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Key Points:

+ The integral method combines surface and volume elements to simulate seismic
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Abstract

Numerical simulations of seismic cycles with rate-, state-, and temperature-dependent
friction explain the various modes of seismic and aseismic ruptures in the brittle section
of the lithosphere. However, the effects of viscoelastic flow in the ductile layers remain
challenging to incorporate due to the wide range of length scales involved, from extremely
localized within fault zones to widely distributed in the lower crust and asthenosphere.
Here, we describe simulations of seismic cycles in a viscoelastic half-space using the inte-
gral method that combines discrete surface and volume elements to capture the coupling
between brittle and ductile deformation. Viscoelastic flow is captured by cuboidal and
tetrahedral volume elements within rectilinear and curvilinear meshes, respectively. The
model resolves all phases of the seismic cycle under the radiation-damping approximation,
including the nucleation and propagation of earthquake ruptures, but also the viscoelastic
relaxation that follows in the ductile layers. We illustrate the approach in three dimensions
with numerical simulations of seismic cycles on finite strike-slip and thrust faults over-
lying a viscoelastic lower crust with linear and nonlinear rheology. In two-dimensional
models of subduction zones with the in-plane strain approximation, the ductile regions
are meshed with triangle volume elements. The use of Green’s functions only requires
the discretization of the actively deforming region, resulting in a relatively small mesh.
We provide open-source software implementing the method with parallel computing in a
distributed architecture. The approach allows increasingly realistic representations of the
lithosphere-asthenosphere system with nonlinear constitutive laws in structurally complex
tectonic settings.
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Plain Language Summary

Modeling of crustal dynamics during the seismic cycle is important to better under-
stand the genesis of earthquakes and the deformation of Earth’s surface. The mechanics of
the lithosphere incorporates brittle deformation in the crust and upper mantle, but also vis-
coelastic flow in the lower crust and asthenosphere. Rapid fault slip during earthquakes in-
duces a sudden stress perturbation in the surrounding lithosphere that is diffused by creep
on nearby faults and viscoelastic relaxation at greater depths. These processes continue to
deform Earth’s surface for decades following large earthquakes. We present a numerical
method that captures these phenomena with a consistent description of brittle and duc-
tile deformation. The method is based on a parsimonious representation of faults and dis-
tributed plasticity with surface element and volume elements, respectively. We describe
numerical simulations based on this method that resolve the nucleation and propagation
of earthquakes, but also the afterslip and viscoelastic relaxation that follows. The recur-
rence time of earthquakes is affected by the rheological properties of the ductile region.
The work includes open-source software to explore the mechanics of the seismic cycle in
two-dimensional and three-dimensional viscoelastic half-spaces.
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1 Introduction

Lithosphere dynamics involves two main types of deformation: localized deforma-
tion across faults in the cold, brittle layers and broadly distributed viscoelastic strain in
the ductile substrate of the lower crust and asthenosphere [Kohistedt et al.l [1995}, [Burov
2006]. The characteristics of seismic cycles are primarily controlled by the
nonlinear constitutive properties of faults, which are influenced by temperature, rock com-
position, and the presence of fluids [Blanpied et all, 1995}, [Nakatani, 2001} [Mitchell et al,

[2016}, [Veedu et al., 2020} [Mei et al, 2021]]. The structural intricacy of fault networks within
a plate boundary also plays a significant role [Romanet et all, 2018}, [Chen et all, 2020

|Gauriau and Dolan|, [2021]]. However, additional complexity arises from the mechanical

coupling between brittle and ductile deformation that gives rise to quasi-static stress trans-
fer among faults over the interseismic period [Nur and Mavko, 1974} [Savage, [2000; [Freed

land Lin} 2001].

The viscoelastic behavior of the lithosphere is well documented during seismic cy-
cle [e.g., [Biirgmann and Dresen), 2008}, [Polliiz, 2019]. Following large earthquakes, the
lower crust and asthenosphere exhibit accelerated viscoelastic flow due to the sudden
stress perturbation caused by the mainshock. Viscoelastic relaxation has been inferred in
various tectonic environments, including at continental transforms [Barbot et al), 2008},

Johnson et al), [2009;, [Pollitz et al), 2000, 2001}, [Pollitz, [2003a} [Johnson and Segall, 2004
[Masuti et al, 2016 [Moore et al), 2017]] and subduction zones [Hu et al.l 2004} [Pollitz

ler al, 2006}, (Wang), 2007}, [Pollitz et al.l, 2008} Suito and Freymueller, [2009; [Wang et al.]

[2012} [Sun et all 2014} [Klein et all 2016}, [Qiu et al. 2018} Weiss et al 2019} [Agata et al.|

after great and giant earthquakes. Typically, modeling approaches consider individ-

ual earthquakes as initial condition for postseismic relaxation [Barbot et al.| 2009; Rousset |
ler all, 2012} [Rollins et al] 2015}, [Broerse et al.l 2015} [Bedford et all, 2016}, [Li et al. 2017}
[Diao et al|, 2018} [Fukuda and Johnsonl, [2021]], and several numerical methods tackle this
initial-value problem efficiently [Pollitz, 1992 [1997; (Wang et all, 2003}, [Pollit7, [2003Dj;

[Smith and Sandwell, 2004}, [Barbot and Fialko|, 2010alb} [Hu and Wangl, 2012}, [Aagaard

et al, 2013}, [Tanaka et al.| 2015, [Hampel and Heizel, 2015} (Wang et all 2017} [Agata et al,
[2019; [Nield et al), 2022]]. However, the nonlinear rheology of the bulk rocks and longer

relaxation times compared to earthquake recurrence intervals makes the system sensitive
to the history of past deformation [Ellis and Stockhert, 2004} [Hetland and Hager, 2006;

Niichter and Ellisl, 2010}, (Chuang and Johnson), 2011} [Takeuchi and Fialkol [2013].

Viscoelastic deformation also impacts the loading of the seismogenic zone, result-
ing in first-order changes in earthquake recurrence patterns [e.g., Allison and Dunham),
[2018}, [Barbot, [2020a; [Shi er al.| [2020; [Allison and Dunhaml, 2021]). At longer time scales,
viscoelastic flow plays a crucial role in the transport and recycling of tectonic plates, influ-
encing the rate of slip accumulation on faults at first order at plate boundaries. However,
incorporating these important effects is challenging due to the disparity of timescales be-
tween mountain building and fault network evolution spanning millions of years, and the
seismic cycle operating from milliseconds to centuries. Current models often simplify the
rupture process and are limited to two-dimensional representations [Dinther ef all, 2013}
[Herrendorfer et all, 2015}, [Biemiller and Lavier, 2017; [Sobolev and Muldashev}, 2017}, [Her-

[rendorfer et al, 2018}, [Van Zelst et al, 2019;, [Dal Zilio et al), 2019}, [Petrini et al.l, 2020].

Integrated models of the lithosphere-asthenosphere system combining brittle and
ductile deformation are still elusive because of the wide range of length scales involved
and the nonlinear mechanics of faulting and mantle flow. Deformation across faults oc-
curs on a localized scale, spanning from a few centimeters to meters [Chester and Chester,
[1998}, Mitchell and Faulkner,, 2009}, [Faulkner et al 2010]. During a pulse-like rupture, the
rupture front can concentrate over hundreds of meters along the fault, which can be sig-
nificantly smaller than the final slip distribution spanning hundreds of kilometers
[1982}, [Heaton), [1990]. Faults are believed to be rooted in deep viscoelastic shear zones
several kilometers wide, and the flow of the asthenosphere engages wide regions of the
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upper mantle. The constitutive behavior of fault zones is complex, influenced by stress,
temperature, and deformation history [|Chester, (1994; |[Blanpied et al., 1998}, INiemeijer

et al., |2016; |Okuda et al., |2023|]. Similarly, rock rheology may involve a nonlinear be-
havior due to stress, temperature, water content, and grain size [Karato and Jung, 2003}
Hirth and Kohlstedt, |2003[]. Rapid perturbations induce viscoelastic flow with both tran-
sient and steady-state responses, making it dependent on strain history [Chopral {1997
Masuti et al.|, 2016 IMasuti and Barbot, |2021]]. Considering these phenomena, an efficient
numerical method that accommodates nonlinear friction and flow laws is needed to resolve
the interactions between fault slip and viscoelastic flow during seismic cycles in a three-
dimensional half-space.

The boundary integral method offers key advantages for simulating seismic cycles,
resolving stress interactions among faults analytically using Green’s functions [Andrews),
1985 |Day et al., 2005}, |Chen and Zhangl, 2006; [Lapusta and Liul, 2009; |Tadal, 2009; |Andol
2016; |Barbot), 2021} |[Romanet and Ozawal, |2022] instead of relying on numerical meshes
of the surrounding volume, as done in the finite-element method [Aagaard et al.l 2013]).
The dimension reduction of the numerical model strongly reduces the computational bur-
den. Various analytical solutions for displacement and stress caused by surface elements
are readily available to represent a displacement discontinuity embedded within an elastic
half-space [[Comninou and Dundursl, (1975} |Okada, |1992; |Meade| [2007; |\Gimbutas et al.|
20125 \Nikkhoo and Walter, 2015[]. A combination of rectangle and triangle surface ele-
ments can be used to shape realistic, non-planar fault geometries [e.g., |Hori et al., 2004;
Qiu et al.l 20165 |Li and Liul, 2017} |Shibazaki et al.l 2019 |Perez-Silva et al.| 2022]]. The use
of analytic solutions ensures high accuracy in simulating surface displacements by resolv-
ing the free surface exactly [|Qiu et al.| [2016; |Wang and Barbot, 2020; |Sathiakumar and
Barbot, [2021]]. However, the boundary integral method, as applied to an elastic half-space,
is currently limited to representing fault dynamics. Ongoing efforts are focused on includ-
ing viscoelastic processes in a full space to study earthquake source processes [Miyake
and Noddl, |2019; |Nodal [2022]], ignoring lateral variations of viscoelastic properties, nonlin-
ear flow laws, and the effect of the free surface. Resolving the free surface is paramount
for geodetic applications because this is where measurements are made. Other studies
based on the finite-element or finite-difference methods capture nonlinear viscoelastic
properties and thermal effects, but are limited to two-dimensional, anti-plane strain [Zhang
and Sagiya), 2018; Allison and Dunham), 2021]]. A semi-analytic method to investigate the
impact of brittle and ductile deformation on crustal dynamics during seismic cycles in a
three-dimensional half-space is still missing.

