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Abstract
The characterization of steel fiber concrete in a flexural test or tensile uniax-
ial test requires greater control of loading rate by the speed applied in the test
machine, to be able to report more accurately the behavior of displacements
or crack openings in micro-scale possible. In general, in the pre-dimensioning
process, it is often discarded the characterization tests and the main standards
do not provide theoretical design recommendations concerning the residual
strengths of fibrous concrete. Some empirical models in the literature attempt an
approximation of the theoretical design values, but they present greater disper-
sion in the results. This article proposes empirical equations for predicting the
residual strengths of the steel fiber reinforced concrete (SFRC), for small fiber
volume fractions (approx. < 0.8%). Experimentally notched beams subjected to
three-point bending tests were collected, with the concrete matrix composed of
hook-end steel fiber and the experimental residual strengths presenting the soft-
ening behavior in the load-opening ratio curve of the crack. The experimental
residual strengths were compared with other empirical models found in the lit-
erature. The results showed that the maximum stress of the steel fiber pullout
model established satisfactory relationships with the residual stresses in flexure.
The empirical proposed residual strength model presented lower variability of
dispersion around 10%, the mean absolute percentage error of 8%, compared to
other usual empirical models and had the same material class with the exper-
imental results, proving to be a viable alternative for pre-design and dosage
optimization for SFRC.
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1 INTRODUCTION

The knowledge of the mechanical behavior of the materials used in civil construction is fundamental for the safe and
economical designing of reinforced concrete (RC) structures. With the emergence of new materials, such as steel fibers
reinforced concrete (SFRC), it is necessary to perform the characterization tests of these materials, to obtain an economical
dosage and satisfactory mechanical properties of a cementitious matrix.

It is known that short steel fibers added in concrete as mass reinforcement mainly provide crack control due to the ten-
sile stress transfer capability of the fibers across crack surfaces known as crack-bridging, after cracking. This way, fibers
provide significant resistance to shear across developing cracks, and therefore, steel fibre reinforced concrete (SFRC)
demonstrate a pseudo-ductile response,1 increased residual strength (especially in tension) and enhanced energy dissi-
pation capacities, relative to the brittle behavior of plain concrete mixtures. Further, the advantageous characteristics
of SFRC under tension are also very important for the shear response of concrete structural members which is gov-
erning by the tensile response of the fibrous material. Thus, fibers have been proved as a promising non-conventional
reinforcement2,3 in concrete elements under shear stresses due to the beneficial cracking performance of SFRC and, under
specific circumstances, could alter the brittle shear failures to ductile flexural ones.

According to Barros,4 the properties of concrete most benefited by steel fiber reinforcement mechanisms are the energy
absorption capacity, ductility, cracking control and improved toughness. As for the application, highlights include its use
in industrial floors, road and airport sidewalks, tunnel linings, anchorage blocks for prestressing cables or in other regions
with stress concentration, in precast in general, and the reinforcement of structural elements.5

After the SFRC cracks open, the load is transferred immediately to the fibers at the crack interface. Due to fiber
debonding, the load tensile stress response drops abruptly and is stopped at a certain level by the fiber pull-out strength,
generating a bridging effect.6 The stress at this level is defined as the post-cracking strength. According to CEB-FIP and
ACI 544.4R-88,7 the post-cracking behavior of the load–displacement curve can provide softening response (single crack)5

or hardening (when multiple cracks are formed before the concrete reaches the maximum tensile load). These responses
depend on the composition of the SFRC, such as the type and amount of fiber. For softening behavior material, typical
of a uniaxial test, the maximum strength, may be assumed equal to the maximum stress and the residual uniaxial tensile
strength of the material, is significantly affected by the volume fraction of fibers (V f ), by the aspect ratio (lf /df ), as well
as the bond between concrete and steel, therefore the execution of this test is not simple, it is not appropriate to represent
the standard test for new mixtures, because of the complexity of interpreting the results.

