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Abstract

In this paper, we study the existence of global L?-constrained minimizers
related to the following Kirchhoff type equation:

—<a+b/ \Vu|2)Au—f(u):)\u, zeRY, NeR,
RN

where N < 3, a, b > 0 are constants, f(u) is a general L?-subcritical nonlin-
earity. By using the concentration compactness principle, we prove the sharp
existence and nonexistence of global L?-constraint minimizers.
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1 Introduction and main result

In this paper, we study the existence and nonexistence of normalized solutions to the
following Kirchhoff type problem with L?-subcritical general nonlinearity:

—(a—i—b/ \Vu\2> Au— f(u) =du, ze€RY NeER, (1.1)
RN
where N < 3, a, b > 0 are constants. We assume that the nonlinear term f € C'(R,R)

satisfies the following conditions:
(f1) lim £ = 0;
t—0
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(f2) Jim e = o;

|t|1+N

(f3) There exists to > 0 such that F(ty) > 0, where F(t) = [} f(s)ds for t € R.

Kirchhoff equation (1.1) is a nonlocal one as the appearance of the term Jan [Vul?
implies that (1.1) is not a pointwise identity. This causes some mathematical difficul-
ties and makes the study of (1.1) particularly interesting. Problem (1.1) arises in a
physical model presented by Kirchhoff in [7]. After Lions [13] introduced an abstract
framework to the problem, it received much attention and many existence results can
be found, see e.g. [1, 2, 3, 4, 5, 13, 15].

In the past years, a first line to study (1.1) is to consider the case where A
is fixed and assigned, or even with an additional external and fixed potential, see
6, 8, 9, 12, 16] and the references therein. In such direction, the critical point
theory and variational methods are mainly used to prove the existence of nontrivial
solutions, but nothing can be given a priori on the L?norm of the solutions. Since
the physicists are interested in "normalized solutions”, i.e. solutions with prescribed
L?-norm, it is interesting for us to study whether problem (1.1) has solutions with
prescribed L?-norm. By the critical point theory, solutions with prescribed L?-norm
are corresponding to critical points of the following C' functional

I(u) = g/RN IVu? +Z (/}RN |Vu|2>2 _ /RN Flu) (12)

constrained on the following L%-spheres in H!(RY):

S. = {ue H'RY), (/RN |u|2)2 — >0

For any fixed ¢ > 0, we call (ue, \.) € HY(RY) x R a couple of solution to (1.1) if u,
is a critical point of I|g, and ). is the associated Lagrange multiplier.
For any ¢ > 0, we define the following minimization problem

Qe = J?gcl(“) (1.3)
It is standard that minimizers of i. are critical points of I(u) constrained on S..
This minimization problem was first studied in [19], where the nonlinearity is a pure
power nonlinear term, i.e. f(u) = |u|P"2u. By using the well-known Gagliardo-
Nirenberg inequality and L%-preserving scaling arguments, in [19] the author proved
that p = 2 —|— S is L?-critical exponent for problem (1.3), namely for all c > 0,

te > —oo if p G (2,24 &) (L*-subcritical case) and i = —o0 if p € (24 £, m)
(L2-supcritical case), however, if p = 2 + %, there exists ¢y > 0 such that i, > —o0
for ¢ € (0, ¢o] and i, = —o0 for ¢ > ¢. The author proved the existence, nonexistence

and uniqueness of minimizers for 7. when p € (2,2+ < ) and also proved the existence
of normalized solutions (local minimizers) when p € [2 + ﬁ, 2, see [10, 19, 20].
For a L2-supcritical general nonlinearity f, by raising a series of assumptions on f,



it is proved in [11] that (1.1) has a normalized solution in H!(RY). However, there
seems few work about (1.1) with a L?-subcritical general nonlinearity. In this paper,
we try to do it.

Recall in [17] the Gagliardo-Nirenberg inequalitywith the best constant: Let p €

[2, 22)if N >3 and p>2if N =1,2, then

)
N(p—2) 2p—N(p—2)
1

foo < s (Lwe) © (Lowe) T o

with equality only for u = @), where up to translations, @), is the unique ground
state solution of

_Np-2)
4

AQ + (1 + 1%2(2 - N)) Q=QP2Q, zeRY. (L5

Our main result is as follows:

Theorem 1.1. Assume that (f1) — (f3) hold. N < 3. There exists ¢, > 0 such that
te =0 forall 0 <c<ec, andi. <0 for all ¢ > c,. Moreover,

(i) i. has a minimizer for each ¢ > c,.