The boundary integral method focuses on resolving interactions among surface ele-
ments. The method is particularly suited for capturing the nonlinear dynamics of fault pro-
cesses, including slow-slip events, earthquakes, and other frictional instabilities [[Shibazaki
and Shimamoto, 2007} \Shibazaki et al., |2011; |Barbot et al., 20125 |Dublanchet et al., 2013}
Dublanchet, 2017} INie and Barbotl, 2021}, 2022}, |Wang and Barbot, 2023a, and references
therein]. The surface elements represent displacement discontinuities within the half-
space, capturing the localized deformation associated with faulting. The corresponding
Green’s functions describe the displacement and stress in the surrounding rocks. The
method can be extended naturally by incorporating volume elements to accommodate
distributed anelastic deformation (Figure [I). The volume elements represent a concen-
tration of anelastic strain due to crystal plasticity. Similar Green’s functions describe the
resulting displacement and stress in the surrounding medium [Barbot et al.| [2017; |Barbot,
2018al, 2020b]]. Combining these features within the integral method enables the coupling
between brittle and ductile deformation within the lithosphere. The approach provides a
unified representation of the lithosphere-asthenosphere system, capturing the dynamics of
faults and the evolution of distributed plastic deformation. The use of Green’s functions
allows the simulation of surface displacements to compare with geodetic data [e.g., |Qiu
et al., 2018}, |Weiss et al.l 2019; |Barbot and Weiss,, 2021} |(Wang and Barbot, |2023b||. The
integral method has been developed for two-dimensional viscoelastic half-spaces under



(a) Schematic thermo-mechanical model
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Figure 1: Schematic representation of the integral method combining surface and volume ele-
ments to capture the mechanical coupling between fault slip and viscoelastic flow. a) The approach
is illustrated for the case of a subduction zone with a megathrust and slip-partitioning strike-slip
fault along a volcanic arc. The faults are meshed with rectangle surface elements. The viscoelas-
tic substrate is meshed with volume elements. Here, we use tetrahedral elements in the oceanic
lithosphere and mantle wedge, and cuboidal elements in the arc lower crust. Green’s functions
are used to track the evolution of stress and surface tractions on volume and surface elements, re-
spectively, allowing simulation of seismic cycles. Sequences of earthquakes and slow-slip events
are followed by viscoelastic relaxation in the ductile substrate, which affects the recurrence times
of future events. Different Green’s functions are used to simulate crustal deformation at geodetic
stations (triangles). b) Types of plastically deforming elements considered in the study. Rectangle
surface elements represent fault slip. Cuboidal and tetrahedral volume elements can be used to
build rectilinear and curvilinear meshes, respectively.
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the anti-plane [Lambert and Barbot, [2016] and in-plane [Barbot, |2018b; [Shi et al.l [2020j
Barbot|, 2020a]| strain approximations, as well as for a three-dimensional viscoelastic half-
space [Shi et al., |2022]]. However, a numerically stable method that can capture structural
complexity and nonlinear constitutive laws using open-source software is insofar unavail-
able.

In this paper, we present a stable implementation of the integral method that com-
bines surface and volume elements to simulate fault dynamics in a viscoelastic half-space
during all phases of the seismic cycle. The method incorporates nonlinear constitutive
laws and can handle complex structural settings with lateral variations of rock proper-
ties. In the following sections, we describe the integral method to simulate lithosphere
dynamics within a three-dimensional viscoelastic half-space, utilizing cuboidal and tetra-
hedral elements to represent the viscoelastic layers. We illustrate the method with three-
dimensional simulations of seismic cycles along strike-slip and thrust faults using recti-
linear and curvilinear meshes for the viscoelastic substrate. Subsequently, we explain the
application of the method in two-dimensional systems under the in-plane strain approxi-
mation. We demonstrate how triangle volume elements can conform to the complex struc-
tural setting of a megathrust overlying a subducting oceanic lithosphere and an overturning
mantle wedge. We provide open-source software in a companion paper to facilitate the
use of the proposed methodology [Barbot, submitted]. The integral method provides an
effective tool to create realistic models of lithosphere dynamics and crustal deformation,
bridging the fields of rupture dynamics, tectonic geodesy, and rock mechanics.

2 The integral method
2.1 Elastic-plastic decomposition

Our goal is to incorporate different mechanisms of deformation distributed through-
out the lithosphere to integrate their mechanical coupling and describe their relative con-
tribution to surface displacement (Figure [T). During seismic cycles, the source of de-
formation is often deeply buried, either along a blind fault or below the confines of the
brittle-crust. Surface displacements result from the elastic coupling with these distant
sources. To represent deformation originating from different types of sources, it is use-
ful to consider the elastic and anelastic decomposition of the total strain-rate tensor, as in

L e .p
Gj =€+ €&,

-
dot representing a rate of change, and we use the index notation with Einstein’s summa-

tion convention. We assume strain to be infinitesimal. The total strain-rate is the symmet-
ric part of the velocity gradient tensor, as in

1

€Gj =5 (tij + 1))

where éfj represents the elastic part of the deformation, ¢7, is the anelastic component, the

where #; is the velocity field and the subscript comma followed by an index indicates a
partial derivative with respect to that coordinate. In this article, we consider the terms
anelastic and plastic to be equivalent, representing a thermodynamically irreversible defor-
mation process. Within our assumptions, elastic deformation occurs in response to plastic
strain and the current plastic strain represents a point of local thermodynamic equilibrium.

In a faulted viscoelastic medium, anelastic deformation can occur by slip on faults or
viscoelastic flow in ductile domains. Viscoelasticity typically involves the deviatoric stress

tensor, defined as
’ Okk 5

where o;; represent the Cauchy stress tensor and we use the Kronecker delta 0;;. At steady-

state, viscoelastic flow obeys a constitutive law for non-Newtonian fluids of the form

P n-1 __r
& = AT oy

(D

2

3)

“4)
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where the scalar T = O’i’jO'i/j is the norm of the deviatoric stress tensor, and A and n are
the constitutive parameters encompassing the grain size, water content, and thermal ef-

fects. For fault slip, the plastic strain-rate depends on the fault orientation and the local
slip-rate as

1
6'5 = E(Vinj +n[Vj) 6(X_y),

where 6(x) is Dirac’s delta function with the physical units of a wavelength indicating in-
tense strain localization along the fault at position y, v is the slip velocity vector, and n is
the unit normal vector. The instantaneous slip-rate obeys an anisotropic constitutive rela-
tionship of the form

Vi = V[(O', n, e’p) s

where 6 is a state variable and p is the pore-fluid pressure. The traction along the fault
can be decomposed into the normal and shear components t" and t*, respectively. The
velocity of sliding is aligned with the direction of shear traction such that v X t* = 0 at all
times, where the operator X is the vector cross product. The amplitude of slip-rate follows
a rate- and state-dependent friction law of the form V = V(ty, 0y, 6, p), where 74 and o,
are the norms of the shear and normal traction vectors, respectively.

The elastic and anelastic decomposition of deformation generalizes the represen-
tation theorem for fault slip [Aki and Richards, |1980; [Zhang and Chen), 2006| to include
distributed plastic deformation [Nemat-Nasser and Hori, 1999} INemat-Nasser, 2004]. As
described above, the plastic strain-rate is well defined at any time given the ambient stress
and potential state variables. The remaining task is to evaluate the overall velocity field
induced by plastic deformation due to elastic coupling. Stress forms when the total strain
deviates from the anelastic strain. Hooke’s law

e
oij = Cijri€ »

where C;ji; represents the components of the fourth-order elastic moduli tensor, provides
the relationship

aij = Cijra (€1 = &)
where we assume temporally constant elastic moduli. Equation (8) explains how elastic
deformation results from plastic deformation, which introduces the torque

. _ -P
i = Cijriéy

in the system. Conservation of linear momentum for quasi-static equilibrium, neglecting
the contribution of seismic waves, can be written

(Cijklékl),j +f=0,

where the forcing term f; = —m i, is an equivalent body-force representing the effect
of plastic deformation. In this study, we consider isotropic elasticity associated with the
elastic moduli tensor

Cijit = A 8ij6k1 + p (6iSj1 + Subjk) »

where A and p are the Lamé parameters with the rigidity u, both assumed spatially uni-
form within the half-space. Using the strain-versus-displacement relationship of Equa-
tion (Z) and the elastic moduli tensor of Equation (TT), the governing equation for the ve-
locity field induced by plastic deformation becomes

(/l-i-,u)lftj,ij +/1L'ti’jj +f,' =0.

Equation (I2)) under a free-surface boundary condition can be solved in three dimensions
using a variety of techniques involving Fourier transforms [Barbot and Fialko, |2010alb],
finite difference [Landry and Barbot, 2016; |[Erickson et al., |2017; |Landry and Barbot,
2018} |Allison and Dunham), [2021]], finite elements [Aagaard et al.l 2013]], and spectral ele-
ments [Komatitsch and Vilottel, |1998|].
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To frame the governing equation compatible with the integral method, we can write
Equation (I2) in integral form, as in

0 = [[f Gty fiay. (13)

where G;;(X,y) is the Green’s function for the displacement in the direction i caused by a
traction in the direction j in an elastic half-space, which is available in closed form [Mindlin,
1936; |Press|, |1965; |Okada, 1985} |Segall, |2010] and is shown in the Appendix. Solving for
the velocity field is important to build time series of crustal deformation. However, in-
spection of the constitutive laws for plasticity, such as Equations (@) and (6), shows that

only stress is required to evaluate the progression of the mechanical system. Per Equa-

tions (Z) and (8), stress evolution results from a linear combination of the velocity gradi-

ent and the plastic strain-rate. Conveniently, the velocity gradient can be directly obtained

via Green’s functions, as in
0 = ///Gki,j(XY)f}c(Y)dV, (14)

involving derivatives of the Green’s function for a half-space, also shown in the Appendix.
Given the velocity gradient in Equation (I4)), the total strain-rate tensor can be evaluated
with Equation (Z). As the current plastic strain-rate is given, the elastic strain-rate and

the corresponding rate of change of stress can be evaluated with Equation (§). Therefore,
Equation provides key information to track the evolution of the system.

These considerations provide a path toward a unified method to simulate crustal de-
formation during seismic cycles using the integral method. Given an initial stress field, a
plastic strain-rate can be identified using Equations () and (5). The corresponding veloc-
ity gradient can be obtained with Equation (I4)), from which a rate of stress can be calcu-
lated using Equation (). Integrating the rate of change of stress at time 7 using a numer-
ical quadrature provides a new state at time ¢ + At and the previous steps can be repeated
to build time-series. Assuming infinitesimal strain and temporally constant elastic moduli
allows us to use the same Green’s function throughout the simulation.

The elastic and anelastic decomposition of deformation constitutes an important the-
oretical underpinning of the integral method, allowing us to incorporate different types
of plastic deformation with various degrees of localization into the model. The next step
is to establish a numerically efficient procedure to evaluate the convolution operation of
Equation (T4), which is a computational bottleneck. We will show in the next section how
surface and volume elements can be used to capture localized and distributed deformation
and to convert Equation (I4) into an algebraic expression.