Thus, CEB-FIP8 and RILEM TC 162-TDF9 report that bending test may be performed to establish the tensile behav-
ior of the SFRC. The aforementioned standards suggest the three-point (3 PB) bending test on notched beams, but the
divergences in the performing of these tests and the interpretation of the results generate even more complexity in the
attempts to have a theoretical model that adequately simulates the behavior of the material when the results of proper
characterization tests are not available. According to Parmentier and De Grove,10 the results provided by the bending test
suggested in the RILEM TC 162-TDF9 have a coefficient of variation between 10% and 25% (results obtained in specimens
with 30 kg/m3 of steel fiber).

In fib Model Code8 the post-cracking behavior is influenced by the characteristic values of residual flexural ten-
sile strengths (f Ri) calculated as a function of the crack opening, crack mouth opening displacement (CMOD) or
load–displacement constitutive relationship. There is no consensus in the literature for analytical models development.
There are studies11,12,13 that use the linear regressions generated from the basic properties of the composite materials, as
the compressive strength of the concrete matrix and the product of the fiber content by the fiber aspect ratio, the fiber
reinforcement index (RI), to predict the residual flexural strength of SFRC. Therefore, these regressions do not always
provide the results that converge satisfactorily for several reasons, considering the variabilities of the parameters such as
the type of concrete compactness,11,14 the type of fiber shape, and the sensitivity of the test method used. Thus, theoreti-
cal predictions are subject to considerable variability. According to Moraes-Neto et al.12 a relatively large scatter of results
is naturally expected (CV = 27%–36%), whereas, Venkateshwaran et al. observed a coefficient of variation around 25%.
Table 1 presents the summary of the empirical approach of residual strengths proposed by Moraes-Neto et al.12 and by
Venkateshwaran et al.13

This work proposes a new empirical model for predicting the residual strengths for the design procedure with fib
Model Code,8 In concrete with low steel fiber content, high rates can either weaken the workability5,15 in the fresh state
or considerably influence the mechanical property responses of the SFRC hardened state. The equations include the most
significant parameters governing the tensile behavior of SFRC, tensile stress at failure pull-out and fiber content. Param-
eters as inclination,16,17 the number of hooked ends,18,13,19 and random distribution1 of steel fibers were not considered.
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T A B L E 1 Empirical equations for characteristic residual flexural strengths

f Ri

Empirical approach

Moraes-Neto et al.12 Venkateshwaran et al.13

f R1,d 7.5 ⋅ (RI)0.8 𝛹 ⋅
[
0.320 ⋅ (fc)0.5 + 6.214 ⋅ (RI) + 0.034 ⋅ N2]

f R2,d - 𝛹 ⋅
[
0.353 ⋅ (fc)0.5 + 7.337 ⋅ (RI) + 0.300 ⋅ N2]

f R3,d 6.0 ⋅ (RI)0.7 𝛹 ⋅
[
0.300 ⋅ (fc)0.5 + 7.629 ⋅ (RI) + 0.373 ⋅ N2]

f R4,d 5.5 ⋅ (RI)0.65 𝛹 ⋅
[
0.284 ⋅ (fc)0.5 + 7.018 ⋅ (RI) + 0.343 ⋅ N2]

Note: RI is the fiber reinforcement index, Vf ⋅
(

lf ∕df
)
; factor 𝛹 is a factor which takes into account

the fiber length, 𝛹 =
(
1 + lf ∕100

)0.5; and N is the number of the hook-ends in steel fiber.

To further prove the model’s effectiveness, a comparison with the other models found in the literature and described
above is also reported at the end of the article.

