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Abstract

A data-driven emulator for the baroclinic double gyre ocean simulation is presented in this study. Traditional numerical
simulations using partial differential equations (PDEs) often require substantial computational resources, hindering real-time
applications and inhibiting model scalability. This study presents a novel approach employing neural operators to address these
challenges in an idealized double-gyre ocean simulation. We propose a deep learning approach capable of learning the underlying
dynamics of the ocean system, complementing the classical methods, and effectively replacing the need for explicit PDE solvers
at inference time. By leveraging neural operators, we efficiently integrate the governing equations, providing a data-driven and
computationally efficient framework for simulating the double-gyre ocean circulation. Our approach demonstrates promising
results in terms of accuracy and computational efficiency, showcasing the potential for advancing ocean modeling through the
fusion of neural operators and traditional oceanographic methodologies. In comparison to a dynamical numerical model, we

obtain 600x speedups allowing us to create 2000-day ensembles in tens of seconds instead of hours.
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Key Points:

« We present an emulator of a simplified ocean simulation called the double gyre.

e The emulator is based on Fourier neural operators.

e The emulator is capable of producing long ensembles which is a major challenge
for data~-driven methods.
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Abstract

A data-driven emulator for the baroclinic double gyre ocean simulation is presented
in this study. Traditional numerical simulations using partial differential equations (PDEs)
often require substantial computational resources, hindering real-time applications and
inhibiting model scalability. This study presents a novel approach employing neural op-
erators to address these challenges in an idealized double-gyre ocean simulation. We pro-
pose a deep learning approach capable of learning the underlying dynamics of the ocean
system, complementing the classical methods, and effectively replacing the need for ex-
plicit PDE solvers at inference time. By leveraging neural operators, we efficiently in-
tegrate the governing equations, providing a data-driven and computationally efficient
framework for simulating the double-gyre ocean circulation. Our approach demonstrates
promising results in terms of accuracy and computational efficiency, showcasing the po-
tential for advancing ocean modeling through the fusion of neural operators and tradi-
tional oceanographic methodologies. In comparison to a dynamical numerical model, we
obtain 600x speedups allowing us to create 2000-day ensembles in tens of seconds instead
of hours.

Plain Language Summary

We propose learning the dynamics of a simplified ocean simulation using a data-
driven architecture called neural operators. Neural operators, recognized for their suit-
ability in scientific computing and ability to learn mappings between function spaces,
offer fast, differentiable surrogate models. This approach demonstrates the possibility
of rapid modeling of the realistic ocean in the future.

1 Introduction

Fourier neural operators (FNO) have gained popularity in modeling of various phys-
ical phenomena that are governed by partial differential equations (Li et al., 2020b, 2020a).
They have been shown to successfully emulate fluid flow problems (Wen et al., 2021),
shallow water equation solvers, and numerical weather prediction models (Pathak et al.,
2022; Kurth et al., 2022) among others. The strength of FNOs lies in their ability to learn
mappings between continuous function spaces from data (Kovachki et al., 2021). For ex-
ample, when employed in weather prediction, FNO can learn the relationships between
two states of the atmosphere separated by a given prediction interval, effectively emu-
lating the time-stepping process. Kurth et al. (2022) show that their model, FourCast-
Net, which utilizes Fourier neural operators is able to match the medium-range predic-
tion accuracy of ECMWEF’s (European Centre for Medium-Range Weather Forecasts)
dynamical numerical weather prediction model at a fraction of the computational cost
and time (80000 times faster). However, their model when iteratively timestepped can-
not remain stable for longer than 25 days. This limitation is attributed to the problems
arising due to the convergence of meridians at the poles. This issue is alleviated by the
spherical Fourier neural operator (SFNO) of Bonev et al. (2023) by employing the more
general spherical harmonic transform in the meridional direction. SFNO is able to gen-
erate ensembles of upto a year as compared to 25 days of FourCastNet.

Since FNOs work so well for atmospheric emulation a natural progression is to ex-
tend them to emulate ocean simulations. In this study, as an initial foray into ocean em-
ulation, we focus our attention on a simplified simulation known as the “Double Gyre”
(Bryan, 1963; Cox & Bryan, 1984). The double gyre simulation is an idealized version
of a northern hemispheric ocean basin forced by the easterly-westerly wind structure and
equator-to-pole sea surface temperature gradient. Although SFNO produces better re-
sults on the sphere than FNO our setup does not have poles, therefore we employ an FNO.
We use training and testing data generated by running three MITgem (Marshall et al.,
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Figure 1. Top row shows the barotropic streamfunction from the MITgcm simulation, while
bottom shows that from the FNO prediction.

1997) simulations and compare the accuracy of our emulator with MITgem. We show
that the FNO-based emulator is up to 1000 times faster than MITgcm, and can produce
long ensembles ranging into thousands of days.

