for estimating 

mineral abundance, we first calibrate the simplified Hapke model and the 𝑃𝐻𝐺(g) through 

multiangle measurements. For simplification, we only selected the samples of endmember 

minerals and their mixtures to present the derived SSA values, and the b, and c coefficients of 
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the 𝑃𝐻𝐺(g) function in Fig. 3-4. Since the derived photometric parameters (𝜔, b, and c) of the 

natural granite samples were given in Wu et al. (2020), the Pls series and EM1 series have been 

selected to present parameter 𝜔 for illustration (Fig. 3). The SSA spectra of all samples evolve 

with wavelength, which is consistent with the reflectance spectrum, with in which the minima 

and maxima of 𝜔 correspond to the minima and maxima of the spectrum. As expected, the 

characteristic of the reflectance is also shown in the SSA spectra in that the values of 𝜔 increase 

when the particle sizes decrease. 

The scattering properties of the measured sample can be characterized by the coefficients 

b and c of the 𝑃𝐻𝐺(g) function. The values of parameter b range from 0.05 to 0.2 for natural 

granite samples set over the 0.35-2.5 μm spectral range, and the parameter c values remain 

almost constant at -1 (Wu et al., 2020). The endmember minerals and their mixtures yield b and c 

values that are similar to those of natural granite samples. The b and c values obtained for all 

samples are not wavelength dependent. Thus, to display the data more concisely, we calculate 

the average values of b and c at each wavelength for each sample set, e.g., endmember minerals 

and their mixtures, as shown in Fig. 4, over the entire wavelength range. The negative c values 

imply that there is a strong forward scattering characteristic, which has been found for all 

measured samples. 

The quality of the fits of the measured and modeled bidirectional reflectance at the 

standard angle (𝜃𝑖=30°, 𝜃𝑒=0°, and 𝑔=30°) for all samples is determined from the root mean 

square error (RMSE) between the actual and calculated curves. The calculated RMSEs are below 

1 × 10−4 for endmember minerals and their mixtures, and the RMSEs of natural granite samples 

fall inside a range from 0.006 to 0.05, which is similar to the expected experimental errors. For 

endmember minerals, the fits generally agree well at all wavelengths. In comparison, the spectral 

fits obtained for natural granite and endmember mixtures are also good but with higher residuals 

in the 0.35 μm - 0.9 μm region. 
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Figure 3. Photometric parameter of 𝜔 retrieved for the Pls series (a) and EM1 series (b, c) over 

the VNIR-SWIR spectral range. 
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Figure 4. The average values of retrieved photometric parameters b and c at each wavelength for 

each sample set, e.g., endmember minerals and their mixtures over the VNIR-SWIR spectral 

range. 

3.3 Spectral Unmixing 

As stated above, the outputs of equations (1) and (3) include the estimation of particle 

size and weighting coefficient (F-parameter) solved using the CPSO method for the measured 

and computed bidirectional reflectance spectra at the standard angle. We present here two 

different scenarios from natural granite and endmember mixtures. The estimated results of 

mineral abundance are shown in Fig. 5 and Fig 6. Fig. 6 shows a graphical representation of the 

actual and calculated mass fraction obtained for ternary mixtures of quartz, plagioclase, and K-

feldspar, allowing a rapid qualitative assessment of the accuracy of the fit as well as any 

systematic deviation present in the results. The estimated particle sizes and RMSE obtained for 

each sample are presented in Table 3. 

For the endmember mixtures with known endmember reflectance spectra and particle 

diameters (EM1, EM2, and EM3), the accuracy of the mineral abundance estimation in most 

intimate mixtures is within 10% (absolute), as revealed in Fig. 6. Meanwhile, the accuracy of the 
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computed abundance increases with decreasing particle size. The abundance estimates obtained 

for the 75-80 μm size fraction (EM3) are nearly all within 5% of the measured values, while for 

most samples in the 120-150 μm size fractions (EM2), they are within the range of 5-10%. The 

abundances calculated for biotite-bearing mixtures are as accurate as those calculated for the 

nonbiotite-bearing endmember mixtures, except for the EM1 series (250-380 μm), which has an 

accuracy < 10% for biotite-bearing mixtures. The spectral fit between the measured and 

calculated reflectance of the biotite-bearing mixtures is worse than the fit obtained for the 

mixtures without biotite, which is clearly reflected in the RMSE values (Table 3). For the EM1 

series, the greatest mismatches between the measured and modeled mixture spectra occur near 

wavelengths of 1.4 μm and 1.9 μm. 