2.2 Surface and volume elements

We consider procedures to track the evolution of stress in the ductile regions and
the simultaneous evolution of surface traction along faults, so that constitutive laws such
as Equations (@) and (6) can provide the instantaneous plastic strain-rate and slip-rate, re-
spectively. We assume that plastic deformation occurs within a domain Q and that fault
slip localizes along the embedded surface X. As the numerical solution involves Green’s
functions, the stress change is immediately accessible by taking linear combinations of the
velocity gradient, following Equation (§). The change of stress in the half-space is caused
by flow in nearby regions and by slip on neighboring faults. This can be written

('rij=//EJijk(vk—v,f)dA+///QLijk,(e',fl—é,fl)dv, (15)

where &;; can be evaluated anywhere in the half-space, efl and e'kLl are the instantaneous
and background plastic strain-rate tensors, and v; and vkL are the fault instantaneous and

long-term slip-rate vectors. The background loading corresponds to the asymptotic rate
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of deformation and a state of quasi-static equilibrium. The Green’s function J;;x is a third-
order tensor connecting fault slip and stress that incorporates the local orientation of faults.
The Green’s function L;ji; is a forth-order tensor connecting plastic strain and stress. Po-
tentially, any component of plastic strain induces change in all components of the stress
tensor.

Similarly, the change of surface traction along faults originates from slip on nearby
faults and from plastic flow in the ductile domain. For rapid fault slip, a radiation damp-
ing term is necessary to account for the outward radiation of energy, which reduces the
local stress. Including the so-called radiation-damping approximation [Rice and Tse}, |1986],
the evolution of surface traction can be written

. _ L .p .L Mo
ti(X) = “//zKij(vj - Vj )dA + “/‘//QMikl(Ekl - Ekl)dv - ﬁvi , (16)

where ¢; is the surface traction anywhere along the faulted domain X, Kj; is a second-

order Green’s function connecting fault slip to surface traction, M;y; is a third-order Green’s
function connecting plastic strain to surface traction, u is the rigidity of rocks surrounding
the fault, and Vs is the shear-wave speed. As they produce surface traction, the Green’s
functions K;; and M;i; incorporate information about the fault orientation. The Green’s
functions J;jx, Lijki, Kij, and M;;; can be obtained by linear combinations of G;; and

Gji,j- However, we will not evaluate the integrals in Equations (T5) and (T6) directly. In-
stead, we will resolve to discrete approximations.

We consider a discretization of the deforming domain with a mesh combining sur-
face and volume elements approximating the geometry of faults and the viscoelastic sub-
strate, respectively (Figure [I). We assume uniform slip and plastic strain distribution within
surface and volume elements, respectively. Hence, the distribution of slip and plastic strain
in the respective domains is piece-wise uniform. For the discretization of fault surfaces,
we adopt rectangle elements. For the plastic domain, we utilize cuboidal and tetrahedral
elements. However, the following discussion is independent of the discretization scheme.
Assuming a proper discretization, Equations (I3) and (I6) become algebraic. The change
of traction and stress anywhere in the half-space results from a linear combination of slip-
rate and plastic strain-rate in the surface and volume elements. The evolution of stress in
volume elements can be written with the following algebraic expression involving matrix-
vector multiplications

Sij = Jijk(Vie = Vi) + Lijua Bz — Egy) 17
where S;; is a vector containing a representative value of the stress component i for all
volume elements in the mesh, V; and V,f are vectors describing the £ component of in-
stantaneous and background slip-rates, respectively, of all surface elements, and Ex; and
Efl are vectors containing the kI component of instantaneous and background plastic
strain-rates, respectively. The matrices J;;x and L;jx; convert slip in the direction k and
plastic strain in the direction k! to stress in the direction ij, respectively. We use a similar

discrete approximation for the evolution of traction, giving rise to
. G .
Ti = Kij(V; = VI) + My (B — Ef) = 5V, (18)
2Vs

where T; is a vector containing the traction component i of all the surface elements, and
the matrices K;; and M;;; convert fault slip in the direction j and plastic strain in the di-
rection k/ to surface traction in the direction i, respectively.

We write the evolution equations more compactly by defining vectors that fully de-
scribe all components of deformation, stress, and traction. The velocity vector

_ (W
V= (Vz) (19)
contains the fault slip-rate expressed in a fault-centric coordinate system where V; and
V, represent slip-rate in the strike-parallel and up-dip directions, respectively. The plastic
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strain-rate vector

regroups the six independent components of the symmetric plastic strain-rate tensor for all

volume elements. For the stress, we define the vector

St
Stz

with the six independent components, taking advantage of the symmetry of the stress ten-
sor that emerges from conservation of angular momentum. Finally, we define a vector of

traction components, as

domain becomes
Liin

Lion
Lz
L

Losii
Las

where the L;j;; are defined in Equation (17). The matrix of self-stress interaction for

faulting is written

where the K;; are described in Equation (I8). The two directions of coupling between
fault slip and plastic flow are described by the matrices of stress interactions

and
M,

M= | My
Msy

L
L2z
L3z
L1z
L2
L3312

M2
\7 C3P)
Ms2

where the matrices J;jx and My are described in Equations and , respectively.
The matrix J describes how plastic deformation can be triggered by fault slip. The ma-
trix M describes how distributed plasticity can induce stress on faults by affecting the

Si3

T

T=|T,

L3
Li213
Li3i3
L3
L3
L3313

Jin
Ji21
Ji31
J21

Jo31
J331

M3
M3
Ms3

—11-

T3
that combines the three components of surface traction expressed in a fault-centric coor-
dinate system, whereby T, T, and T3 represent the traction components in the strike-
parallel, up-dip, and normal directions, respectively. We keep track of the shear and nor-
mal components of surface traction because they both affect fault slip-rate when friction is
involved. Given these definitions, we can write stress and traction interaction matrices that
couple all components of deformation. The matrix of self-stress interaction in the ductile

Ly
L2
Lz
L2
L2322
L33

Jiz
Ji22
Ji32
Jox
Joz2
J332

M
Mo
Mi2

Li23
L1223
Lis2
L2223
L2323
L3323

M3
M3
Mi23

Li33
L1233
Li333
L2233
L2333
L3333

Mis3
Mp3;3
Mi3s3

(20)
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(22)

(23)

(24)
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shear and normal traction. With this book keeping, we can write the evolution of stress
and traction due to fault slip and plastic flow as

S=J(V-VH)+L(E-EH

T=K(V-V)+ME-E") -9V, @7

where the vectors VL and EL contain the long-term deformation for all surface and vol-
ume elements, respectively, and y = u/2Vs is the radiation damping factor. Equation
forms the basis of the integral method where the mechanical coupling among and between
surface and volume elements is captured by a series of matrix-vector multiplications that
approximate the respective surface and volume integrals. Evaluating Equation (27) con-
stitutes the bulk of the numerical burden with the integral method, as the other operations
are local. However, the matrix-vector formulation can be parallelized using shared and
distributed memory, relegated to a dedicated computing device, or accelerated with hier-
archical matrices [e.g., |Bradley, 2014} |Ozawa et al.| 2023|]. The Green’s function matrices
J, L, K, and M can be used in subsequent simulations based on the same geometry, as
changing the frictional or rheological parameters does not affect the Green’s functions.
How to evaluate the stress caused by moving faults in a half-space is well known [Okada,
1992} INikkhoo and Walter, 2015[]. We describe next how to calculate the stress induced by
plastically deforming volume elements.

2.3 Distributed plastic deformation

The governing equations, written in strong form in Equation (I2) or in integral form
in Equation (13, involve linear operators. Hence, the principle of superposition applies to
evaluate stress interactions, regardless of the nonlinear character of the constitutive equa-
tions for plasticity that unfolds in the time domain. Accordingly, we focus on the stress
field induced by a single plastically deforming volume element identified by the domain
Q. The stress caused by other elements can be added linearly. To simplify the expres-
sions, we consider displacement, strain, and stress instead of the respective time deriva-
tives. The plastic strain is associated with the moment density m;; inside €. The resulting
displacement gradient in the half-space can be obtained using the convolution in Equa-
tion (I4) using the body-force f; = mj;; within the volume. However, as the plastic strain
is piece-wise uniform, integration by part removes an integral and the stress field can be
obtained by a convolution with the equivalent traction at the boundary of the volume [Bar-
bot, [2018a]. As a result, the displacement gradient can be obtained with the surface inte-
gral

ujj = / Gjijmjng dA (28)
0

where 9Q is the boundary of the volume element and ny is the k component of the outward-
pointing unit normal vector. We evaluate the surface integral in Equation (28)) using a nu-
merical quadrature. We consider cuboids and tetrahedra as end-member types of volume
elements associated with rectilinear and curvilinear meshes.

For cuboids, the surface integral is conducted on six rectangular faces. We consider
a cuboid centered at y* with dimensions of length L, width L, and thickness L3. The
orientation of the cuboid is defined by the right-handed coordinate system aligned with
the faces with unit vectors e{ s eé, and eg. The primed volume-centric coordinate system
relates to the unprimed reference system by a rotation matrix, such that e; = R;;e;. Using
a Gauss-Legendre quadrature of degree N involving the weights wy and abscissas xi for
k = 1..N [Press et al., |1992], the surface integral of Equation can be approximated by

—12—-
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Figure 2: Integration points of the Gauss-Legendre quadrature for surface and volume elements
used in calculation of stress and traction caused by plastically deforming volume elements and av-
erage stress at receiver volume element. a) Rectangle and triangle faces of cuboidal and tetrahedral
volume elements. The integration points (crosses) for quadrature orders N = 3, N = 7,and N = 15
concentrating near the edges of the surface. Regardless of quadrature order, there is no integration
point on the edges. b) Integration points for volume integration to select a representative stress
within volume elements. The integration points are colored by weight, which are higher toward the
center of the faces and volumes.
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N N ~
L L, o %=+1
+— Z Z wrws G j[X y(%r, X, %) Mg Ry | ,

X

where Einstein’s summation convention applies to the repeated indices k and p and the
sums are evaluated at the coordinates

Xs

2

Xr
2
The -1 < X < 1 for k = 1..N are the roots of the Legendre polynomial of degree N,

which occur symmetrically about 0. For each expression, we take the difference between
the sums evaluated at X, = 1 and X = —1, corresponding to opposite faces of the cuboid.

Xt

Lle{ + >

y(&, X, %) =y + Ly eé + =13 eé .

For a tetrahedron, the displacement gradient can be obtained in a similar manner by
integrating the equivalent surface tractions that concentrate along the four faces. The ge-
ometry of a tetrahedron is defined by the coordinates y4, y2, y©, and y” of the four ver-
tices A, B, C, and D. The faces ABC, BCD, CDA, and DAB are associated with the out-
ward normal vectors n?, n4, n®, and n€, respectively. Using a Gauss-Legendre quadra-
ture of degree N with the weights wy and abscissas % for k = 1..N, we obtain the ap-
proximation

N N
Aapc - . o
i j(X) ¥ —5— D0 wrws(1 = %) G [%: Y ape (B Fo)| mian?

r=1 s=1
A N N
BCD ~ ~ o~
+ 4 Z Z WrWs(1 - xs) Gki,j [X; YBCD(xr’ xs)] mklnlA
r=1 s=1
Acpa W
+ 4 Z Z wrw(l = %) Gki,j [X; YCDA(X'r’ )Zs)] mklnf
r=1 s=1
A A N N
DAB ~ ~ o~
+ 4 Zzwrws(l - xs)Gki,j[X; yDAB(xr’ xs)] mklnlc s

~
I

—_
1l

—

A

where Apc is the area of the triangular face ABC and we obtain the coordinates of
summation with the mapping function

. 1 . .
Yapc(&r, %) = ZyA(l - %) - %)
1
+ ZyB(l +ir)(1 _is)
1
+ Eyc(l + Xy) .