A comparison of vertically integrated (barotropic) streamfunction from the MIT-

gem simulation (ground truth) with that from the FNO prediction is shown in fig. 1. Pos-

itive value in the southern half of the domain represents the subtropical gyre where the
mean flow is clockwise, while negative value represents the subpolar gyre with anticlock-
wise flow. Our double gyre simulation has waves propagating westward and geostrophic
turbulence near the western boundary. The predictions in the bottom panels are gen-
erated iteratively, that is, the first prediction in panel f is made from the initial condi-
tion in panel a but all the other predictions are made from the previous prediction. The
prediction interval is 10 days. The excellent match between the predictions in the bot-
tom panels and truth in the top panels shows that the FNO emulator is good at learn-
ing the dynamics of these waves and the western boundary turbulence. At around the
90*" day the prediction starts to diverge significantly from the ground truth as the un-
derlying simulation becomes inherently unpredictable at this timescale.

Almost all of the computational cost is incurred during the training phase. For ex-

Streamfunction (10°m?s~1)

ample, the emulator in its present form requires 4 hours for pretraining and subsequently

2 hours for multistep finetuning (see 3.3.4) on an Nvidia Tesla V-100 GPU. The subse-

quent cost of producing a single ensemble is at least two orders of magnitude smaller than

that of a traditional numerical model. For example, the 20-year long control MITgcm
simulation was produced on 4 Intel E5 Hasswel-EP processors with 16 cores each run-
ning at 2.1 GHz in wall-clock time of 6.5 hours. In comparison, 20-year ensemble from

FNO can be produced in 130s, 60s, or 40s for prediction interval (At) of 5, 10, and 30 days,

respectively, on one Nvidia Tesla V-100 GPU. This gives us speedups of 200, 400, and
600 times, respectively, for At of 5, 10, and 30 days. Note that this is not an apples-to-
apples comparison because the two models were tested on different systems. However

if they were tested on the same machine we are confident that the emulator would be
orders of magnitude faster. Since the numerical model employs partial differential equa-
tion solvers, it has to use a timestep of 300s in accordance with the Courant-Freidrich-
Lewy condition. Our emulator has no such constraints as long as the prediction inter-
val is within the decorrelation timescale.
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Rest of the paper is organized as follows. Section 2 discusses prior studies employ-
ing data-driven methods in weather and climate science. In section 3, we describe the
numerical model setup as well as the emulator. Section 4 describes the solution obtained
in the numerical model, while section 5 compares the predictions from our emulator with
the numerical model. Discussion and summary is in section 6.

2 Related Work

Numerical weather and climate prediction models comprise finite difference equa-
tions written on discrete grids. The finer the grid, the more computationally expensive
the model becomes. There have been significant improvements in the forecast skill of cli-
mate models in recent decades, but the computational requirements have only increased
even with more efficient computers (Bauer et al., 2015). In search of computational ef-
ficiency (e.g. Dewitte et al., 2021) as well as in light of increasing complexity of param-
eterization schemes (e.g. Christensen & Zanna, 2022), data-driven approaches have re-
cently become attractive. The appeal of data-driven approaches, especially deep learn-
ing, lies in their ability to learn non-linear relationships hidden in large datasets at rel-
atively low computational costs.

One approach to improve efficiency is to decrease the resolution of the models. How-
ever, decreasing the resolution requires good parameterization schemes of processes oc-
curring on scales smaller than the grid size (Christensen & Zanna, 2022). To be clear,
parameterization schemes are also required in high-resolution models, because there are
always processes at even smaller scales, but this problem becomes especially pronounced
in coarse-resolution models. A number of studies have recently shown that it is possi-
ble to reasonably represent the effect of small-scale processes in terms of resolved pro-
cesses using machine learning methods (e.g Bolton & Zanna, 2019; Zanna & Bolton, 2020;
Guillaumin & Zanna, 2021; Yuval & O’Gorman, 2023). Another approach is to lever-
age machine learning approaches in downscaling (super-resolving) numerical predictions
made using relatively cheap coarse resolution models (e.g. Hohlein et al., 2020; Jiang et
al., 2023).

Recently, yet another approach that has become popular involves predicting a fu-
ture state from an earlier state. In essence, this approach attempts to replace the en-
tire numerical model with a machine-learning emulator. The emulator makes sense in
certain scenarios. For example, in weather prediction operationally, the exact same nu-
merical model is run every few hours, just with new parameters. Emulators can poten-
tially make this process more efficient. So far, this approach has only been applied to
atmospheric processes like weather forecasts, precipitation predictions, etc. For exam-
ple, Dueben and Bauer (2018) use neural networks and training data from ERA5 reanal-
ysis (Hersbach et al., 2020) to predict increments in 500 hpa geopotential heights one hour
apart. They employ two fully-connected neural networks, first a local network that pre-
dicts the state at a particular location from only its neighbors, and a global network that
predicts the state at a given location from all other locations. They find that their lo-
cal network performs better than the global one. They chain successive forecasts together

and argue that neural networks would be limited to making predictions of very short timescales

(a few hours). This shortcoming is attributed to the spatially limited nature of their neu-
ral network, as long timescale predictions would require the model to learn relationships
across longer length scales.