2 MODEL CODE 10 RECOMMENDATIONS AND DESIGN METHODS

Figure 1 shows the process of performing three-point bending tests (3PBT) according to Model Code10.8 It is recom-
mended that the equipment responsible for reading the notch opening (CMOD reading) be installed in the center of the
beam and along its longitudinal axis. The reference distance for the CMOD measurement should not be greater than
40 mm and the distance between the bottom of the beam and the equipment axis should be less than 5 mm. The accuracy of
the CMOD should be 0.01 mm and the accuracy of the equipment used in reading the loading should be 0.1 kN. The load-
ing rate must be controlled. The Model Code10 8 provides four residual strengths, f R1, f R2, f R3, and f R4, which correspond
respectively to CMOD of 0.5, 1.5, 2.5, and 3.5 mm. The residual strengths are calculated according to Equation (1).

fRi =
3 ⋅ FR,i ⋅ L
2 ⋅ b ⋅ h2

sp
(1)

where, FR,i refers to the load registered in CMODi; L, b, and hsp are the geometry measurements of the notched prism.

2.1 Tensile stress at pull-out failure

The maximum fiber tensile stress (𝜎f ,max) can be obtained by dividing the maximum pull-out load (Fmax) per the nominal
cross-sectional area of the fiber (Af ), Equation (2). According to Nzambi et al.5 the maximum pull-out load of SFRC can
be calculate by Equation (3). Where, 𝜆, e, 𝜑 are parameters that take into account the influence of fiber volume on fiber
adherence length and f ct is tensile strength in flexural and defined as 0.3 ⋅ f 2∕3

c .

𝜎f ,max =
Fmax

Af
(2)

Fmax = 𝜆 ⋅ 𝜋 ⋅ df ⋅ l𝜑f ⋅ fct (3)

F I G U R E 1 3P prism notched test (mm) and f Ri x CMODi diagram (Model Code5)
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where, df is the fiber diameter and lf is the embedment length of steel fiber. The maximum tensile stress induced in the
fiber (𝜎f ,max) can be calculated using Equation (4), substituting Equation (2) into (1).

𝜎f ,max = 4 ⋅ 𝜆 ⋅ fct ⋅

(
l𝜑f
df

)
> 𝜎fy (4)

According to Dancygier and Savir,20 the tensile stress, resisted by fibers bridging a unit area of the inclined crack is
calculated from Equation (5). The fiber bond strength, 𝜏 f is taken as 4.15 MPa.

𝜎f = 2 ⋅ 𝜏f ⋅
( lf

df

)
≤ 𝜎fy (5)

2.2 Strain constitutive law

Tensile stress versus strain constitutive law of SFRC greatly influence the flexural response of the prismatic notched spec-
imens, the uniaxial first crack tensile strength of fiber reinforced concrete, f Ft, may be assumed equal to that of the matrix,
f ct.21,22 For softening behavior material, the strength, f Ft, may be assumed equal to the maximum stress (Figure 2A).
The simplified constitutive laws for representing the tensile behavior of SFRC, according to Model Code,8 are shown in
Figure 2B. The stress-crack opening relationship in uniaxial tensile characterizes the post-cracking behavior of the mate-
rial, in linear elastic model or a rigid-plastic model, where f Fts and f Ftu, concerning serviceability limit state (SLS) and
ultimate limit state (ULS) behavior respectively. According to Model Code,8 the f R1 strength values indicate the material
classes in flexure, ranging from 1 to 8 MPa. Whereas the f R3/f R1 ratio is denoted by the letters a, b, c, d, e, corresponds to
the classification presented in Table 2, softening or hardening materials.