The coordinates x can be anywhere in the half-space, allowing the calculation of traction
and stress along surface and volume elements, respectively.

We use the above numerical approach to build the stress interaction matrices used in
Equation (27), considering the stress and traction caused by one volume element at a time,
one component of plastic strain at a time. The calculation is performed once and the ma-
trices are the same for every time steps. Illustrations of the distribution of abscissas and
weights for integration along a rectangular or triangular face are shown in Figure 2p,b for
Gauss-Legendre quadratures of order N = 3, N =7, and N = 15, corresponding to increas-
ing accuracy. We reduce the computational load while preserving numerical accuracy by
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adapting the quadrature order based on distance from the source, using N = 40 in the near
field, gradually lowering to N = 3 in the far field. We separate the Green’s functions based
on source and image and treat them with different quadrature orders, always using N = 3
for the image (see Appendix). We also distribute the computational load on different pro-
cessors based on a distributed-memory architecture.

2.4 Representative stress in volume elements

As slip accumulates along a surface element or as plastic strain grows within a vol-
ume element, a complex spatial distribution of stress develops in the surrounding half-
space. Within the deforming element and the surrounding ones, the stress field is het-
erogeneous and several strategies can be employed to select a representative value. With
the collocation method, we select the central value of the element. This approach is com-
monly employed with the boundary integral method, and we adopt it for the surface ele-

ments. However, the collocation method is unstable for volume elements in a three-dimensional

half-space [|Shi et al.| [2022]]. Therefore, we employ the Galerkin method, which consists in
taking the average value within the element. Consider an arbitrary ambient stress field
caused by local or remote plastic deformation, or even by distant fault activity. The aver-
age stress component within the element Q is

0yj = VLQ”/‘//QO'ij(Y)dy,

where Vg is the volume of the element. We approximate Equation (33) using a Gauss-
Legendre quadrature of order N. For a cuboid, the average stress can be approximated
N
s=1

with
1 ZN 3
Ub': g

r=1s

M=

wrwswy 0 [X(%p, X5, X0)]

t=1

where the stress is evaluated at the coordinates

Ly ,
?03.

e - . L . L -
x(%, X, %)=y + Y e + T e, + %

Using N = 1, ¥; = 0, w; = 2, Equation @]) simplifies to the collocation method. For a
tetrahedron, the average stress can be estimated with

6 NN N
Gij = = 3 >, > wewewi (1= 5)(1 = Yoy [xX(E, %, %]
where the stress is evaluated at the coordinates
N . . TN A
X(xr» Xss xl) =§(1 - 'xr)(l - 'xS)(l - 'xl)y
1
+7(1+ )01 - 5)y"
1
+g (= %)L+ £)(1 = %) y©
1 -
+§(1 + xt)yD ,

where the X; and w; are the abscissas and weights of the Gauss-Legrendre quadrature,
respectively, and the geometry of cuboids and tetrahedra is defined in the previous section.

Ilustrations of the distribution of abscissas and weights for volume integration within
a cuboid or a tetrahedron with the Gauss-Legendre quadrature are shown in Figure 2b for
orders N =3, N =7, and N = 15. To evaluate the representative stress with the Galerkin
method, we use N = 2, leading to 8 integration points within the volume elements, provid-
ing fast, accurate, and numerically stable calculations.
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2.5 Algorithm

The algorithm for the integral method involves the following steps. Starting from a
mesh of surface and volume elements, we build the matrices of traction and stress interac-
tions. We compute the stress caused by surface elements using analytic Green’s functions
suited for triangle [Nikkhoo and Walter, 2015]] and rectangle [[Okadal |1992] elements. For
volume elements, we calculate the stress field numerically, integrating the Green’s func-
tions for a point source based on the geometry of cuboidal and tetrahedral elements. We
evaluate the traction at the center of surface elements using the collocation method and
the average stress within volume elements using the Galerkin method. The matrices are
computed only once and used at every time step. Starting from an initial stress and pos-
sible state variables at time ¢, we simulate a time step using a Runge-Kutta method. We
calculate the plastic strain-rate and fault slip-rate using the respective constitutive laws.
We obtain the corresponding rates of stress and traction using matrix-vector operations.
We conduct time integration to time ¢ + At with different orders of quadrature to obtain an
estimate of numerical accuracy. Adaptive time steps result from using the largest step that
satisfies a threshold accuracy. At time ¢t + Az, we obtain a new state of stress and traction,
from which the procedure can be repeated. The method provides an apparatus to track the
evolution of stress and traction where plastic deformation occurs. Complex simulations
emerge from the nonlinear constitutive behavior of rocks, the coupling between brittle and
ductile deformation, and geometrical effects. We simulate time series of geodetic data us-
ing separate matrices that connect slip and plastic strain to surface displacements. These
calculations do not affect how the simulation proceeds. The code implementing these cal-
culations compares successfully with other methods on the benchmark problems of the
Sequence of Earthquakes and Aseismic Slip [Erickson et al., [2020; Jiang et al., 2022} |ET-
ickson et al., 2023]], but the viscoelastic effects remain untested.

3 Seismic cycles in a three-dimensional viscoelastic half-space

The integral method provides a procedure to keep track of evolving stress within the
elastic half-space, to select representative values with surface and volume elements, and
to simulate the accumulation of plastic strain, whether localized on faults or distributed
in a viscoelastic domain. We illustrate the potential of the integral method with numer-
ical simulations of seismic cycles in a three-dimensional viscoelastic half-space. Plastic
deformation occurs by faulting in the brittle layer and viscoelastic flow in the underlying
substrate. For the fault constitutive behavior, we assume that the frictional resistance is
controlled by the real area of contact across the interface. The area of contact is an impor-
tant property of fault zones that is directly affected by the effective normal stress and the
size of micro-asperties around contact junctions, following [Barbot, [2019]

A =

co + oo (%)Ji) ’ %)

X L
where A is the real area of contact density, ¢ is the cohesion, ug is a reference coeffi-
cient of friction, & is the effective normal stress, and 6 and L/V; are the age and charac-
teristic lifetime of contact, respectively, with the characteristic weakening distance L and

the reference velocity Vy. The dependence on the age of contact is weak, with a power-law
exponent b < 1. The real area of contact controls the yield strength of the interface, as in

oy =Ay, 39

where y is the material hardness for plowing, i.e., the shear hardness. The fault slip-rate
depends on the local shear stress relative to the yield strength, following a thermally acti-
vated power-law relationship [Barbot, 2019, [2022]

Ho
a

: 11
sl oo 813
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where V and Vj are the instantaneous and a reference velocity, respectively, T is the local
temperature, Q and Ty are the energy and temperature of activation, respectively, with the
universal gas constant R, and 7, is the norm of the shear traction vector. The sensitivity
to shear stress is exacerbated by the large power exponent resulting from a <« 1. Shear
stresses larger than the yield strength lead to high slip-rates. Reciprocally, shear stresses
much lower than the yield strength lead to vanishing slip-rates. Under zero shear stress,
the contact is stationary. Combining Equations (38)), (39), and (0}, we obtain the rate-,
state-, and temperature-dependent friction law

Ho b
@ (Vo) « 1 1
co + uoo L R\T Ty

where the material hardness y has cancelled out. Equation @I)) allows us to evaluate
the instantaneous velocity based on the local shear stress, age of contact, and tempera-
ture. The evolutionary effects are captured by a thermally activated evolution law [Barbot,

2019
. H(l 1 Ve
0= — === -—, 42
eXp[ R(T Tg)] L 2
where H and Ty are the enthalpy and temperature of activation, respectively, of the healing
mechanism [Barbot, 2022]]. At steady-state, corresponding to 6 = 0, we obtain a rate- and
temperature-dependent shear traction, as follows

B NG % [aQ-bH 11
Ts—(Co+/10(T)(V0) exp[—ﬂoR (T To)]' (43)

(41)

The velocity dependence is controlled by a — b, with velocity-strengthening for a — b >

0, velocity-neutral for ¢ = b, and velocity-weakening for a — b < 0. The mechanical
behavior is temperature-hardening for aQ — bH < 0, temperature-neutral for aQ = bH, and
temperature-softening for aQ — bH > 0. To fully describe fault slip, Equation (41) must be
augmented to capture the orientation of the slip-rate vector. We assume that the slip-rate
is parallel to the fault, such that v - n = 0, and aligns with the local shear traction, as in

v X t* =0. In terms of components of the slip-rate vector, this can be written

vi =V(15,0,T)E , (44)

where the shear traction 7 = 7,f; is decomposed into the amplitude 7, and the direction
ff. Alternatively, the rake angle of the velocity vector in the fault plane is defined as

N
2
@ = arctan =
1

(45)

where #] and 5 are the along-strike and up-dip components of the traction vector. A rake
angle @ = 0 corresponds to left-lateral strike-slip faulting, and a rake o = 90° corresponds
to thrust faulting if the fault dip angle is between 0 and 90°. Typically, the rake changes
during rupture propagation [Kirkpatrick and Brodskyl 2014} |Kearse and Kaneko, [2020]).
Accordingly, we have the slip-rate components

vy =Vcosa
vy = Vsina (46)
v3 =0,

where vy, v, and v3 are the strike-parallel, up-dip, and fault-normal components of the
slip-rate vector, respectively.

