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SPATIAL SEGREGATION LIMIT OF COMPETITION SYSTEMS AND
FREE BOUNDARY PROBLEMS?

JIAN YANG™ AND BENDONG LOU*

ABSTRACT. We consider a PDE/ODE system for two pairs of competing species and study the
spatial segregation limit as the interspecific competition rate tends to infinity. We show that
the limiting problem is a one-phase Stefan problem for nonlinear diffusion equations.

1. INTRODUCTION

Let 2 be a bounded domain in R with smooth boundary. We study the following competition
system:

up =V - Al(ul) + f1($,t,ul,’UJ2) — kplulvl, reQ, t>0,
V1t = —kqlulvl, reQ, t>0,
U2t :V‘AQ(UQ)+f2(l',t,U1,U2)—kPQUQUQ, T e Qv t>07

(1.1) =V
Vot kqaugva, re, t>0,
Az(ul)V:O, xed, t>0,i=1,2,
ui(x,0) = uio(z), vi(z,0) = vip(x), reQ, i=1,2,

where, for ¢ = 1,2, A;(u) := a;Vu + uVb; for some functions a; and b;, v denotes the outward
unit normal vector on the boundary 052, f; is the growth term of u;, p; and ¢; are positive
constants, and the parameter £ > 0 denotes the interspecific competition rate.

This system involves four species (with densities u1, v1,u2 and v9). For i = 1,2, u; and v; are
formed to be a competition pair (the competition becomes stronger with the increase of k). u;
satisfies a PDE while v; satisfies an ODE without diffusion. Moreover, u; and us are coupled
through the reaction terms f; and fo. We will show that as k& goes to infinity, the habitats of
u; and v; segregate each other, and the limiting problem is a system of u; and us with Stefan
free boundary condition, which, as an interesting problem itself, has been extensively studied in
recent years (see details in section 4). Further background and related problems of the system
(1.1) can be found in [4, 12, 17, 19] etc..

Our basic assumptions are as follows:

(A1) (Coefficients). For i = 1,2, a;,b; are smooth functions defined in Q x [0,00) with A\ <
a; < A for some constants A > \ > 0.
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2 J. YANG, B. LOU

(A2) (Source terms). For i = 1,2, f; € C! (ﬁ x [0, 00)3), fi(z,t,0,8) = fa(x,t,£,0) = 0 and
fi(w,t,1,6) + Ab; <0 for (z,t) € 2 x [0,00) and & € [0, 1].

(A3) (Initial conditions). For ¢ = 1,2, (u0,vi0) € C(£2) x L>=(£2). Both of them take values
in [0, 1] and uovio = 0 in .

In section 2 we first present the existence and uniqueness for the solution U := (uq, vy, ug, v2)
to (1.1) (we also write the solution as U®) := (ugk), ng)’ ugk), ng)) in some places to emphasize
its dependence on the parameter k), and then give some a priori bounds for the solution. These
bounds are used in section 3 to show that the solution sequence U®) converges, as k — oo,
to (uf,v],us,v3). Then we prove that this tetrad is uniquely determined by the unique weak
solution of a Stefan problem. Finally, we present an explicit form for the Stefan problem,
which is a one-phase free boundary problem for nonlinear diffusion equations. Summarizing the
conclusions in sections 2 and 3 we have the following theorem.

Theorem 1.1. Let T be any positive number. Suppose that UK = (ugk),vgk),uék),vék)) 18
the unique solution of (1.1) in Qr = Q x (0,T]. Then there exists U* := (uf, v}, u3,vy) with
(uf,vy) € L?(0,T; HY(Q)) x L=(Qr) such that, fori=1,2, as k — oo,

uz(»k) — u} strongly in L*(Qr), weakly in L*(0,T; H*(Q)) and a.e. in Qr,

k)

UZ-( — v} weakly in L*(Qr),

and Qux (t) N Q= (t) = 0, where
Qu: (1) == {(z,t) € Q7 | uj (2, 1) > 0}, Qe (t) := {(2,t) € Qr | v (2,1) > 0}.