(ii) If ¢, > 0, i. has no minimizer for each 0 < ¢ < c,.

It is still unknown when ¢, > 0 holds and whether i., has a minimizer or not if
¢ > 0. We found that it is dependent of the limit of the function ﬁ%): when t — 0.
t N

The answer is as follows.

Theorem 1.2. Assume that (fi) — (f3) hold. N < 3.
(1) ]fhm—)4— +o00, then ¢, = 0.

t—0 |t|2+

(2) ) < 400, then ¢, > 0.
t—0 |¢ |

(8) If im —=r = 0, then i., has a minimizer.
t—0 |t|

Remark 1.3. Assume that llr% e +) =1 > 0 hold, we can not deduce whether 1.,
t=0 |t

has a minimizer or not.
For example, if f(t) =1(2+ )]t|1+Nt it has been proved that ¢, = (@ﬁ)
N

=z

(Jen Qs 22 and i., has no minimizer (see Theorem 1.1 in [19]); However, if

ft) = 12+ )W“ﬁvt + [t]77%¢, 2 —|— v < ¢ < 2+ 5, then we can prove that
N

0<e < (ﬁ) (Jan ]Q%%] )2 and i., has a minimizer (see details in Remark
N
3.1).

The conditions (f;) — (f3) are elementary for a L?-subcritical general nonlinearity
problem. Compared with the pure power nonlinearity case, the main difficulties to
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prove Theorems 1.1 and 1.2 are the L?-preserving scaling may fail to prove i, < 0
and the strict subadditivity condition as the nonlinearity term is general. We need
to look for other scaling techniques.

Our methods to prove Theorems 1.1 and 1.2 can be similarly used to prove the
existence of L?-constrained minimizers for Schrodinger equation with L?-subcritical
general nonlinearity, which was proved by Shibata in [14].

Throughout this paper, we use standard notations. For simplicity, we write fQ h
to mean the Lebesgue integral of h(x) over a domain Q C RY. [P := [P(RY) (1 <
p < 400) is the usual Lebesgue space with the standard norm | - |,. We use “ — "
and “ — 7 to denote the strong and weak convergence in the related function space
respectively. C' will denote a positive constant unless specified. We use “ := " to
denote definitions. We denote a subsequence of a sequence {u,} as {u,} to simplify
the notation unless specified.

The paper is organized as follows. In § 2, we present some preliminary results for
Theorems 1.1 and 1.2. In § 3, we prove Theorems 1.1 and 1.2.

2 Preliminary Results for Theorems 1.1 and 1.2

In this section, we give some preliminary results.

Lemma 2.1. Assume that (f1) — (f3) hold and N < 3. Then for any ¢ >0, I(u) is
bounded from below and coercive on S..

Proof. By (f1) — (fs), for any € > 0, there exists a constant C. > 0 such that
FOI etV +Clel,  VieR.

Then for any u € H'(R"), there exists C. > 0 such that

[ | <e [ e [
RN RN RN

So by the Gagliardo-Nirenberg inequality (1.4), we see that for any ¢ > 0 and any
u € S,, there exists C, > 0 such that

b ? N+4 s ?
I(u) > 2/ Vul® + - (/ ]Vu]Q) — e——i_ch*Z (/ \Vu\z) —C.c®
2 e e NIQay g I w

8

bN|Q
By taking 0 < ¢ <

2+%|2N

8 _o

%— small enough, then there exists C' > 0 such that
A(N44)eN ~

I(u) > g/ |Vul? — Oc® > —C¢c?,
2 RN
which implies that I(u) is bounded from below and coercive on S, for any ¢ > 0. [
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For any ¢ > 0, set

be = ulggc I(u),

then by Lemma 2.1, . is well defined.

Lemma 2.2. Assume that (f1) — (f3) hold and N < 3. Then for any ¢ >0, i, < 0.

Proof. By (f1) and (fs), we see that Ft(;) —+0ast— 0. Forany ¢ > 0 and u € S,,
= t2u(tx) for any t > 0, then u, € S, and

b 2 F(t>
%g[@g:#g/ Wmh¢3(/ Wmﬁ —/ &”ﬂmﬁ»o
RN RN RN [tz ul?

as t — 0T, hence i, < 0 for all ¢ > 0.

set uy(z) :

]

Lemma 2.3. Assume that (f1) — (f3) hold and N < 3. Then the function ¢ i, is
continuous on (0, 400).

