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Abstract

We develop a method to estimate relative seismic moments M0 and corner frequencies fc of acoustic emission events recorded in

laboratory experiments from amplitude spectra of signal’s coda composed of reverberated and scattered waves. This approach

has several advantages with respect to estimations from direct waves that are often clipped and also are difficult to separate

in experiments performed on small samples. Also, inversion of the coda spectra does not require information about the source

locations ans mechanisms. We use the developed method to analyze the data of two experiments: (1) on granite from the

Voronezh crystal massif and (2) on Berea sandstone. The range of absolute corner frequencies estimated in both experiments is

around 70-700 kHz. The range of relative seismic moments covers 103.5. The relation between fc and M0 observed on the first

stages of both experiments, consisted of increasing isotropic confining pressure, approximately follow M0 ˜ fc-3 scaling and the

b-value of the Gutenberg-Richter distribution was found close to 1. This can be interpreted as rupturing of preexisting material

defects with a nearly constant stress-drop and has a similarity with observations of ‘natural’ earthquakes. Deviations from

this ‘earthquake-like’ behavior observed after applying axial loading and initiation of sample damaging can be interpreted as

changes in stress-drop. Lower stress-drops prevail for sandstone and higher for granite sample respectively that can be related

to the strength of corresponding material.
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Key Points:10

• Coda of acoustic emission (AE) waveforms can be used for the source character-11

ization.12

• Scaling between the corner frequency fc and seismic moment M0 varies in func-13

tion of loading regime and rock type.14

• The M0−fc scaling of AE events was found similar to that of tectonic earthquakes15

when isotropic confining pressure applied to intact rocks.16
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Abstract17

We develop a method to estimate relative seismic moments M0 and corner frequencies18

fc of acoustic emission events recorded in laboratory experiments from amplitude spec-19

tra of signal’s coda composed of reverberated and scattered waves. This approach has20

several advantages with respect to estimations from direct waves that are often clipped21

and also are difficult to separate in experiments performed on small samples. Also, in-22

version of the coda spectra does not require information about the source locations ans23

mechanisms. We use the developed method to analyze the data of two experiments: (1)24

on granite from the Voronezh crystal massif and (2) on Berea sandstone. The range of25

absolute corner frequencies estimated in both experiments is around 70–700 kHz. The26

range of relative seismic moments covers 103.5. The relation between fc and M0 observed27

on the first stages of both experiments, consisted of increasing isotropic confining pres-28

sure, approximately follow M0 ∼ f−3
c scaling and the b-value of the Gutenberg-Richter29

distribution was found close to 1. This can be interpreted as rupturing of preexisting ma-30

terial defects with a nearly constant stress-drop and has a similarity with observations31

of “natural” earthquakes. Deviations from this “earthquake-like” behavior observed af-32

ter applying axial loading and initiation of sample damaging can be interpreted as changes33

in stress-drop. Lower stress-drops prevail for sandstone and higher for granite sample34

respectively that can be related to the strength of corresponding material.35

Plain Language Summary36

Earthquakes generation mechanisms and conditions favoring their occurrence are37

still debated. Inability to observe these processes in-situ and long lasting earthquake prepa-38

ration period favor using laboratory experiments to verify quickly the adequacy of pro-39

posed hypotheses. Fracturing of small rock samples with high pressures and recording40

acoustic waves from their micro-fractures is among them. In most cases, the laboratory41

acoustic emission (AE) is analyzed and compared to natural seismicity statistically, demon-42

strating similar Gutenberg-Richter power-law magnitude distribution. More advanced43

analyses can include source characteristics (corner frequencies, seismic moments, and stress-44

drops), responsible for the source size, forces acting there and stress changes. Ensem-45

bles of these characteristics can give ideas on the common generation mechanisms. In46

laboratory, several technical limitations slow down the implementation of such analy-47

ses, widely used in Earth’s seismology. We propose a method that use coda waves (sig-48