2.3 Database (DB) details

The DB used in the analysis is formed by 13 different works reported by the literature, consisting of 46 experimental
flexural tests at three points of notched prisms, as defined in Reference 8, see Table 3. These beams were reinforced only

(A) (B)

F I G U R E 2 Tensile behavior of SFRC: (A) Tensile stress versus strain. (B) Simplified constitutive laws

T A B L E 2 Classification according to Model Code8

Class f R3/f R1 Behavior

a 0.5 Softening

b 0.7

c 0.9

d 1.1 Hardening

e 1.3
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T A B L E 3 Beams residual strength database

Id. f c (MPa) V f (%) lf (mm) df (mm) lf ∕df

Experimental f Ri,EXP

f R1 (MPa) f R2 (MPa) f R3 (MPa) f R4 (MPa)
AM-0.4-EH123 61.30 0.40 35.00 0.55 63.64 4.99 4.11 3.32 2.73
AM-0.8-EH123 63.80 0.80 35.00 0.55 63.64 7.44 7.08 5.68 4.63
AM-0.4-EH223 63.60 0.40 60.00 0.90 66.67 5.35 5.90 5.53 5.05
AM-0.8-EH223 58.70 0.80 60.00 0.90 66.67 7.94 9.48 8.78 7.56
AM-0.4-EH124 61.30 0.40 35.00 0.55 63.64 5.49 4.05 3.03 2.36
AM-0.4-EH124 61.30 0.40 35.00 0.55 63.64 4.37 3.91 3.28 2.79
AM-0.4-EH124 61.30 0.40 35.00 0.55 63.64 4.67 3.49 2.98 2.37
AM-0.4-EH124 61.30 0.40 35.00 0.55 63.64 5.22 3.92 3.06 2.58
AM-0.4-EH124 61.30 0.40 35.00 0.55 63.64 4.74 4.16 3.50 2.88
AM-0.4-EH124 61.30 0.40 35.00 0.55 63.64 5.46 5.14 4.09 3.39
AM-0.4-EH25 61.30 0.40 35.00 0.55 63.64 4.93 4.06 3.33 2.75
AM-0.8-EH25 63.80 0.80 35.00 0.55 63.64 7.46 7.07 5.68 4.62
s3e304 40.60 0.40 30.00 0.50 60.00 3.50 - 2.73 2.61
s3e454 40.00 0.60 30.00 0.50 60.00 4.83 - 3.95 3.75
s4e304 35.70 0.40 60.00 0.80 75.00 3.50 - 3.15 3.08
s4e454 36.40 0.60 60.00 0.80 75.00 5.13 - 4.20 3.83
s5e304 48.40 0.40 60.00 0.80 75.00 4.40 - 1.64 1.34
s5e454 54.00 0.60 60.00 0.80 75.00 5.35 - 3.45 3.18
Beam-3A26 59.30 0.50 60.00 0.75 80.00 6.56 - 7.87
B40327 67.70 0.50 30.00 0.38 78.95 9.87 9.73 8.90 7.82
B40627 89.50 0.50 30.00 0.38 78.95 10.57 9.62 8.12 6.81
11(3)28 56.39 0.75 35.00 0.55 63.64 8.22 7.13 5.42 4.13
12(7)28 61.23 0.75 35.00 0.55 63.64 7.44 6.77 5.52 4.61
13(5)28 61.94 0.75 35.00 0.55 63.64 6.82 6.25 5.38 4.69
16(5)28 60.66 0.75 35.00 0.55 63.64 6.67 5.97 5.26 4.54
17(5)28 63.46 0.75 35.00 0.55 63.64 8.39 7.59 6.52 5.66
18(5)28 54.81 0.75 35.00 0.55 63.64 8.36 7.47 6.40 5.59
C25V25029 26.40 0.25 60.00 0.63 95.24 2.67 2.66 2.60 2.41
C35V37529 36.30 0.37 60.00 0.63 95.24 3.71 3.73 3.46 2.97
C45V25029 47.60 0.25 60.00 0.63 95.24 4.33 3.00 2.23 1.61
C45V37529 47.60 0.38 60.00 0.63 95.24 4.65 3.52 2.69 2.39
C45V50029 47.60 0.50 60.00 0.63 95.24 6.19 5.00 3.40 2.72
C20/25_Vf2030 27.40 0.29 65.00 1.00 65.00 2.74 2.69 2.56 2.36
C20/25_Vf4530 27.60 0.62 65.00 1.00 65.00 4.65 4.55 4.37 4.12
C30/37_Vf2030 40.90 0.28 65.00 1.00 65.00 3.61 3.57 3.50 3.31
C1B231 48.60 0.50 50.00 0.75 66.67 4.47 4.55 4.58 4.40
C1B531 48.60 0.50 50.00 0.75 66.67 4.30 4.30 4.17 3.86
C3B331 41.40 0.50 50.00 0.75 66.67 3.82 3.82 3.67 3.45
C3B431 41.40 0.50 50.00 0.75 66.67 3.80 3.87 3.78 3.58
C3B531 41.40 0.50 50.00 0.75 66.67 3.84 3.69 3.44 3.16
C3B631 41.40 0.50 50.00 0.75 66.67 3.90 3.90 3.90 3.82
3P-SH-6032 52.08 0.75 30.00 0.38 78.95 10.25 - 10.26 -
M40SF30−001

