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A B S T R A C T

This study focuses on improving the accuracy of the energy distribution in directional wave spec-
tra from temporal sequences of marine radar images. Wave spectra are obtained by converting
the image spectrum to a wave spectrum by employing a modulation transfer function (MTF).
While the imaging mechanism in the plane of the radar beam has received much attention, the
e�ect of the combination of di�erent beam positions has been largely neglected. Herein, we
demonstrate that any MTF can only be valid for a limited azimuthal coverage. However, the
proposed directional MTF is well suited for small windows for which it corrects the relative
projection between the average radar beam position and the wavenumber vector. Spectra of
di�erent sea states are compared, using the derived MTF and the established MTF. The analysis
shows a significant improvement in the energy distribution in the directional wave spectra
when the directional spreading is high. It is suggested that future work should aim to remove
the necessary restriction to small windows by synthesizing the full directional spectrum from
multiple small windows in di�erent directions. In this way, marine radars are suitable to better
reproduce sea states with extreme directional spreading, including multi-modal seas.

1. Introduction

Directional wave spectra represent sea state characteristics that are relevant to a wide range of applications. They are
the standard representation of waves in forecasting systems and are therefore crucial in the calculation of load e�ects on
structures. Measuring the evolution of directional wave spectra is also key in understanding the coupling of the air–sea
interface and the related exchange of mass and momentum (Romero, Melville and Kleiss, 2012; Lenain and Melville,
2017). Traditionally, the standard method for obtaining sea state characteristics is based on buoy measurements. As
the buoy is a single point device, the directional distribution of the spectral energy can only be obtained assuming a
prescribed model (Longuet-Higgins, 1963; Lygre and Krogstad, 1986; Capon, Greenfield and Kolker, 1967; Barstow,
Bidlot, Caires, Donelan, Drennan, Dupuis, Graber, Green, Gronlie, Guérin, Gurgel, Günther, Hauser, Hayes, Hessner,
Hoja, Icard, Kahma, Keller, Krogstad, Lefevre, Lehner, Magnusson, Monbaliu, Nieto Borge, Pettersson, Plant, Quentin,
Reichert, Reistad, Rosenthal, Saetra, Schulz-Stellenfleth, Walsh, Weill, Wolf, Wright and Wyatt, 2005; Lee, Jung and
Haller, 2010; Lenain and Melville, 2017). Sea states do not generally obey the limits of such models, in particular in
the presence multi-model seas, such as the combination of swell and windsea (Nieto Borge and Guedes Soares, 2000;
Lund, Collins, Tamura and Graber, 2016).

Marine radars collect information over space and time simultaneously and can therefore deliver model-free
directional wave spectra (Nieto Borge and Guedes Soares, 2000; Barstow et al., 2005; Ludeno, Orlandi, Lugni,
Brandini, Soldovieri and Serafino, 2013; Wyatt, Green, Gurgel, Borge, Reichert, Hessner, Günther, Rosenthal, Saetra
and Reistad, 2003), which have been proven suitable to capture the characteristics of directional sea states (Nieto Borge
and Guedes Soares, 2000; Ludeno et al., 2013; Wyatt et al., 2003).
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Figure 1: Illustration of the data acquisition by a radar. The antenna rotates, and hence, each azimuth position of the
radar beam results in a different projection of the imaged waves. The standard window of observation is located against the
main wave direction. Other positions are possible, e.g. the two alternative windows. The origin of the coordinate system
is defined in the mean sea level for z-component and in the center of the radar antenna for the horizontal components
(r =

˘
x2 + y2,� = arctan(y_x)). The position of the window is defined by the average azimuth angle of all grid points

within one window (�). The relative deviation from the standard window (� = ⇡_2) is denoted �� = Ñ� * ⇡_2.

Nevertheless, the interpretation of the results can be limited owing to the influence of the imaging mechanisms
that are not fully understood (Al-Habashneh, Moloney, Gill and Huang, 2015). The state–of–the–art algorithm for
processing the radar backscatter involves the conversion from the imaging domain to the spectral domain by the
modulation transfer function (MTF) (Nieto Borge, Rodriguez, Hessner and Gonzalez, 2004). The MTF was first
described for SAR images, such as described by Alpers and Hasselmann (1978). Alpers and Hasselmann suggest
to compose the transfer function as the sum of a tilt and a hydrodynamic contribution. For the remaining study, the
hydrodynamic contribution is neglected due to the dominance of the tilt modulation, as shown by Støle-Hentschel,
Seemann, Nieto Borge and Trulsen (2018) for the same grazing conditions. In their study, the authors examined the
backscatter of a coherent X-band radar with a fixed antenna pointing in the main wave direction. The phase shift between
the Doppler and intensity signals was obtained from the analytic signal and found to be 90˝ in the near range, as expected
for a tilt dominated imaging mechanism. The tilt modulation has previously been derived under the assumption that the
radar beams scanning the surface of interest are parallel, meaning that the azimuth angle is constant. This assumption
is valid for SAR imagery, where a sideways-looking radar moves over a large area. When developing a tilt MTF, it
is important to only take into account the projection e�ect between the ’fixed’ radar beam angle and each individual
wave number vector. This corresponds to the relative angle between the observation window and the wave direction.
As SAR images are not easily available, a lot of e�orts were put into exploring the applicability of marine radars to
retrieve ocean observations. Young, Rosenthal and Ziemer (1985) documented that directional wave spectra can be
obtained by employing a three-dimensional Fourier transform of a stack of images. In Young’s work, patches of 679 m
x 679 m were used. However, position and size of the patches were not thoroughly discussed in this or other works on
marine radars. As the algorithm relies on the Fourier transform, it is necessary for the observation window to meet the
requirement of homogeneity. A marine radar collects images of 360˝ by rotating the antenna. Unlike SAR images, the
projection between the waves and the radar beam varies with the azimuth position. In addition, there is a significant
decay in received power over the range. For these two reasons, the imaging mechanism introduces inhomogeneity into
the radar images. This phenomenon has been documented, e.g. Reichert (1994); Lund, Collins, Graber, Terrill and
Herbers (2014) and led to the common practice of selecting a homogeneous patch in the direction of the main wave
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energy (Barstow et al., 2005; Al-Habashneh et al., 2015). Fig. 1 illustrates a typical setup of the radar and the choice
of the window. The azimuth beam defined by the position of �, following the mathematical convention. The window
position is determined by the averaging azimuth value over grid points in the window (�). In the case of the standard
window that is oriented towards the main wave direction � = ⇡_2, other windows are indicated and their relative
position to the main wave direction is denoted �� = � * ⇡_2.