Scher (2018) overcome this limitation by using deep convolutional neural networks
and chaining successive forecasts together to form long predictions. They use numeri-
cal climate simulations with simplified physics as ground truth and draw training and
testing samples from them. Their neural network predicts horizontal velocities, temper-
atures, and geopotential heights at 10 levels each. They train their emulator to operate
over intervals of 1 to 14 days. They employ a neural network with the encoder-decoder
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structure, which consists of layers where the dimensionality of the input is first reduced
and then increased back to the original dimensionality. This allows the output of the net-
work to be of the same dimension as the input. A suitably defined cost function, like mean
square error with respect to a later time step, allows the output of the network to be in-
terpreted as a dynamical state at this later time. Further, they show that output from
the neural network can be fed back into it and iteratively chained to create long ensem-
bles of simulations. They find that networks that directly predict future states at inter-
mediate intervals, around 5 days, perform better than iterative 1-day forecasts chained

5 times. They further extend their study in Scher and Messori (2019) with a hierarchy

of more complicated models to generate training data and show that neural networks
developed for simple models show promise in emulating more complex numerical mod-
els. They also find that long climate emulations fail to capture features like the location
of storm tracks or seasonal variations accurately.

Rasp et al. (2020) provide a database, WeatherBench, which consists of standard-

ized data necessary for good medium-range forecast. They, and more recently Ben-Bouallegue

et al. (2023), also suggest metrics, like root mean square error (RMSE) and anomaly cor-
relation coefficient (ACC) of specific fields, for benchmarking data-driven methods with
state-of-the-art numerical weather prediction models. Rasp and Thuerey (2021) lever-
age this dataset and demonstrate the use of ResNET, a convolutional neural network with
residual connections and encoder-decoder layout, to perform short-range weather pre-
diction. Further, Weyn et al. (2019) and Weyn et al. (2020) apply an improved convo-
lutional neural network with deeper residual connections, U-Net, and a recurrent neu-

ral network with long/short-term-memory (LSTM) to perform similar predictions. The
introduction of residual connections is a major improvement over previous studies. Resid-
ual connections allow the networks to efficiently learn autocorrelations that are ubiqui-
tous in weather data. Another improvement introduced by Weyn et al. (2019) is using
two successive timesteps as inputs to predict two successive future timesteps. This pre-
sumably allows their model to learn conservation principles and makes their long-term
climatology runs more reasonable. In spite of these improvements, the forecast skill of

all of these models is inadequate compared to dynamical numerical weather prediction
models.

However, recently, the incorporation of ideas from graph neural networks and trans-
former architectures has significantly improved the forecast skill of data-driven predic-
tion models. The ability of these architectures to learn relationships between random
locations seems to be particularly amenable to emulating fluid flows. For example, Cachay
et al. (2021) and Zhou and Zhang (2023) predict ENSO up to a few months in advance
using graph neural networks and geo-transformer, respectively. Some other recent mod-
els that accurately predict short to medium-term weather are also based on ideas from
graph neural networks and transformers (Bi et al., 2022; Lam et al., 2022; Nguyen et al.,
2023).

In spite of these improvements, all the above-mentioned methods only apply on fixed
grids of their respective training data, do not have implicit knowledge that the predicted
variables are functions on the sphere, and can not be evaluated at locations off their re-
spective grids. These limitations are considerable challenges to making these methods
more generally applicable. FourCastnet and SFNO address some of these underlying is-
sues. An end to end neural operator approach of SFNO of Bonev et al. (2023) improves
the skill of FourcastNet by decomposing the meridional direction in spherical harmon-
ics rather than Fourier harmonics. This allows them to address the singularity at the poles,
which Fourier decomposition on a rectangular domain cannot address. Furthermore, this
model enables training and evaluation on various grids and datasets and allows evalu-
ation of the atmosphere’s state at any point on Earth, a property lacking in prior neu-

ral network-based approaches. At the time of writing ECMWF has operationalized (ECMWF
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Charts, n.d.) FourCastNet, Graphcast (Lam et al., 2022), and Pangu-Weather (Bi et al.,
2022).

3 Methods
3.1 Numerical simulations

We generate a ground-truth dataset by simulating a double-gyre (Bryan, 1963; Berloff
& Meacham, 1998), an idealized representation of a real northern hemispheric ocean basin,
using MITgcm, a dynamical model for ocean simulation (Marshall et al., 1997). The do-
main extends from 0° to 62° in the east-west direction and from y; = 10°N to y, =
72°N in the north-south direction. The resolution is 0.25° x 0.25° implying 248 x 248
grid points on this area on the sphere. In the vertical direction we employ 15 levels span-
ning a depth of 2000 m with the grid thickness increasing from 50m at the surface to 190 m
at the bottom. This setup, a standard setup in MITgcm, is similar to the simulation in
Cox and Bryan (1984).

