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ABSTRACT

Models indicate a time-varying radiative response of the Earth system to CO2 forcing (Andrews
et al. 2012; Zhou et al. 2016). This variation implies a significant uncertainty in the estimates of
climate sensitivity to increasing atmospheric CO2 concentration (Hawkins and Sutton 2009; Grose
et al. 2018). In energy-balance models, the temporal variation is represented as an additional
feedback mechanism (Winton et al. 2010; Geoffroy et al. 2013a; Rohrschneider et al. 2019),
which also depends on the ocean temperature change. Models and observations also indicate
that a spatio-temporal pattern in surface warming controls this additional contribution to the
radiative response (Ceppi and Gregory 2017; Zhou et al. 2016). Some authors picture the effect
as a purely atmosphere-based feedback change (Stevens et al. 2016), reducing the role of the
ocean’s enthalpy-uptake variations. For the first time, I derive, using a widely-known linearised
conceptual energy-balance model (Winton et al. 2010; Geoffroy et al. 2013a; Rohrschneider et al.
2019), an explicit mathematical expression of the radiative response and its temporal evolution.
This expression connects the spatio-temporal warming pattern to an effective thermal capacity,
stemming from changes in the ocean enthalpy uptake. In comparison with more realistic energy-
balance frameworks, and unlike the notion of additional feedback mechanisms, I show that an
expanded effective thermal capacity better explains the variation of the radiative response, naturally
connects with the spatio-temporal surface warming pattern, and provides a non-circular framework

to explain the variation of the climate feedback parameter.
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Significance statement. Understanding the factors that change the Earth’s radiative response
to CO, forcing is central to reduce the uncertainty in the climate sensitivity estimates. The
current atmospheric-only view on the problem of the time-varying climate feedback parameter
unnecessarily hides the ocean’s role. This work shows a novel perspective for the problem,

enabling the development of a more general theory.

1. Introduction

Climate models show a wide range of temporal variation in their radiative response to CO, forcing
(Senior and Mitchell 2000; Andrews et al. 2012; Ceppi and Gregory 2017). This variation appears
in numerical experiments where the atmospheric CO, concentration is raised and maintained
constant afterwards. The rise in the atmospheric CO; concentration modifies the Earth’s emissivity
to longwave radiation, resulting in surface warming. Surface warming modifies the radiative flux at
the top of the atmosphere (TOA). The modified flux tends to cancel the energy imbalance introduced
by the radiative forcing. Surface warming also changes other variables, such as the atmospheric
temperature and humidity, that further modify the radiative flux. These changes are the feedback
mechanisms on surface warming. The net rate at which the globally-averaged surface warming
reduces the globally-averaged TOA imbalance is known as the climate feedback parameter.

If the feedback mechanisms did not change with time, the climate feedback parameter would be
constant, and a diagram of globally-averaged TOA imbalance change versus surface temperature
change (NT-diagram) would be linear. However, climate models present NT—diagrams with
different degrees of curvature, indicating a non-constant climate feedback parameter (Andrews
et al. 2012; Ceppi and Gregory 2017) (presented schematically on figure 1). The degree of
curvature is also modified by forcing strength (Senior and Mitchell 2000; Meraner et al. 2013;

Rohrschneider et al. 2019). Hence, the variation of the climate feedback parameter comes from



47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

temporal and state dependencies. Observations indicate that a spatio-temporal pattern of surface
warming modifies cloud feedback in decadal timescales by altering atmospheric stability, leading
to feedback changes that depend not only on surface warming (Zhou et al. 2016; Mauritsen 2016).
The spatio-temporal warming pattern is modified by forcing, leading to both the temporal and the
state dependency.

In a globally-averaged energy-balance framework, the energy imbalance change at the TOA, N,
is equal to the forcing F plus the radiative response of the system R, N = F + R. Following the
classical picture of the linearised feedback mechanisms depending only on the surface warming
(Gregory et al. 2002) T,,, we should have R ~ AT, where A is a constant climate feedback parameter.
Thus, if we consider a constant forcing F, the slope of the NT—diagram would be constant and
equal to A, in contradiction with observations and complex models as discussed above. Thus,
either the non-linear component plays a more significant role, or the feedback mechanisms depend
on more than the surface warming.

This problem is not resolved if we consider the structure of the system as two coupled layers
of different thermal capacities: the atmosphere + land + upper ocean layer or upper layer, and
the deep ocean or deep layer (Winton et al. 2010; Geoffroy et al. 2013b; Rohrschneider et al.
2019). The timescales provided by the two thermal capacities and the layers’ coupling only provide
a longer equilibration period and do not alter the climate feedback parameter. The upper-layer
budget including a deep-ocean enthalpy uptake term is N, = F' + AT, — H. The deep-layer budget
is equal to the deep-ocean enthalpy uptake: Ny = H. Thus, the energy imbalance at the TOA is
N = Ny + Ng = F + AT,. Therefore, the radiative response is identical to the classical approach.

If we reflect on the dichotomy of the constant A and the varying slope seen in complex models, we
should note that the constant A is a reference value of the climate feedback parameter. This reference

value is associated with the linear approximation of the radiative response R in the neighbourhood
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of the initial state. In the same manner, the deep-ocean enthalpy uptake H represents a reference
value around the initial state (Winton et al. 2010; Geoffroy et al. 2013a). The difference between
the transient and the reference H dynamically enlarges the deep-ocean thermal capacity (Geoftroy
et al. 2013b), providing a effective deep-ocean thermal capacity. As this effective thermal capacity
affects the flux between the upper and deep layers, it will also modify the surface temperature,
connecting the notion of a spatio-temporal warming pattern with changes in the ocean’s energy
content.

Geoffroy et al. (2013a) introduced a perturbed deep-ocean enthalpy uptake in the upper-layer
budget, H' := €¢H, where ¢ is the efficacy parameter. The efficacy parameter represents the effect
of the spatio-temporal warming pattern on the effective deep-ocean energy uptake. The deep-layer
budget is still equal to H, leading to a different energy imbalance at the TOA: N = F + AT, +(H—-H’).
The H — H’ term seems to break the energy conservation principle. Instead, it suggests some new
deep-ocean-driven “feedback mechanisms” or, as discussed before, an expanded effective thermal
capacity. Held et al. (2010); Geoffroy et al. (2013a) briefly showed the point of view of the
thermal capacity. However, the focus of their studies did not allow further exploration along this
path. Others (e.g. Armour et al. 2013; Stevens et al. 2016) explicitly favour the deep-ocean-driven
’feedback mechanisms”, deeming the oceanic point-of-view as artificial. Choosing the "feedback”
interpretation, however, presents the H — H’ term as an ad-hoc modification, leaving undefined the
origin of the spatio-temporal warming pattern, and obscuring the relationship with the feedback
mechanisms.