Furthermore, additional imaging mechanisms have to be considered when applying the SAR imaging knowledge to
marine radars. Marine radars typically scan under grazing incidence conditions, which leads to the e�ect of shadowing
(Seemann, Ziemer and Senet, 1997). Analogue to tilt modulation, shadowing is primarily a geometric e�ect, however
it also depends on the polarization. While for some radars, pure geometric shadowing may be a good model under
HH polarization, VV polarization is associated with more di�raction and a more complex shadowing mechanism. To
account for the influence of shadowing, one-dimensional wavenumber spectra from radar images were adjusted so that
their tail followed that of a co-registered buoy spectrum (Nieto Borge et al., 2004). Chapter 5.3 in (Barstow et al.,
2005) summarizes the processing steps to retrieve wave spectra from radar measurements. In engineering practice,
there was a tendency to use windows with a wider azimuthal coverage. Although this technique allows to capture wave
energy from a wide range of directions, the weighting between the di�erent directions are not correct. Furthermore,
employing the Fourier transform requires homogeneous input, which is violated by the inhomogeneous e�ect of the
imaging mechanism in large windows.

Directional wave spectra obtained with this transfer function work well for sea states with a strongly dominant
wave direction. However, the azimuthal dependence that was already observed by Reichert (1994) has a strong e�ect
when capturing directional seas. Windsea waves show a frequency dependent directional spreading that is lowest at the
spectral peak and up to ±30˝ around the peak wave direction for the high frequency tail of the spectrum (Mitsuyasu,
Tasai, Suhara, Mizuno, Ohkusu, Honda and Rikiishi, 1975; Hasselmann, Dunckel and Ewing, 1980; Donelan, Drennan
and Magnusson, 1996; Forristall and Ewans, 1998; Le Merle, Hauser, Peureux, Aouf, Schippers, Dufour and Dalphinet,
2021). The directional distribution reach up to ±90˝, as found in measurements by high resolution Lidar (Lenain and
Melville, 2017). All oblique waves are a�ected by a projection e�ect in radar images that leads to an underestimation of
their energy contribution. This observation is well known in the radar community and has been empirically evaluated
by Lund et al. (2014); Al-Habashneh et al. (2015). Although the imperfection of the MTF, especially for multimodal
seas, has been noted (e.g. Lund et al. (2016)), an adjustment has not been proposed.

Herein, it will be demonstrated that the azimuthal dependency in the physical domain leads to a convolution in
the spectral domain that is not easily invertible. The work presents an attempt to invert the convolution based on a
simplifying assumption. The resulting tilt modulation transfer function is almost identical to the tilt MTF used for SAR
images. The derivation provides new insight into how the position and size of the chosen window a�ects the estimated
wave spectra, with a focus on the directional distribution of energy. The document is structured as follows: First, the
theory of the 2d MTF is derived from geometric principles, ignoring the e�ect of shadowing (Sec. 2.1–(Sec. 2.5).
The formula is then applied to measured (Sec. 2.7) and simulated radar images (Sec. 2.8). The results in Sec. 3 show
that the proposed directional MTF is favorable in cases where the directional spreading is large. For the measured data
spectra obtained by the suggested MTF leads to an energy distribution that is closer to that of a waverider buoy. In
cases of high directional spreading the deviation between buoy and radar spectrum could be reduced by 17% with the
2d–MTF in comparison to the standard method. The same result was obtained with simulations where the retrieved
directional spectrum was compared with the realization of the input wave spectrum.

The proposed method opens new possibilities for a more flexible application of the radar, in particular in coastal
areas where windows of a more oblique angles can cover larger parts along the shoreline. Before the method can be
adopted for operational usage it requires a thorough validation for a wide range of situations. The discussion in Sec. 4
serves as a first step to elaborate on the applicability and limitations of the 2d-MTF for various sea states. It further
o�ers a qualitative investigation in the e�ect of the shadowing on the MTF. In the present form the method already
shows considerable improvement of directional wave spectra imaged by marine radars.

2. Material and Methods

2.1. Formalism and assumptions

Fig. 2 shows an example radar image where all imaging e�ects are quite apparent: The strongest backscatter occurs
close to the radar and and the portion of the waves that are most tilted towards the radar. In the regions where the radar
beam and the wave crests are close to parallel, the backscatter from the gravity waves is reduced and dominated by
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Figure 2: Example radar image from the FINO3 platform in the North sea. The image shows waves approaching the radar
in the center of the image from the upper left. The waves are clearest at the azimuth angle where the radar beam faces the
waves. If the radar beam and the wave crests are almost parallel the backscatter intensity decreases. Due to shadowing,
the lowest backscatter intensities occur behind the waves. The shadowed areas increase in size with the distance from the
radar.

smaller features that are directed towards the radar. With the distance from the radar, the shadowed areas increase and
the intensity from the front face of the radar decreases as well.

According to the traditional MTF, the transformation from filtered image spectrum ÛÛÛFFiltImage
ÛÛÛ
2

to wave spectrum
F {⌘}2 only depends on the wavenumber k and two constants ↵, �.