nal’s decaying part) to estimate source parameters of the laboratory AE. We tested it49

on two similar experiments conducted on different rock types. Source analyses revealed50

the high similarity of well-studied tectonic earthquakes and fracturing of pre-existing in-51

homogeneties in the rock samples by applying equally distributed external pressure to52

it. The active production of new fractures under high one-directional pressure in con-53

trary deviated significantly.54

1 Introduction55

Since early studies in 1960s (e.g., Scholz, 1968), impulsive acoustic emission events56

observed during the rock physics experiments are often considered as analog of natural57

earthquakes and are used to study the seismogenic processes in controlled laboratory con-58

ditions (e.g., Lockner et al., 1991; McLaskey & Kilgore, 2013; Yoshimitsu et al., 2014;59

V. B. Smirnov et al., 2019; Bolton et al., 2023; Marty et al., 2023). Analyses of large cat-60

alogs of “laboratory earthquakes” demonstrated that they obey statistical distributions61

similar to “natural” earthquakes. The size-frequency distribution of acoustic emission62

events follows the power-law Gutenberg Richter relationship (Gutenberg & Richter, 1944)63

and exhibit aftershock sequences governed by the Omori law (Omori, 1894). The former64

is often considered as manifestation of self-similarity of earthquakes occurring at differ-65

ent scales. One of the main parameters measured in the experiments aimed at under-66
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standing the laboratory seismicity is the Gutenberg-Richter’s “b-value” whose variations67

are interpreted in a relationship with loading conditions and material properties lead-68

ing to attempts of analogies with natural earthquakes occurrence and their eventual pre-69

diction.70

While built from very large amounts of events, the most of acoustic emission cat-71

alogs contain limited numbers of their parameters. In addition to event times, their mag-72

nitudes and hypocenter locations (when recorded by a sufficient number of receivers) are73

most frequently reported. However, the magnitudes are in most of cases determined from74

records by poorly calibrated sensors and cannot be simply related to physical source pa-75

rameters. So far, advanced analyses requiring well characterized source spectra, focal mech-76

anisms, etc are rarely performed on acoustic emission data.77

In earthquake seismology, advanced analyses of seismograms and their spectra are78

used to measure various physical source parameter such as magnitudes, seismic rupture79

dimensions, seismic energy (e.g., B̊ath, 1966) and scalar seismic moment (e.g., Aki, 1966).80

Systematic determination of these different parameters for “regular” tectonic earthquakes81

resulted in establishing simple scaling relationships between them (e.g., Aki, 1967; Kanamori82

& Anderson, 1975; Abercrombie, 1995). These “earthquakes scaling laws” remain valid83

over several orders of magnitudes and lead to a concept of self-similarity of seismic rup-84

tures under constant average stress drop. Together with a simple geometrical argument85

this gives the Gutenberg Richter distribution with b = 1. In this paper, we will refer86

to a simultaneous observation of the earthquakes scaling laws pointing to constant stress-87

drop and of b-value close to 1 as a “regular earthquake regime”.88

The average stress drops inferred for tectonic earthquakes approximately lie in the89

range of 1 to 10 MPa (equivalent strain drops being between 10−5 and 10−4) (e.g., Kanamori90

& Anderson, 1975; Allmann & Shearer, 2009), which is significantly smaller than the strength91

of the crustal rocks and the values geologically observed in the field for the faults (Schlische92

et al., 1996). All this is in good agreement with the conceptual model when tectonic earth-93

quakes are not produced by fresh ruptures but occur on pre-existing and on average “weak”94

faults.95

At the same time, there are various types of seismicity with properties different from96

the ”regular earthquake regime” mentioned above. One example are the volcanic earth-97

quakes that often do not follow the Gutenberg Richter distribution with b = 1 (e.g.,98