Considering the analytical solutions of the modified two-layer model, I derive for the first time
an explicit mathematical expression for the slope of the NT—diagrams, including the explicit time
evolution of this slope. At its core, this expression has the ratio of change of the energy stored

by the upper and deep layers. Its physical interpretation shifts the attention from the deep-ocean-
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17

driven “feedback mechanisms” to the atmosphere-ocean coupling in the variation of the climate
feedback parameter. The interpretation of these results is that the atmosphere-ocean coupling sets
the spatio-temporal warming pattern. Afterwards, the atmosphere adjusts, leading to the changes

in the feedback mechanisms.

2. Theory

The following equations define the modified linearised two-layer model (Geoffroy et al. 2013a)

CuTy = F+AT,—ey(T, - Ty)

Caly = y(Tu—Ta)
where the first equation corresponds to the upper-layer budget and the second equation to the deep
layer. The constant A and vy are the climate feedback parameter and the rate of deep-ocean enthalpy
uptake in the neighbourhood of the initial state. C, and Cy are respectively the thermal capacities
(per unit area) of the upper and deep layers. 7, and T4 are temperature anomalies referred to the
initial state and the dotted quantities are time total derivatives. The planetary imbalance is the sum
of both equations, resulting in N = F + AT, + (1 — &)y(T, — Tq). Nonetheless, it is better to write

these equations in the following fashion

Tw=F+XT—ey (T, -Ty)

| (1)

Ty = 'y:l(Tu —Ta)
where F’ := F/C, with units of Ks™! and, A’ := 1/Cy, ¥’ :=y/C, and ¥, :=v/Ca with units of
s~!. Equations (1) are a system of linear ordinary differential equations (Geoffroy et al. 2013a;
Rohrschneider et al. 2019). Although the solutions are standard and widely discussed in other
articles (e.g. Geoffroy et al. 2013a; Rohrschneider et al. 2019), their analyses are not sufficient

for my purpose. In the following, I proceed by summarising the relevant facts, leaving the full

mathematical discussion to the appendix of this article.
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The homogeneous (F’ = 0) version of the system (1) has two distinct eigenvalues s := (1+«)/2,
where 1:= ' —gy’ - y,, and K2 =A%+ 41"y!,. These eigenvalues provide two distinct eigenvectors,
forming a basis in which the full system (1) is uncoupled and, therefore, has a straight-forward
solution. The eigensolutions 7. are the solutions associated with each eigenvalue. Afterwards,
one can return to the original representation, finding that 7;, and 7y are linear combinations of
T.. These linear combinations are the normal modes: the symmetric mode 7y := T, + 7- and the
antisymmetric mode 7}, := T, —7_. The main result of this process is that 7, = T and Ty = o T, + BT,
where @ and S are scalars that depend on the coefficients of the system (1). The normal-mode
representation again reveals the intricate coupling of the deep layer with the upper layer. Despite
Geoffroy et al. (2013a); Rohrschneider et al. (2019) discuss the solutions extensively, they do not
put them in terms of the normal modes. They did not overlooked this form of the solutions but
was not necessary for their research questions. Nonetheless, for this work, the normal modes are

fundamental.

3. Results

(i) The explicit slope of the NT-diagram From the solutions to system (1) written in terms of the
normal modes, one can obtain an expression for the slope of the NT—diagram, N /T, of a system
under constant forcing. In the appendix, I derive the following closed expression for the slope
in terms of the derivatives of the normal modes and as a factor of the constant climate feedback

parameter A

N e+l e-1Ck || & 1\y T,

— = + —+— === 2

T, { 2¢e 2e |4 [(CLl Cd)K T, )
The main characteristic of equation (2) is the square-bracket term of its right-hand side. It contains

two parts. The first one sets a basic enhanced slope and contains the sum of the inverse of the
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thermal capacities as if we had an electrical circuit with capacitors in series. The second part
provides the time evolution. It is a ratio of the changes in energy content. This ratio compares the
change in energy content of the deep layer with that of the upper layer. To confirm the importance
of the square-bracket term, one can take the limit as € — 1, where the pattern effect is cancelled in
equation (2)

N

lim — =4
e—1 Tu

The strong coupling between the upper and deep layers disappears. We end up with a constant
slope. However, if € # 1, the climate feedback parameter varies with the ratio of the changes in
energy content from the deep to the upper layer around a basic value that depends on the thermal

capacities of the system, the square bracket term in equation (2).

(ii) Explicit expression for the ratio term  Using explicit expressions for T and T, of an experiment

with constant forcing, I write the ratio term in equation (2) as

T A+2y
-2 = tanh f(t —tp) + arctanh ( yd) 3)
T 2 K

N

The ratio (3) grows in a sigmoidal fashion from —1 to 1. This hyperbolic tangent has a scaling
factor (k/2) that sets the rate of change of the hyperbolic tangent between its extreme values. It also
has a shift (the arctanh term) that determines when the hyperbolic tangent crosses zero, governing
the contribution of the last term in equation (2). Both scaling and shift are in terms of the thermal
capacities, the reference rate of deep-ocean enthalpy uptake y and the reference climate feedback
parameter A.

The interpretation of equation (3) is that, after the initial forcing, the deep ocean warms up
slower than the upper layer, steepening the slope of the NT—diagram. Once the ratio reaches
the sign-reversal point, the last term’s contribution in equation (2) only flattens the slope of the

NT—diagram. The scaling factor and the shift of the ratio (3) set the timescale for the flattening.



166

167

168

169

170

17

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

Equation (3) expresses precisely the time evolution of the climate feedback parameter that others
have only guessed through numerical experiments with the modified two-layer model (Geoftroy
et al. 2013a; Rohrschneider et al. 2019). Additionally, it establishes a third timescale in the Earth

system, related to the atmosphere-ocean coupling.

(iii) Explicit expression of the climate feedback parameter ~With the explicit expressions, I present

) ZENC)

The factor of the constant A is composed of terms that are positive except for the ratio term

you equation (2) for the climate feedback parameter

| A+2y
£ +— Y_ tanh 5(; — 1) + arctanh Ya
C, Cq)«k 2 K

N_8+1 +8—1Cu/<
T, 2¢ e+1 |1

coming from equation (3). One can prove that at the start (¢ = #() the slope is

N, . _ Y
T—u(to) = (1 +(8— l)m) A

and from here up to the sign reversal of the ratio term, the slope flattens. The flattening is gentle
at first, but towards the sign reversal it accelerates.

At the time of sign reversal we have

N e+1 e-1[¢ 1\ Cyy
—(trey) = 1+ —+ = A
Tu(m) 2¢e ( e+1 (cu Cd) | )

and from here and on, the ratio term becomes positive, leading to an even flatter slope. The flattening

decelerates and becomes gentle again. The asymptotic value of the slope of the NT—diagram is

' 1 -1 1
im Yo (e tGidie (LAY 1),
1= Ty 2e e+1 |/l| C, (G«

(iv) Numerical estimates of the atmosphere-ocean coupling By substituting in expression (4)

the parameter values found by Geoftroy et al. (2013a), I find the timescale for the sign reversal
of the T,/T; ratio term. This timescale is important because it determines the middle of the

transition between the initial and final values of the slope. I use the multimodel mean values
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reported by Geoffroy et al. (2013a). For the multimodel average values (C, = 8.2Wyrm2K~!,
Cq= 109Wyrm‘2 K1, Y= 0.67Wm2K 1, 1=-1.18Wm2K! and & = 1.28) the sign reversal
of the ratio term takes place after 18.3 years. This timescale lies between the fast (4.2 years) and
slow (290 years) timescales established in terms of the thermal capacities alone (Geoffroy et al.
2013a).