Moreover, fori=1,2, if I'i == Uycycr L'i(t) (with T';(t) := 0Qy:(t)) is a smooth hypersurface

satisfying Ti(t) N0 = 0 for 0 <t < T, uf is smooth in Qx(t) x [0,T] and vio(z) € (0,1] for

x € Oy, (0), then (ui(z,t),ud(x,t),I'1(t),I'2(t)) solves the following free boundary problem

(

Uit = V- Al(ul) =+ fl(.ﬁU,t,Ul,UQ), (mvt) € QU1 (t) X (OaTL
Ut = V- AQ(UQ) =+ f2($,t,U1,U2), (.’L‘,t) € QUQ(t) X (OaTL
ui(z,t) =0, (z,t) € y(t) x (0,T], i =1,2,
i Qg :C,t Uq
(1.2) V,, = —ng, () € Tu(t) x (0,T], i = 1,2,
Ai(us) v =0, 2,t) €90 % (0,T], i =1,2,
I'i(0) = 02,,(0), ui(z,0) =ujo(x), z€Q, i=1,2,

where n; is the unit normal vector on T';(t) oriented from Qu,,(t) to Q\Qy, (t).

Note that the strong competition terms —kp;u;v; in (1.1) leave effect to this limiting problem
in a way that the normal velocity V,,, of the free boundary depends on v;g.

Finally, in section 4, we give some remarks. First we present a simple version of the problem
(1.2) without ug and I's (cf. Theorem 4.1 below). Then we give a brief review on recent studies
for the problems (1.2) and (4.2). In some sense, this paper can also be regarded as a derivation
for the widely studied problems (1.2) and (4.2).

Throughout this paper, when we write a formula for u; or v;, we mean that it is true for both
i=1,2.
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2. WELL-POSEDNESS OF (1.1) AND A PRIORI BOUNDS

2.1. Existence and uniqueness of the solution. The existence of solutions to the PDE/ODE
system (1.1) does not follow directly from the standard theory of parabolic equations because
of the lack of diffusions for v; and ws.

Lemma 2.1. Assume (A1)-(A83) hold and T' > 0. Then the problem (1.1) has a unique weak
solution (uq, vy, ug,ve) with

ui € W (Qr), v € C¥N([0,T); L=(9)),
and 0 <wu; <1,0< v < 1.

Proof. The existence of the solution can be shown by the Schauder fixed point theorem as in
[12]. We give a sketch here. Set

X = L2(QT) X LQ(QT) and X := {(wl,wg) eZ ’ 0< wy,we < 1}.

1. We define an operator C; : X — 2 as follows. Given (uj,uz) € X. Consider the initial
value problem
Uit = —kqiu;;, in Qr,
0i(x,0) = vip(z), in Q.

A direct calculation yields
(2.1) b3, 1) = vio(w)e ki Jo wi@)ds ¢ 001 ([0, T); L°°(Q)) and 0 < 9 < 1.

Hence (01,702) = Ci(uj,u2) € X. Moreover, one can show by (2.1) that C; : X — 2 is a
continuous operator.

2. Next we define an operator C2 : X — £ in the following way. Given (vi,v2) € X, let
(1, Ug) := Ca(v1,v2) be the unique solution of the problem

Uy = V- Ai(n) + fi(z,t, 01, 02) — kpragvr, =€, t>0,
gy = V - Ag(li2) + fo(x,t, U1, U2) — kpatigve, x € Q, t >0,
Ai(ﬂi)‘vzo, e i, t>0,
Ui(2z,0) = uip(x), reQ, i=1,2.

(2.2)

Then @; € W3 (Qr) and H%’HW;J(QT) has an upper bound, independent of (v1,v2). Moreover,

0 < @; < 1 since [0, 1]? is an invariant domain by the assumption (A2).