33 40.00 0.38 60.00 0.75 80.00 3.42 3.90 3.96 3.77
M40SF30−01

33 40.00 0.38 60.00 0.75 80.00 3.69 4.49 4.72 4.65
RC-SFRC134 35.00 0.38 60.00 0.75 80.00 3.34 - 3.07 -
RC-SFRC234 35.00 0.56 60.00 0.75 80.00 6.04 - 5.17 -
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Hook

lf

df

F I G U R E 3 3D hooked-end fiber

with hooked-end type steel fibers, mostly of 3D geometry (Figure 3), presented, in general, softening behavior and with
the main parameters such as concrete compressive strength, 25< f c < 80 MPa, fiber volume content, 0.25%<V f < 0.80%
and fiber aspect ratio, 60< lf /df < 95. The f Ri values presented were given in the consulted papers.

3 DISCUSSION

Assuming that the maximum experimental stresses per unit volume of fiber are expressed by Equation (6), then we can
analyze the behavior of the maximum stresses for f R1 and f R3. Note that for f R1, in Figure 4, the maximum stresses are
greater than the fiber yield stress, taken as the mean value from Equation (5). While for f R3, in Figure 5, the maximum
stress reductions are observed, with values even lower than the yield stress. These reductions are justified due to crack
displacements and loss of bonding at the fiber-matrix interface. Analyzing the influences of concrete compressive strength
and fiber volume on the maximum stresses, it is possible to observe a directly proportional relationship of the maximum
stress with concrete compressive strength and both inversely proportional with fiber volume.

𝜎f ,max = fRi∕Vf ≥ 𝜎y (6)

The analysis of the maximum stresses from Equation (4) showed a contrary behavior to the previous observations.
The maximum stresses tend to grow extremely with increasing fiber volume, Figure 6A. With values much higher than
the maximum stress values from Equation (6). This is justified because Equation (6) reveals the pullout behavior of ribbed
steel bars in concrete matrix with the steel fiber,5 so the failure can occur mainly in three ways, in the concrete, in the steel,
or in sliding, that is the critical stress is influenced integrally by the bond length, the concrete strength, and the sliding
that in time is affected by the physical–chemical adherence of the fibers, consequently increasing the critical stress, in
addition to the fibers have smaller diameters concerning the steel bars and was inversely proportional to the maximum
stress, as shown in Figure 6B.

While the failure of steel fiber in the matrix occurs solely by slippage, the fiber length (lf ) is usually less than the
critical length required2 to develop the maximum tensile strength of the fiber, according to Abdallah et al.35 increasing the
embedded length of the 3D fibers did not result in an improvement on the maximum pull-out load, but increase in the total
pull-out work, and also due to the loss of adhesion with the crack openings. Figure 7A reveals that the failure occurs in
steel, the tensile strength of fibers influences the failure mode of the fiber that is being extracted from a concrete matrix.19,36
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F I G U R E 7 Relationship between maximum stress and fiber volume

The effect of the fiber volume reveals a difference in the order of 103 compared to the maximum stress (Figure 7B) of
Equation (4). That is, the residual stress behavior during direct fiber pull-out is 103 lower than the ultimate tensile stress.