I calculate the time for sign reversal using the rest of values in the tables of Geoffroy et al. (2013a)
and obtain that the multimodel average is 18.8 years. The minimum value is 8.8 years for GISS-
E2-R, whereas the maximum is 25.1 years for CNRM-CM5.1. If I compare with their estimates
of the fast and the slow timescales, even the extreme values fit well between both. Enlightening is
that the timescale of the sign reversal seems to fit with the de-facto 20-year standard to evaluate
the change in slope (e.g. Ceppi and Gregory 2017).

I also compare between the multimodel averages for all parameters and with the thermal ca-
pacities as calculated by Jiménez-de-la-Cuesta and Mauritsen (2019): C, = 72Wyrm 2K},
Cq =367Wyrm2K~!'. The calculated deep-layer thermal capacity is larger than the CMIP5
multi-model average, whereas the calculated value for the upper layer is smaller than the CMIP5
average. From these differences, we can note changes in the slope evolution (figure 2). Although
the difference in final slopes is small, the calculated thermal capacities strongly shift the sign-
reversal timescale: a deeper deep ocean lengthens the sign-reversal timescale, whereas a shallower

upper layer shortens it.

4. Analysis and Discussion

(i) Consequences of an enthalpy-uptake interpretation ~ We have two terms in the factor of equation
(4): the identity term and the (& — 1)—term. The second term is only active if &£ # 1, and has two

contributions. The first one is a constant contribution linked to the thermal capacities of the system.

10
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The second contribution is time-varying and depends on the ratio 7,,/T. This ratio measures the
proportion of energy that goes into the deep ocean compared to that stored in the upper layer.
Together, these terms provide a physical picture in which the slope’s variation is determined by a
basic thermal capacity, which is expanded. The expansion stems from the enthalpy fluxes of the
upper and deep layers, which is better connected with the spatio-temporal warming pattern than
with the atmospheric feedbacks, given that the evolution and spatial distribution of the sea surface
temperature corresponds to changes in the enthalpy fluxes.

Precisely, I showed above that the thermal capacities have a strong effect on the timescale at
which the slope of the NT—diagram changes (figure 2). Thermal capacities in complex models
depend strongly on the depth of the ocean mixed-layer and, therefore, on the atmosphere-ocean
coupling, providing diverse behaviours (figure 3)

The consequences in the real Earth System of what I presented above are that the relative change
in the energy fluxes due to the atmosphere-ocean coupling compels the atmospheric feedbacks to
adjust. Thus, the magnitude of the changes in the atmospheric radiative response needs knowledge
of the physics of the atmosphere-ocean coupling. In summary, the prevailing interpretation of the
effect of the spatio-temporal warming pattern as additional ficticious ”deep-ocean-driven” feedback
mechanisms depending on 7y is artificial. Then, uncertainties in our knowledge about the nature
of the atmosphere-ocean coupling can play a larger role than thought before (Kiehl 2007).

When comparing prescribed-sea-surface-temperature with fully-coupled numerical experiments
in complex climate models, there are striking differences in radiation and precipitation related to
differing sea surface temperature patterns between both settings. Therefore, in the light of the
results that I presented, the ocean circulation and the enthalpy transport representations in the

fully-coupled complex models could be key factors impacting the radiative response.

11
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(ii) State and forcing dependence In this article, I ignored the dependence on the strength of
forcing (Senior and Mitchell 2000; Meraner et al. 2013; Rohrschneider et al. 2019). However, such
dependence should come from the reference values €, A and y that are particular to a given forcing.
Values of A and vy are first-order derivatives in the neighbourhood of the starting states. The same
goes for €. Therefore, we need to connect € to the physics of the real atmospheric-oceanic coupling,
possibly circulation, to understand its effect in the variation of the slope of the NT—diagrams under
different forcings. We need to answer how the forcing impacts the atmosphere-ocean coupling
resulting in another spatio-temporal warming pattern.

There are versions of linearised energy balance models in which a simple non-linear term is
introduced (Rohrschneider et al. 2019). Although higher-order terms in the Taylor expansion of
either the radiative response R or the enthalpy uptake H can provide additional information on state
dependence, the temporal dependencies arising from the atmosphere-ocean coupling, as shown in
this article, are far more important in light of the results presented above. These results shift the

limelight to the physics of the atmosphere-ocean coupling.

(iii) Non-linear planetary energy balance Above I presented evidence favouring the ocean’s
enthalpy uptake central role in determining the spatio-temporal warming pattern and its effects on
the atmospheric feedback mechanisms. I test this idea in a more general theoretical framework by

writing the planetary energy budget in another widely-known incarnation
N=(1-a)S+G—-eo(fT,)* (5)

where S := S(¢) in Wm™2 is the incoming solar radiative flux at the TOA, « is the planetary albedo,
G := G(t) in Wm™2 represents the remaining inputs (natural and anthropogenic), and the last term
is the usual planetary longwave emission, in Wm™2, as a grey-body of emissivity e and surface

temperature T, with f the lapse-rate scaling factor for the emission temperature. At first inspection,

12
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we have the origin of the feedback mechanisms: the planetary albedo «, the emissivity € and the
scaling factor f. On the one hand, we have the shortwave strand, the albedo a := (T, qcidw,- - -)
that is a function of, e.g., the surface temperature and the amount of liquid water in the atmosphere
forming clouds. On the other hand, we have the longwave thread, the emissivity and the lapse-
rate scaling factor €, f := f(Ty,9y,qc1dws- - - ), depending on, e.g. the surface temperature, and the
amount of water vapour and cloud liquid water in the atmosphere.

The atmospheric feedback mechanisms cannot rely on any temperature we define inside the
ocean. The ocean affects @, € and f only through changing 7;. In equation (5), we cannot see such
dependence. Therefore, here we would be tempted to artificially introduce it by saying that a, €
and f depend on another temperature in the ocean, as others have interpreted from the modified
two-layer model. In this work, I have shown that there is another more natural place where the
ocean enters into play: the energy imbalance at the TOA, N. Some would naively say that N = CT,
only, with C the planetary thermal capacity per unit area. My results suggest a more precise
incarnation of this term: N = (d/dr)(CT,), because we do not know if C varies with time. We
have no a priori basis to say that it is constant. It depends on, e.g., the thickness of the ocean’s
mixed-layer, the depth of the thermally-active deep-ocean or the melted volume of the ice sheet.
The spatio-temporal warming pattern may also depend on these variables. Thus, how does the

term N look like? N = CT, + CT,. If we rewrite the equation (5) with this new information

Cly=(0-a)S+G-eo(fT)*-CT, (6)

where the term CTy, is an effective N. The last term of equation (6) is the representation of the
effect of the spatio-temporal warming pattern. The factor C needs a new differential equation
that describes the temporal variations of the enthalpy uptake due to the ocean and the melting

ice sheets. When linearising, this term will be transformed in the (1 —&)H term of the planetary
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energy imbalance of system (1). In other words, the CT, term embodies the radiative effect of the

atmosphere-ocean coupling.