To show the continuity of Co, we assume (vim,v2,) € X such that vy, — 0; as m — o0
in L?(Qr). Then (G1m,f2m) = Co(vVim,V2m) is bounded in W;’I(QT) X Wg’l(QT), so there
is a subsequence of {m} (still denotes it by {m}) and functions iy, s € L?(Qr) such that
(i1, Tiom ) — (@1, U2) as m — oo in L?(Q7) x L?(Qr). For any test function n € C*®°(Qr) with

% = 0, multiplying the equation of u;, by n and integrating it over Q7 by parts we obtain

t=T
/ (ﬁimﬂ)‘t . dr = // {ﬁimnt + fi(x,t, Gy, Gom)n — kpiﬁimvimn} dxdt
Q = T

+ / / [aimwi V) + i AY — Giim Vi vn} dadt.
T
Taking limit as m — oo we have

t=T
/ (ﬂﬂ]) dx = // |:’ELZT]t + fZ(J,‘, t, ﬂl, ’ELQ)H — kpzazi}zn} da:dt
Q t=0 Qr

T
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Therefore (11, U2) is a weak solution of (2.2) with v; = ¥;, so we have (41, u2) = Co(01,02). This
proves the continuity of Cs.

3. From above we see that C := Cs o C; maps X into X continuously. Moreover, C maps
bounded sets of X into compact sets of X as Cy does. So, the Schauder fixed point theorem can
be applied to give the fixed point of C, which is the solution of (1.1).

4. The uniqueness of the weak solution is a consequence of the following lemma. O

Lemma 2.2. Let (u1,v1,u2,v2) and (U, 01, Uz, U2) be the solution of (1.1), as in the previous
lemma, with initial data (ui0,v10,u20,v20) and (10, V10, U20,V20), Tespectively. Then for any
t > 0 we have

/@(x,t)dmgeMt/ O(z,0)dx,
Q Q

where M > 0 is a constant depending only on f1, fa, q1,q2 with @; 1= u; — U;, VY; == v; — U,
O(z,t) == qifp1(z, V)| + prlYn (@, O)] + q2|wa(z, V)| + p2|ta(, t)].

Proof. For any given t > 0, by our assumption (A2), there exist M; > 0 such that

|fi(z,t, s1,82)— fi(x,t,51,82)] < M;i(|s1—381|+]|s2—382|) for (z,t) € Q¢ := Q2 x(0,t], s4,5; € [0,1].

Subtracting the equation for u; and 4;, multiplying the result by sign(y;) and then integrating
it over )y we deduce

(2.3) /Qwi(x,t)\dxg[)|¢i<x,o>\dw—kpi//cgt |soi|vi+kpl-//@ |¢imi+Mi//Qz (I + sl

Here we used the fact
/ / i -sign(pi) = /Q i, )| — /Q lpi(z,0)|dz  and / [ V- A siamie) =0

as in the proof of [4, Theorem 2.2]. Subtracting the equation for v; and ¥;, multiplying the result
by sign(1);) and then integrating it over @); we obtain

(2.4) /Q i, )| da < /Q i, O)lde + ks [ /Q gl = ko / /Q Il

Multiplying (2.3) and (2.4) by ¢; and p;, then taking the sum of them we have
[atetetlae < [ falote0)]+plode. 0] da
< | e 0+ pilsto 0o it [ | (gl + o)
Set E(t) := fot (ql\gol\ + qglcpgl), then the above inequality implies that
B < [ 00+ @M+ ety [[ (o + 1) < [ OG0+ ME®),
¢

where M := (q1 My + ¢2M>)/ min{qi,q2}. The conclusion then follows from the Gronwall’s
inequality. [l
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2.2. A priori bounds. Now we present some a priori bounds for the solution of (1.1). These
bounds will play important roles later.