3.1 Proposal

Thus, a new calculation model to predict residual strengths (f Ri,d) values is proposed according to Equation (7). For the
parameters for 𝝀 and 𝝋 in Equation (4), the values presented in Table 4 were used, and the maximum stress and the fiber
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T A B L E 4 Parameters used according to Nzambi et al5

V f (%) 𝝀 𝝋

[0.00–0.39] 10 0.70a

[0.40–0.49] 10 0.77

[0.50–0.60] 26 0.55

[0.61–0.80] 26 0.65a

aAdopted value.

volume were also computed. Since the fiber volume is only influencing the scaling factor, it was limited to Vf = 0.1%.

fRi,d = A ⋅
(
𝜎f ,max ⋅ Vf

)B (7)

where, A and B are the regression coefficients.

3.1.1 Proposed model accuracy

The mean absolute percentage error (MAPE) is a measure of how accurate a forecast system is. It measures accuracy.
Compared to each observed value with their respective numerical value. The lower the MAPE values, the better the
performance of the numerical model. Can be calculated by Equation (8). The MAPE is the most common measure used
to forecast error and works best if there are no extremes to the data (and no zeros).

MAPE = 1
n
⋅

n∑
t=1

|||||
fRt,Exp − fRt,d

fRt,Exp

||||| ⋅ 100 (8)

where:
n is the number of fitted points; f Rt,Exp is the experimental value; f Rt,d is the design value; Σ is summation notation.

3.1.2 Residual strengths

The best-fitting coefficients (Ai, Bi) of regression analysis for f R1 were 1.121 and 0.91; 1.150 and 0.76 for f R3. The accuracy
of the predictions was satisfactory, the MAPE was approximately equal to 8% for f R1 and 20% for f R3, within a range of
variability between 15% and 25%, as shown in Figure 8. While the R2 of f R1 to f R3 went from 92% to 54%, respectively, the
same observation was verified by LAMEIRAS et al.28

But by analyzing the standard errors at the 95% confidence interval and comparing the experimental results with the
predictions of MOD.I (from this work), MOD.II,12 and MOD.III,13 showing in Figure 9, it was possible to note approxi-
mation of the experimental results and with the MOD.I and MOD.III13 models for f R1. In f R3, despite presenting the R2 of
54%, the distribution followed the experimental results satisfactorily with lower standard error, while MOD.III13 proved
to be very different, presenting values for f R3 > f R1. MOD.II,12 despite presenting lower standard error, had greater disper-
sion and was extremely conservative. The model had the lowest coefficient of variation of only 10% and the lowest IQR
of 0.15 for f R1.

While for f R3, all models had about the same coefficient of variation. The MOD.II12 remained extremely conservative
and MOD.III13 proved to be extremely anti-safety, as shown in Figure 10. Figure 11 clearly shows the variability of the
experimental results and the empirical models concerning the percentiles. The accuracy of the model is confirmed in both
situations. Note that at f R3, the model differs from the experimental results at the 89th percentile, due to the variability
of some experimental f R3 values.

Figure 11 also highlights an approximation of MOD.III13 with the model (MOD.I) and the experimental results, for
f R1 and a difference in behavior from MOD.III13 for f R3, due to the model presenting high values compared to f R1. Thus,
an analysis of variance was performed to verify whether or not there is a statistically significant difference between the
mean results of residuals strength (f R1 or f R3), when they were compared in different models in the one-way analysis.
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F I G U R E 8 Predicted versus experimental values of the residual strengths f R1 and f R3

F I G U R E 9 Analysis of the safety intervals with the normal distribution

F I G U R E 10 Boxplot of residual strengths
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F I G U R E 11 Percentile graphs of residual strengths

T A B L E 5 Tukey test for f R1

Experimental MOD.I (present study) MOD.II12 MOD.III13

Experimental 1 1.971E-10 1

MOD.I (present study) 0.0713 1.482E-10 0.9998

MOD.II12 9.999 10.07 2.373E-10

MOD.III13 0.04655 0.1178 9.953

Note: Bold values indicate that the models are not statistically equal.