Galina et al., 2020; Jacobs & McNutt, 2010; Wyss et al., 1998) Another example is pro-99

vided by the induced seismicity with reported stress drops being very variable (e.g., Lengliné100

et al., 2014; Wu et al., 2018; Shapiro & Dinske, 2021). Finally, the scaling laws for re-101

cently discovered slow earthquakes are often reported being different from those known102

for “regular” earthquakes (e.g., Ide et al., 2007; Peng & Gomberg, 2010; Bostock et al.,103

2015; Farge et al., 2020; Ide & Beroza, 2023). Also, some studies have found deviations104

from “regular” scaling laws for tectonic earthquakes (Mayeda et al., 2007). Such behav-105

ior might be considered as manifestations of different seismogenic mechanisms and me-106

chanical behaviors of involved rocks.107

An accurate interpretation of analyses of the laboratory acoustic emission and its108

comparison with different types of natural seismicity would benefit from more system-109

atically determined physical source parameters similar to approaches used in the earth-110

quake seismology. To achieve this, the spectral analysis of acoustic emission signals is111

sometimes performed to measure the event seismic moments and corner frequencies (in-112

versely proportional to source time duration and its linear size). However, such an anal-113

yses is not routine. The reason is various limitations of laboratory experiment, includ-114

ing resonance of acoustic piezo-transducers, complicated absolute calibration, limited fre-115

quency range, limited sample sizes and, accordingly, the configuration of the transducer116

recording system.117
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The absolute estimations of corner frequencies and seismic moments was obtained118

by McLaskey and Lockner (2016) with calibrating sensors on the impact spectrum of a119

falling steel ball. The laser calibration of sensors was carried out by Yoshimitsu et al.120

(2014) and Marty et al. (2023) to obtain source characteristics of bigger set of AE-events.121

In (Yoshimitsu et al., 2014) the cubic relation between seismic moment and source du-122

ration has been verified but in the same time the b-value of Gutenberg-Richter has been123

estimated as 2. Results of Marty et al. (2023) have shown the stress-drops tending to124

increase for larger events. The similar problem has been revealed in Blanke et al. (2020).125

Harrington and Benson (2011) obtained cubic moment-duration relation for dry exper-126

iment and strong deviation from it in wet samples. Overall, the verification of “earth-127

quake” scaling lows for these small laboratory-scale sources remains an open question.128

With the available laboratory experiment performed on relatively small samples,129

the use of direct waves as it has been done in all works mentioned above is impossible130

due to the limitations that will be described in detail in the section ”Limitations of lab-131

oratory AE-signal”. Therefore, in this work the use of the signal’s coda is proposed as132

alternative to direct waves. In earthquakes seismology, such coda-based approach was133

successfully applied for estimation of earthquake source spectra (e.g., Rautian & Khal-134

turin, 1978; Mayeda & Walter, 1996). Although the acoustic coda in laboratory exper-135

iments has a slightly different formation mechanism (e.g., Farin et al., 2016; T. I. Kart-136

seva et al., 2022) it still can be used to estimate the source spectra and their main pa-137

rameters. To validate the method, we apply it to the data of two experiments: (1) on138

granite from the Voronezh crystal massif and (2) on Berea sandstone.139

2 Earthquake Scaling Laws and Spectral Analysis140

The seismic moment M0 is defined as:141

M0 = µSD (1)

where µ is the shear modulus, S is the rupture surface, and D is the slip amplitude (Aki,142

1966). Therefore, M0 is related to the source size giving rise to a physical magnitude scale143

(Hanks & Kanamori, 1979):144

MW = 2/3 lgM0 + const (2)

One of the main scaling laws is the relationship between seismic moment and the145

linear rupture dimension L (or rupture surface) (Kanamori & Anderson, 1975):146

M0 ∼ L3 ∼ S3/2 (3)

Combination of (1) and (3) implies the constant average stress drop during earthquakes:147