The evolution of plastic strain in the Earth’s lower crust and upper mantle is con-
trolled by the rheology of rocks in high-temperature, high-pressure conditions. At steady-
state, the stress versus strain-rate relationship is a thermally activated power-law with sen-
sitivity to composition, grain size, water fugacity, and temperature [Poirier, |1985; |Hirth
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and Tullis, (1992} |Karato and Wu, (1993} |[Karato et al., |1986} |Rybacki and Dresenl, 2000}
Hirth and Kohlstedt, 2003}, |Karato and Jungl |2003]]. Upon perturbations, the steady-state
behavior is preceded by a short-lived work-hardening phase called transient creep, char-
acterized by a higher strain-rate [Post, |1977; |Peltier et al.| |1980; |Ranalli, |1980; |Chopra,
1997} |Thieme et al., 2018]||. Transient creep manifests itself measurably during the postseis-
mic phase of the seismic cycle [Freed et al., 2010; |IMasuti et al. 2016} (Tang et al., 2019,
2020]. We adopt a constitutive behavior that captures the transient and steady-state re-
sponse compatible with laboratory observations [Masuti et al., |2016}; IMasuti and Barbot,
2021]. For a representative volume element, the constitutive law can be described by a
nonlinear Burgers assembly of springs and dashpots placed in series in a Maxwell element
and in parallel in a Kelvin element. The total plastic strain-rate is decomposed into

P _ M | K
& =€ +é&;, (G
where éi]}” and éilf are the plastic strain-rates in the Maxwell and Kelvin elements, respec-
tively. The plastic strain-rate in the Maxwell element represents steady-state creep and
obeys the following constitutive law
el = Ay ™o, (48)

where o/, is the deviatoric stress tensor defined in Equation , the prefactor Aps contains
the effects of composition, grain size, water fugacity, and temperature, considered spatially
variable, but constant throughout the simulation, and n,; is the power-law exponent. The
formulation captures various creep mechanisms depending on the constitutive parameters.
Diffusion creep, grain-boundary sliding, and dislocation creep assume ny; = 1, npy = 2
and ny; = 2 — 5, respectively, with different prefactors. The plastic strain-rate in the Kelvin
element is controlled by the effective stress

Qij = 0 — 2ux € - (49)

where ug is the work-hardening coefficient and the term 2ug eg represents the internal
stress due to the activation of sub-optimally oriented slip systems [Masuti and Barbot,
2021]. The effective stress is always deviatoric and can be further characterized by its
norm
q= (QijQij)l/z , (50)
where Einstein’s summation convention is implied. The resulting plastic strain-rate in the
Kelvin element obeys the following constitutive relationship

ef = Akq"™ 0y, (51)

where the coeflicient Ax contains the effects of composition, grain-size, and temperature,
and ng is the power-law exponent. The Kelvin strain el.K can be considered a state vari-
able for distributed viscoelastic deformation, capturing the effect of internal stress within
a representative volume element. As the Kelvin strain accrues, the effective stress reduces,
leading to a work-hardening response. Asymptotically, the Kelvin strain-rate vanishes, and
the deformation continues with strain accumulation in the Maxwell element, embodying
the steady-state behavior. Much experimental data are available to describe the steady-state
parameters [e.g., |Karato et al. [1986; [Kirby and Kronenberg, |1987; |Koch et al., |1989; |Shea
and Kronenbergl, [1992; |[Evans and Kohlstedt, {1995}, |Dimanov and Dresen), 2005; | Hansen

et al., 2011} [Tokle et al., [2019]]. In practice, the constitutive parameters Ap; and Ax and
nys and ng, respectively, are of similar orders of magnitude and the work-hardening co-
efficient ug is of the order of the local shear modulus. Experimental data on dry and wet
dunites, which are relevant for mantle flow, indicate a nonlinear stress versus strain-rate
relationship for the work-hardening phase [Masuti and Barbot, |2021].

The constitutive assumptions described here allow us to predict fault slip-rate and
distributed plastic strain-rate given the current stress and the relevant state variables. Con-
sideration of these relationships with the conservation of momentum forms a closed sys-
tem of equations that can be solved with the integral method and numerical time stepping.
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Next, we illustrate the method with examples for strike-slip and thrust faulting in a three-
dimensional viscoelastic half-space.

3.1 Strike-slip faulting over a viscoelastic lower crust

We consider three-dimensional models of seismic cycles in a viscoelastic half-space
with a vertical strike-slip fault overlying a viscoelastic lower crust (Figure [3). The elastic
parameters are for a Poisson’s solid with 4 = u = 30GPa. The fault is 60 km long, ex-
tending from the surface to 20 km depth, and undergoes a long-term right-lateral slip-rate
of 30 mm/yr. Spontaneous earthquake nucleation is favored by a 30 km-long steady-state
velocity-weakening region extending from the surface to 15km depth (Figure [3p). The
distribution of frictional parameters and effective normal stress is taken from the Sequence
of Earthquake and Aseismic Slip benchmark problem BP-4 [Jiang et al.| 2022], except for
the fault dimension. Notably, we have a — b = 0.012 in the velocity-strengthening region
and a — b = —0.0065 in the velocity-weakening region. With a characteristic weakening
distance L = 5cm and an effective normal stress & = 50 MPa, we obtain a characteristic
nucleation size of 4.6km and a concentration of the rupture front over a cohesion zone of
2.3km. This is well resolved by a mesh of square elements with a uniform sampling size
of 1km, resulting in 1,200 surface elements.

The ductile lower crust extends from 20 to 40 km depth and is sampled by a 60 X
60 x 20km mesh of 5 X 5 X 5km cubic elements centered on the fault, resulting in 576
volume elements (Figure [3p). The distribution of viscosity follows a mylonite shear zone
extending below the fault in the lower crust. Viscoelastic flow operates at steady-state with
the lowest viscosity of 7 = 10'® Pas, corresponding to Ay, = 10712 /(MPas), increas-
ing gradually to a background value of 5 x 10'” Pas away from the fault. The shear zone
deforms with a long-term strain-rate of €5 =2 x 107"/s.

We simulate seismic cycles for a period of 400 years. The simulation produces four
earthquakes that nucleate near the surface and propagate bilaterally as crack-like ruptures
(Figure [). The interseismic period is characterized by a long period of quiescence with
a locked seismogenic zone followed in a later stage by rapid inward progression of creep
into the velocity-weakening region. The development of creep waves culminates with the
nucleation of seismic ruptures. Each seismic event triggers a postseismic relaxation phase
with accelerated creep around the rupture, the so-called afterslip. The coseismic stress
perturbation triggers viscoelastic relaxation in the lower crust characterized by a rapid flow
during a transient phase. The accelerated creep returns to the background strain-rate or
below within 15 years of the mainshock.

The coupling between fault dynamics and lower-crustal flow is further illustrated in
Figure [5| Rupture nucleation occurs at the center of the velocity-weakening region, near
the free surface. At a critical slip-rate, nucleation transitions to outward rupture propa-
gation at slip-rates approaching 1 m/s. The rupture propagates radially until it saturates
the seismogenic zone. As the rupture stops due to the velocity-strengthening behavior of
the surrounding region the velocity-weakening region rapidly relocks and rapid afterslip
concentrates around the boundaries of the rupture. After 5 years, afterslip is mostly dis-
sipated, the fault creeps, and the seismogenic zone is locked. During the early phase of
the postseismic period, high plastic strain-rate concentrates in the lower crust concentrat-
ing below the fault ruptured area. Viscoelastic flow is fastest below the fault zone, attain-
ing rates of 107!%/s, which is a thousand times faster than the background strain-rate. As
the coseismic stress change dissipates during viscoelastic relaxation, the flow decelerates.
After 25 years, the distribution of plastic strain-rate is more uniform, with some regions
flowing more slowly than the long-term strain-rate.

Crustal dynamics induces surface deformation with specific patterns of horizontal
displacement, uplift, and subsidence that are characteristic of the deformation mechanisms.
Numerical simulations with the integral method allows us to evaluate surface displace-
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Figure 3: Structural model for seismic cycles on a right-lateral strike-slip fault overlying a vis-
coelastic lower crust in a half space. a) Face view showing the extent of the fault from the surface
to 20 km depth with a 30 km-long velocity-weakening section. The distribution of the steady-state
velocity dependence parameter a — b is tapered. The frictional parameters are taken from the Se-
quence of Earthquake and Aseismic Slip benchmark problem BP4 2022]. The bottom
layer shows the viscosity and rectilinear mesh of the lower crust. b) Top view showing the fault
trace and the spatial distribution of viscosity in the lower crust in map view. The viscosity corre-
sponds to a mylonite shear zone below the fault. ¢) Side view showing the distribution of viscosity
in side view. The distribution of viscosity is chosen to illustrate lateral variations of rheological
properties.
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Figure 4: Numerical simulation of seismic cycles on a strike-slip fault overlying a viscoelastic
lower crust. a) Time series of peak velocity (black line) and plastic strain-rate below the center of
the fault (red line) for a period of 400 years showing four seismic events followed by viscoelastic
relaxation. Peak slip-rate is 0.4 m/s. The dashed lines indicate the long-term rates. Viscoelastic
flow commonly exceeds the background loading-rate during the postseismic period and proceeds
at smaller rates during the interseismic period. b) Evolution of fault slip during seismic cycles in
horizontal and vertical profiles. The horizontal profile extends 60 km along the fault at 5 km depth.
The vertical profile extends from the surface to 20 km depth at the center of the fault. The x-axis is
computational time steps, which are adaptive from 50 ms to 0.1 year. Nucleation occurs by long-
term creep waves propagating inward into the velocity-weakening region. The ruptures represent
bilateral crack-like propagation.
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Figure 5: Evolution of fault slip and lower-crustal viscoelastic flow during and following a seismic
event. a) Evolution of fault slip along the fault plane with rupture nucleation, propagation, termi-
nation, and relocking, followed by afterslip. The background color indicates the local slip rate.

The arrows indicate the direction of slip toward the observer, compatible with right-lateral slip. b)
Distribution of plastic strain-rate in map view, showing the top of the lower crust. The fault trace

is shown for reference. The squares indicate the rectilinear mesh of cuboid elements. The length
scale is the same for all plots.
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ments at arbitrary distances from the source of deformation and to separate the compo-
nents of surface displacements attributed to fault slip or viscoelastic flow. This is made
possible because the displacement field can be obtained anywhere in the half-space using
distinct Green’s functions for surface and volume elements. Figure |11| shows the surface
deformation after the first simulated earthquake at a late stage of the postseismic period.
The deformation caused by faulting is characterized by a four quadrants of uplift and sub-
sidence in the near-field close to the rupture tip associated with compressional and exten-
sional stress. Horizontal displacements are characteristic of a right-lateral dislocation with
fault-parallel displacements along the fault and rotation of the vector field in the fault-
perpendicular direction near the rupture tip. The deformation may be characterized by two
counter-clockwise rotations in the far field. In the far-field, there are additional four quad-
rants of uplift and subsidence in opposite direction to the near field.

The deformation induced by viscoelastic flow in the lower crust is far more dis-
tributed and of overall lower amplitude due to the greater confinement depth of the source
(Figure [TTp). The pattern of uplift and subsidence is opposite to the one caused by fault
slip, compatible with a viscoelastic rebound of the Earth’s surface during the postseismic
period. The pattern of horizontal motion is compatible with a double-couple, with a larger
amplitude of displacement away from the fault. The vertical displacements are caused by
the relaxation of vertical shear stress in the lower crust. The surface displacements are
the sum of the ones caused by fault slip and viscoelastic flow. The time series of surface
displacement reveal a dominant east-west cumulative displacement with successive earth-
quake cycles (Figure [ITk). The simulated time series resemble typical geodetic time series
of tectonic deformation that can be decomposed into the coseismic, postseismic, and inter-
seismic phases of the seismic cycle. The linear trends in each displacement component re-
sult from the long-term deformation of the fault and the underlying lower crust, that accu-
mulate permanent strain. The sudden coseismic displacements occur due to seismic events
that last just a few seconds. The following postseismic transient is the result of afterslip
and viscoelastic relaxation. The contribution of viscoelastic flow represents about 10% of
that of fault slip. In the far field, fault slip and viscoelastic flow produce opposite trends
of vertical displacement. Such distinct spatial patterns and time scales of postseismic dis-
placements from afterslip, relocking of the seismogenic zone, and viscoelastic relaxation
can in principle be used to constrain the mechanical properties of the lithosphere.