The model is forced by zonal wind at the surface given by

7% = —79 cos (27Ty — ) , (1)
Yn — Ys

where 7( is the maximum wind velocity which can be specified. This profile of zonal wind
forcing is motivated by the realistic meridional profile of wind, that is, westerlies at mid-

latitudes and easterlies in the tropics. Additionally, temperature at the surface is relaxed
to a meridional profile given by

Trnax - Tmin
Tourt = —————— * (yn - y) + Tmin; (2)
Ys — Yn

where Tihin and Tiyax are the temperatures at the northern and southern edges of the
domain, respectively, and can be specified. In this study, we have maintained Ti,.x =
30°C and T, = 10°C, which represent a realistic equator-to-pole SST gradient. The
meridional variation of SST induces a three-dimensional overturning circulation in the
basin. The horizonal viscosity and diffusivity both are set to 500 m?s~!, while the ver-
tical viscosity is 1072 m?s~! and vertical diffusivity is 107° m?s~!. We arrive at these
values through trial and error. These values allow us to minimize numerical noise in the
finite-difference schemes while retaining physical turbulence in the circulation patterns.
No normal flow and no-slip boundary conditions are applied at all the lateral boundaries.
Bottom boundary condition is free slip.

We perform three simulations by varying the wind forcing as shown in the table
1. Each simulation is integrated to statistically steady state after which velocities, pres-

Table 1. Numerical simulations

ID Experiment 75 (Nm~2) Split

1 Control 0.1 Train
2  Low Wind 0.075 Train, Val
3 High Wind 0.125 Train

sure, and temperature are saved at an interval of 1 day for 200 years. Overall, 7200 snap-
shots from each simulation are saved.
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3.2 Training and validation datasets

Data from simulations 2 and 3 (table 1) are entirely allocated for training, while
that from simulation 1 is split evenly. First half is appended to the training dataset while
the second half is allocated for validation. Thus, we make sure that the validation dataset
is unseen during the training phase. This arrangement, a standard practice in machine
learning studies, allows us to ensure that the neural operator does not overfit our train-
ing data. We do not use a third held-out test dataset.

More specifically, similar to Scher and Messori (2019) and Pathak et al. (2022), in
this work, two-dimensional fields of various variables are passed as channels to the deep
learning model. The first two channels are zonal velocities at surface and middepth, the
second and third channels are for meridional velocities again at the surface and middepth.
The next two channels are for surface and middepth temperature, while the next three
channels are for pressure at the surface, middepth, and bottom. Due to the imposed SST
relaxation, the vertical structure of the flow in the numerical model is baroclinic, that
is there is a net flow towards the north of the basin near the surface and a return flow
towards the south at mid-depth levels. Therefore, we determine that a good represen-
tative sample of the flow would consist of surface layers as well as mid-depth layers. The
pressure at surface also serves as direct proxy for sea surface height, which is a barotropic
(vertically integrated) quantity. We also add a channel representing vertically integrated
streamfunction as an additional barotropic quantity. Thus, we have 9 channels/variables
representing the state of the ocean as input to the neural operator. Vertical structure
in the ocean does not change drastically below the thermocline, therefore we deem that
these channels are sufficient. Our testing suggests that adding more channels represent-
ing intermediate depths only increases the model size without much accuracy gain.

Additionally, we also append a two-dimensional map of wind forcing obtained ac-
cording to eq. (1). This allows the neural operator to know when the intensity of the wind
is changed. In the future, we plan to integrate this ocean model with an atmospheric sim-
ulation. Wind and surface heat and moisture fluxes are the primary avenues through which
the atmosphere and ocean influence each other. For the current simulations, we only in-
clude wind as a forcing parameter. Thus, dataset for each simulation consists of 11 chan-
nels as shown in fig 2.

3.3 Fourier Neural Operator Architecture

Fourier neural operator architecture employed here takes 2-dimensional fields of vari-
ables and parameters at any given instant as input and gives the same fields at a later
instant similar to the encoder-decoder structure employed by Scher (2018) and Scher and
Messori (2019). The fields can be thought of as functions defined on a 2-dimensional do-
main. Each of these 2-dimensional fields are stacked together to form a third dimension
called channels or co-dimensions. In our case, the number of co-dimensions of the input
function, u, is 11, and given the spatial resolution of hxw, h being the number of lat-
itudes and w being the number of longitudes, the input function in the form of a ten-
sor is of size 11 x h xw as explained in section 3.2. The values of parameters used are
shown in table 2. A graphical representation of the architecture is shown in fig. 2. The
input tensor is shown on the left in fig. 2.

3.3.1 Positional encoding and lifting

In the first stage, called the positional encoding, we add two co-dimensions that
represent the relative distance between each grid point in latitude and longitude direc-
tions using sines and cosines similar to Vaswani et al. (2017). The role of these layers
is to provide the neural operator with a sense of location. Thus, the function now at-
tains a shape Ci, X h X w. In the study of Pathak et al. (2022), a patching operation



Table 2. FNO hyperparameters

Hyperparameter Value
Batch size 8
Learning rate 0.01
h,w (248,248)
Ny, Ny, (64, 64)
L 3
Cina Cout 13a 10
Ciite, Cproj 256, 256
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Figure 2. A rough sketch of the FNO architecture is shown. The input function, u, has 11
channels representing velocities, temperature, pressure, streamfunction, and wind. Two channels
encoding the latitude-longitude positions are added. The output function has 10 channels repre-
senting velocities, temperature, pressure, and streamfunction. The operator is composed of the

lifting, FNO, and projection blocks. We choose three FNO blocks as shown.
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is also applied. While this allows reducing the size of the input array in the horizontal
direction, it comes at the cost of losing the resolution-invariance property of the FNO
architecture. Therefore, we avoid the patching operation in this study.