5. Conclusions

I presented for the first time an explicit mathematical expression for the slope of the NT—diagrams
using the linearised framework of the modified two-layer energy balance model. In particular, I
presented an expression applicable to the case of experiments in which we increment the atmo-
spheric carbon dioxide concentration up to n times the pre-industrial levels. From the analysis of
the solutions of the modified two-layer energy balance model and the mathematical expression for
the slope, I concluded that the evolution of the climate feedback parameter comes from a ratio
that compares the changes in the energy content of the deep ocean in relation to those of the
upper layer. This ratio modulates the slope change around a basic state. The thermal capacities
and the efficacy parameter determine this basic state, shifting away from the usual focus on the
atmospheric feedback mechanisms and their dependence on another temperature in the ocean (7).
Thus, in the context of complex climate models and observations, I show that the variation of the
climate feedback parameter is a direct consequence of the atmosphere-ocean coupling that gives
rise to the spatio-temporal warming pattern. The spatio-temporal warming pattern shows how the
enthalpy is exchanged between the atmosphere and the ocean. The atmosphere-ocean coupling
modifies the surface temperature, and the feedback mechanisms adjust to this external change.
Therefore, the variation of the feedback mechanisms provides partial and indirect information on
the spatio-temporal warming pattern. To fill the gap, we need information on the physics of the
atmosphere-ocean coupling: its relation to circulation and the generation of the spatio-temporal

warming pattern.
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APPENDIX

In Classical Mechanics, a very coarse thinking would be reducing the field to the task of solving
the equation p = F for any force term, either analytically or numerically. Going further leads to
conservation principles and formulations of Classical Mechanics that provide more information
without actually obtaining solutions, if that is possible at all. In this appendix, reduced to the scale
of a simplified framework, I show that by delving deep into the mathematics of a system of linear
ordinary differential equations, the structure of the solutions and the its physical interpretation, one
can obtain a new view on an old problem.

The appendix is written in an exhaustive way and I leave few things without development. The
cases in which I do not show some algebraic step is because the necessary step has been already

done or is very simple.

15



326

327

328

329

330

336

337

338

339

340

341

342

343

344

345

346

347

348
349

Matrix form of the equations

The equations of two-layer model Geoffroy et al. (2013a) are

Ny = C Ty = F+ AT —ey(T, - Ty)
(AD)
Ng = Cyly = y(Tu—Ty)
and the planetary imbalance is N = N, + Ny. I present another form of the equations, where I divide
by the thermal capacities.
Td = Cld(Tu - Td)
If [ define F” := F/Cy, A" := 1/ Cy, y" :=y/Cy, v}, := v/ Cy, one can write the equations in a lean

way

Tu=F +XT,—ey (T, -Ty)

(A2)
Ty = yid(Tu ~Ta)
I will put the system in matrix form. I define T := (T,7T4), F’ := (F”,0) and

r-ey v,
A= (A3)

ey -y

and the system can be written

T=F+TA (A4)

which is the representation of the system in the temperature basis.

Eigenvalues and eigenvectors

I want to analyse the normal modes of the system. For that end, I need the eigenvalues of the

homogeneous system obtained as the solutions of the characteristic equation

A =&y =)=y, —w)—€y'y,=0 (A5)
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—AYy Y Yy = vy u+pt—gy'y; =0
XYy = utey p+ =0
—Yy = (A —&y =Y+’ =0

The solutions of equation (AS) are

V4 / V4 ’ ’ / 1 2
W =&y =y = [V —ey =y +42y,]"

2

[ = (A6)

and, given that in the Earth C, < Cy4, one can prove that there are two real and different eigenval-
ues. One needs to check that the square root term is not complex or zero. This only happens if the

sum within the square root is negative or zero

(X —ey =y +41'y, <0

A —ey')? =201 - ey )y, + 7;2 +41'y, <0

22X ey +(ey' ) =21 - ey )y, + 7;12 +42y, <0

A2=20ey +(ey)* - 20y, +2ey'y), + yf +41'y, <0

1Y) =2 [y)e [vi) + & 7)) + 260y [vj) + 142X [v,) <O
X Jy) =2 [yplety' [yy) =11+ [v)) +28(y [v) +1 <0
X[y =2 1Yl [v,) = 11+ (e [¥)) + 1)* <0

(' Jyy)* +(e(Ca/Cu) +1)* <22 [y)[e(Ca/C) = 1]

In the last inequality, the left-hand side is always positive. The right-hand side depends on the
sign of the factors. The middle factor is negative since A’ is negative and y/, is positive. The third
factor is positive provided that £ > C,/Cq. Given that € > 1 and C, < Cyq, then the third factor is

positive in our case. Then the right-hand side is negative. Thus, we obtained a contradiction by
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o« supposing that the square root term was negative or zero. Therefore, the conclusion is that the
o5 eigenvalues are two real and distinct numbers.

s I call the solutions u, and u_, depending on the sign of the square root term. Let us rewrite their
= expression in more lean fashion. I define A:= 1" —¢&y’ - ¥, and we call k the square root term.

= Then, I rewrite the solutions (A6) as

P
379 Mt = (A7)
380 2
=  Now that I know the eigenvalues, one should get the eigenvectors of the system and solve it

« easily. The eigenvectors are the generators of the kernel of the operators A — p.id. Let us write

« the diagonal of the matrix A with the definition of A

/’1‘ + ,y/ 7,
384 A = d d
gy A-(-gy)

« and then the matrices for each eigenvalue have the form

387 A—,uJ_,ldz

388 —_

gy uz—(A'-¢gy)

389

w0  Since eigenvalues are real and distinct, there should be two linearly-independent eigenvectors,
= one for each eigenvalue. These vectors should fulfill that e.(A — u.id) = 0. Solving that linear

« system, I find the eigenvectors in temperature representation

(A8)

393 €. =€,
304 &Yy

18



»s The procedure to get the result is to solve the system of homogeneous linear equations e. (A —

ECI ¥ ld) =0

(Ux+7))exu +tey'erq =0

397

)’Zlei,u"'[ﬂi (' -¢ey)]exa=0

398

» [ solve the first equation for the component e. 4, and substitute this result on the second equation

px+Yy
400 €rd = _—,ei,u
ey
;= —ey)(us+v))

401 ’)/d — 8)// ei,u = O

8//_[ ——(/1/—8 /)] 4+
Y'vy—lu= : Y (= yd)ei,u 0.6y %0) -
403 8’}/
{ev'v—uz— (V=&Y (uz+v))} ez =0
{ev' v +[(X = &y) = =1V + =)} €2 = 0
—{—ev' v+ (X —&y) = pu=)(—v) — pz)} €24 =0

w8
« and in the last expression we have two options: either e, , is zero or the term within curly braces is
« zero. However, the expression in curly braces is the characteristic equation (A5) and then always
« vanishes identically. This means that e, , = @ € R can be chosen arbitrarily. I plug in this result in

«= the expression for e, 4 and get that

413 Cry=a
+ /
Hx TV,
414 €rd=— T
415 24

«s Or as a vector in the temperature basis

417 €. =e.,6€, + €+ 4€q
’
Het+Y,
418 €. =ae,— —,a’ed
419 &y

19



2 and since « is arbitrary this means we are in front of a subspace of vectors. I choose a basis by

« selecting @ = 1.