Lemma 2.3. Let (u1,v1,u2,v2) be the solution of (1.1), then there exists C > 0, independent
of k such that

(2.5) k:// uvidrdt < C, // \Vug|*dxdt < C.
QT Qr

Proof. To prove the first bound, one only needs to integrate the equation for u; over Q7.
We now prove the second inequality. Multiplying the equation for u; by u; and integrating it
over Q7 we have

//QT Vedxdt = //QT i(ui)u;) — Ai(ug) - Vg -l-/QT[fi(x,t,ul,uQ) — kpsuivilu;

Using the boundary condition in (1.1) we have

1
/ u?(x t // uz -Vu; + // fz x,t, u17u2) kszzUz] (7
2 Ja T T

By the assumption (Al we have

)\// \Vui|2 // az|Vu,] +kpl// u v;
Qr
1 t=T
= // w;Vb; - Vu; + / filx, t,ug, uo)u; + = /uf(az,t)‘ dx
Qr 2 t=0
// |Vug)? + // u?|Vb|? + F|QIT + = y l,
2 Qr

where || denotes the measure of Q and F; := max{f;(z,t,s1,52) | * € Q,t € [0,T}], 51,52 €

[0,1]}. Therefore,
1 2 1
// IVu;|* < C = 2// IVbi* + SFi|QIT + £19].
T )\ QT )\ )\

This completes the proof. ]

IN

IN

We will use the Riesz-Fréchet-Kolmogoroff theorem to give the convergence for U¥) as k — co.
For this purpose we need the estimates for the difference between u;, v; and their shifts.

Let 7 > 0 be a small constant. For any r € (0,7), denote Q, := {x € Q | B(x,r) C 2}, where
B(z,r) is an open ball with radius r centered at x.

Lemma 2.4. There exists C > 0 such that, for any & € B(0,r),

T
(2.6) /O /Q i+ €,1) — uia, D) < CleP,

and for any T € (0,T),

(2.7) /T_T/ i (2, £+ 7) — ug(a, )2 < OF.

Proof. The inequality (2.6) follows from (2.5) immediately. Indeed, by (2. ) we have

//uzx—i—ﬁt //[/ Vui(z + s, t) - &ds <C\§|2
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1 for some constant C' > 0 independent of ¢ and r. Next we prove (2.7).

/OT_T/Q[ui(:L",t + 1) — i, )

_ /OT_T/Q[ui(x,t—I—T)—ui(x,t)] /OTuit(x,t—Fs)ds
_ /OTT/Q[ui(x,t—i-T) e /;[V-L—l—fi—kpiui(m,ﬂ)vi(x,/i)]ds,

2 where k =t +s, f; := fi(z, k,uy(z, k), us(z, k) and A; := a;(x, ) Vu(z, K) + wi(z, £)Vbi(z, k).
3 For t = 0 or t = 7, note that

T T—1
/ / / ai(z, K)|Vui(z,t + 8)| - |Vui(z, t +t)|dtdzds
0 JQJO

T T—1
< A/ / (/ [[Vui(z, t+s)[* + Vui(x,t+t)|2]dt> dxds
2 Jo Ja\Jo
T T
< A/ // Vs, ) Pdtdads < AT// Vui(a, ) < Cr,
0 JaJo Qr

and by u;(z,t) € [0,1], we have

T T—T
/ / / ui(z, &) |Vbi| - [Vug(x, t + t)|dtdrds < 7Vl L2 VUil 20y < CT-
0 JQJO

4 So, for some constant C' independent of 7, we firstly have
T T—1 .
/ / / [ui(z,t +7) — wi(z,t)|V - A; dtdzds
o JaJo

T T—T1
— _/o /Q/O Vui(z, t +7) — ui(z,1)] - [ai(z, ) Vui(z, &) + ui(z, £)Vbi(z, k)| dtdzds
< CT.