The channel dimension consisting of Cj, channels is further expanded into C' chan-
nels by passing the tensor to a two layer fully-connected neural network with learnable
weights:

u 4 o(Wig,1 w+ biige,1), (3)
u < W2 u+ biig,2, (4)

where Wiige,1 and Wiig 2 have shapes Ciig xCin and C'xClg, respectively. Biases b 1
and by 2 have shapes Clir, and C, respectively. At this stage the input function of Cj,
co-dimensions is encoded into a latent space of C' co-dimensions.

3.3.2 FNO Block: Spatial and channel mixing

In the second stage, the encoded tensor of shape C'xhxw is passed into the FNO
blocks (Li et al., 2020a, 2020b). FNO blocks consist of spatial mixing and channel mix-
ing steps. First, the input tensor u is recast into the shape hxw x C. Then a Fourier
transform is applied along horizontal dimensions and only the first Ny and Ny, modes
are retained so that the shape of X becomes Ny x Ny, xC'. The phases and amplitudes
associated with each wavenumber are then transformed by multiplying with block-specific
learnable weights R}, RS, R}, and R} of shapes Ny x Ny,. An inverse transform is then
taken which transforms the tensor back into latitude-longitude space. The tensor is then
recast into the shape C' x h X w. This process is called spatial mixing (Lee-Thorp et
al., 2021; Rao et al., 2021; Guibas et al., 2021) because it allows the model to learn re-
lationships in the horizontal (latitude-longitude) dimensions. Spatial mixing operation
can be mathematically represented as

Uorig ~ u, (5)
—  F(u), (6)

u <+ [RiRe(u) — RbIm(u)] +i [RiIm(u) + RiRe(u)], (7)

u <+ [RiRe(u) — RiIm(u)] +4 [RiIm(u) + RiRe(u)], (8)

u — FY(u), (9)

u < o(u) + Wi tog + 0, (10)

where F and F~! are the Fourier and inverse Fourier transforms, and W/ are the weight
tensors and b! is the bias tensor for I*! layer. Re and Im represent the real and imag-
inary parts of a complex number. Note that expressions (6)—(9) are performed in se-
ries, that is, u is updated at every step in place. The role of these operations is to cast
the tensor u from its original function space into a new function space modified by the
learnable weights R}, R}, R, and R}. Finally, in expression (10) we employ the Gaus-
sian error linear unit (Hendrycks & Gimpel, 2016) non-linearity shown by ¢ and add back
the original function multiplied by learnable weight W' and bias b! of shapes C'xC and
C, respectively. This residual connection allows the model to learn autocorrelations. Ex-
pressions (5)—(10) represent the spatial mixing process. The shape of u at the end of
equation (10) is C' x h x w.

Alternatively, if we assume after the Fourier transform in equation (6), u = H €%,
equation (7) can be represented as

u + Rl ei0ta) 11
, (11)

where B! = H/R?> + R\, a = tan™! (RZQ/RZI) This representation makes it clear
that spatial mixing in equation (7) learns a mapping from a Fourier space (H,0) to a
new Fourier space (R!,6 + «). Similar mapping is learned in equation (8).
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Traditional convolutional neural networks require deep networks to learn relation-
ships between locations that are far apart. Performing the convolution in the wavenum-
ber space alleviates this issue. Another advantage of the Fourier transform is that higher
order Fourier modes can be ignored which further improves computational efficiency. For
example, our horizontal dimensions h x w allow % x w Fourier modes but we only re-
tain first Ny x Ny, modes. Therefore, the weights R}, R, Ré, and R} have dimensions
Npx Np. In the mlp-mixer (Tolstikhin et al., 2021), spatial mixing is performed with-
out the Fourier transform which does not allow truncation of higer-order Fourier modes.
This limitation makes their spatial mixing step computationally expensive.

In the channel mixing phase, the C' channels are transformed into a new set of C'
channels by multiplying by learnable weights and a non-linearity. Mathematically, this
operation is represented by

Uorig 4 U, (12)
u — o(Wiu+bh), (13)
u — Wiu+0h, (14)
U u+ Wi O Ugrig + b, (15)

where the weights er and Wé have dimensions Chigden X C and C' X Chigden, respec-
tively. Biases, blz and bé, have dimensions Chjqden and C, respectively. The weight Wi
and bias b}, with shapes C provide a residual pathway and facilitate autocorrelations like
in the spatial mixing phase. Layer normalization is performed after spatial mixing as well
as channel mixing.

Notice that there is a residual pathway that bypasses the spatial and channel mix-
ing stages. The expectation is that the small scale variability lost due to discarded Fourier
modes can be learned through residual connections. In the spirit of best practice in deep
learning, these blocks are repeated where output from one block is sent as an input to
the next block. For our run, we set the depth L = 3 where we find a good compromise
between lowest loss and computational efficiency.