On the other hand, for the bulk slabs and unsorted powders of natural granite samples, the 

abundance inversion is not as accurate as that obtained for the endmember mixtures of the EM2 

and EM3 series. The abundance estimated for bulk powders of natural granite generally have 

errors within 10%, while the agreement between the calculated and actual abundances of the 

bulk slab natural granites could be larger than 10%, with a maximum error reaching 19%. The 

mismatches of the reflectance spectra are more prominent for natural granite samples, as 

indicated by the RMSE values (varying from 0.11 to 0.16). 

The estimation error of quartz is better than 5% for most endmember mixtures without 

biotite, while plagioclase and K-feldspar have slightly worse estimations of mineral abundance. 

The mismatches of plagioclase and K-feldspar are systematic, with most of the results 

underestimating the content of K-feldspar while overestimating the content of plagioclase. This 

trend did not appear in biotite-bearing mixtures, e.g., endmember mixtures with biotite and 

natural granite. 

The particle sizes of each sample retrieved from the Hapke model are also presented in 

Table 3. The retrieval was based on the assumption that the particle size of each endmember 

mineral in the mixtures is the same, and the modeled particle size is the average value of the 

measured sample. The actual particle size is based on the reported sieve mesh size used during 

sample preparation (Table 3). The particle size estimated for most particulate samples is within 

the actual particle size range (Table 3). The estimated grain size falls on the upper boundary of 

the actual particle range. In the endmember mixtures, the retrieved particle size of different 

samples in the same series has a very slight difference (Table 3). 
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Figure 5. F-parameter plots obtained for a. EM1, b. EM2, and c. EM3 endmember mixture series 

and d. R1, R2, and R3 natural granite. 
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Figure 6. Results of mineral mixture modeling for the endmember mixtures and natural granite 

for the three-component mixtures. The proportion of each endmember required to minimize the 

error of the fit is used to determine the F-parameters as a cross. The actual F-parameters are 

shown by the solid circles on the same plot. The vertices of this ternary diagram represent 100% 

of the components quartz (Qtz), plagioclase (Pl), and K-feldspar (Kfs). 

Table 3. Actual and Computed Particle Size (𝜇𝑚). 

Mixture ID1 Actual Computed2 SD3 

EM101 250-380 374.05 0.14 

EM102 250-380 379.34 0.10 

EM103 250-380 369.56 0.10 

EM104 250-380 379.47 0.10 

EM105 250-380 377.31 0.07 

EM106 250-380 358.89 0.09 

EM107 250-380 315.40 0.09 

EM108 250-380 345.32 0.10 

EM109 250-380 375.62 0.10 

EM110 250-380 378.48 0.13 

EM111 250-380 373.45 0.13 

EM112 250-380 379.74 0.14 

EM201 120-150 198.16 0.07 

EM202 120-150 192.30 0.09 

EM203 120-150 192.75 0.11 

EM204 120-150 195.98 0.11 

EM205 120-150 196.19 0.10 

EM206 120-150 194.07 0.11 

EM207 120-150 199.68 0.11 
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EM208 120-150 196.08 0.12 