Secondly, we have

/OT_T/Q[Ui(l‘,t-i-T)—ui(x,t)] /Osz' ds

where F; is the same constant as in the proof of the previous lemma. Thirdly, by u;,v; € [0,1]
we have

S Fz’Q|T7’,

T T—1
—kpi/ / / [ui(x, t +7) — ui(x, t)]ui(z, k)vi(x, k) dtdeds| < kp;|QTT.
0 QJ0o

5 Combining these inequalities together we obtain (2.7). O

6 Lemma 2.5. Fori=1,2, there exists a positive function G;(§) such that G;(§) — 0 as £ — 0,
7 and a positive constant C1 > 0 such that, for any & € B(0,r),

T
(2.8) / /Q il + €,1) — vila, 1)] < Gil8),

s and for any T € (0,T),

T—1
(2.9) /0 /Q lvi(z,t +7) —vi(z,t)| < Cyr.
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Proof. From the equation of v; we easily obtain that
vi(z,t) = vio(x)e*kq" Jo wiz,s)ds 4 (),

The estimates follow easily from this formula (cf. [12, 20]). O

3. SPATIAL SEGREGATION LIMIT AND FREE BOUNDARY PROBLEMS

In this section we fix a positive number 7" and consider the limit as £ — oo of the solution

sequence (ugk),vgk), (Qk),’uék)) to (1.1).

3.1. Convergence of the solution sequence. From the previous Lemmas 2.1 and 2.3 we see
that the family {ul(k) | k > 0} is bounded in L2(0,T; H'(f2)) and the family {vgk) | kK > 0} is
bounded in L*>(Qr). Therefore, it follows from Lemma 2.4 and the Riesz-Fréchet-Kolmogoroff
theorem ([2], Theorem IV.25 and Corollary IV.26) that {uik) | K > 0} and {vi(k) | £ > 0} are
precompact in L?(Qr). Therefore there exist

uj € L*(0,T; H'(Q)) N L>®(Qr), vi € L®(Qr)

and a subsequence {k;} of {k} with k; — oo such that, as j — oo, we have

(3.1) (k ) uy Z(kj) — v} strongly in L*(Qr), a.e. in Qr,

and

(3.2) ul¥) s w7 weakly in L2(0, T; HY(Q)).

Lemma 3.1. Assume u; and v} are the limits obtained in (3.1). Then

(3.3) ur, vy €[0,1], wiv] =0 for (x,t) € Qp.

Proof. The conclusion u!(x,t),v}(x,t) € [0,1] for (x,t) € Qr follows from the limits in (3.1)
and the conclusion u( ), Z( ) € [0,1] in Lemma 2.1. By the first inequality of (2.5) we have

// = lim // (k) hmg:O.
This proves v v} = 0 for (x,t) € Qr. g

In what follows we show that the limit (u}, v}, u3,v3) is uniquely determined by the weak
solution of the following problem

Zu=V-(Z) +hi(z,t, 2,2, e 0<t<T,
(3.4) Zot =V - Do(Z3) + ho mt,ql,gj , reQ, 0<t<T,
D (Zy)-v=0, @2(22) v =20, red, 0<t<T,

Zl(x 0) = Z10(x), (x,O) = Zgo(x), x € €,
where, for any function ¢, p € L?(0,T; HY(Q)),

, o fi(z,t,¢p), C(z,t) >0, p(z,t) >0,
20)={ 31 Q2 mnga) = 0h(eit.C0), (ot) >0, plat) <0,
’ =0, 0 (1) <0,
and
quQ(x7t7C7p)7 C(.T,t) > 07 p(xvt) > 07
ha(z,t, ¢, p) = q a2fa(2,1,0,p), ((z,t) <0, p(x,t) >0,
0, p(z,t) < 0.
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In addition, for any function w(z,t), we denote
(w)4(x,t) ;= max{w(z,t),0}, (w)_(z,t):= —min{w(z,t),0}.