/
He+7Yy
- e.=¢,————¢€qg
423 8y

2« which is the same as the equation (AS).
s Now, I can derive the expressions of the temperature basis vectors in terms of the two eigenvectors.

= 1f one solves for ¢, in equation (A8)

= but we have here two expressions in a condensed way. Therefore,

He+Y) H-+7y

430 e+ —e =€, + €y

ey’ ey’

MYy H-+Y,
431 i d_ d € =¢€L—¢€_
ey’ ey’
(us +v)) = (pu-+v,)
432 , € =¢€,—¢_
gy

433 ued =e€e;L—¢€_

ey’

ey’

434 ed = —(e+ - e_)
435 M+ — H—

« Thus, I have expressed e, in terms of the eigenvectors.
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437

438

440

442

444

445

446

451

452

454

455

456

457
458

Now, I substitute the last result on one of the expressions for e,.

M-+
e, +———e;=¢,
gy
H-+Yy &y
e+ ,d 14 (ex—e_)=e,
gy My — -
p-+7,
e, + —d(e+ —e_)=¢,
My — H-
pu-+7, pu-+7v,
(1+ d)e+— de_:eu
My — i My — i
Mo —H-FH-+Y,  p-tYy
e, — e_=¢e,
My — H- My — M-
pe 7, pu-+7,
T de —e¢,
M+ — M- M+ — M-

and the temperature basis vectors in the eigenvector representation are

M+, H-+y!
e, = ! de+— e
My — H- My — K-
8 ’
ed:—y(e+—e—)
My — H—

Matrix in the eigenvector representation. Solutions

(A9)

With these results, I can write the matrix A (A3) in the eigenvector basis and it should be the

following diagonal matrix

uy 0

0 pu-

(A10)

I show how to get to this result. Let subscripts represent rows and superscripts represent columns.

I define that latin indices (i, ],k,...) have the possible values u,d; and greek indices («,5,¢...)

have possible values +,—. Also, repeated indices in expressions mean summation over the set of

possible values. With these considerations, equation (A9) is

(07
e =A'e,
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459

460

461
462

463

464

465
466

467

468
469

472

473

474

475

476

477

478

where the rows of matrix A contain the coordinates of each of the vectors of the temperature basis

in the eigenvector representation. Analogously, equation (AS8) is

i
e, =0,¢

where matrix ® has in its rows the coordinates the eigenvector basis in the temperature represen-

tation. This means that

e, =0 e = ®fXAfe/3

which is only possible if the matrices A and © are inverse of each other

ey = 5geﬁ =e,

Thus, we write @ = A~

Now, matrix A is a representation of a linear operator f in the temperature representation. If
v =1vJe; is a vector in the temperature representation, then the action of the linear operator f should
be f(v) = f(v/e;) = v/ f(e;). Then the action of f on a vector expressed in a given basis depends
only on the action of the operator on the basis. Thus, f(v) = f(vjej) =/ f(e;) = vjAfek. Thus
the matrix A has in its rows the coordinates in the temperature representation of the action of f
over each basis vector. Once one understands what is happening under the hood, what we want
is the matrix B, which is the representation of f in the eigenvector basis. Therefore, I begin with

the basic relationship in the temperature representation and introduce the change of representation
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= using the alternative representation of equations (A8) and (A9)

p f(e;) = A{ Aj.eg

f(Ale,) = A/ Af e

Af flea) = AlASe;

(A™DEA? flea) = (A3 A] A«j. e

fleg) = (A—l)gA{Ajf e, f(eg) := Bée;
B, = (A™)LA/AS

486

« Or in matrix notation B = A"'AA. Then, I multiply the matrices

H-tYg Y, / ety pety
-1 1 - gy’ A+Yy Vg He—po e
488 A = 5 A = 5 A =
ﬂ++7:1 ’ , ey’ ey’
1 gy’ gy Ya He—p— He—p—

w0  First, note that u, —u_ = k. One also looks at the following quantities that will help in the
@  process: fy+p-=Aand pypu_ = A—It(/Al2 —k%) = A—It(/Al2 - A2 —4A'y) = =A"y),. I proceed with the first

« product, A7!A.

H-tY, ALy ’
-1 T ey /l—l—’yd Ya
493 A A:
/J++’)’:1 /7 ’
1 - = ey =Y,

A “=+Ya\ s
A+y,—p-—v, (1+ Sy’d)yd

S fyty!
A+y,— e = (1+ W")“y;

A ey'+u-+y, ,
A=p- =
495 —_
5 ey'+pustyl
A=y 7Y,

ey'tu-+y, ,

H+ ey’ d

ey’ +ustyl,
ey’ d

497
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498

500

501

503

504

509

510

511
512

513

and multiply the result by A

ey'+u-+y, , HetYy BtV

A—IAA — He ey’ d H+—H— H+—H-
ey’ +utyl, ey’ &y

- gy’ d He—p- Hy—H-

G+ Yy 8Y Y Yy Y] e = Y = 8Y Y~ UV =Y

T T R R T R I e TR R O R I R U

L mr@rey )y = Atey Yy,
K Y ’ !\, 1 / Yy’
i +(A+ey +v))y, —pr—(A+ey +Y)Yy
U Himpepe Ay | 1 ek 0 [ 0O
N vy vy, 2 vpens | 00 pk 0w

the last line is the result that we wanted to check.

In the eigenvector representation the system (A4) has the following form

T=F+TB (A11)

and, therefore, is decoupled. Therefore, I can solve each equation separately. I need only to
transform the forcing vector to the eigenvector representation.

The equations are
Ti = F; + /-liTi
and the solutions of a generic initial value problem are
t
T, = (Ti,o + / F;e—ﬂi“—mdr) eh(=10) (A12)
To

where the initial values in the eigenvector representation in terms of the initial values in the
temperature representation are

1 /7 ’
Tip== [(us + v )Tuo +&y Tyo]
My — H-
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520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

539

the forcing components are

M+,
My — M-

Fl=x F’

and the solutions in the temperature representation are

T.=T,+T_
_+v +v
Td:_ﬂ YdT+_,U+ ydT_
ey’ ey’

If I further expand the Ty solution, the form of the solutions is more elegant

T,=T, +T.
A Al
A+2y), K (AL3)
Td = = (T++T_)+ (T+_T_)
2ey’ 2ey’

since it shows that the solutions in the temperature space are in a sort of symmetric and antisymmet-
ric combinations of the solutions in the eigenvector representation. These are the normal modes.
One thing to note is that the upper temperature is the symmetric mode and the deep temperature is
a mixture of symmetric and antisymmetric modes.