EM209 120-150 196.98 0.13 

EM210 120-150 194.39 0.13 

EM211 120-150 191.06 0.14 

EM212 120-150 189.93 0.15 

EM301 75-80 117.41 0.06 

EM302 75-80 116.46 0.06 

EM303 75-80 119.35 0.06 

EM304 75-80 117.27 0.06 

EM305 75-80 116.47 0.06 

EM306 75-80 117.24 0.07 

EM307 75-80 117.48 0.07 

EM308 75-80 118.42 0.11 

EM309 75-80 119.62 0.11 

EM310 75-80 112.94 0.11 

EM311 75-80 118.97 0.11 

EM312 75-80 119.71 0.14 

R101 slab  +∞ 0.11 

R102 250-380 334.05 0.16 

R103 180-250 242.14 0.16 

R201 slab +∞ 0.11 

R202 150-180 192.86 0.14 

R203 120-150 196.67 0.13 

R204 109-120 143.22 0.14 

R301 slab +∞ 0.11 

R302 96-109 146.06 0.13 

R303 80-96 146.68 0.13 

R304 75-8 146.32 0.11 

Note. 1 The selection of endmember spectra in the samples uses the mineral endmember with the 

corresponding particle size in the endmember library; 2 the particle size is the average particle 

diameter; 3 the RMSE was calculated using the wavelength region 0.35 to 2.50 μm. 

4 Discussion 

4.1 Spectral and Photometric Properties of Synthetic (endmember mixtures) and Natural 

Granite Samples 

The spectral patterns closely matched, so the inferred mineralogies of the synthetic 

(endmember minerals) and natural granite samples are obtained in this study. Theoretically, the 

absorption features below 0.6 μm (and even into the ultraviolet domain) may result from several 

different kinds of electronic charge transitions and charge transfers involving iron or other 

transitions. However, the existence of K-feldspars that have Fe3+ absorptions below 0.5 μm 

(Adams, 1974) or thin mineral coatings of iron oxides in natural granite accounts for the pattern 

obtained in this study. The separated K-feldspar endmember has a pink color, which is caused by 

the strong absorption of blue light by Fe3+. Biotite also has absorptions at 0.5 μm and 0.71 μm, 

which are probably Fe2+ and Fe2+ - Fe3+ charge transfer features (Adams, 1974). On the other 

hand, the presence of water bands (1.4 and 1.9 μm) is due to trapped and/or adsorbed water of 

quartz, plagioclase, and K-feldspars (Adams, 1974). The 1.4 μm band is produced by a 

combination of symmetric OH stretching and asymmetric OH stretching, while the 1.9 μm band 

is attributed to HOH bending in addition to asymmetric OH stretching (Hunt, 1977). As shown in 

Wu et al. (2020), natural granite has a unique absorption at 2.3 μm compared with the synthetic 

samples (Fig. 2a) due primarily to the existence of alteration minerals in natural granite, which is 
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a combination band involving the OH fundamental stretching mode and the fundamental AlOH 

bending mode (Adams & Goullaud, 1978). According to the petrographic analysis of thin 

sections of all samples, most of the plagioclase in natural granite showed sericitization and 

kaolinization. 

Furthermore, the reflectance values of endmember mixtures and natural granite increase 

simultaneously with decreasing of particle size, consistent with a previous report (Adams & 

Filice, 1967). Although the content of biotite in the synthetic granite is low, with a mass fraction 

ranging from 1% to 5%, the overall reflectance values of synthetic granite samples have been 

greatly reduced, suggesting that they are strongly controlled by biotite. This phenomenon echoes 

a well-known discovery that the reflectance level was controlled by the darkest grains in intimate 

mixtures (Gaffey, 1986; Cloutis et al., 1990a, 1990b; Britt & Pieters, 1989; Britt, 1991; Clark, 

1983). Thus, the spectral profile of biotite-bearing endmember mixtures is closer to that of 

natural granite due to the existence of biotite in natural granite. 

For all samples, the calculated single scattering albedo (𝜔) is sensitive to the variation in 

grain size, while the derived parameters b and c in the phase function have shown good 

agreement regardless of whether the measured sample contains biotite. As indicated by the 

values of parameter b, the measured reflectance values are greater in forward scattering mode. 