F {⌘}2 = ↵ F {FiltImage}2
k�

(1)

↵ should be defined according to the radar calibration (compare Nieto-Borge, Hessner, Jarabo-Amores and De La Mata-
Moya (2008)) and is not considered in this study. � depends on the properties of the radar that becomes mainly visible
in terms of the shadowing. The Fourier operator F maps the time–space domain (t, x, y) to the frequency-wavenumber
domain (!, k

x
, k

y
). The standard MTF corrects the tilt modulation as a function of the wavenumber k =

t
k2
x
+ k2

y
.

Hence the direction of the wave is not considered, and the MTF can therefore be regarded as one dimensional.
Herein, the derivation of the MTF is revisited in its general two-dimensional form, leading to an alternative

formulation of the MTF, hereafter denoted directional MTF or 2d-MTF. The derived MTF disregards the definition of
the constant ↵. The MTF used herein is an extension of the one-dimensional case, following the formalisms in Støle-
Hentschel et al. (2018). Analogue to that study, the focus is on correcting the imaging mechanism of tilt modulation
(Alpers, Ross and Rufenach, 1981; Wetzel, 1986). It is assumed that the analysis windows are selected close enough
to the radar that shadowing only plays a minor role. Hence, shadowing e�ects are not taken into consideration and will
have to be dealt with separately if they exist (Plant and Farquharson, 2012). An initial attempt on understanding the
influence of the shadowing on the MTF will be provided in Sec. 4.

2.2. Relation between backscattering coe�cients and local incidence angle

Under the assumption of the Bragg mechanism, the backscattering coe�cient �0 for the di�erent polarizations pp is

�
0
pp

= 4k4EML
2(�h)2 cos4(✓

l
) ÛÛÛfpp(✓)

ÛÛÛ
2
exp

�
*k2EML

2 sin2(✓
l
)
�
, (2)

where kEM is the wave number of the electromagnetic wave, ✓
l

is the local incidence angle, "
r

the dielectric constant,
�h the height variation of the roughness andL the correlation length of the roughness of the observed surface (compare
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Rees (2013), Eq. 3.51). The reflection coe�cients for the Bragg backscattering mechanism at horizontal (HH) and
vertical polarization (V V ) are

f
HH

(✓
l
) =

cos(✓
l
) *

t
"
r
* sin2(✓

l
)

cos(✓
l
) +

t
"
r
* sin2(✓

l
)
, (3)

f
V V

(✓
l
) = ("

r
* 1)

sin2(✓
l
) * "

r

�
1 + sin2(✓

l
)
�

0
"
r
cos(✓

l
) +

t
"
r
* sin2(✓

l
)
12 , (4)

Depending on the water temperature, the dielectric constant, is in the range of [70; 80]. �h and L are assumed to
be constant for a given sea state. Hence the backscattering coe�cient varies predominantly with the local incidence
angle.

For high grazing angles,

ÛÛfHH
ÛÛ ˘ 1 (5)

and hence �
0
HH

◊ cos4(✓
l
). For vertical polarization the local incidence angle changes the reflection coe�cient. The

above equation may be approximated by the following:

ÛÛfV V
ÛÛ ˘

ÛÛÛÛÛ
*1 * sin2(✓

l
)

cos(✓
l
)

ÛÛÛÛÛ
(6)

leading to the backscattering coe�cient

�0 ◊
h
n
l
nj

cos4(✓l)
r4

for HH
cos2(✓l)(*1*sin2(✓l))2

r4
for VV

(7)

The formulation for the vertical polarization complicates the inversion and thereby the definition of an MTF. Therefore,
the following simplification was applied.

�0 ◊
T cos4(✓l)

r4
for HH

cos2(✓l)
r4

for VV
(8)

Simulations have shown that this formulation for VV is a rough approximation, however, it is a necessary one. A
general inversion of Eq. 14 is only possible based on simplifying assumptions.

2.3. Relation between local incidence angle and wave field

As shown in the previous section, the radar backscatter can be approximated as a function of the local angle of
incidence which is related to the surface elevation of the waves as shown below. The origin of the coordinate system
is defined at the horizontal position of the radar antenna with the vertical component at the mean water level. The
horizontal coordinates x, y can also be expressed in polar coordinates r =

˘
x2 + y2,� = arctan(y_x) in polar

coordinates. The y-axis is oriented towards the directions where the waves are coming from (peak wave direction).
Hence, the peak wave direction corresponds to � = ⇡_2. Fig. 3 illustrates ✓

l
as the angle between the surface normal n

and the backscatter vector b pointing form the surface to the radar antenna. The vectors are defined from the gradient
of the surface elevation ⌘ and from the position of the observed point with respect to the radar antenna at the height H
above the sea level (Støle-Hentschel et al., 2018)

n = (*)⌘_)x,*)⌘_)y, 1), (9)
b = (*x,*y,H * ⌘). (10)
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Figure 3: Illustration of local incidence angle ✓

l
depending on the range r, the antenna height H and the surface elevation

⌘. Together, they define the vector pointing back to the radar antenna b and the surface normal n. The water depth h is
relevant for the dispersion filter.

The local incidence angle is thus given by

n � b = n b cos(✓
l
), (11)

for every point in the radar image. The length of the vectors can be approximated,

n =
t

()⌘_ )x)2 + ()⌘_ )y)2. + 1 ˘ 1 (12)

b =
˘
r2 + (H * ⌘)2 ˘ r, (13)

based on ()⌘_ )x)2 ~ 1, ()⌘_ )y)2 ~ 1 and (H * ⌘)2 ~ r
2. Here, we assume that the waves have a limited steepness

and hence the square of there slopes is a small number. It is further assumed that the region of analysis has su�cient
distance to the radar antenna such that r ∏ H . Employing the above simplifications and replacing x = r cos(�) and
y = r sin(�), Eq. 11 can then be approximated by

cos(✓
l
) = cos(�))⌘_)x + sin(�))⌘_)y, (14)

where it was assumed that H*⌘
r

~ 1.
Analogue to Støle-Hentschel et al. (2018), the last term on the left hand side is neglected and hence the term cos(✓

l
)

results from a pure geometric description.