Proof. For any ¢ > 0, it is enough to prove that i.,, — i. for any sequence {c,} C
(0, +00) satisfying that ¢, — c.

For any u € S, let v, := “*u. Then v, € S,,. By (f1) — (f3) and the Dominated
Convergence Theorem, we see that [py F(v,) = [on F(u). Thus

ezt (25 v (2)' 5 ([ o) - [ e
= I(u) + on(1),

where 0,(1) — 0 as ¢, — ¢. By the arbitrary of u € S., we see that limi,, <i,.

Ccn—cC

On the other hand, we suppose that {u,} C S., is a sequence satisfying that
I(uy) < ie, + =. By Lemmas 2.1 and 2.2, we see that {u,} is uniformly bounded in
HY(RY). Let wy, := Zu, € S, then similarly we have [,y F(w,) = [on F(un)+on(1).
Hence

jo < T(w,) = (—)5 [ 1w+ (—)Z (/. |wn|2)4 - [ Fw

= I(uy) + 0n(1)

, 1
<, + — + 0,(1),
n

which implies that 7. < lim le,. S0 lim 7. = i.. The lemma is proved.

cn—>C
n Ccn—c



Lemma 2.4. Assume that (f1) — (f3) hold and N < 3. Then there ezists ¢, > 0 such
that i. < 0 if ¢ > ¢,. Moreover, if ¢, > 0, then i. =0 for all 0 < ¢ < ¢,.

Proof. For any u € Sy, set u®(z) = u(c"~z),¥ ¢ > 0. Then u¢ € S,. Moreover,

b 2
. < I(uf) = 02_1%3/ |Vul? +c4_%1 (/ |Vu|2) - cz/ F(u).
RN RN RN

Since 2 — +,4 — & < 2,4, < I(u°) = —o0 as ¢ — +oo. Hence i, < 0 for all ¢ > 0
large enough. So

{c € (0,400)| i, < 0} # @.
Define
¢, = inf{c > 0] i, < 0}, (2.1)

then ¢, € [0,400) is well defined and i, < 0 if ¢ > ¢,.
If ¢, > 0, then we conclude from Lemma 2.2 that i, = 0 for all ¢ < ¢,. Moreover,
by the continuity of the function ¢ — i., we see that i., = 0. [

Lemma 2.5. Assume that (fi) — (f3) hold and N < 3. For each ¢ > c,, it holds
e <o+ 1 /z—g2 forany 0 <a <c.

Proof. Since ¢ > ¢, by Lemma 2.4 we have i, < 0. Let {u,} C S. be a minimizing

sequence of i., i.e. lim I(u,) = i., then I(u,) = i. + 0,(1) < 1 for n large enough,
n—oo

where 0,(1) — 0 as n — co. By Lemma 2.1, we see that {u,} is uniformly bounded
in HY(RY).

Hence there exist two positive constants Cy > €'} > 0 independent of n such that
C) < / (Vu,|? < Cy. (2.2)
RN

Indeed by contradiction, if [,y [Vu,|> = 0 as n — oo, then by (f1) — (fs) and the
Gagliardo-Nirenberg inequality (1.4), for any € > 0, there exists C. > 0 such that

2
[ Fase [ wpee [ |un|2+fvs€c2+cz%—2ca(/ |wn|2),
RN ]RN RN RN

which implies that fRN F(u,) < ec? as n — co. Then by the arbitrary of ¢ we have
lim [on F(u,) = 0. So I(u,) — 0 as n — oo, which contradicts to the definition of
—00

Set u! := U, (0~ % z) with 6 > 1. Then u® € Sp. and by (2.2) we see that

s b 2
(6~ — 1)%/ |Vu,|? + (92_% — 1)4_1 </ \VunIQ) ]
RN RN

< 0%(uy) — 62 [(1 gy (1 — 92—%)% _

I(W?) =6*I(u,)+6°

n

(2.3)



Letting n — oo and notice that the second term of r.h.s. above is strictly negative
and independent of n, it follows that

ige < 0%i., YO > 1. (2.4)

For any 0 < a < ¢, without loss of generality, we may assume that o > v/c? — o?.
We prove this lemma by discussing the following three cases.