∆σ = CµD/L = const (4)

where C is a non-dimensional geometrical shape factor and D/L being a strain drop. By148

combining equations (2) and (3) we obtain that under constant strain (stress) drop the149

magnitude is linearly proportional to the logarithm of the rupture surface with a pro-150

portionality coefficient equal to 1.151

Following (Kanamori & Anderson, 1975), more small ruptures can be accommo-152

dated on a total fault area Σ. In other words the product of number of earthquakes NS153

with source area S and of this area should be approximately equal to the total fault area:154
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NSS ∼ Σ, implying that Ns is inversely proportional to the source area. When com-155

bined with the linear proportionality between the magnitude and the logarithm of the156

source area under constant stress drop, this gives the Gutenberg Richter distribution with157

b = 1:158

lgN = −bMw + a , b = 1 (5)

For most of earthquakes, the rupture linear dimensions cannot be directly measured.159

Instead, the source duration in time tc, that is approximately equal to L/Vr (Vr being160

the rupture propagation velocity) can be inferred from analysing seismograms or their161

spectra. The latter can be corrected for the propagation effects and the radiation pat-162

tern to retrieve the frequency dependent source term. The form of this term can be pre-163

dicted from simple source models (e.g. Haskell, 1964; Brune, 1970; Boatwright, 1980)164

and is characterized by two asymptotics. At low frequencies, the displacement spectra165

converges to a plateau whose level is proportional to the seismic moment. At high fre-166

quencies, the spectral amplitude is characterized by a power-low decay. The transition167

between this two asymptortics occurs at the vicinity of so called cut-off or corner fre-168

quency fc that is inversely proportional to the source time duration. As a consequence,169

the invariance of the seismic rupture stress drop can be expressed via a scaling relation-170

ship between the seismic moment and the corner frequency (e.g. Aki, 1967):171

M0 ∼ f−3
c (6)

Analysis of spectra has been applied to many real seismic datasets and the cubic mo-172

ment - corner frequency relation has been observed for large and moderate (e.g. Allmann173

& Shearer, 2009; Ross & Ben-Zion, 2016) to small (with MW < 3) (e.g. Abercrombie, 1995;174

Prieto et al., 2004) earthquakes, and for the mine seismicity (events of magnitudes −4<MW < 0)175

(e.g. Kwiatek et al., 2011). The spectral method of determination of source parameters176

has been also applied to slow earthquakes (e.g. Bostock et al., 2015; Farge et al., 2020;177

Supino et al., 2020).178

3 Data179

3.1 Set-up and Experiments180

We use the acoustic data recorded during pseudo-triaxial tests of cylindrical rock181

samples, carried out on the controlled hydraulic press INOVA-1000 GO ”Borok” IPE RAS182

(A. Patonin et al., 2014; A. V. Patonin et al., 2019). The cylindrical sample of 60mm183

height and 30mm diameter is sealed against penetration of confining oil to the pore space184

and installed in a cell with 16 ultrasonic sensors. The diameter of sensor body is around185

5mm, the contact surface is curved in accordance to the sample surface and tightly pressed186

to it. The cell is installed inside the confining pressure chamber and placed between the187

punches of press (Fig. 1).188

We consider two experiments that were carried out on Berea sandstone (porosity189

17%) and Voronezh granite samples (porosity 0.6%) with similar loading conditions that190

can be divided into 4 similar stages (Fig. 2). First stages of both experiments are the191

same: applying 4 confining pressure Pc steps (+2MPa,+2MPa,+4MPa,+4MPa) to192

the intact rock samples. During the stages II the differential stress σ is applied under193

constant Pc and controlled by the acoustic emission activity to provide quasi-static fault194

growing. While in Sandstone experiment after reaching around 90% of sample’s strength195

the macro-fault was formed instantly, the Granite sample was able to sustain a cycle of196

slips along fault. During stages III another 4 steps 2MPa each were applied to the dam-197

aged rock samples. This stage has strengthen samples (note the increase in P-wave ve-198

locities) before final axial loading IV.199
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Figure 1. Schematic representation of the experimental set-up. 1 – rock sample; 2 – confining

pressure chamber; 3 – compensator providing external pressure equal to Pc at the top of the