I show how I got the solutions (A13). Just expand the T4 equation.

_+Y +y
_H VdT_,U+ ydT_

d= ’ + ’
gy ey
1 /i—K+ v /i+/<+ Nr
&y’ 3 Yali+ ) Yal|t-
1 [[A1+2y A+2y
=- Ya _X T, + 7d+5 T
ey’ 2 2 2 2
1 7 ’
=5 [+ 2T +T) = k(T ~T)]
ey

From now on, I write Ty :=T, +T_and T, :=T, - T_.
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= Planetary imbalance

s« Now, [ will find an expression for the planetary imbalance in terms of the equations (A13). The

== mathematical expression that I should expand is N = Ny + Ny = CuTy + C4Ty

543 CuTu = CUTS
. /i +2y£l . K .
544 Caly =—-C4 Yo T, +Cq4 2e ,Ta J
. +2y, . .
545 N — CLITS - Cd 26')// TS + Cd2 /Ta
27’21 K
546 C.-C T+ C, T,
u d 28’)// s d28)// a
547 = CSTS +CaTa
549 NOW, Ti = Fi + ,uiTi9 then
Ty=psTo +pu T+ (F.+F)= u, Ty +(uy — )T+ (F, +F")
/4 /4 K 7 ’

st =uTs—kT_+(F +F)= /,1+TS—§(TS—Ta)+(F++F_)

A« . A«
ss2 = ETS+§TQ+(F++F_) = ETS+§TL,+F’
552 To=pTy—p T+ (F) = F') = u, Ty — (uy — )T+ (F{ = F')

’ 7 K /4 /4

554 =us T+ kT +(F. - F)) :/1+Ta+§(Ts—Ta)+(F+—F_)

K /l’\ 4 ’ K /,i /’i+2’y; /4
555 = ETS+§TQ+(F+—F_): ETS+§TQ+ B F .

1/ 1. A+2y,\
N=3 (/ICS+KCa)Ts+§ (/lCa+KCs)Ta+ C,+C, F
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558

560

562

563

564

565

566

568

569

571

574

575

576
577

578

579

580

582

Further expanding the coefficients
A A Cq A A Cq A A
AC+kCy = AC, - =L (2 42y, A= 2) = ACy - == (P2 + 2y, 1 - 2 =4y )
2ey’ 2ey’
oG (/l’+ 8_12)
e 2

A C A A C C
AC, + kCy = kCy — ?;(K/l +2y/k—kd) = kCy — ?uK = K;u(s— 1)

_1/\ _1
eF' + (/l’+ £ /l) Ts+/<82 Ta] (Al4)

From here, I derive the slope of a NT—diagram. In such a diagram, N is plotted versus T,. If we
naively take the partial derivative of equation (A14) with respect to 7,,, we will arrive to a constant
slope. This is contrary to the evidence that it will change with time. An NT-diagram is one
projection of the phase space of the system. Then, the NT—diagram slope does not only depend on
how N varies with 7. It is a comparison of how the changes of 7, are expressed in changes of N.
Then, the slope is the total derivative dN/dT,. By virtue of the chain rule, dN/dT, = N(dt/dT,).
In a neighborhood where Ty (¢) is injective, dt /dT, = 1/T,. Therefore, the slope dN/dT,, is the ratio
of two total derivatives: N and T,.

We know that 7, = T, then T}, = T,. Therefore, the total derivative of the planetary imbalance is
N = (9;N) + (37, N)Ty + (37, N)T,

that is a change depending only on time, a second change depending only on changes of 7 and a
third depending on changes of 7,. Therefore, the ratio of total derivative of planetary imbalance

and total derivative of Ty is

N 1 T,
-— = O:N — + or N)+ (0 N)—
7. (0 )Ts (Or,N) + (0r, )Ts
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583 As one can see in the above expression, the ratio includes the derivative of the imbalance with
s respect to 7, but is not the only contribution. One contribution comes from the explicit dependence
s on time of N and how it compares with the dependency of 7,,. The other contribution comes
s from the antisymmetric mode and how it changes in relation to the symmetric one. From equation
s» (Al4), I can write the precise expression of the slope as a factor of A.

s | multiply equation (A14) by 1/4 and reorganise.
F’ -1 -17,] 4
589 . — | E— + /l/+8 A +K8 _a:|_
T, ¢ p 2 2 Tyl A
CoFF (X e-12) e-1«T,
——+ + — |+ ——
AT, \el 28 2e VT,

N G

590 _

591

== then we will expand the terms to separate the terms that vanish when € = 1

N {CUF’ 1 e-1(A—-¢&y—v, ] e-1 KTa}
593 — =y{———+|—+ + e
T, AT, |e 2 A’ 2e VT,
3 C, F 2 +g—1 1 vy Cuvy e—-1Cuk T, 1
AT, |28 26 1 Cga 26 A T,
CoF' e+1 e-1 +cu y e-1Cuw«T,
595 -_— _— —_ 8 — —_ —_—
AT, 2 2e G 2 A T,
_ ﬁi+g+1_g—1 G Z+a—1cu/<§ 1
AT, 2 2e Ci)]A 26 AT,
GF e+l e-1[( C, T,
597 = —_— p— _ — A
{a T, 2 2ed ,(“cd)y Cuk
598 = gz 8+1—8_1CUK (2","|'ﬁ Y —& A
A T 2e 2el Cia) Cuk T,
N _ ﬁi+8+1_8—lcuk PSS B _& 1
A T, 2e 2e A Cq) Cuk T,
600 = —ﬁi+8+1+8_1CUK 84‘ﬂ Y —Q A
601 | |Ts 2e 2e |/l| d CLIK s

602

603 —_

{CUF’ s+1( e—1Cyk
604 Tll

— + +
|| T 2¢e e+1 |1

(uﬁ) L4 —&])}/1 (A15)
Cq/ Cuk T

«s  The term in square brackets in equation (A15) is the key term that provides a NT—diagram with

«s evolving slope when the forcing is constant. The second part of this term provides the temporal
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« evolution, whereas the first part is a constant term that sets the base enhancement of the slope.
« Interestingly, this first part contains in particular the thermal capacities of the system.