If e, > a>+/c?— a2, then i, = iya—az = 0, hence i, <0 =i, +1 /750

If a > ¢, >+/c?—a? then i, <0 and i, z—52 = 0. Hence by (2.4) we see that
io < Sig < o =i + i/

If @« > vc2—a? > ¢, then by (2.4) we see that i, < g—zia = 14 + 02;2"‘22'& <
o +1/zg2 |

3 Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1

Proof. (i) For any ¢ > ¢, i. < 0. Let {u,} C S. be a minimizing sequence of i,
then by Lemma 2.1, {u,} is uniformly bounded in H*(RY).
Let 0 := lim sup [z . |unl”. Then § > 0. If § = 0, then by the vanishing lemma
RN

n—o0 y€e

(see e.g. [18]), u, — 0 in LP(RY), V2 < p < 2+ £. By (f1) — (f3), for any € > 0,
there exists C. such that

/ F(uy,) <ec®+ Cg/ || 2TV
RN RN

Since ¢ is arbitrary, [pn F'(u,) — 0 as n — oo. Thus

ic = lim I(u,) > — lim F(u,) =0,

n—00 n—00 JpN

which is a contradiction. So d > 0.
There exists a sequence {y,} C RY such that Sy [Unl? = 8. Set din(z) =

Upn (7 + ¥ ), then
§
/ |, |> > = > 0. (3.1)
RN 2

Moreover, by the translation invariance of RY, we see that I(i,) — i, and {i,} is
uniformly bounded in H!(RY). Then there exists & € H'(R") such that

i — i, in HY(RM),
iy, — 1, in LL (RY), g€ [1,2+ 2], (3.2)
Up(z) = a(z), a.e. in RY,



as n — 0o, which and (3.1) implies that @ # 0.
Set « := |12, then a € (0, ¢]. Next we try to prove that o = ¢. By contradiction,
we assume that a < c¢. By (3.2), we have

[tin |3 = |tn — a3 + @] + 0n(1),
where 0,(1) — 0 as n — oo, i.e. lim |4, — 4z = V2 —a? > 0. By (3.2), the
n—oo
Brezis-Lieb Lemma and Lemma 2.3, we see that

ie = lim I(iy) > 1(@) + lm (i — @) 2 iq + lm g, o), = ia +iyzgz,

n—oo n—oo
which contradicts Lemma 2.5. So |i]s = ¢. Thenwe conclude from (3.2) and the
Fatou’s Lemma that i. < I(a) < lim I(@,) = i.. So @ € S, is a minimizer of i, and
n—oo

then 4 is a critical point of I(u) constrained on S..
(ii) By contradiction, for some ¢q € (0, ¢,), we suppose that there exists a u,, € S,
such that I(ue,) =i, = 0. Then

a b 2
2 [ ([ 9ur) = [ F)
RN RN RN

Set e, := U, (&) ~z). Then u,, € S,, and

co

2|0
|
—_
— 1
B~ o
N
T
2
<
|
8
)
~_
™
N
k=)

Cs\2 Cey_4 a 2 Cs\o_

= (= —) v -1 = Vu, —

&) H(CO> |5 [ 19t (%)
which is a contradiction with i., = 0. So i, has no minimizer for all ¢ € (0, c,).

Proof of Theorem 1.2

Proof. (1) For any u € H'(RV)\{0}, by }tim P — 400 and the Fatou’s Lemma we

=0 it
have

F(t>
i [ ETw)

2+ %
U~ N = +400.
150 g |t%u|2+%| |

For any ¢ > 0 and any u € S,, set u,(z) = t 2 u(tx) with ¢ > 0, then u, € S, and

b ? F(t> .
it =5 [ vapend ([ vap) —e [ SES e,
2 Jry 4 \Jrw RN [t2ul*tw
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hence ic — oo as t — 0". So i, < 0 for all ¢ > 0, which implies that ¢, = 0.

(2) By hm i ‘ 4 < 400 and (f3), there exists a constant C' > 0 such that

F(t) < It~ + |t VieR.

For any ¢ > 0 and any u € S., by the Gagliardo-Nirenberg inequality (1.4), there
exist a constant C' independent of u such that

/RN F(u) N /RN IVu|? + v 2 (/RN |Vu|2)2] |
I(u) > (% - Cc%> /RN [Vul? + (Z _ ch_g) (/RN |Vu|2)2’

By taking ¢ > 0 sufficient small satisfying that 0 < ¢ < min{(%)%_Q, (%)%}, then

<C

Then

uw29/|wmzq
4]RN

which imply that i, > 0 for ¢ > 0 small. By Lemma 2.2 we see that ¢, = 0 for ¢ small
enough. So ¢, > 0.