sample; 4 – press providing axial load σ; 5 – system of 16 piezo-sensors (layout is shown at the

bottom). At the bottom: numbers of sensors in gray, examples of ultrasonic sounding traces of

two emmiters 11 and 13 sending elastic impulse to corresponding receivers 5 and 6, 7 and 8
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Acoustic emission is recorded by a system of side sensors with low-noise pre-amplifying200

and analog-to-digital converter (ADC) programmed for the pre-triggering mode (sam-201

pling rate 2.5MHz). The acoustic signal is continuously digitized into the ring buffer202

of ADC. Right after the first signal arrival exceeding the amplitude threshold from any203

of 16 channels the data block containing 255µs before the first arrival and 360µs after204

is sent to the storage. Therefore for each event with the signal amplitude enough to trig-205

ger the system there are 16 waveforms of 615µs duration with the start time shifted to206

255µs of the standard record frame (Fig. 3a, b). Noise and signal Fourier amplitude spec-207

tra (Fig. 3e and f) for corresponding records from the first three sensors demonstrate208

the frequency range limitation: up to around 30 kHz by the noise of the hydraulic press209

and above around 600kHz by strong absorption of waves starting from about 600 kHz.210

Besides recording of acoustic emission the system is periodically (around each 22 sec)211

switched to the ultrasonic sounding mode. In this mode during the period of 1.5−22 sec212

8 sensors serve as emitters of artificial elastic impulse while other 8 ones receive these213

signals crossing the sample in different directions (Fig. 1). Having a total 16 paths and214

measured travel times every 22 sec allows to calculate time-dependent distribution of elas-215

tic wave velocities, that is necessary for the event location procedure. Time evolution216

of average P-wave velocities is shown with black lines in Fig. 2. Location of AE-events217

is based on determination of arrival times of AE-signals (by STA/LTA or AIC-picker meth-218

ods, depending on which one worked better) and minimizing travel times while search-219

ing the location in the space grid in the sample (for details A. Patonin et al. (2014)).220

During the 4 stages of granite and sandstone experiments 36162 and 53698 acous-221

tic emission waveforms were recorded, respectively.222

3.2 Limitations of Laboratory AE-Signals223

The experimental setup that we use has several limitations in terms of the qual-224

ity of the acoustic emission waveforms. The first one and most obvious is clipping of the225

signals of strongest AE-events due to the limited dynamic range of the ADC (Fig. 3b).226

The second limitation consists in the inability to separate clearly direct waves from the227

coda (waves reflected from the sample surfaces. Main reason for this is the small size of228

the sample that comparable with the used wavelengths. Resulting arrival times of the229

reflected waves around 10−15µs (60mm/(3.5−4)km/s) which is very close to the du-230

ration of the direct waves signal (Fig. 3a and b).231

4 Estimation of Source Parameters from the Coda of AE-Signals232

Signal recorded during event i at sensor j can be represented as:233

yji (t) = si(ti, t) ∗ gi,j(t− ti) ∗ rj(t− ti) (7)

where si(ti, t) is the source time function of an acoustic emission event i that occurs at234

time ti, gi,j(t−ti) is the Green’s function characterizing the wave propagation between235

the source i and sensor j, and rj(t− ti) is the response of the receiver j. In the spec-236

tral domain this equation becomes:237

Y j
i (f) = Si(f)Gi,j(f)Rj(f) (8)

where f is the frequency and Si(f) is the source spectra that we would like to retrieve.238

Thus, a deconvolution of the sensor response and of the propagation term must be ap-239

plied to the recorded signals (or their spectra). In the earthquake seismology, the source240

parameters are most often retrieved from direct waves. This requires knowing the source241
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Figure 2. Loading history of Garnite (a) and Sandstone (b) experiments divided by 4 stages

I-IV. Left axis: black curves < Vp > - P-wave velocities averaged over 16 traces, gray bars show-

ing activity of acoustic emission calculated as 100 events divided by the time period they occur.