«  If I rewrite this first part of the square-brackets term, the terms are shown clearly

N CoF' e+1 e-1C 1 T,
610 _:{__u_+8 +8 uk |:(i+_)Z——:|}/l (A16)
T, A T, 2e 2e |A] |\Cu C4) k T,

«= Now in the first part it is the sum of the inverse of the thermal capacities as if we have an electrical
s circuit with capacitors in series. Having such a term in the equation for the slope favors the physical
s interpretation in terms of thermal capacities, instead of variable feedback mechanisms. The time-
s evolving ratio term in the second part, that represents the dynamics of the atmosphere-ocean
s coupling, only strengthens this interpretation.

o Asacorollary, if the forcing is constant and € — 1, then we recover the classical linear dependence

«e Of the imbalance on Ty,

N
st9 lim — = A, F = const
620 e—>1T,

= Symmetric and antisymmetric modes

«  From equations (A13), we see that the symmetric and antisymmetric modes are the basis for
= the description of the solutions. Thus, let us give some explicit expression for the symmetric and

« antisymmetric modes.

29



625

627
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634
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637

638

639

640

641

642

643

644

645

From equation (A12) and the equations for the initial values and the forcing, I can write more

explicitly the solution

t
T, = (Ti0+ / Fie—#r(f—fo)dT) et (t=10)

To

1 lu_ + f)/’ t
(i [t + )T + £y Tag] £ —— / F 'e_“i(f‘fo)dT) et=(t=10)
#+ B #_ l’l+ - l’l_ I

SA/2-10)

+

t
| (us + Y )Tuo + &Y Tao + (us +7,) / F ’e'“*(T"O)dT] et /2)(i=10)
M+ — H- to

/i 2)(t—t, h) / ’ 1 ’ t
. e( / )( 0) /l + K+ 27d TuO n 28')/ Tdo + /l + K+ 27d / F,e_ﬂi(T_IO)dT ei(K/Z)(l—l‘o)
M — p— 2 S22 2 1o
eA/2=10) [ R t )
=t—— [(A+2y))Too+ 2y Tao £ kT + (A +2y, K)/ F’e““i(T_IO)dT] K/ 2)i=t0)
2(/'t+ - ﬂ—) to

Now that I have a more explicit expression, I write the modes

T+ + T_ =
S0 | A : 2
————— [(A+2y))Tuo + 2y Tao + kTyo + (A + 2y, + K)/ F'e_”*(T_tO)dT] /D10
2(py —p-) fo
JAD10) [ ) r .
F—— (A +2y))Tuo + 28y Tao — KTy + (1 + 2y, — k) / F'e #-(T=l)qr | o= (6/2)t=t0)
2(/1+ - lu—) I00)
(A/2)(t~t0) . (k/2)(t—t0) = o~ (x/2)(t=10)
= e— { [(/l + 2’)/:1)Tu,() + 28)//Td’0] ¢ re
My — p— 2
D (K12)(1=10) 4 p=(k/2)1=10)
+KTu,0
2
1 ’ t t
A2 [e(K/zxz_to) / Fr o1 T-10) g 5 o~ (K/2)e~10) / Fre-i-(-0) 47
2 fo fo
t t
o / et g 4. = 612)1-10) / F/e—u(r—de] }
fo fo

The last two terms inside the curly brackets have a similar form as the combinations of exponential
functions in the first two terms. These combinations of exponential functions are hyperbolic
functions which can simplify the expressions of the solutions. I would want such a representation
but a problem is there: the integrals are not the same, therefore I cannot factorise them together.

Notwithstanding, from the definition of hyperbolic sine and cosine functions, I can write e** =
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«» coshx +sinhx. The factors within square brackets in the last two terms can be thought as e*/, +
«s e *I_, where I, are the corresponding integrals. Using the expression of the exponential function in
« terms of the hyperbolic functions, I expand e*1, + ¢ *I_ = (cosh x +sinh x)/, + (coshx —sinh x)/_ =
oo (I £1-)coshx+ (I F1-)sinhx. Then, I overcome the limitation and now the two terms are written
s with hyperbolic functions. The coefficients of the hyperbolic functions are simple combinations

s Of the integrals which can be also expanded easily. I do that now

t 1t
653 L+1_= / Fle™ u+(T—to)dT+/ F e H-(T=10) 41 :/ F’[e—#+(‘r—to)+e—/.t_(‘r—t0)]dT

I00) To

654

/ Fr D10 ~612)T10) | oK/ 21004
655 = 2/ F,e_(/i/z)(T_tO) cosh [g(T - IO)] dr

t t
- -] = / F’ o H+(T=10) 41 _/ Flo H-(T=10) 41 = / F’[e—/l+(7—t0) _ e—#—(T—fo)]dT
fo fo

Fl oW p=k/2)x10) _ (/2700147

657

- = —2/ Fe~/2@=10) ginh [g(‘r - to)] dr

659 o

« 1f one collects terms corresponding to each hyperbolic function in the former expressions for the

« normal modes, obtains the following

oA/2)(t-10)
662 TS = {

C, cosh [g(t - ro)] +Cysinh [g(r - to)] } (A17)

663 Ta =

664

M {02 cosh [g(t—to)] +Cy sinh [g(t—to)” (A18)
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s where

666 C] = KTu’()

t . t o
067 -1+ 2)/;)/ Fe~ W21 ginp [g(T - to)] dr + K/ F'e~ W21 cogh [g(‘l’ - to)] dr
fo

0]

668 Cz = (//i + 2’}/;)Tu’0 + 28’)/,de70

t . t «
. +(1+ 2721)/ F'e~A20=10) cogh [g(r - to)] dr - K/ F’e~A/2010) ginh [g(r - to)] dr
To

fo

e These expressions for the normal modes are quite elegant, and the coefficients C; summarize
= all the information from the initial conditions and the forcing. The initial condition terms in the
e C; correspond to the non-forced response of the system, while the part that is forcing-dependent

e corresponds to the forced response of the system.

&= Forced response to constant forcing

o If F' = F/ #0fort >ty with F constant and 7,740 = O for 7 = 1, then

6

3
N

t . t A
Ci=F. {—(/i + 2)/:1)/ e~ W2T=10) ginh [g(T — to)] dr + K/ e~ W2T=10) cogh [g(r — to)] dT}
To

o

t R t A
C,=F, {(2 + 27/:1)/ e~ W2(T=10) cogh [g(r — to)] dr - K/ e~ W2T=10) ¢inh [g(T - to)] dT}
o

To

6

2
®

679

« Where the integrals are easily computed

/ZO ' 20 iy [g(r ~1)|dr = # {g cosh [g(z ~1)] + g sinh [g(r - ro)]} - M’fy&
/to L 210 gy [g(T - ;0)] dr = %;Z_m {% cosh [g(t - ro)] + g sinh [g(r - ro)] } - 2ﬂ:7;
s and, upon reduction, the C; are

s C = Z—f,e_(j/z)“_t") {—K cosh [g(t — to)] +(24’ = A)sinh [g(t — to)] + Ke(;l/z)(t_"))}

o C = I;—f’e—a/@(f—m) {—(u’ — Dcosh [g(; - to)] + ksinh [g(t - to)] +QU - ﬁ)e@/z)(l—fo)}
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« With these expressions is easy to evaluate the terms inside the curly brackets in equations (A17)

s and (A18) and the symmetric and antisymmetric modes are (for r > )