This is because in the case of intimate mixtures, the phase curve forward/backward scattering 

properties are driven by the most abundant, brightest, and highly anisotropic scattering grains 

(Pilorget et al., 2015). Consequently, the scattering characteristics of endmember mixtures and 

natural granite are consistent with those of Qtz, Kfs, and Pl, which account for more than 95% of 

the samples in this study. 

The different spectral characteristics and photometry properties of the synthetic 

(endmember minerals) samples and natural granite imply that the synthetic granite composed of 

simple endmember minerals is unlikely to represent the bulk effect of a natural granite surface. 

Thus, our study clearly indicates the limitations of only using particulate minerals (synthetic 

granite) measured in the laboratory to model natural mineral assemblages. 

4.2 Spectral Fits 

The spectral fitting results show that a significant difference may occur when using the 

multi- or monoangular results retrieved from the Hapke model. As shown in Fig. 5, spectral 

fitting at the standard angle (𝜃𝑖=30°, 𝜃𝑒=0°, and 𝑔=30°) of all samples exhibits a high fitting 

accuracy when using the multiangular bidirectional reflectance. However, when using the 

reflectance measured at the standard angle only to estimate the mineral abundances and particle 

sizes, the differences between modeled and measured spectra increase significantly, especially 

when the samples contain biotite (Table 3). This clearly indicated that the multiangular 

measurements could have provided a detailed and reliable description of terrestrial surfaces and 

are more capable of resolving the physical and chemical characteristics of measured samples 

than single-angle measurements, which are usually nadir measurements (Hapke, 1993; 

Jacquemoud et al., 1992). In addition, the good spectral fitting results retrieved from the 

multiangular measurements have shown that the angular domain of our observation settings was 

sufficiently large to confidently determine the values of Hapke’s photometric parameters, which 

can be effectively used to retrieve the photometric properties of sample surfaces. 
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When using the monoangular measurements to estimate the mineral abundance, we 

forced the F-parameters of any mixture to be summed to 1. According to Mustard and Pieters 

(1987), the abundances calculated when the F-parameters are forced to sum to unity are in 

significantly better agreement (to within 3%), but the error of the spectral fitting is 2 to 4 times 

worse than that when using the unconstrained fits. In this study, we sacrificed the quality of the 

spectral fit to obtain a highly accurate abundance estimation, leading to poor spectral fitting 

using the monoangular retrieved parameters. However, if such a restriction is removed, the 

accuracy of the unconstrained fits can improve significantly, with the spectral fit accuracy of the 

endmember mixtures still being acceptable without biotite. On the other hand, the presence of 

biotite in endmember mixtures and natural granite, a phase that can act as an effective and 

nonlinear darkening agent (Li & Milliken, 2015), greatly reduces the fitting accuracy. We have 

not included biotite in our input library of mineral endmembers in this study, and the spectral fits 

of endmember mixtures may significantly be improved by the inclusion of biotite as an 

endmember, which deserves to be evaluated in future studies. Furthermore, when the Hapke 

model is applied to the slab or unsorted grains of natural granite, imperfect knowledge of the 

scattering properties of the endmembers may also produce unreasonable values or large errors 

for spectral fitting. 

4.3. Estimates of mineral abundance 

The F-parameters of endmember minerals in measured samples were forced to be 

summed to 1 to obtain a high-accuracy abundance estimation in this study. As a result, although 

the spectral fitting is not perfect, especially for endmember mixtures with biotite and natural 

granite, the Hapke model calibrated in this study is still suited for determining the modal 

mineralogy of synthetic granite samples and unsorted powder samples of natural granite. 

Interestingly, although the Hapke model is optimized for particulate media, our testing results 

involving bulk slab granite samples were also promising, except for the Qtz and Kfs 

endmembers with errors in abundance estimation greater than 10%, clearly demonstrating that 

the Hapke model can also be effectively applied to estimate the mineral abundance of terrestrial 

granite. The decreased accuracy determined in the case of natural granite is due to the change in 

the optical properties of the bulk slab and unsorted powder samples compared to that of the 

synthetic (endmember minerals) samples. For the typical nonlinear mixture model designed to 

deal with intimate mixtures, e.g., the synthetic (endmember minerals) samples in this study, 

particles are assumed to be fundamentally mono-minerally, with void spaces that affect the 

material’s scattering properties present between grains (Hapke, 1993), while the bulk unsorted 

powder samples are multimineral particles, representing a more complex system to model 

accurately. For the bulk slab sample, the constituents also interact in a complex manner such that 

the coherent interactions between particles are no longer nonnegligible (Hapke, 2008), and the 

effects of the close packing of the bulk slab samples remain to be explored. 