T A B L E 6 Tukey test for f R3

Experimental MOD.I (present study) MOD.II12 MOD.III13

Experimental 0.9464 1.738E-07 9.106E-11

MOD.I (present study) 0.7781 2.194E-06 2.772E-12

MOD.II12 8.206 7.469 0

MOD.III13 10.2 11.03 18.5

Note: Bold values indicate that the models are not statistically equal.

The statistical program PAST was used and a confidence level equal to 95% and statistical significance of 5% was adopted.
The results showed statistical differences between the models. Analyzing Tukey’s test, presented in Tables 5 and 6, it was
found that the model is statistically equal to the experimental and MOD.III,13 for f R1, in f R3, the model was not statistically
equal to both models, MOD.II12 and MOD.III,13 corroborating with the experimental results. This reveals that empirically
considering only the shape factor as the only parameter for predicting the residual strengths in steel fiber concrete may
provide too conservative results as shown in boxplot graphics. Besides shape factor, material properties and behavior both
in compression and direct tensile tend to be closer to reality until the first crack.

Table 7 presents the summary with the remaining A and B coefficient results for f R2 and f R4. While Table 8 presents
the summary statistics of the comparisons of experimental results with the empirical models, (f Ri,Exp/f Ri,d).

T A B L E 7 Summary of model results

f Ri A B Mean CV (%) MAPE (%) R2

f R1 1.121 0.91 1.0 10.0 8.3 0.92

f R2 1.170 0.83 1.0 18.0 12.5 0.77

f R3 1.150 0.76 1.0 25.0 20.5 0.54

f R4 1.260 0.63 1.0 31.0 25.7 0.32
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T A B L E 8 Summary of the statistical performance of the empirical equations for residual strength

Stat.

Proposed equations Moraes-Neto et al.12 Venkateshwaran et al.13

fR1,Exp

fR1,d

fR2,Exp

fR2,d

fR3,Exp

fR3,d

fR4,Exp

fR4,d

fR1,Exp

fR1,d

fR3,Exp

fR3,d

fR4,Exp

fR4,d

fR1,Exp

fR1,d

fR2,Exp

fR2,d

fR3,Exp

fR3,d

fR4,Exp

fR4,d

AVG 1.00 1.00 1.00 1.00 1.66 1.87 1.93 0.98 0.77 0.69 0.65

SD 0.10 0.18 0.25 0.42 0.41 0.48 0.49 0.24 0.20 0.21 0.20

CV 0.10 0.18 0.25 0.31 0.25 0.25 0.26 0.25 0.26 0.30 0.31

MAPE (%) 8.3 12.5 20.5 25.7 36.5 31.5 28.5 19.6 40.4 60.5 70.6

The proposed model kept the coefficients of variation low when compared to the other two models. Also, evaluating
the MAPE, it can be verified that the proposed model presented lower values too. In other words, the model guarantees
an optimization in the dosage of the SFRC compared to the predictions of the other theoretical models discussed in this
article.

3.1.3 Analysis of flexural and tensile responses

According Model Code,8 the ultimate stress of SFRC in ULS37,38,39 is calculated by Equation (9), where, fFts represents the
characteristic tensile strength in SLS and can be taken as 0.45 ⋅ fR1 and takes into account the relationship between the
ultimate crack opening (wu = 1.5) and the CMOD3 = 2.5.

fFtu = fFts −
wu

CMOD3
⋅ (fFts − 0.5 ⋅ fR3 + 0.2 ⋅ fR1) ≥ 0 (9)