F.( 20 -1
T, = =< | fUD010) (o [5@ —ro)] + sinh [5(t - to)] 1 (A19)
A 2 K 2
Fo( iy (247 =1 20 -1
T, = ¢ { (/2-10) —cosh[f(t—to)] +smh[f(t—to)] - (A20)
o A K 2 2 K

o Where F/ := F./C,. I can also obtain the explicit time derivatives of both modes. We take the time

«« derivative both equations (A19) and (A20)

05 T, = Ij{ (A/2)(t=10) {/21 (cosh [ (t—to)] + it sinh [g(r—to)])
606 (2/1, /icosh [2(t—t0)] + sinh [2(t—t0)])}

NA+2y" X
o7 e A/ t=10) {/1 cosh (t - to)] —yd sinh [f(t — to)]}
K 2
A+2y
698 = C (/1/2)(1 f0) {COSh (t - tO) yd sinh I:E(t - tO)]}
K 2
r = Fe i) 2 h [ X
T, = 08— cosh [ (t— to)] + sinh [E(t — to)]
20 -1
70 cosh [ (- to)] sinh [f(t - to)]
2 K 2
F. & VA+290
701 = —£/2)t=10) il cosh [E(I - to)] + A’ sinh [f(t - to)]
A K 2 2
F A+2y
02 = —C (A/2)t=10) 2T cosh [f(t - to)] +sinh [f(t - to)]
Cu K 2 2

=+ 1 present both results jointly to show the simplicity of the derivatives

705

. F. s !
T = 2 o/20-10) | cosh [2@_ to)]

C. { A+2y 4 sinh [2(t—to)]}
{2

) F. + 2y’
T, = ée(ﬂ/z)(’_m) il ] cosh [Z(t - to)] +sinh [Z(t — to)] }
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With these derivatives, 1 can calculate the ratio of the antisymmetric mode derivative to the

symmetric one that appears in equation (A15)

- /i+f7‘,1 cosh [%(Z — lo)] + sinh [%(l‘ - to)]

T cosh [ 51-10)] + 2% sinh 50 -0
3 ;Hiyé’ + tanh [%(t - to)]
1+ ify;’ tanh [5(r —19)]

Formally, above result have the alternative form

T,
T_a = tanh [g(r —1p) + arctanh (

N

/i+2y;)

This is possible only if |(/i +2y))/ K| < 1. Let us prove that in our case this follows

/i+2)/:l

<1

K

22 3 2

AT +4y A+4y; -
= =<
A2 +4yiA

P +ay A+4y? < P+ay, X
A+y, <A

-y’ <0

the last inequality is always true, since &,y’ are positive constants. Thus,

T,
T_a = tanh [g(r —10) + arctanh ( (A21)

N

/i+2y;)

Equation (A21) is an hyperbolic tangent that grows from -1 to 1 in a sigmoidal fashion. It has a
scaling factor that determines how fast it goes from -1 to 1. It also has a shift that sets where the
hyperbolic tangent will cross zero. Both the scaling and shift depend on the thermal and radiative
parameters of the system. Since the shift is negative, after the initial forcing the deep ocean (that

depends on the antisymmetric mode) warms up slower than the upper ocean. At a latter time, the
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ratio becomes positive and the contrary happens. The time at which the sign reverses is

/i+2)/;,

2
t| =ty + —arctanh
K K

Variation of the climate feedback parameter

With the solution shown before, the NT—diagram has a slope

C A+2y
(s + u) Y _tanh (g(t — 1) + arctanh ( Ya ))
K

Ed Cuk

E’_s+1 +8—1CuK
T, 2 e+1 |1

) A (A22)

The factor is composed of terms that are positive except for the ratio term coming from equation
(A21). The negative ratio for t € [fo,7]) clearly generates a more negative slope, whereas for
t € (t1,00) makes it less negative. At the start one can get the slope
N
— = (1+(8—1)l)/1,t = Iy
Ty 4]

and at the time of sign reversal

E:8+1(1+8—1( Cu)y

- +—|—=|At=t
T, 2¢e e+l \° Cq |/l|) !

After the sign reversal the factor of A will only decrease up to

N 1 _1
lim — = £F (1+8 C“K[(g C“) Y —1])/1

+_
e+1 |/1| Cq] Cuk

Equation (A22) shows the importance of the ratio of the symmetric and antisymmetric modes. Its
physical meaning, the relationship between the upper- and deep-ocean warming, sets the strength
of the variation of the climate feedback, whereas the constant term sets a base enhancement around

which the feedback evolves. The thermal capacities of the system determine this constant term.
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Fig. 1.

Fig. 2.

Fig. 3.

Schematic representation of an N7—diagram for constant forcing due to a doubling of the
atmospheric carbon dioxide concentration (F>x). Magenta line represents the relationship
between the TOA net radiatiave flux change with the surface temperature change if the
feedback mechanisms on surface warming were constant (constant slope). Green line shows
the case found in most models, where the slope varies throughout the process. Given that most
models are not run until equilibrium, the evolving slope introduces considerable uncertainty
in the equilibrium climate sensitivity (ECS) estimates

Evolution of the slope of an NT—diagram. Blue solid line, with the average parameters
from CMIP5 models obtained by Geoffroy et al. (2013a). Red solid line, with the thermal
capacities as calculated by Jiménez-de-la-Cuesta and Mauritsen (2019). Red dashed line,
with Cq as in Jiménez-de-la-Cuesta and Mauritsen (2019). Red dash-dotted line, with C, as
in Jiménez-de-la-Cuesta and Mauritsen (2019). Dots represent the slope values when the
ratio term 7}, /T has the sign reversal. Thin black line is the constant A = ~1.18Wm™—2K™.

Evolution of the slope of the NT—diagram. CMIP5 model behaviour using the fitted pa-
rameters presented by Geoffroy et al. (2013a). Dots indicate the time of the sign reversal.
Note that three models (CNRM-CMS5.1, BNU-ESM and INM-CM4) show a steepening slope
instead of flattening. For these models, the fitted ¢ is lesser than one.
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Fic. 1. Schematic representation of an N7T—diagram for constant forcing due to a doubling of the atmospheric
carbon dioxide concentration (F,x). Magenta line represents the relationship between the TOA net radiatiave
flux change with the surface temperature change if the feedback mechanisms on surface warming were constant
(constant slope). Green line shows the case found in most models, where the slope varies throughout the process.
Given that most models are not run until equilibrium, the evolving slope introduces considerable uncertainty in

the equilibrium climate sensitivity (ECS) estimates
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Fic. 2. Evolution of the slope of an NT—diagram. Blue solid line, with the average parameters from CMIP5
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Red dash-dotted line, with C, as in Jiménez-de-la-Cuesta and Mauritsen (2019). Dots represent the slope values

when the ratio term 7, /T has the sign reversal. Thin black line is the constant 4 = —1 A8Wm 2K,
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sz presented by Geoffroy et al. (2013a). Dots indicate the time of the sign reversal. Note that three models (CNRM-
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