Definition 3.2. A pair (Z1, Zs) with Z; € L=(Qr), (Z;)+ € L*(0,T; H*(Q)) is called a weak
solution of (3.4) if

(3.5) //Tth+/ Zio() dew—//T ) Vi — h( 22)”}

for all test functions n € C°*°(Qr) with n(x,T) = 0.
Our main result in this subsection is the following lemma.

Lemma 3.3. Let Z} = qu] — p;v] with u} and v} being obtained in (3.1). Then the pair
(Z5,25) is the unique weak solution of the problem (3.4) with initial data Zip = giuio — Pivio-
Proof. Clearly, ZF € L®(Qr) and (Z;)+ = qu} € L*(0,T; H'(Q)). Using the equations in (1.1)
we have

(qiugkj)—pivgkj))t:qu‘Ai( (ks ))+qu,(a: t ug 7) (k)), r e tel0,T].

Multiplying these equations by the test function 7, integrating by parts and using the limits in
(3.1) and (3.2) we conclude that

[ zin+ [ zo@n.ode =[] [aigai) - Vo afio i s
Qr Q Qr
VAR
= Di(Z}) -V — hi(z,t, =L, 22 )y
/L, [ (ot )]

Hence (Z7, Z3) is a weak solution to (3.4). The uniqueness of this solution can be proved in a
similar way as in [3, 12, 18, 20] etc.. We omit the details here. O

We remark that (uj,v],u3,v3) is uniquely determined by the unique weak solution of the
problem (3.4) with Z;0 = qiuio — pivio (¢ = 1,2). If fact, once we obtain a solution (Z7, Z2) to
(3.4), by Lemma 3.3 we have Z; = Z;, and so v} = (Z;)+/¢; and v} = (Z;)_/p; are determined
by (Z1, Z2). The same reason also leads to the following supplementary result.

Corollary 3.4. The limits in (3.1) and (3.2) hold for all subsequences, namely, as k — oo,

— ul Z-(k) — v} strongly in L*(Qr), a.e. in Qr,
—uf weakly in L2(0,T; H()).

uF)

Z

ul®
Z

3.2. Explicit Stefan free boundary problem. The problem (3.4) is actually a Stefan type,

but it is not given in an explicit form. In this subsection we show that under suitable regularity

assumptions the system (3.4) can be explicitly written as a free boundary problem.
Assume (7, Z3) is the unique solution of (3.4) with some initial data (Z19, Z20). Set

wi = (Zi)+/q, vi:=(Z;)—/pi inQp, i=1,2.
For each ¢ € [0, 7], denote

(1) == {z € Q|Zi(z,t) > 0},
(3.6) O, () = {2 € Q| Z;(2,t) < 0},
L(t) := @\ (Qu, (8) U Qy, (1))
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Theorem 3.5. Assume (Z1, Z2) is the unique weak solution of (3.4) with initial data (Z10, Z20)-
Let Q,,(t), Q,(t) and T'i(t) be defined as above. Suppose that, for each i = 1,2, I';(t) satisfies
Li(t)NoQ =0 for any t € [0,T] and it is a smooth, closed, orientable hypersurface. Let n; be the
unit normal vector on I';(t) from Qu,,(t) to Q,(t) and assume I';(t) moves smoothly with speed
Vn,. Suppose further that w; is smooth in Q,, (t) x (0,T], and vio(xz) € (0,1] for x € Q,,(0).
Then (uy,ug,'1,T2) satisfies (1.2) and Z;(x,0) = Zio(x) a.e. in Q.