3.3.3 Projection

The tensor shown on the right in fig. 2 shows the state of the final tensor, u ob-
tained by decoding the C' channels into the required number of output channels Cy,¢ with
a two layer fully-connected neural network called projection. Mathematically, the pro-
jection channel is represented as below:

(7 U(Wproj,l U+ bproj,1)7 (16)
(. Wproj,2 U+ bproj,27 (17)

where Wpyroj,1 and Wiroj,2 have shapes C'x Cproj and Coug X Cproj, Tespectively. Biases
bproj,1 and bproj2 have shapes Chroj and Coyt, respectively.

3.3.4 Pretraining and Finetuning

The loss is defined as the mean squared error between the tensor of shape Cyy X
hxw and the ground truth tensor at a later instant At time later similar to Scher (2018).
The neural operator can be represented concisely as

i1 = G(ui), (18)

where 4 is any instant and i+1 is an instant At time later and G represents the series
of operations described in section 3.3. For our study At is set to 5, 10, and 30 days. Loss
is defined as

Lpr = La(tiy1, Git1) + 0.01 Ly (vit1, Git1), (19)

—10—
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where

. 1 .
Lo(uy i) = 5 3 (g — i), (20)
b,h,w,c
and 1
Ll(uj7aj):N Z |uj_ﬂ'j ‘7 (21)
b,h,w,c

N =bx hxwx C. Here h and w represent the number of gridpoints in latitude and
longitude, respectively, and C' is the number of co-dimensions (Coyt). The evaluation in
eq. (18) is performed over b training samples. Note that u;41 is the ground truth and
Ui41 is the FNO prediction from the initial condition u;. Lo loss tends to amplify large
errors while there is no such bias in the L; loss (Esmaeilzadeh et al., 2020). Therefore,
it is a good practice to use a weighted combination of both. Minimizing the loss in eq.
(19) over the training data gives an emulator with learned weights and biases that per-
forms reasonably on validation data. This step is called the pretraining step.

Once the pretraining loss is minimized, we perform the finetuning step. In the fine-
tuning step, the model is used to predict the next two timesteps from an initial time step,
that is

i1 = G(u), (22)
Uive = G(lit1). (23)

The loss is now defined as
Lyt = La(uig1, Gig1) + Lo(ig2, Gig2) + L (w1, Gig1) + L1 (uite, Gig2). (24)

Minimizing this loss gives a model that is finetuned to make multistep predictions. We
expect that the finetuning stage allows the emulator to further reinforce conservation prin-
ciples, thus rendering stability to long-term predictions. Pathak et al. (2022) employ this
technique in their emulator of ERA5 atmospheric data, but their emulator blows up af-
ter about three weeks of predictions. Note that their stability horizons are shorter be-
cause their aim is to emulate the full-scale atmosphere without any idealizations. Per-
haps the simplifying nature of idealization in our study makes our emulator stable. Yet
another way to teach conservation principles to the emulator is via the method suggested
by Weyn et al. (2019), that is to design the emulator to ingest two time steps and out-
put two later timesteps. To summarize, the parameters used for FNO are given in ta-
ble 2.

4 Description of circulation in the double gyre numerical simulations

In observations of the Atlantic Ocean there is a decreasing pattern of SSH from the
low latitudes to high latitudes in the northern hemisphere (e.g. Fu et al. (2020)). A strong
western boundary current flows along the east coast of the US and turns offshore at around
the location where SSH changes sign. An idealized representation of the north Atlantic
basin is given by the double gyre simulation shown in Fig. 3. It shows the mean stream-
function, SSH, and sea surface temperature (SST) for the double gyre control simula-
tion (experiment 1 in table 1). The large-scale pattern in the middle panel is qualitita-
tively similar to that in the first figure of Fu et al. (2020). Additionally, the streamfunc-
tion in panel shows that there are two gyres encapsulated by the regions of positive and
negative streamfunctions. The gyre circulation around positive (negative) values is clock-
wise (counter-clockwise). On the western edge of these gyres, there are rapidly flowing
western boundary currents. These currents are hotspots of mesoscale variablity as can
be seen through the wiggles in streamfunction as well as SSH fields. The temperature
pattern in panel ¢ mimics the large-scale meridional SST gradient, but there is turbu-
lent activity near the western boundary. The western boundary current and its offshoot
can be thought of as analogous to the storm tracks in the atmosphere (Bryan, 1963). Scher
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and Messori (2019) noted that their emulators failed to correctly estimate the storm track
locations in long climate runs. Our use of FNO seems to address this issue.

The above discussion of spatial patterns holds true for experiments 2 and 3 in ta-
ble 1. Only difference from the control experiment is that the magnitudes of the gyre
streamfunctions vary with wind forcing. Increasing wind speed leads to stronger gyre
circulation and enhanced streamfunctions (not shown). We expect the emulator to learn
this relationship between the ocean dynamics and wind forcing magnitude.
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Figure 3. (a) Streamfunction (10°m®s™"), (b) SSH anomaly (m), (c) SST (°C) in the control

simulation at a randomly chosen instant.