2.4. Wave inversion of unidirectional waves

Whenever it can be assumed that the waves are approximately unidirectional (with )⌘_)x ˘ 0), Eq. 14, the tilt of the
waves is easily retrieved

)⌘_)y =
cos(✓

l
)

sin(�) (15)

The surface elevation can be found by numerical integration in the physical domain or in the wavenumber domain.

2.5. Wave inversion of directional waves

For the case of directional seas, the surface elevation is retrieved by applying the Fourier transform F to Eq. 14. As
the input data is a three-dimensional data stack for a given window in space and time, the employed Fourier transform
is three-dimensional.

F �
cos(✓

l
)
�
˘

F [cos(�)] <
⌅
ik

x
F (⌘)

⇧
+ F [sin(�)] <

⌅
ik

y
F (⌘)

⇧
.

(16)
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Figure 4: Comparison of 1–d MTF (left) with 2–d MTFs for different window positions. The angle �� denotes the angle
between the standard window in the peak wave direction and the given window. To avoid artificial amplification of noise,
MTF values exceeding a certain threshold are set to zero. For the 1d–MTF the omitted area has a circular shape while for
the 2d–MTF it is a bar oriented according to ��.

Inverting the latter equation would require a deconvolution, which can only be accomplished approximately and at a
rather high computational cost (see for example Støle-Hentschel, Borge and Trulsen (2021)). Instead, the convolution
operators are replaced by the multiplication with constants. Numerically, the convolution is a matrix multiplication
where the convolution matrix (CM) is a diagonal matrix. In the present case, the input vector is the Fourier transform
of cos(�) or sin(�). The convolution matrix is formed such that the zeroth Fourier component is on the main diagonal
and the remaining components on the sub–diagonals. Denoting the i-th component of the Fourier transform as F

i
, the

convolution matrix has the following form

CM =
b
f
f
fd

F0 F*1 F*2F1 F0 F*1
7 7F2 F1 F0

c
g
g
ge

(17)

If the window of observation is su�ciently small, � changes little and so it can be assumed that cos(�) and sin(�) are
almost constant within the window. In the spectral domain, this corresponds to the zeroth component, i.e. the main
diagonal, being dominant.

F0 ∏
…
ië0

ÛÛFi
ÛÛ , (18)

and the Fourier coe�cients for i ë 1 can be set to zero

CM ˘
b
f
f
fd

F0 0 0
0 F0 0

7 7
0 0 F0

c
g
g
ge
= F0

b
f
f
fd

1 0 0
0 1 0

7 7
0 0 1

c
g
g
ge

(19)

By neglecting the sidebands of the matrix, the convolution matrix can be reduced to a multiplication by the product of
zeroth Fourier coe�cient, that represents the mean values of the respective input functions calculated over all the grid
points within the window.

F0[cos(�)] = cos(�) (20)

F0[sin(�)] = sin(�). (21)

With this simplification of Eq. 16, it can be inverted, yielding the directional MTF

F (⌘) ˘
F �

cos(✓
l
)
�

i
⇠
k
x
cos(�) + k

y
sin(�)

⇡ . (22)
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Figure 5: Example of cos(�) and sin(�), the standard deviation for cos(�) and sin(�) and the resulting projection variation
indicator � , the associated confidence measure is defined by 1*� . For a confidence close to 1, the 2d MTF is well suited to
invert the tilt modulation for the given window, while a low confidence implies that the directional energy distribution has a
strong bias towards the mean direction. In the presented example, all windows cover the vertical width of y À [200m; 700m]
and horizontal width of 500m. The angle �� = �* ⇡_2 denotes the window position with respect to the standard window
in the main wave direction.

Upon reformulation of this MTF it can be shown that is almost identical to the MTF used in the SAR community.
The wavenumber components are transferred to polar coordinates, k

x
= cos(�)k and k

y
= sin(�)k.

k
x
cos(�) + k

y
sin(�) = k

⇠
cos(�)cos(�) + sin(�)sin(�)

⇡
˘ k cos

⇠
� * �

⇡
(23)

The approximation results from assuming that cos(�) ˘ cos(�). For the two formulations to be identical cos(�) must
be equal to cos(�) and sin(�) must be equal to sin(�).

Examples of the directional MTF for di�erent window positions are shown in Fig.4(b–d). The average angle within
the chosen window is defined �. The standard window is defined symmetrically around the y-axis when the main wave
direction is aligned with the y-axis and the waves are propagating against the direction of the axis. In this case � = ⇡_2
(as illustrated in Fig 1). To see how deviating the window position from the standard position, we define the angle
�� = Ñ�* ⇡_2. The standard 1d-MTF is added for comparison (see Fig.4a). When the denominator of the MTF tends
towards zero the MTF would result in extreme amplifications that must be suppressed. In the 1d-MTF this leads to a
circular filter around the origin of the (k

x
, k

y
) plane. For the 2d-MTF, filtering the denominator results in a bar tilted

such that the bar forms an angle of �� with respect to the positive x-axis.
The underlying assumption that the window is small enough to omit the non-zero Fourier coe�cients in the

convolutions induces an error. The impact of this error can be quantified by analyzing the standard deviations of the
projection factors for all grid points in the window, std(cos(�)), std(sin(�)). The confidence measure is finalized by
weighting the respective standard deviations with their actual value. It is denoted the projection variation indicator (�)
and only depends on the position and size of a given observation window.

� = ÛÛÛstd [cos(�)] cos(�)
ÛÛÛ +

ÛÛÛstd [sin(�)] sin(�)
ÛÛÛ . (24)

Fig. 5 shows the projection variation indicator based on the contributing components for di�erent window positions.
� must lie in the interval [0; 1], � = 0 meaning that the radar beams are indeed parallel and � = 1 occurs for the
full 360˝ image. One can approximate � = 0 by defining the observation window in the far range which was so far
excluded due to shadowing. The confidence of the 2d MTF can be defined as 1 * � , i. e. when the beams are parallel
the confidence in the modulation transfer function is high (1 * � ô 1) and when the beams cover a wide range of
azimuthal angles, the confidence is low (1 * � ô 0). It is emphasized that a high confidence reflects how well the
MTF is suited to invert the azimuth convolution. However, a high confidence also implies that the window restricts the
directionality that can be observed by the radar due to very low SNR at extreme angles between the radar beam and
the wave direction.