Proof. By the above definitions we have
U; = 0 on Fl(t) X [O,T}, Zz = q;U; in Quz (t) X [O,T], Zz = —P;V; in Qvi (t) X [O,T]

Note that v; does not necessarily to be zero on I';(t) x [0, 7] since it is not assumed that v; is
continuous in €, (t) x (0, 7.
For any test function n € C*1(Qr) with n(-,T) = 0 in 2 we have

4 u;ndx :/ (uin)idz —|—/ Vi, windo.
dt Jo,, ) O, (1) ri(t)

T T
/ / (uin)idzdt +/ / Vinuidodt = —/ u;i(x,0)n(x,0)dx.
0 JOu, 1) o Jrie O, (0)

Using the assumption u;|r, ;) = 0 we have

/ / (uim) d:vdt:—/ ui(x,0)n(x,0)d.
Qu, (0)

In a similar way we have

T T
/ / (vin)¢dxdt :/ / v; Vi, mdodt —/ vi(x,0)n(z,0)d.
0 Ja. ) o Jrie 0; (0)

Then the first term of (3.5) on the left side can be rewritten as

T T
// Zimdzdt = / / qgiuinedzdt — / / Dvipdadt
T 0 T Uy (t) 0 v; (t)

T
(3.7) = — qiuimda:dt—k/ / pivigndxdt
0 JQu, () 0 JQu, (1)

T 1
/ / DiV; nzndadt—/Zi(x,O)n(:L’,O)dx.
0 JTit 0

Now we consider the right side of (3.5). For any test function 7 as above, since

/ V- Ai(u;)de = / nA;(u;) - nydo + / nA;(u;) - vdo — / NV - A;(u;)dx,
Qu (t) Fz(t) o0 u ( )

Zl Zy
V h y
//T - ( "q Q2T>n}
0 TF i () 0 [2)9]
—Qi/ / n[V-AZ'(Ui)+fi($,taulyu2)]'
0 JQu )

%

Hence

we obtain
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Substituting the above equalities into (3.5) we have

/ / [uir — V- A (u;) — filn / / *Uztﬁ
uy (1) () @
/ / 0, 2t pinVm)ndadH— / / nA; () - vdodt
Ty (t) “on, T u, o9

/[ Zio(z) — Zi(z, 0)] (z,0)dz.
Q

Qz‘

By choosing test function n with compact support in €, (t) x (0,7] we derive vy = 0 and so

vi(z,t) = vio(x) for (z,t) € Q,(t) x [0,T]. Then we take test function n with compact support
in Qy, (t) x (0,7] to deduce

uir = V- Aij(ui) + fi(z, t,ur,ug), (x,t) € Qy,(t) x (0,7

1 Therefore,

/Q qli[Zio(x) ~ Zi(2.0)]n(z,0)d

(3.9) T
= / / 3ul leVnz)ndadt—i—/ / nA;(u;) - vdodt.
0 JIy(t) anz di a0

By our assumption, I';(t) = 09, (t) for any ¢t € [0,T]. We take test functions which vanish
n (9Q x [0,7]) U (2 x {0}) but do not vanish on I';(t) to deduce

qiai(z,t) Ou;
pivio(z) On;’
Then if we take the test functions vanishing on  x {0} we see that
Ai(u;)-v=0, (x,t)€oQx(0,T].
2 Finally we consider test functions with n(-,0) # 0, then we obtain Z;(x,0) = Zjo(z) a.e. in Q. O

Vo, = — zely(t), t e (0,T].

3 Proof of Theorem 1.1. The conclusions follow from Lemmas 3.1, 3.3, Corollary 3.4 and Theorem
4 3.5. O

5 4. SOME REMARKS

6 4.1. The case with one pair of competitors. If there is only one pair of competitors involved
7 in (1.1), then the problem reduces to

up =V - A(u) + f(z,t,u) — kpuv, = €Q, t>0,

vy = —kquv, x e, t>0,

A(u) - v =0, xr €I, t>0,

u(z,0) = ugle), v(x,0) = wolx), €9,

s where A(u) := aVu + uVb, a,b, f and (ug,v9) € C(Q) x L>(Q) satisfy the analogue of the
9 assumptions (A1) —(A3), respectively. A similar approach as above shows the following theorem.