5 Predictions with FNO

In this section, we compare the predictions made by the emulator with the ground
truth for 15 randomly chosen initial conditions. Note that we use the simulation from
MITgcm as the ground truth. The decorrelation time scale for this simulation is about
three months. Therefore, we compare the FNO predictions against ground truth over
two time scales — we compare the short-term prediction skill i.e. skill up to 100 days
and long-term prediction skill i.e. skill up to 2000 days. Note that since 2000 days is well
beyond the decorrelation time-scale of the simulation, we only expect statistics like the
global mean of variables and kinetic energy spectrum to be conserved for a successful
prediction. For the short-term prediction we expect the RMSE of the predicted time-
series with the ground truth to be lower than that of the ground truth with climatol-
ogy and persistence.

5.1 Short-term prediction skill

Similar to Rasp and Thuerey (2021), Scher and Messori (2019), and Pathak et al.
(2022) we show the RMSE as a metric of the model skill. We choose surface speed, sur-
face hydrostatic pressure anomaly (P/po), and surface temperature (T) as reasonable
indicators of prediction skill. We focus mainly on the surface fields because, typically,

in the oceans, largest variability is found near the surface, while the deep ocean tends
to be quiescent. Nevertheless, the skills at deeper levels are comparable (not shown). In
fig. 4, we compare the skill of FNO prediction with that of climatology and persistence.
The climatology here is the pointwise time-mean of MITgem simulation. We treat MIT-
gem simulation as the ground truth and calculate its RMSE with this mean. For calcu-
lating RMSE with respect to persistence, we assume the initial condition to be the pre-
diction for all subsequent time steps. The RMSE between MITgem simulation (ground

—12—
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Figure 4. RMSE as a function of time for 15 ensembles with randomly chosen initial condi-
tions from the testing dataset. Ensembles were integrated with At = 5days, At = 10days, and
At = 30days for the top, middle, and bottom rows, respectively. The first, second, and third
columns represent surface speed (ms™!), surface pressure anomaly (P/p, ms™2), and SST (°C),
respectively. The solid red lines represent the mean RMSE of predicted ensembles with ground
truth, solid black lines represent the RMSE of ground truth ensembles with climatology, and solid
blue lines represent the RMSE of ground truth ensembles with persistence. The shaded regions
show the limits of the 10" and 90*® percentiles obtained from 15 ensembles. Note that all the

predicted ensembles here were obtained using the finetuned model.
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truth) and the initial condition then gives the RMSE of persistence. In fig. 5 the RMSE

of FNO prediction is lower than that of climatology and persistence thereby indicating
that the FNO emulator is learning meaningful relationships from the training data. The
RMSEs for velocities are lower than climatology and persistence up to the decorrelation
time scale of about 3 months, while those for surface pressure and SST are lower for longer.
This is expected because smale-scale features like eddies and sharp currents appear in
velocity fields, while pressure and SST fields are dominated by large-scale equator-to-

pole meridional gradients.
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Figure 5. RMSE as a function of time for 15 ensembles with randomly chosen initial condi-
tions from the testing dataset. Ensembles were integrated with At = 5days, At = 10days, and
At = 30days for the top, middle, and bottom rows, respectively. The first, second, and third
columns represent surface speed (ms™!), surface pressure anomaly (P/p, ms™?2), and SST (°C),
respectively. The solid black lines represent the mean RMSE of ensembles integrated with the
pretrained emulator, while the solid red lines represent the means of those integrated with fine-
tuned emulator. The dotted black lines and the shaded red regions show the limits of the 10*
and 90*® percentiles obtained from 15 ensembles for pretrained and finetuned models, respec-

tively.

Fig. 5 compares the RMSE of pretrained FNO and multistep-finetuned FNO with
ground truth. We find that the RMSE of predictions made at 5-day intervals is more than

—14—



443

444

445

446

447

448

450

451

453

454

456

457

458

459

460

461

462

463

(a) Ground Truth (day 60) (b) At =5days (c) At=10days (d) At =30days
70 i
60 g
i i i 40
i 20
(e) Ground Truth (day 2000) (f) At = 5days (g) At=10days (h) At =30days 0
701 | ] -20
60 | g
i —40
) 50 4 4
®
- 4[)«. » A.a" & 18
y e E
20 i E r _ g
0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
Lon (°) Lon (°) Lon (°) Lon (°)
Figure 6. Streamfunction (10°m3s™") on the 60 day (top row) and 2000™ day for the

ground truth (first columun), and one FNO ensemble with prediction intervals of 5, 10 and 30

days (second, third, and fourth columns, respectively).

those made at 10-day and 30-day intervals. This finding is similar to that of Scher (2018)
where their weather prediction emulator had the best accuracy at intermediate predic-
tion intervals. Moreover, panels in the first row indicate that for the 5-day prediction
interval, the RMSE of pretrained model is higher than that of the finetuned model. For
the 10-day and 30-day prediction intervals (middle and bottom rows, respectively), the
RMSE of pretrained and finetuned models is comparable. This indicates that multistep
finetuning has a more profound effect on short than on intermediate and long prediction
intervals. This shows that the lack of skill at short term prediction intervals arises from
the basic fact that at short timescales the state of the underlying ocean variables does
not change by much. Multistep finetuning ameliorates this limitation to some extent by
effectively increasing the prediction interval (Li et al., 2021). Ideally, with more compu-
tational capability it would be worthwhile to perform multistep finetuning on more than
two timesteps. On the longer end of prediction intervals (60 days and above, not shown),
the state of the ocean might be too decorrelated for the model to learn meaningful pre-
dictability. Therefore, the model makes best predictions at intermediate intervals.