The presented theoretical considerations highlight the general challenge when working with marine radars: The
azimuth convolution intermingles information available in the physical domain (projection coe�cient depending on
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the position) and information available in the spectral domain (the wave direction of a given spectral component).
Based on the theoretical analysis it can be concluded that the two-dimensional MTF approximates a correction of the
tilt modulation and the azimuth convolution. The quality of the correction depends on both, the directional distribution
of power spectral density, and on the choice of the window position and size.

2.6. Definition of estimated wave spectra

The core of the paper is to compare the directional wave spectra obtained by the 1d–MTF F1d(kx, ky) with that from
the 2d–MTF F2d(kx, ky),

F1d(kx, ky) =
õF1d(kx, ky)

î k1
k0

î k1
k0

õF1ddkxdky
, (25)

F2d(kx, ky) =
õF2d(kx, ky)

î k1
k0

î k1
k0

õF2d(kx, ky)dkxdky
, (26)

The scaling by the energy in the interval [k0, k1]x[k0, k1] with k0 = 0.025 rad m*1 and k1 = 0.14 rad m*1 simplifies
the comparison with reference data. The unscaled wavenumber spectra õF1d(kx, ky) and õF1d(kx, ky) are defined as the
product of the image spectrum FFiltImage and the respective MTFs (T1d) and (T2d):

õF1d(kx, ky) = T1d ù FFiltImage, (27)
õF2d(kx, ky) = T2d ù FFiltImage, (28)

where,

T1d = ↵

k2
, (29)

T2d = ↵

⇠
k
x
cos(�) + k

y
sin(�)

⇡2 , (30)

Both MTFs depend on the value of ↵, a unique factor for the analysis of all cases but di�ers between measurements
(↵ = 1.2) and simulation (↵ = 1).

For comparison to the wavenumber spectra based on radar images, the directional spectra (F (k
x
, k

y
)) were also

converted to frequency spectra.

S(f ) =  
2⇡

0
F

<(k, ✓)dk(f )
df

d✓, (31)

F
<(k, ✓) = F (k

x
, k

y
)k (32)

The deviation between reference spectrum and obtained spectrum is evaluated by the overall error

✏1d,2d =
…ÛÛF1d,2d * FReferenceÛÛ (33)

✏ =
…

S(f ) * SReference(f ) (34)

The measured and simulated sea states are summarized in Table 1. The reference spectra for the measurements were
retrieved from the buoy by applying the maximum likelyhood method (EMEM) where the spreading is not implicitly
given as a parameter. For the simulation the wave spectra were calculated from JONSWAP spectra with the directional
distribution based on the approach by Mitsuyasu et al. (1975). The directional distribution involves three parameters:
s
max

(whose value increases as the directional dispersion decreases), �1 and �2. In these simulations, the typical values
�1 = 5 and �2 = *2.5 have been used.
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Table 1
Available parameters of the sea states for the measured and simulation examples.

Case H
s

[m] T
p

[s] Directional Spreading �

M1 3.9 7.0 high –
M2 7.6 10.9 low –
S1 1.9 6.3 high, smax=15 5.2
S2 1.9 6.3 moderate, smax=45 5.2

Sea surface

Radar measurement

time series of large radar 
backscatter images

3d Fourier transform

Windowing to select 
the area of interest

Modulation Transfer Function

Filtered 2d image spectrum

3d Image spectrum

Dispersion relation filter

2d wave spectrum estimation

(a) Workflow

Δx

Δy

Image # 1
Image # 2
Image # 3
Image # 4

Image # N  - 1t

Image # Nt

x

y

Time

Δt

(b) Stack of images

(c) Dispersion cone for filtering

Figure 6: Summary of the workflow (a), illustration of the stack of radar images used that is selected for the 3d Fourier
transform (b) and the dispersion filter illustrated in (c), where the assymmetric shape results from the influence of the
current.

2.7. Application to measured data

The radar data utilized in this study were acquired by Hereon’s coherent on receive marine X-band (9.4 GHz) radar
(Horstmann, Bödewadt, Carrasco, Cysewski, Seemann and Stresser, 2021). The radar was mounted at 43 m height, on
the o�shore platform FINO-3, located 80 km west of Sylt (North Sea). The radar covers a range of 3150 m, where the
water depth is around 23 m. The radar antenna rotates approximately at 30 rpm, two seconds per rotation. The pulse
repetition frequency was set to 2 kHz, where the radar range data was acquired at 20 MHz, therefore the range sampling
resolution was 7.5 m. The transmitted pulse length was approximately 65 ns, so the e�ective range resolution should
be around 9.75 m. The antenna angular resolution was 1.2˝ with vertical polarization.

The processing from the raw images to the directional spectrum is illustrated in Fig. 6 and outlined below and
follows the standard procedure (e.g. described by Young et al. (1985); Nieto-Borge, Reichert and Dittmer (1999);
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Senet, Seemann and Ziemer (2001); Nieto Borge et al. (2004); Nieto-Borge et al. (2008); Ziemer and Günther (1994);
Ziemer and Dittmer (1994) ).

1. Select 128 radar backscatter intensity images (range,azimuth) (see illustration of stack of radar images in Fig. 6b).
Retrieve surface currents (Ux,Uy) and main wave direction.

2. Retrieve data correspondent to desired window coordinates applying linear interpolation.
3. Overall scaling: All windows are scaled by a common factor that approximates a normalization of the uncalibrated

radar return.
4. Retrieve wavenumber spectrum: Retrieve 3D spectra (k

x
,k

y
,!) from the analysis window, then locate the energy

around the dispersion relation (see illustration of the dispersion filter in Fig. 6c), taking in account the currents and
finally integrate the energy in frequency domain.