We now extend the model to take into account more structural complexity. We con-
sider strike-slip faulting in a tectonic setting where the lithosphere is thinned and the Mo-
horovici¢ discontinuity (Moho) is deflected upward. We assume that the ductile lower
crust is advected along at constant thickness. To capture the non-planar geometry, we
build a curvilinear mesh of the lower crust using tetrahedral volume elements (Figure [7).
We use a Gaussian function to model the 5km deflection of the lower crust. Conceptu-
ally, the mesh is formed by 12 x 12 x 3 parallepiped elements of dimension 5 X 5 X 5km.
In practice, each parallepiped is meshed with 6 tetrahedra connecting 4 different vertices,
resulting in 2,592 tetrahedral volume elements. The shear zone deforms with a long-term
strain-rate of 107!13/s with lateral variations of viscosity as low as = 10'® Pas at the cen-
ter of the shear zone, gradually increasing to 7 = 10'® Pas some 30 km away (Figure ).

The 400-year simulation produces four seismic events with slightly shorter recur-
rence times than in the previous example due to the curved geometry of the lower crust
and the different long-term strain-rate. The seismic ruptures nucleate at the center of the
seismogenic zone near the free surface after a long inward migration of creep inside the
velocity-weakening domain. The nucleation then transitions to outward rupture propaga-
tion. When the rupture stops, we enter the postseismic phase of the seismic cycle with
concentration of afterslip around the rupture and the onset of viscoelastic relaxation in the
lower crust. After relocking of the seismogenic zone, afterslip continues for several years
diffusing outward and toward greater depths. After 6 years of viscoelastic relaxation, the
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Figure 6: Crustal deformation during seismic cycles in a viscoelastic half-space. a) Surface defor-
mation induced exclusively by fault slip. The arrows indicate cumulative horizontal displacements.
The background color indicates uplift and subsidence. The triangle indicates the location of a
geodetic station with time series shown in c¢). The displacement is anti-symmetric with respect to
the north axis. The extent of the velocity-strengthening and velocity-weakening fault sections are
shown in solid and dashed segments, respectively, for reference. The extent of the rectilinear mesh
for the lower crust is shown with the dashed box. The contribution of viscoelastic flow represents
10% of long-term displacements in the east direction. The use of Green’s functions with the inte-
gral method allows the calculation of surface displacement at arbitrary distances from the mesh. b)
Surface displacements induced exclusively by viscoelastic flow, showing four quadrants of uplift
and subsidence in the far field. ¢) Displacement time series at the geodetic station in a) and b). The
displacement is decomposed into the total deformation (black) and the contribution of viscoelastic

flow (blue).
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plastic strain still accumulates rapidly below the fault due to quasi-static stress transfer by
afterslip.

The examples demonstrate successful simulations of seismic cycles in a viscoelastic
half-space using cuboidal and tetrahedral volume elements based on a linear viscoelastic
rheology with lateral variation of rheological properties for earthquakes on a strike-slip
fault. In the next section, we discuss other cases that illustrate the model for a thrust fault
with linear and nonlinear rheology in the lower crust.

3.2 Thrust fault overlying a deflected Mohorovici¢ discontinuity

We now consider other applications of the integral method for a more structurally
complex tectonic setting with a thrust fault overlying a lower crust deflected by the flex-
ure of the Moho (Figure [8). We will compare results with a linear and nonlinear rheology
in the lower crust. The fault is 60 km long, 40 km wide, dipping 30.5° to the south. The
fault is characterized by a central velocity-weakening region extending from the surface
to approximately 22 km in the down-dip direction, corresponding to a depth of 15km.
The effective normal stress & = 50 MPa and the characteristic weakening distance L =
5 cm are uniform, but the steady-state velocity-dependence parameter varies spatially with
a — b = 0.012 in the velocity-strengthening region and a — b = —0.0065 in the velocity-
weakening region. We discretize the fault with 60 and 40 square patches in the along-
strike and down-dip directions, respectively, resulting in 2,400 surface elements (Fig-

ure [3p).

The viscoelastic substrate in the lower crust is bulged over a distance of approxi-
mately 50km with a uniform thickness of 15km. The Moho depth varies between 30 and
35km. We mesh the viscoelastic domain with 3456 tetrahedral elements (Figure [8). In
this first example, the lower crust follows a Maxwell rheology with a uniform viscosity of
10'8 Pass. The lower-crust is placed in a tectonic regime of horizontal shortening and ver-
tical thickening. Accordingly, we choose a background strain-rate with élLl =-10"1s and
&3 = 107135, all other terms being identically zero.

We simulate the seismic cycle for a period of 400 years, producing 3 large ruptures
that break the entire seismogenic zone with 5m of coseismic slip. The rupture proceeds
in a similar manner with nucleation on the side of the velocity-weakening region near the
free surface (Figure [8p). The rupture then fills up the seismogenic zone and propagates
unilaterally toward the other side of the fault. This is followed by a postseismic phase
with concentration of afterslip around the coseismic rupture, relocking of the seismogenic
zone, and the diffusion of afterslip across the fault plane in the following years. The nu-
cleation of earthquakes often follows a sequence of slow-slip events that propagate at the
bottom of the seismogenic zone while creep penetrates inside the velocity-weakening do-
main. As a result, at the end of the interseismic period, the locked zone is much smaller
than the velocity-weakening region.

The postseismic phase is characterized by rapid strain-rate in the lower crust, con-
centrating in the region immediately below the seismogenic zone (Figure [I0). The distri-
bution of plastic strain-rate is stationary for a few days, consistent with the characteristic
relaxation time of 1 year for a viscosity of 10'8 Pas and a rock rigidity of 30 GPa. After 6
years, plastic strain accumulation migrates toward the bottom of the thrust fault, driven by
the relaxation of initial stress below the seismogenic zone and the quasi-static stress trans-
fer by afterslip toward the deep velocity-strengthening region of the fault farther south.
After 16 years, the plastic strain-rate returns to its background value, except for the last-
ing effect of afterslip that causes a plastic strain accumulation at the intersection with the
thrust fault. The simulation illustrates the effect of mechanical coupling between afterslip
and viscoelastic flow during the seismic cycle, leading to a non-stationary distribution of
deformation in the lower crust.
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Figure 7: Simulation of seismic cycles in a viscoelastic half-space with a curvilinear mesh of
tetrahedral elements in the ductile lower crust. a) Structural model shown in face, side, and top
views. The fault geometry and distribution of frictional properties is similar as in Figure[3] The
lower crust follows the flexure of the Moho with a constant thickness. The distribution of viscosity
is centered about the fault trace, corresponding to a mylonite shear zone. b) Evolution of fault slip
during a single seismic cycle. The color scale and arrows indicates the amplitude and orientation
of slip-rate. The plots illustrate rupture nucleation and propagation, the onset of early afterslip,
and relocking of the seismogenic zone. c) Distribution of plastic strain-rate at the top of the lower
crust immediately after the earthquake, and 6 years later. Viscoelastic flow concentrates below the
fault trace at a later stage of postseismic relaxation because of reloading by afterslip. The triangles
indicate the top of the tetrahedra forming the curvilinear mesh. The plastic strain-rate is uniform

within each volume element. 2%
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Figure 8: Simulation of seismic cycles on a thrust fault overlying a viscoelastic lower crust in a
half space. a) Structural model with a 30°-dipping thrust fault extending from the surface to 20 km
depth. The color on the fault indicates the distribution of the steady-state frictional parameter

a — b, asin Figure[5] The lower crust follows the flexure of the Moho with a constant thickness of
15 km. The lower crust discretized in a curvilinear mesh of tetrahedral elements with a uniform
viscosity. b) Evolution of fault slip during a single seismic cycle, with nucleation of the side of

the fault next to a locked zone, unilateral rupture propagation and rapid relocking. Every seismic
event is succeeded by afterslip starting in the periphery of the rupture, diffusing outward inside the
velocity-strengthening region.
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(c) Lower-crust dynamics
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Figure 9: c) Evolution of plastic strain-rate in the lower crust during the postseismic phase of

the seismic cycles for a thrust fault. The snapshots show the distribution of plastic strain-rate

in map view (background color) immediately after the mainshock and 50 days, 6 years, and 16
years into the postseismic period. The thick black line with chevrons indicate the fault trace. The
dashed white box indicates the surface projection of the velocity-weakening region that confines
the coseismic rupture. The horizontal black dashed line indicates the intersection between the
fault and the lower crust. The plastic strain initially concentrates near the bottom of the seismo-
genic zone, which produces high coseismic slip and is closer to the lower crust, leading to a higher
stress change. After 16 years, plastic strain accumulates near the bottom of the thrust fault, due to
reloading by afterslip.
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We evaluate the surface displacement caused by crustal dynamics in the middle of
the postseismic phase. We decompose surface displacements into the contributions of fault
slip and distributed plastic strain (Figure [T0). Fault slip creates latitudinal shortening and
uplift above the thrust, as expected (Figure [I0h). The effect of viscoelastic relaxation in
the postseismic period is also latitudinal shortening, but this is accompanied by longitu-
dinal extension and a distinct pattern of uplift and subsidence (Figure [I0p). Postseismic
subsidence concentrates above the thrust and uplift extends to the south, both contributing
to a viscoelastic rebound of the Earth’s surface. Furthermore, the viscoelastic longitudinal
shortening centers in the middle of the fault, creating retrograde motion in the horizontal
direction.

Time series of surface displacement reveal the contribution of fault slip and vis-
coelastic flow (Figure [I0k). Viscoelastic effects are relatively small in the horizontal di-
rection. However, afterslip and viscoelastic relaxation have similar amplitude and sense
of motion in the postseismic period for the vertical displacement. In principle, measure-
ments of surface displacements may differentiate these effects provided sufficient geodetic
coverage in time and space. Notably, viscoelastic effects continue to produce surface dis-
placements for at least a hundred years.

We now consider the effect of a nonlinear rheology in the lower crust. We con-
sider a wet quartz rheology [Rutter and Brodie, 2004] operating at 900°C with an acti-
vation energy of 242 kJ/mol and power exponent ny; = 3 resulting in a lumped parameter
Ay = 5.0 x 1071 MPa~™"/s. The rheological parameters are uniform. We simulate seismic
cycles on the thrust fault with the same frictional constitutive parameters for a period of
400 years. The sequence features similar characteristics as for the linear rheology, but the
recurrence time of earthquakes is slightly affected, occurring about 1-1.5 years sooner than
with a Maxwelian lower crust. The deformation of the lower crust during the postseismic
period is localized to high coseismic stress regions (Figure [I0). The deformation is sta-
tionary for a few days after the mainshock, but eventually migrates south after 5 years of
postseismic relaxation. After 15 years, the deformation of the lower crust localizes at the
intersection with the thrust fault, similar to, but in a more pronounced way than with a
linear rheology.

