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Supporting Information S1 
The supporting information S1 gives additional details on the following aspects: 
· The dynamical adjustment methodology and the ERA5 TX trend
· The importance of moisture during the heatwave
· The estimation of the forced dynamical component
· Evaluation of the CESM2 model regarding extremes
· Uncertainty of the CESM2 dynamic component estimation at different global warming levels

Text S1.
Dynamical adjustment methodology: here we just provide a brief summary of the different steps (see Terray 2021 for additional details). We assume that we have long daily observational (and/or reanalyses) records for both the atmospheric circulation (Z500) and dynamically adjusted (TX) variables. First, note that we follow the ERA5 recommendation for the ERA5 TX estimation: TX is estimated from the maximum of the 24 hourly 2-meter temperature analyzed parameter and not from the Maximum temperature at 2-meter since previous post-processing forecast parameter because the latter is known to have a substantial cold bias in the lower troposphere which is only partially corrected by the reanalysis process. The caveat is that the 2-meter temperature is an instantaneous parameter given by the time step value on the hour.

The first step is then to remove an estimate of the anthropogenic influence for TX (see section 2.3.4) to get a TX dataset characterizing the counterfactual world (a world without human influence for the TX physical variable). The ERA5 TX trend spatial pattern shows overall warming and large values near the Canadian coasts (Figure S1). TX trend values are much smaller (by a factor ~5-10) than TX daily anomalies observed during the heatwave. The second step is the estimation of the atmospheric circulation contribution to an extreme event in the counterfactual world. Applying dynamical adjustment leads to the mean contribution of atmospheric circulation to the heatwave TX anomaly within the counterfactual world (the TX dynamic component or DYNCF). The total residual (the difference between the observed TX anomaly and the TX dynamic component) can then be decomposed in different factors with one additional application of the dynamical adjustment procedure. The additional application uses the raw Z500 dataset with the raw TX dataset. Subtraction of the initial TX dynamic component from the latter one leads to an estimate of the contribution (RESFRC) from thermal horizontal advection changes related to externally forced changes in zonal and meridional TX gradients as well as forced changes in other factors. The total residual RESTOT can then be written as:
	
RESTOT = RESINT + RESTRD +RESFRC

where RESTRD is the TX low-frequency trend, and RESINT the internal variability residual is obtained by subtracting the sum of RESTRD and RESFRC from RESTOT.  
The dynamical adjustment algorithm follows a sequence of steps: for any day di of the extreme event period, we search for the closest Na daily Z500 analogues in all years (except the one of the extreme event) within a time window of ± N days centered on di (here Na = 1800 and N = 15 days). The Z500 analogues are then ranked according to the Teweless-Wobus skill score. We then randomly subsample (without replacement) Ns of the Na Z500 analogues and compute their best linear fit to the target Z500 field, that of day di (here Ns = 300). The dynamically-reconstructed TX is then defined as the corresponding linear combination of daily TX anomalies associated with
the Ns Z500 analogues. Next, we repeat this random subsampling procedure Nr times (here Nr = 200). Finally, we average the Nr optimal sets of reconstructed daily TX to obtain the dynamic component for the day di. Note that for the estimation of the CESM2-based dynamic component in warmer climate, Na = 1000 due to the reduced number of days in the sample (June–July days for 20 years).

Text S2.
The importance of moisture: here we add another element to support the main text claim about the importance of moisture in explaining the extreme magnitude of the heatwave over the heatwave region. As suggested in Lin et al. (2022), this moisture originates from the penetration into the continent of a North Pacific atmospheric river on June 25th. Figure S2 shows a clear moisture intrusion from the upper troposphere in the heatwave region around June 25th and the maintenance during the heatwave of high moisture content in the boundary layer due the subsidence inside the blocking anticyclone (Neal et al., 2022).

Text S3.	
The forced dynamical component: Until now, we have implicitly assumed that the forced component of the atmospheric circulation is negligible and therefore, we have not tried to split the total dynamic component contribution into forced and internal components. Using the same method as for TX, one can derive an estimate of the Z500 forced response (Figure S3a-b). A third application of the dynamical adjustment procedure with both Z500 and TX detrended can then be performed to obtain the forced dynamic component contribution to the heatwave (simply by subtracting the resulting dynamic component from the original one). Figure S3c shows that the contribution of the forced dynamic component to the TX anomaly is negligible for the heatwave region and exhibits small values over a large domain.