5. Highpass filtering on 2d-spectra eliminating power spectral density for k < 0.38 rad s*1.
6. Apply the MTF (Eq. 27 or Eq. 28)
7. Energy-dependent scaling: Division by î k1

k0
î k1
k0

F (k
x
, k

y
)dk

x
dk

y
, where k0 = 0.05 rad m*1 and k1 = 1.4 rad s*1(Eq. 25

or Eq. 26)
8. Interpolate obtained (k

x
, k

y
)-spectra to achieve matching grid with 2d buoy spectrum

9. Transformation of the 2d-spectra to polar coordinates and integration over the angle (Eq. 31 and Eq. 32).

2.8. Application to simulated radar images

The algorithm is further applied to synthesized radar images based on the surface elevation maps of linearly simulated
ocean waves. The employed simulation algorithm has been described in Nieto Borge et al. (2004) for HH polarization.
Herein, the simulations were altered from HH to VV replacing the incidence dependency for HH, cos4(✓

l
), by that for

VV cos2(✓
l
)
�
*1 * sin2(✓

l
)
�2 (compare 7).

The wave fields were based on directional JONSWAP spectra. The spectral parameters for the simulated cases
are summarized in Table 1 and include seas with di�erent peak periods (T

p
), significant wave height (H

s
), spectral

enhancement factor (�) and directional spreading (smax).
The steps of the simulation are summarized briefly below.

• Definition of a directional JONSWAP spectrum based on the provided parameters (compare Table 1).

• Generation of linearly propagating surface waves based on the directional wave spectrum (resolution �X = �Y =
7.5m, �2s, Simulation Time 256 s)

• The radar imaging was simulated for the generated surface waves by calculating the local angle of incidence
measured from the sea surface facet projection in the direction of the radar antenna (Støle-Hentschel et al., 2018).
Shadowed areas are treated by the geometric shadowing approach. The SPM electromagnetic scattering model
Rees (2013) is employed to estimate the normalized radar cross section (NRCS). Finally, the radar equation is
applied to the NRCS estimation (see Eq. 2).

• selection of observation windows with a side length of 480m

The processing of the data is performed as described above, analogue to the measured data.

3. Results

3.1. Comparison of wave spectra measured by radar and buoy

Fig. 7 and 8 highlight how the two MTFs transform the image spectra into di�erent wavenumber spectra. The cases are
summarized as M1 and M2 in Tab. 1. M1 has a clearly higher directional spreading. The energy distribution in the image
spectra changes with the analysis window. Two other sea states were analyzed but are omitted here as they provide
no additional value. The analysis of the measured sea states has shown that the power spectral density of the filtered
image spectrum is amplified for wavenumber vectors aligned with the mean radar beam position and diminished for
wavenumber vectors oblique to the mean radar beam position (compare Lund et al. (2016)). This e�ect is only corrected
by the 2d MTF. The applicability is however limited by the bar inherently present in the 2d MTF (compare �� = *45˝
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Figure 7: Measured wavenumber (k
x
, k

y
) spectra for a sea state M1 (Tab. 1), based on different data sources, from left to

right:Buoy (Fbuoy), Filtered image spectrum (Fimage), Filtered image spectrum with 1d-MTF applied (F1d), filtered image
spectrum with 2d-MTF applied (F2d). The right most columns show the deviation between radar spectra and the buoy
spectrum. For the radar images, each row is based on a different window position denoted by the corresponding relative
angle to the standard position, ��, and the average range value within the window, (r). The overall error for the given
window is defined as ✏1d,2d =

≥ÛÛF1d,2d * FReference
ÛÛ.

in Fig. 7). In cases where the wave energy is practically unidirectional, there is very little di�erence in the e�ect of the
two MTFs. Furthermore, low wave numbers are not well captured by both methods.

For comparison, the buoy spectrum is shown and the di�erence between the two is calculated. As noted in the
introduction, the directional spectrum from the buoy is known to be erroneous and cannot be regarded as ground truth.
In the absence of the ground truth the method will be tested on simulated radar images where the wavenumber spectrum
is known (see Sec. 2.8). After integrating the directional spectrum and obtaining the 1d frequency spectra, S(f ), the
di�erences between the two methods are less apparent (see Fig. 9). Hence, the di�erence between the MTFs is really
the directional distribution while the frequency distribution remains untouched. For the case M2, the lower frequency
contributions of the spectrum are missing, leading to an overestimation of the higher frequencies due to the energy
scaling. It appears that the radar is not able to retrieve energy below frequencies of 0.06 Hz for the given window size.
The observed lower frequency limit is higher than assumed when requiring that wave lengths of half the window size
would be recovered. For a window size of 500 m this corresponds to wavelengths of 0.0251 rad/m. For the given water
depth at FINO3 of 23 m, the resulting theoretical lower frequency limit is 0.057 Hz. The upper limit is 0.27 Hz.

3.2. Comparison of wave spectra from simulated radar images to ground truth

Two examples of the retrieved wave spectra from simulated radar images are shown in Fig. 10 and Fig. 11. Their
parameters are summarized as S1 and S2 in Tab. 1. The two cases only di�er in the value of the directional spreading.
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Figure 8: Measured wavenumber (k
x
, k

y
) spectra for a sea state M1 (Tab. 1), based on different data sources, from left to

right: Buoy (Fbuoy), Filtered image spectrum (Fimage), Filtered image spectrum with 1d-MTF applied (F1d), filtered image
spectrum with 2d-MTF applied (F2d). The right most columns show the deviation between radar spectra and the buoy
spectrum. For the radar images, each row is based on a different window position denoted by the corresponding relative
angle to the standard position, ��, and the average range value within the window, (r). The overall error for the given
window is defined as ✏1d,2d =

≥ÛÛF1d,2d * FReference
ÛÛ.