(4.1)

Theorem 4.1. Let T be any positive number. Assume (u®),v*)) is the unique solution of (4.1)
in Qr. Then there exists (u*,v*) € L*(0,T; HY(Q)) x L>=(Qr) such that, as k — oo,

u®) = w* strongly in L*(Qr), weakly in L*(0,T; H'(Q)) and a.e. in Qr,

v®) =5 v* weakly in L*(Qr),
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and Q= (t) N Q= (t) = 0, where
Qu=(t) :={(z,t) € Qr | u*(z,t) > 0}, Q= (t) :=={(z,t) € Qr | v*(z,t) > 0}.

Moreover, if T' := Uy I'(t) (with T'(t) := 0Qy=+(t)) is a smooth hypersurface satisfying
C)NoQ =0 for 0 <t <T, u* is smooth in Q~(t) x [0,T] and vo(x) € (0,1] for x € Q,+(0),
then (u*(xz,t),T'(t)) solves the following free boundary problem

w =V Au) + flat ), (2,1) € Qu(t) x (0,T],
=0 (z.1) € T(t) x (0,7},
_ _qa x,t Jdu .
(4.2) Vo = po(z) (x,t) € T(t) x (0,71,
A(u) -v =0, x,t) € 09 x (0,77,
'0) = 09,(0), wu(z,0)=wug(z), z€Q,

\

where n is the unit normal vector on T'(t) oriented from Q,(t) to Q\Qy(1).

4.2. Review on recent studies for (4.2) and (1.2). From our theorems we see that the free
boundary problems (4.2) and (1.2) can be regarded as the approximation (when the competition
rate is very large) of the systems (4.1) and (1.1), respectively. The free boundary problems, on
the other hand, have attracted wide attention in the last few years.

In 2010, Du and Lin [7] studied a special case of the problem (4.2) in one dimension:

Up = Uge + f(u), xz € (0,h(t)), t >0,

u(z,t) =0, x=h(t), t >0,
(4.3) R (t) = —pug(h(t),t), t>0,

gu =, z=0,t>0,

u(z,0) = up(z), x € [0, h(0)],

with logistic nonlinearity: f(u) = u(1—wu). Among others, they presented a spreading-vanishing
dichotomy result for the asymptotic behavior of the solutions. Later, many authors considered
various extended versions of this problem. For example, [9] studied this problem for general
nonlinearity, including monostable, bistable and combustiuon types of nonlinearities; [21, 22]
studied this problem with Dirichlet and Robin boundary conditions at = = 0; [5, 23, 24] studied
this problem with temporal or spatial nonlinearities; [13, 14] studied the equation with advection
term: w; = Ugzy — Buy + f(uw). In addition, [6, 10] studied the high dimension version of (4.3),
that is, the problem (4.2) with a = const., b =0, vy = const. and = RY. As far as we know,
many authors are still working on the problem (4.2) now.
In [15, 16], Guo and Wu studied a special case of the problem (1.2) in one dimension:

urr = diuige + riur (1 —ug —pug), = € (0,s1(¢)), t >0,
ugt = doUozy + rous(l — ug — quy), € (0,s2(t)), t >0,
ui(x,t) =0 for x > s1(t), t >0, uz(x t) =0 for x > sa(t), t >0,
s1(t) = —puag(s1(t), 1), s5(t) = —pouss(sa(t),t), t>0.

(4.4)

With suitable initial data they also studied the asymptotic behavior for the solutions and ob-
tained spreading-vanishing dichotomy result. In addition, some other authors also studied the
special version of (1.2) in one dimension. For example, [11, 8] studied the case where Q,, (t) = R!,
and [1] studied the case where Q,, (t) = Q,,(t) = (g(t), h(t)). In some sense, this paper can also
be regarded as a derivation for the widely studied problems (1.2) and (4.2).
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