Text S4.
CESM2 model evaluation regarding extremes: Before using CESM2 in the heatwave dynamical adjustment framework, it is important to verify CESM2 ability to simulate summer temperature extremes in the Pacific Northwest. A simple method is to scan the 20 CESM2 historical simulations (restricted to the 1950-2021 period) searching for all summer 3-day periods with a mean TX and Z500 (both averaged over the heatwave region) above 34 °C and 5915 meters (which correspond to the value of the 95th percentile of the ERA5 summer 2021 summer daily TX and Z500 distributions, see Figure 1b). In addition, we only select the 3-day periods with a centered pattern correlation between observed and simulated Z500 patterns greater than .85. Here the pattern correlation is estimated for a geographical domain larger than that of the heatwave region: 45–60°N and 220–260°E. Note that we do not expect to find a perfect analogue of the observed Z500 Omega Block pattern. We are simply assessing that CESM2 is able to simulate summer TX extremes with a magnitude similar (or close) to that of observed ones when a blocking high is present over the heatwave region. Figure S4 shows the 24 periods that are considered as CESM2 near-analogues of the observed late June 2021 heatwave.

Text S5. 
Uncertainty of CESM2 dynamic component at different Global Warming Levels (GWLs): GWLs periods are defined as 20–yr periods with the year of crossing-threshold in the middle of the period. At every GWL, each of the 20 members will have its own sequence of internal variability and it is important to assess the dynamic component uncertainty associated with such a short time sample (20 years). Figure S5b shows that the magnitude of the CESM2 ensemble spread averaged over the Canada extended region (2.4°C) remain the same for the 4 GWLs. The spatial pattern of the CESM2 ensemble spread does not change much with GWL. It shows greater sensitivity to the internal variability sample size in the northeastern and eastern parts of the domain.



Figures
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Figure S1. ERA5 TX non-linear 1950–2021 trend (°C 72 yr-1) based on a Loess filter applied to daily values: (a) June (b) July. Numbers in the lower right corner indicate the value of the heatwave region (dashed blue box) spatially-averaged trend.
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Figure S2. Time-height evolution of anomalous hourly specific humidity (kg kg-1) spatially averaged in the (45°–56°N; 123°–114°W) box from June 21st to July 7th. The specific humidity hourly anomalies are computed as the difference between raw values and the June-July 2021 time mean. Specific humidity values have been scaled by 103 for easier color bar labelling. The Y–axis is pressure level on the left side (hPa) and height (km) on the right side.
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Figure S3.  ERA5 Z500 non-linear 1950–2021 trend (m 72 yr-1) based on a Loess filter applied to daily values: (a) June, (b) July. Numbers in the lower right corner indicate the value of the heatwave region (dashed blue box) spatially-averaged trend. (c) TX forced dynamic component (°C) averaged over the 2021 June 28th-30th period. 
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Figure S4. Selected joint TX–Z500 extremes from the CESM2 20-member ensemble during 1950–2021. Extremes are defined as summer 3-day periods with a mean TX (°C, shading) and Z500 (m, contours), both spatially-averaged over the heatwave region, above 34 °C and 5915 m (which correspond to the value of the 95th percentile of the ERA5 summer 2021 summer daily TX and Z500 distributions). The contour interval is 40 m and the pink, red and magenta lines represent contours of 5880, 5920 and 5960 m, respectively. In addition, Z500 patterns have to be highly spatially correlated with the observed June 28–30 Z500 pattern (pattern correlation greater than 0.85, see main text).
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Figure S5. (a) CESM2 ensemble mean of Northern Hemisphere land maximum temperature June-July average difference (°C) between GWL periods (20-yr means) and the 1850–1900 climatology. (b) intra-ensemble standard deviation of the total dynamic component (°C) for each GWL. In (a), numbers indicate the global land spatial average of the TX June-July average difference between the GWL period and the pre-industrial climatology. In (b), numbers indicate spatial averages of the total dynamic component ensemble spread (standard deviation among the 20 CESM2 members) over the extended Canada region (indicated by the dashed blue line box). 
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