The retrieved directional wave spectra for those cases are clearly better when the 2d-MTF has been applied. With the
1d-MTF the energy close to the k

y
is artificially amplified. It is also noteworthy that the wave spectra di�er for every

window position.
Fig. 12 shows the frequency spectra for the simulated cases S1 and S2 in Table 1. When integrated over the

directions, the di�erences between the two MTFs are no longer that apparent.

4. Discussion

4.1. Implications of the underlying assumptions and further development

This study shows that extending the MTF from a 1d to 2d tilt correction can help to better account for oblique waves
in directional seas. These results require however that the window of analysis is small so that it may be assumed that
the radar beams are roughly parallel within the window. The findings further reveal that employing an MTF to the
entire radar image of 360˝ is problematic. The possibility of correcting the projection e�ect opens new possibilities
in placing the observation window outside the main wave direction. This option will have to be further investigated in
the future.
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Figure 9: Frequency spectra based on different windows in the radar image for two sea states. Sea state 1 in the upper
row and sea state 2 in the lower row. The indicated points average angles (✓) and average ranges (r) indicate the position
of the window.

It is well known that the directional spectra obtained from buoys are not capturing nature well (see introduction).
Models to describe the directionality of sea states show di�erent characteristics depending on the employed measure-
ment instrument (Lenain and Melville, 2017; Paláez-Zapata, Pakrashi and Frédéric, 2023) and ground truth to evaluate
obtained spectra are absent. In this study, simulations were employed in order to mitigate this shortcoming. Although
both the model for the directional spreading of wave energy and the imaging mechanism of the radar may be questioned,
it provides the only mean to properly validate the results. The simulations witness the e�ect of sampling variability
in the sea surface. Since the observation time is too short, the estimation of the wave spectrum is di�erent for every
window within a given realization. Comparing the wave spectrum with that of a buoy is therefore questionable. Despite
of the doubt if buoys are suitable in providing directional spectra, the measurements were obtained in a single position,
not representative for each point in the radar footprint unless the observation time under stationary conditions would
be much longer (Krogstad, Wolf, Thompson and Wyatt, 1999).

Applying the method requires some caution to avoid the amplification of noise. If the dot product between a wave
number vector and the mean radar beam direction is small, the MTF will lead to an amplification of the obtained
values. I.e., very long waves and waves perpendicular to the azimuth direction of the radar beam cannot be retrieved. As
mentioned above, inverting the forward model of the imaging mechanism is a di�cult problem. The assumption herein
relies on a uniform correction that represents the average over the selected patch. To illustrate this two monochromatic
waves and their respective azimuth dependent radar images are illustrated in Fig. 13. The simplification of the projection
disregards the shown azimuthal variation in the images. The areas of low backscatter correspond to the areas where
the inversion would lead to very large values and is therefore omitted. It is therefore important to compare the initial
image spectrum, Fimage and the MTF T2d for the given window position as illustrated in Fig. 4. The bar of maximum
amplification by the MTF should be located in a region in the kx-ky domain where the imaged waved energy is
negligible.
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Figure 10: Simulated wavenumber (k
x
, k

y
) spectra for sea state S1 (Tab. 1), based on different data sources, from left to

right: Wave spectrum (F
⌘
), Filtered image spectrum (Fimage), Filtered image spectrum with 1d-MTF applied (F1d), filtered

image spectrum with 2d-MTF applied (F2d). The right most columns show the deviation between radar spectra and the
buoy spectrum. For the radar images, each row is based on a different window position denoted by the corresponding
relative angle to the standard position, ��, and the average range value within the window, (r). The overall error for the
given window is defined as ✏1d,2d =

≥ÛÛF1d,2d * FReference
ÛÛ.

4.2. Shadowing

This study was restricted to windows with minimal amount of shadowing. For completeness the influence of the
shadowing on the MTF shall be assessed. Following Nieto Borge et al. (2004), it is assumed that the shadowing can
be modeled as an illumination mask � by which the surface elevation is multiplied:

� =
T

1 areas illuminated by the radar
0 shadowed areas, invisible to the radar

(35)

Eq. 16 is reformulated replacing ⌘ = ⌘�

F [cos(�)] <
4
F
0
)⌘�

)x

15
+ F [sin(�)] <

4
F
0
)⌘�

)y

15

˘ F �
cos(✓

l
)
�
.

(36)

the partial derivative for the x-direction becomes

F
0
)⌘�

)x

1
= F (�) <

⌅
ik

x
F (⌘)

⇧
+ F ⇠

⌘
)�

)x

⇡
(37)

and the equivalent for the y-direction. The convolution in the first term can be replaced by multiplication with a constant,
owing to the domination of the zeroth component (compare Støle-Hentschel et al. (2021)). The second term contains
the change of the MTF according to the degree of shadowing and will be studied in more detail here. In the absence
of a valid and accurate shadowing model, geometric shadowing is assumed as first order approach. The derivative

S. Støle-Hentschel et al. : Preprint submitted to Elsevier Page 15 of 20



Directional wave spectra for Marine Radars

0.0

0.1

�
�

=
0�

,
r

=
45

7
m

F� FFiltImage F1d F2d

�1d =0.38

F1d � F�

�2d =0.38

F2d � F�

0.0

0.1

�
�

=
�

15
� ,

r
=

47
0

m

�1d =0.37 �2d =0.36

0.0

0.1

�
�

=
�

23
� ,

r
=

49
3

m

�1d =0.41 �2d =0.34

�0.1 0.0 0.1
f [rad m�1]

0.0

0.1

�
�

=
�

41
� ,

r
=

58
9

m

�0.1 0.0 0.1 �0.1 0.0 0.1 �0.1 0.0 0.1 �0.1 0.0 0.1

�1d =0.48

�0.1 0.0 0.1

�2d =0.48

0.00 0.02 0.04 0.06 0.08 0.10
Energy normalized power spectral density

�0.02 0.00 0.02
Error

�1d,2d =
�

|F1d,2d � FBuoy|�1d,2d =
�

|F1d,2d � FBuoy|�1d,2d =
�

|F1d,2d � FBuoy|�1d,2d =
�

|F1d,2d � FBuoy|

kx [rad m�1]

k y
[r
ad

m
�

1
]