The surface displacements in the postseismic period are shown in Figure [IT] The
surface displacements caused by viscoelastic relaxation of a power-law rheology has a
similar spatial pattern as with the linear rheology, with retrograde horizontal motion and
viscoelastic rebound in the vertical direction, but the vertical displacements are more sub-
dued. This is caused by the smaller deforming volume of the lower crust, as the plastic
strain accumulation concentrates in regions of high coseismic stress. Overall, the deforma-
tion of the lower crust with the nonlinear rheology considered is slower than in the linear
case by a factor of two.

These examples illustrate some key capabilities of the integral method, such as the
integration of nonlinear frictional and rheological constitutive laws, lateral variations of
constitutive parameters, and curvilinear domains. The method captures the dynamics of
the lithosphere during all phases of the seismic cycle for strike-slip, thrust, and normal
faults, and resolves time series of crustal deformation at arbitrary distances from the source,
documenting separately the contributions of fault-related processes and viscoelastic flow.

In the next section, we illustrate applications in a two-dimensional viscoelastic half-space.

4 Seismic cycles in a two-dimensional viscoelastic half-space

Finally, we illustrate applications of the integral method for a two-dimensional vis-
coelastic half-space within the in-plane strain approximation. Other useful applications in
anti-plane strain are readily implemented and tested. However, they are typically less nu-
merically intensive or structurally complex than for in-plane strain, so we do not present
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(a) Fault-related surface displacements (b) Diffusion creep-related surface displacements
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Figure 10: Crustal deformation during seismic cycles on a thrust fault overlying a viscoelastic
lower crust. a) Surface displacement caused exclusively by fault slip. b) Surface displacements
caused by viscoelastic flow. The shortening occurs farther south leading to retrograde postseismic
motion with a vertical rebound. The horizontal and vertical displacements are shown with arrows
and background color, respectively, showing shortening across the fault trace and uplift above the
thrust fault. The thick black line with chevrons indicates the fault trace. The surface projection

of the fault is shown with the solid black box. The extent of the seismogenic zone is shown with
the white dashed box. The footprint of the curvilinear mesh of the lower crust is shown in dashed
black rectangle. c) Cumulative displacement time series during the seismic cycle for the geodetic
station shown with a triangle in a) and b) for north and vertical components. The east component
is identically zero for this station. The total displacement is shown in black and the contribution
of viscoelastic flow by diffusion creep in blue. The shortening is mostly contributed by faulting.
However, viscoelastic effect dominate the surface deformation during the postseismic phase in the
vertical direction. The results for dislocation creep in Figure[I0]are shown in the thin red line, for
comparison.
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Figure 11: Viscoelastic relaxation in the lower crust with power-law flow. The postseismic tran-
sient is caused by a coseismic rupture on a thrust fault, as shown in Figures[8}[TT] The figures
show the distribution of plastic strain-rate in map view immediately after a coseismic event, and
31 days, 5 years, and 15 years after the mainshock. The stress-dependent viscosity creates a con-
centration of plastic strain accumulation below the rupture, toward the bottom of the seismogenic
zone. The triangles indicate the faces of tetrahedra that form the curvilinear mesh of the lower
crust. The thick lines with chevrons indicate the fault trace. The thin black dashed line indicates
the intersection of the fault and the lower crust. The dashed white box indices the extent of the
velocity-weakening region, where coseismic slip occurs.
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(a) Fault-related surface displacements (b) Diffusion creep-related surface displacements
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Figure 12: Crustal deformation during seismic cycles on a thrust fault overlying a viscoelastic
lower crust with a nonlinear rheology. a) Cumulative surface displacement during the postseismic
period showing the contribution of fault-related processes. The displacements include the effects
of coseismic slip, afterslip, relocking of the seismogenic zone, and fault creep. The horizontal
and vertical components are shown with arrows and background color, respectively. b) Surface
displacements caused by viscoelastic flow in the lower crust. The vertical displacements are more
subdued than in the case of a linear rheology. The thick segment with chevrons indicate the fault
trace and the direction of motion. The boxes indicate the extents of the fault, velocity-weakening
region, and the curvilinear mesh of the lower crust in map view. The triangle indicates the location
of the geodetic station with the time series in c). c) Time series of displacement at the surface of
the half-space. The total displacement is shown in black and the contribution of viscoelastic flow
is shown in red. The viscoelastic effects for a different model with a linear rheology is shown for
reference (blue line). Fault slip and viscoelastic flow induce vertical displacement in opposite or
the same direction during the postseismic period depending on location.
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them in detail. The integral method in two dimensions is similar as presented in Sec-
tion @ However, only the in-plane components of stress and strain are considered, re-
sulting in a much smaller computational load. The surface and volume elements are con-
sidered infinite in the x; direction. The volume average of the stress tensor discussed in
Section [2.3] becomes a surface integral.

We consider a subduction zone setting with a 300 km-long megathrust extending
from the surface to 30 km depth (Figure [[2). The megathrust is planar with a dip angle
of 5.71°. We consider a velocity-weakening section between 20 and 30km depth with a
frictional parameter « — b = —4 x 1073 surrounded by velocity-strengthening segments
with @ — b = 4 x 1073. We assume the direct effect parameter a = 0.01, effective normal
stress o = 100 MPa, and characteristic weakening distance L = 5cm to be uniform. We
discretize the fault with 500 m patches, resulting in 600 line elements.

We consider viscoelastic flow in the underlying oceanic asthenosphere and in the
mantle wedge on the continental or arc side. For simplicity, we assume a uniform tem-
perature profile using a cooling half space with a 60-million-year-old plate and mantle
temperature of 1,400°C. However, we separate the oceanic lithosphere from the mantle
wedge by a cold, elastic slab dipping 60 degrees. We ignore the viscoelastic relaxation in
the lower crust below the volcanic arc. We will compare the effects of two end-member
rheology, a Maxwell viscosity and power-law flow. We discretize the domain with triangle
elements with edge length of approximately 20 km, resulting in a mesh of 530 vertices and
907 surface elements. We use a background deviatoric strain-rate with &, = —10715s,
é3 =0, and &3 = 1071%/s, corresponding to horizontal shortening.

We first consider the case of a linear rheology with a linear viscosity in the ductile
domains. Viscoelastic flow is thermally activated with an activation energy of 335 kJ/mol
and activation volume of 4 cm3/mol, compatible with diffusion creep in wet olivine [Hirth
and Kohlstedt,, |2003]]. With the background temperature, this results in a minimum viscos-
ity of 1.4 x 10" Pas. We simulate seismic cycles for a period of 950 years, producing 3
earthquakes with recurrence times of 313 and 373 years for the last two events. The seis-
mic ruptures initiate at the bottom of the seismogenic zone and propagate upward after
a long interseismic period where creep migrates into the velocity-weakening region, re-
sulting in long-term variations of coupling. Each rupture is followed by afterslip along
the megathrust and viscoelastic relaxation in the oceanic lithosphere and mantle wedge.
Viscoelastic flow initially concentrates between 100 and 200 km depth in the oceanic as-
thenosphere below the mainshock. The peak strain-rate of 10~'%/s occurs at 150 km. The
low strain-rate between 50 and 100 km depth is caused by the low temperature at these
depths. The distribution of plastic strain-rate is stationary for a few decades, but subse-
quently migrates outward, returning to the background value after 300 years, compatible
with a relaxation time of 140 years. During the late postseismic phase, plastic deforma-
tion accumulates more rapidly around the subducting slab. After 313 years, the relaxation
is interrupted by another earthquake, implying that viscoelastic effects endure for multiple
seismic cycles.

We compare these results with a simulation of seismic cycles assuming nonlinear
rheology on the upper mantle. With the same physical properties for the megathrust, we
assume power-law flow in the oceanic asthenosphere and mantle wedge. We take the rhe-
ological parameters for dislocation creep of wet olivine [Hirth and Kohlstedt, [2003]], with
an activation energy of 480kJ/mol, activation volume of 11 cm®/mol, and power expo-
nent ny; = 3.5. The simulation also produces three earthquakes, but the recurrence times
of 267 and 434 years for the last two events differ from the case with a linear rheology.
With the stress-dependent viscosity, the plastic strain-rates attain 107'?/s in the oceanic
asthenosphere, much faster than in the linear case. After 4 and 33 years, the peak plastic
strain-rate decays to 107'3/s and 10714/, respectively. After 64 years, viscoelastic relax-
ation is most active in the mantle wedge, with only small pockets of deformation in the
oceanic asthenosphere. Deformation continues, albeit slowly and at great depths, when
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the next earthquake happens, some 267 years after the previous mainshock. The rapid vis-
coelastic response by a stress-driven, initially low viscosity allows much of the viscoelas-
tic relaxation to take place before the occurrence of the next earthquake. However, the
change of pre-stress leads to a different distribution of plastic strain-rate following the sec-
ond earthquake, illustrating the evolution of viscoelastic effects during seismic cycles, even
at constant rheological properties. The third earthquake will happen some 434 years later,
illustrating the modulation of earthquake recurrence times by viscoelastic flow.

5 Discussion

We provide a consistent methodology to simulate lithosphere dynamics and crustal
deformation during seismic cycles, taking into account key aspects of lithosphere me-
chanics. Faulting and distributed plastic flow are incorporated using surface and volume
elements, and their interactions is captured by Green’s functions. Using surface elements
resolves the extreme localization of deformation along fault without meshing the surround-
ing elastic domains. Using volume elements allows us to include viscoelastic flow in the
ductile substrate. Viscoelastic flow by crystal plasticity is expected in the favorable hy-
drothermal conditions found in the asthenosphere below the roots of continents or in the
oceanic upper mantle, below volcanic arcs at subduction zones, and near the base of the
continental crust. Viscoelastic effects are routinely measured during the postseismic phase
of the seismic cycle, post-glacial rebound, seasonal hydrological loads, and the desiccation
of fluvial lakes. The viscosity of rock is also well understood from laboratory experiments
at high-pressure, high-temperature conditions. The impact of earthquakes on lower-crustal
and mantle flow is well identified, as the sudden coseismic stress change drives transient
deformation in the ductile substrate. The other direction of coupling is less well under-
stood, as the principle effect of viscoelastic relaxation is the modulation of recurrence
times of large earthquakes, taking decades and centuries to unfold. This effect may ex-
plain some of the variability in paleoseismic catalogues.