5.2 Long-term prediction skill

A desirable quality of numerical models, forced by a time-invariant forcing, is the
maintenance of a statistically steady state, that is, global means of no predicted quan-
tity should deviate by a large amount under steady forcing with forward integration. The
numerical model usually achieves this through conserving quantities like mass and en-
ergy. Since, we don’t explicitly prescribe these conservation laws to the emulator we hope
that it learns them from the training data.

Fig. 6 compares the barotropic streamfunction predicted by iterative FNO ensem-
bles from the same initial condition at 60" day and 2000t day. Two months is within
the decorrelation scale of the experiment therefore we see that there is qualitative agree-
ment between all panels in the top row. The panel ¢ with 10-day prediction interval per-
forms better especially near the western boundary where most of the turbulence is seen.
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Figure 7. Kinetic energy spectrum as a function of wavenumber for the initial condition,
1000*" day (blue), and 2000*" day (red). Dotted and solid lines show the spectrums for MITgem
simulation (truth) and FNO predictions, respectively. First, second, and third panels use FNO

models with prediction intervals of 5, 10, and 30 days, respectively.

On the 2000*" day, however, all predictions are distinct from each other. This is expected
because of the chaotic nature of the underlying phenomenon. Tiny differences in pre-
dictions within the decorrelation scale would grow as the iterative predictions timestep
beyond the decorrelation scale. However, it is encouraging that the spatial scale of the
anomalies is retained even after 2000 days of integration. This can be seen from fig. 7,
where the FNO simulations retain the scales of variability even after 2000 days. We have
also provided an animation of streamfunction as supplementary material from one en-
semble with At of 10 days.

It should be noted that the 5-day prediction interval ensemble (fig. 6f) begins to
get diffused around the 1800'" day. This can also been seen in the energy spectrum (fig. 7a)
where the energy in FNO prediction at small wavenumbers exceeds that in the ground
truth. This limitation of the 5-day prediction interval stems from similar reasons as pointed
out in the previous sections. The state of the ocean does not change much in 5days. There-
fore, we need extensive multistep finetuning. In the current study, we have only performed
multistep training using two succesive timesteps. We perhaps need to use more timesteps
to improve 5-day interval FNO emulator.

Fig. 8 shows the RMSE of surface speeds, surface pressure, and SST with respect
to climatology and persistence. The projections with 5-day intervals produce significant
errors, especially for surface pressure and SST after about 500 days of integration indi-
cating that the conclusions from fig. 6 and fig. 7 are not limited to one ensemble.

6 Summary and discussion

In this study, we present an emulator that accurately predicts the forward evolu-
tion of the double gyre simulation. As far as we know, this is the first emulator that uses
the state-of-the-art Fourier neural operators for ocean simulation. We specifically focus
on the importance of prediction interval used to generate iterative forecasts. We show
that the emulator stays stable for creating long ensembles at intermediate prediction in-
tervals of about O(10days). Shorter prediction intervals require extensive multistep fine-
tuning. Longer prediction intervals lie beyond the decorrelation scale of the experiment
and fail to learn meaningful relationships in the underlying data.

A prominent feature of the emulator introduced here is its long-term stability. As
far as we are aware, previous studies except Bonev et al. (2023) have failed to maintain
the spectrum of variability in long prediction ensembles. These limitations stem from
the nature of the neural networks used. CNNs, for example, are inherently diffusive. The
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Figure 8. RMSE as a function of time for 15 ensembles with randomly chosen initial condi-
tions from the testing dataset. Ensembles were integrated with At = 5days, At = 10days, and
At = 30days for the top, middle, and bottom rows, respectively. The first, second, and third
columns represent surface speed (ms™!), surface pressure anomaly (P/p, ms~2), and SST (°C),
respectively. The solid red lines represent the mean RMSE of predicted ensembles with ground
truth, solid black lines represent the RMSE of ground truth ensembles with climatology, and solid
blue lines represent the RMSE of ground truth ensembles with persistence. The shaded regions
show the limits of the 10" and 90*" percentiles obtained from 15 ensembles. Note that all the

predicted ensembles here were obtained using the finetuned model.
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most commonly used mean square error metric also tends to minimize errors only on large
scales, thereby leading to smoother emulations. The Fourier neural operator used in this
study overcomes these issues as it performs convolutions in the wavenumber space. This
aspect has a profound effect on distant geographic locations that might be correlated.

For traditional CNNs, the neural network has to be deep for two geographically distant
locations to start exchanging information, while with the use of Fourier transform in FNO
the information exchange takes place globally in the first layer itself of the neural net-
work.

An additional feature of FNOs is that they are resolution-invariant. This allows
us, for example, to train the network at higher resolution and make inferences at a lower
resolution. We earmark exploiting this property of FNOs for a future study.

7 Open Research

The code for the emulator is available at https://github.com/suyashbirel/oceanfourcast

(Bire & Liitjens, 2023).

The training and testing datasets used in this study will be uploaded to an open
data-sharing platform before the review process is over.
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