Figure 11: Simulated wavenumber (k
x
, k

y
) spectra for a sea state S1 (Tab. 1), based on different data sources, from left to

right: Wave spectrum (F
⌘
), Filtered image spectrum (Fimage), Filtered image spectrum with 1d-MTF applied (F1d), filtered

image spectrum with 2d-MTF applied (F2d). The right most columns show the deviation between radar spectra and the
buoy spectrum. For the radar images, each row is based on a different window position denoted by the corresponding
relative angle to the standard position, ��, and the average range value within the window, (r). The overall error for the
given window is defined as ✏1d,2d =

≥ÛÛF1d,2d * FReference
ÛÛ.

of the shadowing is only non-zero when the illumination function changes between shadowed and illuminated areas.
The shadowing starts behind the peak and reaches towards some area between the following trough and the next peak.
Hence the pattern depends highly on the sea state and the incidence angle. In reality, the radar characteristics are
important to accurately describe the actual shadowing mechanism, e.g. the elevation of the antenna, the polarization,
the pulse shape and the signal–to–noise ratio. For simplicity, it is assumed that the surface is either fully illuminated
or fully shadowed (compare Fig. 14). Although the waves are generally irregular, statistically, it can be assumed that
the shadows become longer with distance from the antenna. Below, we study the average a�ect by employing a simple
sine wave with a given amplitude A. The shadowing is calculated with the ray tracing approach based on the antenna
height H . The influence of A and H are compared by employing a running average on the MTF factor resulting from
F ⇠

⌘
)�

)x

⇡
. The results are shown in Fig. 15. It has been empirically derived for the 1d-MTF that the power law of the

tilt modulation transfer function must be adapted. When applied to the power spectrum the 1d-MTF has the form

1
k�

; � À [1; 2]. (38)

As an example, Nieto Borge et al. (2004) has employed � = 1.3 based on swell dominated data. For pure tilt modulation
� = 2. It has been assumed that the reduction of the � is related to shadowing. This assumption is confirmed with
Fig. 15. Higher sea states and lower antenna heights are associated with more and longer shadows. These lead to a
wave-number dependent addition of the MTF that balances some the tilt-modulation e�ects. It should further be noted
that below the peak, the shadowing has the opposing e�ect and hence the adaption of � should be di�erent before and
behind the spectral peak.
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Figure 12: Reconstruction of 1D frequency spectra (cases 6-9) from simulated radar images based on the 1d–MTF and
the 2d–MTF. For comparison the JONSWAP spectrum that was used for the wave simulations is plotted in black dots.

The formulation in Eq.37 reveals that the general from of the MTF in Eq. 38 is only a rough approximation.
Following Eq. 36, the form of the MTF is given by

T2d = 1
⇠
cos(�)k

x
+ c1k

�1
x + sin(�)k

y
+ c2k

�2
y

⇡2 , (39)

with the constants c1, c2, �1, �2 depending on the window position and the nature of the shadowing that in turn depends
on the sea state and the radar. The values can be estimated from simulations as illustrated in Fig. 15. For the used
radar, the nature of the true shadowing is unknown but may be approximated. Incorporating the shadowing e�ect
in a generalized MTF independent of the sea state conditions would go beyond the purpose of this study. Further
improvements in retrieving wave spectra from marine radars requires an more profound understanding of the role of
the shadowing in the MTF. Alternatively, removing the shadows (compare Støle-Hentschel et al. (2021)) may be an
option to employ the full potential of the radar. Using the full radar image, including shadowed areas has a general
merit. Not only does the shadowing imply a natural increase of the signal to noise ratio. When the distance to the radar
is increased, observation windows of the same size include a smaller variation of direction, leading to a smaller value
of the projection variation indicator � . It is therefore expected that the directional MTF has good potential in the mid
and far range.

5. Conclusion

Measurements and simulations demonstrate that the proposed directional MTF improves the directional wave spectra
for cases where the spreading is high. This is shown by comparing the obtained wave spectra with those based on
the state–of–the–art method. The latter tends to amplify the energy in the direction of the mean azimuth angle in
the observation window. Depending on the position of the window, di�erent wave directions are emphasized. This
imbalance can be corrected by using the directional MTF (or 2d MTF). In addition to improving the estimation of
directional sea states by marine radars, the proposed MTF provides more flexibility in the analysis of the images, e.g.,
to extend the area of coverage parallel to the beach. The choice of an appropriate analysis window also depends on
the directional energy distribution. All wave components forming an angle of up to ±45˝ with the radar beam are
considered well captured. In order to cover all the relevant wave components, also in the case of multi-model seas, it
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(a) Example 1 (b) Azimuth e↵ect for example 1

(c) Example 2 (d) Azimuth e↵ect for example 2

Figure 13: Illustration of monocromatic wave components with different wavelength and propagation direction (a and c)
and the azimuth effect in their respective radar images (b and d). The antenna position is indicated by the black dot. All
available MTFs treat the image as shown in a and c disregarding the azimuth dependent scaling shown in b and d. The
2d MTF ensures that the direction of the wave is taken into account, i.e. a and c are weighted differently.

Figure 14: Left: ⌘, �, Middle: ⌘ )�

)x
, Right:F ⇠

⌘
)�

)x

⇡

is suggested to compose the directional wave spectrum based on multiple small windows, each dedicated to resolve a
particular range of directional wave energy.
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Figure 15: Influence of wave amplitude and incidence angle (radar height) for the shadowing related MTF addition. For
low wave amplitudes and high radar antennas (with a resulting larger grazing angle), the deviation from the pure tilt
modulation is minimal.
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