Table 9 presents the residual stresses at flexure (f R1 and f R3), the class and the classification of the material’s behav-
ior. The model proposed was satisfactory in predicting the failure mode and material behavior with the Model Code.8
It was interesting to note the divergence of the classes of the empirical models, despite the model of Venkateshwaran
et al.13 presenting f R1 practically equal to the proposed model and the experimental results, the model presented a
different class, 6d, and a hardening behavior, due to the high value of f R3 about f R1. Likewise, despite the model of
Moraes-Neto et al.12 presenting a softening behavior, it also presented a different class than the experimental one.
Revealing a viable optimization alternative for design with the proposed model. Another observation, the empirical
regressions tend to show low variabilities of the f R3/f R1 ratio, from 1% to 5%, while the experimental results showed
variability of 22%.

Table 10 presents the comparison of residual stresses at tensile, f Fts and f Ftu. It is noted that the application of the
residual strength proposed model presented better results, compared to the results obtained from the models References
12 and 13. The equations of Moraes-Neto et al.12 showed that regressions with only fiber RI tends to make the model more
conservative.

T A B L E 9 Residual stresses at flexure and classification6

Author

Flexure

Class

Classification

f R1 (MPa) f R3 (MPa) f R3/f R1 CV Behavior

Venkateshwaran et al.13 5.45 6.28 6d 1.15 0.01 Hardening

Moraes-Neto et al.12 3.26 2.88 3c 0.88 0.03 Softening

Proposed equations 5.47 4.26 6b 0.78 0.05 Softening

Experimental 5.46 4.41 6b 0.81 0.22 Softening

Note: Taking the average values for f R1 and f R3 from the results.
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T A B L E 10 Comparison of residual stresses at tensile

Author

Tensile

f Fts,Exp/f Fts,d f Ftu,Exp/f Ftu,df Fts (MPa) f Ftu (MPa)

Venkateshwaran et al.13 2.5 2.2 1.0 0.8

Moraes-Neto et al.12 1.5 1.1 1.7 1.6

Proposed equations 2.5 1.6 1.0 1.1

Experimental 2.5 1.7 - -

Note: Taking the average values for f Fts and f Ftu from the results.

4 CONCLUSIONS

The present work presented the empirical proposal for calculating the residual strengths in concrete with low steel fiber
content. The model showed that it is possible to predict satisfactorily with accuracy the residual stresses of the flexural
behavior from the equation of the maximum steel fiber pullout stress, with the variability of 10% and 25% for f R1 and f R3,
respectively. The model had the MAPE of 8% and 20% for f R1 and f R3, lower values compared to other empirical models
studied, and had the same material class with the experimental results, proving to be a viable alternative for pre-design40

and dosage optimization for SFRC.
Despite presenting a low coefficient of variability and the smaller number of specimens analyzed, there is still a need

for more research on the phenomenon to better understand the relationship between the variables described in this article.
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NOTATION
Af nominal cross-sectional area of the fiber
Ai, Bi proposal regression coefficients
b beam width
df fiber diameter
F resultant force
f c concrete compressive strength
f ct concrete tensile strength
f Ft uniaxial first crack tensile strength of fiber reinforced concrete
fFts residual tensile strength in the service limit state
fFtu residual tensile strength in the ultimate limit state
Fmax maximum pull-out load
fR,i residual flexural tensile strength of fiber reinforced concrete corresponding to CMODi
f Ri,d design residual flexural tensile strength
f Ri,Exp experimental residual flexural tensile strength
H beam height
hsp height of the prism in the notch plane
L span
lf fiber length
V f fiber volume
𝜆, 𝜑 constants of influence of the fiber on the ultimate pull-out strength5

https://publons.com/publon/10.1002/eng2.12490
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𝜎f fiber tensile stress
𝜎fy fiber yield stress
𝜎f ,max maximum fiber tensile stress
𝜏f fiber bond strength
𝛹 factor which takes into account the fiber length.13
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