(3) Suppose that hm thven ( ) =0, for any € > 0 and any v € H'(R"), by (f3) there
t
exists a constant C, > 0 such that

/ F(u) gs/ |u|2+14V+C'6/ ul > (3.3)
RN RN RN

Let {u,} C S., be a minimizing sequence of i.,, then by Lemma 2.1, {u,} is uniformly
bounded in H'(RY).
Set § := lim sup [, . [us|* > 0. If § = 0, by the vanishing lemma and (3.3) we

n—oo yG RN

have [y F(u,) — 0 as n — co. By I(u,) — i, = 0 we see that [,y [Vu,|> = 0
as n — oo. By (3.3) and the Gagliardo-Nirenberg inequality (1.4), there exist two
constants C, Cy > 0 independent of n such that

4 b 8 _ ?
) = (5 - <0 ) [ 19 (§ - ) ([ 1vul)

By taking ¢ = —%— there exists a positive constant C' independent of n such that
4CreN

b s_ 2
I(u,) > Z/ |V, | + (Z —Cc¥ 2) (/ |Vun|2) >0 (3.4)
RN RN

for n large enough since lim [,y [Vu,|*> = 0. This contradicts to the choice of {u,}.
n—oo

So 0 > 0. There exists a sequence {y,} C R such that [ . |un|* > g

9



Set v, (2) = wn(z 4+ yn), then [ox [v,> > ¢ > 0 and {v,} C S, is a uniformly
bounded minimizing sequence of i.,. There exists v € H'(R")\{0} such that

8

v, = v in HYRY), v, = v in L] (RY), g € [1,2—|—N], v, (1) = v(x) a.e. in RY.

loc

So 0 < |v]g < ¢, and

lim |v, — v]s = lim \/c,% — vz = \/(C*)2 — v} < e..

If |v|2 < ¢4, then we conclude from lemma 2.3 that lim I(v, —v) > hm z|vn o =
n—00

1 e = (0. By the Brezis-Lieb Lemma and Lemma 2.2, we see that
C —|v 2

0= lim I(v,) > I(v) + lim I(v, —v) > I(v) > i, =0

n—oo n—oo

which implies that I(v) = i}, with |v|s < ¢*. It contradicts to Theorem 1.1 (2).
Thus |v|s = ¢. So v € S, is a minimizer of i,

Remark 3.1. When lim = = | > 0, then ¢, > 0. For any u € S.., I(u) > 0,

t—0 || MEiE 4
where u,(z) = t2u(tz) with t > 0. By the Dominated Covergence Theorem, we see
that

I(u b 2 F(t
lim (1;) = lim 2/ |Vul? 4 2= (/ |Vu|2> —/ (—2u)4| |2+%
t—0+ t t—0+ | 2 RN 4 RN RN ’t2u’2+N
=5 [ v =1 [ et
2 ]RN RN

which implies that ®(u) := % [on [Vul* =1 [ w2t~ >0 for allu € S,.. Then

N
a 4
< (=
Cx > (l(2+%)> |Q2+%|2

)%]Q%%b, ing O(u) < 0 since we conclude from (1.4) that
uESe

(For each ¢ > (1(21 T
CI)(|Q 4 \2Q2+N) <0).

Iff( ) =12+ D) u"F Fut [ul]T 2w with 2+ 4 < g < 2+, then by the definition
OfQZJr%a

a N
1

i)

l(2+N)
b a N 2 N(g-2) 1 a %

S Y ([ ) L) [ g <o

10
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N
. e )7
fort >0 small enough. Hence Z(l(zf%))%@2+%l2 <0, s0¢ < <m> |Q2+%|2.

For each minimizing sequence {u,} of i.., by the Gagliardo-Nirenberg inequality
(1.4) there exists a constant C > 0 such that

12+ 4) b 2 o
I(uy,) > g — —Nic% / ]Vun\2+1 (/ |Vun|2) —C (/ |Vun\2>
2|Q2+%‘2N RN RN RN
a (2+4) N . . L.
where § — ——2=-c® > 0. This may bring about the same contradiction as (3.4).
2Qy, 412"

So similarly to the proof of Theorem 1.2 (3), we can proved i., has a minimizer.

]
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