Spectral unmixing models based on the radiative transfer model rely on accurate 

knowledge of the endmember spectra used (Isaacson et al., 2011). In our study, the endmember 

minerals used in the abundance estimation were extracted from the exact bulk sample being 

analyzed, which is critical for building endmember spectral libraries. Thus, the high-quality 

endmember spectra can exactly match the minerals found in the measured sample under study 

and thus improve the accuracy of estimation. Furthermore, the endmember spectra studied in this 

paper can likely be extended to the existing VNIR-SWIR spectrum library. However, we realize 
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that in natural granite, the presence of a range of minor constituent minerals besides the selected 

three endmembers could also lead to inaccuracies in the abundance estimation. 

The ratios of Pl to Kfs in the synthetic mixtures are based on the QAPF diagram, which is 

expected to be compositionally similar to natural granite. The Hapke model accurately estimated 

the endmember mineral abundance of synthetic mixtures and natural granite with different 

feldspar ratios. At seven mixing ratios, the endmember abundances were predicted with similar 

accuracies. These results suggest that our current implementation of the Hapke model may be 

favored for the detailed mapping of terrestrial granite using VNIR-SWIR data. 

4.4. Potential of the proposed approach for remote sensing applications of natural granite 

Feldspar (plagioclases and K-feldspar) and quartz are typically difficult to detect only 

using spectral absorption features in the VNIR-SWIR ranges or when they are embedded in a 

matrix with more spectroscopically active minerals. However, the new method based on the 

photometric parameters (𝜔, b, and c) of the Hapke model retrieved from multiangle reflectance 

measurements, as performed in this study, can effectively estimate the abundance and particle 

size of the main rock-forming minerals (Qtz, Pl, and Kfs), even when only VNIR-SWIR 

wavelengths are used. Compared with previous studies using optical constants to estimate 

mineral abundance (Lucy, 1998; Li et al., 2015; Robertson et al., 2016; Warell & Davidsson, 

2010), the proposed method in this paper is more suitable for natural granite and can reduce the 

uncertainty of estimated results. Since the optical constant is a feature of a monomineral, which 

is a mineral at the end of a solid solution from a geological perspective (Nickle, 1992), it is 

certainly inappropriate to directly use the optical constant derived from the pure monomineral to 

estimate the mineral composition in terrestrial rocks that are complex associations of endmember 

minerals. In particular, pure K-, Na-, and Ca- feldspar endmembers are difficult to find in nature 

(Matteson & Herron, 1993). In this study, we directly separated minerals from slab granite, 

which is the true endmember of the measured samples instead of considering monominerals as 

endmembers, allowing for accurate estimates of abundance. The reflectance spectra of minerals 

separated within different grain sizes, synthetic and natural granite should hence provide 

invaluable data sets for current and future terrestrial/extraterrestrial remote sensing exploration 

targeting granite. 

5 Conclusions 

We conducted a spectroscopy analysis of a suite of terrestrial granite with a variety of 

particle sizes. The measured spectra of four different kinds of samples provide incompatible 

controlled ground truths to conduct terrestrial granite mapping from reflected information. The 

proposed approach of spectral unmixing based on the Hapke model provides a good method to 

estimate the abundance and grain size of endmember minerals for both natural and synthetic 

granite samples. Photometric parameters retrieved from multiangle measurements are more 

suitable for unmixing complex mixtures with different minerals. The results suggest that our 

method will provide a feasible way to quantitatively estimate of the composition of terrestrial 

granite. 
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