The integral method is an important tools for the study of earthquake physics and
crustal deformation, connecting tectonic geodesy, rocks mechanics, and rupture dynamics.
The simulations capture the rupture style and recurrence patterns of earthquakes, including
slow-slip events, tremors, slow earthquakes, seismic swarms, and crack-like and pulse-like
ruptures. The recurrence patterns may include periodicity, multiple-periodic sequences,
clustering, deterministic chaos, and super-cycles of full and partial ruptures. The variety
of rupture styles emanate from the nonlinear, thermally activated constitutive behavior,
fault geometry, and interactions among faults. However, the model also captures the dy-
namics of ductile flow, including viscoelastic relaxation and long-term migration of the
brittle-ductile transition. The spatio-temporal evolution of plastic deformation is controlled
by the rheology of rocks at the relevant temperatures, which is affected by grain-size, tem-
perature, pressure, fluid content, and is modulated by seismic cycles. The interactions be-
tween fault dynamics and lithosphere deformation create an intricate mechanical system
with complex interactions in space and time. The integral method allows us to resolve
these effects and simulate the resulting surface deformation, allowing comparison with
seismological and geodetic data.

The integral method affords a natural link with geodynamics, which provides an ef-
ficient way to simulate long-term deformation with finite strain. Admittedly, the example
simulations described in this study assume simplistic long-term deformation models with
a homogeneous background plastic strain-rate. In principle, the method may incorporate
long-term plastic strain-rates from geodynamic simulations or geological reconstruction of
local plate tectonics, providing a bridge between the time scales of geological processes
and seismic cycles. These simulations may incorporate realistic long-term deformation
and estimate its impact on seismic cycles. The integral method constitutes a staple toolkit
to connect different aspects of lithosphere mechanics at different time scales to improve
our understanding of earthquake physics. A caveat of the approach is the quasi-dynamic
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approximation, producing unrealistic, slow rupture propagation. Future work should over-
come this simplification.

6 Conclusions

We derive the fundamentals of the integral method to simulate the mechanical cou-
pling between faulting and ductile processes during seismic cycles in a viscoelastic half-
space. Earthquakes induce rapid stress changes in the ductile substrate that drive vis-
coelastic relaxation and postseismic transient deformation. The spatial distribution of vis-
coelastic flow in not stationary during the postseismic period, with outward migration of
the initial plastic strain-rate. The quasi-static diffusion of stress by viscoelastic flow in the
lower crust and asthenosphere modulates the recurrence time of earthquakes, resulting in
full coupling between brittle and ductile deformation. The integral method provides a use-
ful tool to simulate the deformation of Earth’s surface during seismic cycles as the use
of Green’s functions accommodates observation points at arbitrary locations in the half
space, regardless of the underlying mesh, with decomposition of the contributions of fault
slip and viscoelastic flow. The numerical approach is derived for three-dimensional and
two-dimensional cases and provide a robust, accurate, and stable numerical solution. The
numerical method is implemented in an open-source software with distributed memory
parallelization. Incorporating viscoelastic effects implies a higher computational burden
than an elastic half-space. Future work will integrate more general volume elements to
reduce the mesh size and the corresponding computational burden, and accelerate the cal-
culation with dedicated numerical techniques. Additional work is needed to create more
general surface elements with non-uniform slip distributions to incorporate structurally
complex fault geometry.
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Figure 13: Seismic cycles in a subduction zone with a megathrust overlying a viscoelastic upper
mantle with a linear rheology. The simulation operates in two dimensions with the in-plane strain
approximation. Earthquakes develop on a 5.71°-dipping megathrust overlying a viscoelastic as-
thenosphere with a depth-dependent viscosity. The oceanic asthenosphere and mantle wedge are
separated by a cold subducting slab dipping 60°. The rheology of the upper mantle is compatible
with diffusion creep in wet olivine. a) Dynamics of slip on the megathrust for a simulation period
of 950 years. The ruptures are followed by afterslip in the velocity-strengthening regions and long
waves of partial coupling at the boundary of the velocity-weakening region. The stars indicate

the hypocenter of earthquakes. b) Evolution of plastic strain-rate in the upper mantle during the
postseismic period of the first simulated earthquake. The distribution of plastic strain-rate is mod-
ulated by the coseismic stress change and the temperature and pressure dependence of viscosity.
The triangles indicate the curvilinear mesh. The slip-rate on the megathrust is indicated by colors,
showing the sections of coseismic slip, afterslip, creep, and relocking.
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Figure 14: Seismic cycles on a megathrust overlying a viscoelastic upper mantle with a nonlinear
rheology. The frictional properties of the megathrust are identical as in the previous simulation
with a linear rheology (Figure[T2). The rheology of the oceanic asthenosphere and mantle wedge
corresponds to dislocation creep of wet olivine modulated by temperature and confining pressure.
a) Dynamics of the megathrust for a period of 950 years with three seismic events (red star for
hypocenter) followed by afterslip during the postseismic period and long-term creep waves at the
boundary of the velocity-weakening region during the interseismic period. The background color
indicates the amplitude of slip-rate. b) Distribution of plastic strain-rate in the oceanic astheno-
sphere and mantle wedge and slip-rate on the megathrust.
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A: Appendix

In this Appendix, we describe a procedure to accelerate the calculation of stress in-
teractions in Equations [29] and 31} The Green’s functions for displacement can decom-
posed into terms that depend on the distance of a receiver with the source and image, as
in
_ S i
Gij _Gij+Gij , (A.1)
involving the radii

Ri = ((x1 = y1)* + (x2 = y2)* + (33 — x3)H)/?

(A.2)
Ry =((x1 —y1)* + (2= y2)* + (3 + y3)H)'2
representing the source-receiver and the image-receiver distances, respectively. By con-
struction, the Green’s function component ij depends only of the distance radius R;.
Similarly, the Green’s function component G;j depends only on R,. The Green’s function
for the direct effect of the source follows a simple closed-form expression
1 3-4 Xi — Yi)(Xj = yj
. V(S,-,»+( yolby — )| (A3)
Yoo 16mu(1-v)| Ry R;3
involving one term when i # j and two terms when i = j. In contrast, the components of
the Green’s function depending on the distance with the image involve some 35 terms. For
the u; component, they are
, 1 1 (3-4 —y1)?
G, = 1 B-a-y)
16mu(l —v)| Ry Ry3
| 2%393 (Ro? =3 (x1 - 1)?)
R25
. 401 -2v)(1=v) (R? = (x1 = y1)* + Ry (x3 + )’3))]
Ry (Ry + x3 + y3)° ’ (A.4)
i _ -y -y)|3-4r 6xy; 401 -2v)1-v) }
2 16”#(1 - V) R23 st R (R2 + X3 + y3)2 ’
i __u=y) |B=4)(x3-y3)
37 T6nu(l - v) Ry
LO0xmys(atys) 40 -2v)(1-v)
Ry’ Ry(Ry+x3+y3)| "
For the u, component, they read
G = =y (- y) [3 —4v 6a3ys 41 -2v)(1-v)
12 1677,“(1 - V) R23 R25 R (R2 + X3 + y3)2 ’
, 1 1 (3-4 - y)?
Gl = 1. 8--y)
16mu(l —v)| Ry Ry}
2x3y3 (Rz2 =3 (x - yz)z)
+ 5
Ry (A.5)

4(1-2v)(1-v) (R22 —(xa—y2)* + Ry (x3 + y3))]
+ 9

Ry (Ry + x3 + y3)*

i _ (n-y) [(3 —4v) (x3 — y3)
27 16mu(l - v) Ry}
L0mystntys) 40201 -v)

Ry’ Ry (Ry + x3 + y3)
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926 For the displacement component u3, they are given by

(x1=y1) [B=4v)(x3—y3)

G, =
B 16mu(l —v) Ry3
_bxmys(tys) 40 -2v)( - v)
R’ Ry (Ry+x3+y3)]’
Gi - _(2=y) [B—4v)(x3—y3)
P 16mu(l1-v)| R’ (A6)
6y Gty | 4(1-20(1 - ) :
Ry Ry (Ry + x5+ y3)
Gl - 1 5 — 12y + 8v?
B 16ru(l -v)| R»
L 6x3y3 (x3 + y3)° N (3—4v) (x3 + y3)” — 2 x3y3
I R23
027 The image-receiver distance is always greater than the source-receiver distance, especially
928 if the source is confined at great depth. We take advantage of this situation by using a
929 low-order quadrature for the Green’s function components depending on the source-image
930 distance and a high-order quadrature for the Green’s function components that depend on
a1 the source-receiver distance. For the calculation of displacements, this leads to an accel-
92 eration of the Green’s function calculation by an order of magnitude without loss of accu-
933 racy.
934 A similar approach can be devised for the calculations of the displacement gradient,
95 which is used to evaluate stress and traction. The Green’s function for the displacement
936 gradient can also be decomposed in terms of distance of the receiver from the source and
937 from the image, as follows
Gijk =G + Gl s (A7)
938 where the Green’s function ij « depends only on the distance from the source R; and
99 Gﬁj « depends only on the distance from the image. The direct effect of the source follows
940 the expression
g Xk — Yk
G, =— | —-(3-4 Oi:
Uk 16mu(l = v) ( ) R Y
! (A.8)
(Sixcrj + ki) RY = 3(x; — yi)(xj — y;) (%% — Yi)
+ 5
R
ot containing 1 to 4 terms per component. The other part of the Green’s function that de-
042 pends on the distance with the image are given below. For the derivatives of the G’il com-
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943 ponent, we have

. - 1 2R:> =3 (x1 — y1)? 3Ry = 5(x1 — y1)?
G§11=M[——3+(3—4v) 2 ()561 y1) by ();1 yi)
’ 16mu(l —v) R, R, R,
12 (1—21/)(1—1/)2
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—6y3x3 S - >
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41 =2)(1 =) (xg = 1)} 2 BT

R (Ry + x3 + y3)3] |
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2
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o Continuing for the derivatives of G},

; 1 Ry = 3(x1 — y1)*
P S 1 S A0 VU M tad B O
31,1 167T/J(1 _ V) ( V)(X3 }’3) R25
Ry? = 5(x; — y1)?
+6.x3y3 (x3 + y3)M
Ry
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046 The derivatives of the Gliz component are the same as for Gél component, given by
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a7 The derivatives of the G/, can be obtained exploiting the symmetry with those of the G|,
048 component by permutation of the 1 and 2 indices, giving the following expressions
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049 Similarly, the derivatives of the ng term can be obtained from the Ggl term by permuta-
950 tion of the 1 and 2 indices, given us
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o5t The derivatives of the Green’s function component Glis are given by
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952 The derivatives of the G§3 can be obtained from the Glis derivatives by permutation of the

953 1 and 2 indices, providing
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Finally, the derivatives of the G§3 component are given by
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The Green’s function components ij’ « contain another 158 terms. Hence, using a high-
order quadrature for the source terms and a low-order quadrature for the image terms ac-
celerate the calculation by a factor of about 2 to 3. We use this approach to optimize the
calculation of Green’s functions for displacement and deformation without loss of numeri-
cal accuracy.
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