Red arrows point the onset of macro-faulting (4781s for Granite and 5411s for Sandstone). Right

axis: magenta curves Pc - confining pressure, green curves σ - differential stress (Fig. 1).
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Figure 3. Examples of signals of a relatively weak (a) and a relatively strong (b) acoustic

emission events. Recordings from sensors 1, 2 and 3 indicated in the bottom of Fig.1 are shown.

Note the clipping of a signal amplitudes on (b). c) and d) Amplitude envelopes of records shown

in (a) and (b) in the same color-code obtained by smoothing signal amplitudes with a 100 points

long Hanning window (40µs). The dotted black lines indicate the linear approximation of coda

parts (320 − 500µs) averaged over three sensors. Vertical lines mark the first arrival of event’s

signal (255µs). e) and f) Fourier amplitudes (same colors on (a) and (b)). Noise spectra (dotted

curves) were calculated from 100 − 250µs windows. Signal spectra (solid curves) 250 − 400µs

windows.
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position (and ideally focal mechanism) to estimate the Green’s function. For the AE events242

recorded during our laboratory experiments this approach is rather problematic because243

of the poor quality of the direct wave signals mentioned in the previous section and also244

because of unknown source locations for many of them.245

To mitigate this problems, we use an approach that is based on the coda of the sig-246

nal (e.g., Rautian & Khalturin, 1978; Mayeda & Walter, 1996; Sens-Schönfelder & We-247

gler, 2006). In seismology, the coda is formed by the waves scattered on the heterogeneities248

of the lithosphere (e.g., Aki & Chouet, 1975; Sato et al., 2012). The scattering is con-249

sidered as a random processes leading to a formulation when the energy of wavefield is250

described with a radiative transfer theory (e.g., Margerin et al., 1998; Margerin, 2005).251

Based on this, a practical solution for a coda can be obtained when re-writing equations252

(7 and 8) and expressing the Green’s functions in terms of energy. For observations this253

implies that we do not predict the whole signal (including its phase) but rather its en-254

velope. When considering the scattering within the Earth’s lithosphere the time depen-255

dence of the coda envelope can be approximated with a combination of an exponent and256

a power-low decays.257

In the laboratory experiments, the geometry of coda formation is different com-258

paring to the Earth’s lithosphere. Instead of an infinite half-space the waves propagate259

within a small sample and are very quickly reflected at its boundaries. The coda is mostly260

formed by these multiply reflected waves. This reverberation is randomised because of261

the heterogeneities within the sample and on its boundaries. After a few reflections the262

wavefield can be approximated as diffuse with an energy nearly uniformly distributed263

over the sample (e.g., Weaver, 1984; Kanev, 2011). This is illustrated with an AE event264

shown in Fig. 3a and c when the amplitude of direct waves (arriving at 255 − 300µs)265

can significantly differ from one sensor to another and becomes more homogeneous in266

the coda (after∼ 320µs). The energy is systematically lost at reflections and also due267

to the anelastic attenuation within the sample. As a result, its level decays exponentially268

in time (e.g., Farin et al., 2016) as illustrated with dashed lines in Fig. 3c and d. The269

energy decay rate considerably depends on frequency with high frequency waves atten-270

uating faster. This is again illustrated in comparing envelopes in Fig. 3c and d. For a271

weaker event (c) whose spectrum contains more high frequencies, the coda amplitudes272

decay faster than for larger event shown in (d) with more low frequencies. Finally, the273

coda can be better described with an energy (or amplitude) envelope computed after ap-274

plying a narrow-band filter. In this case, equations (7 and 8) can be rewritten as:275

aji (f, t) = a0 Si(f) e
−α(f) (t−ti) Rj(f) (9)

where t is time, aji (f, t) is the coda amplitude envelope computed from a signal recorded276

at receiver j during event i and bandpassed around frequency (f). a0 is a factor depend-277

ing on the experiment geometry. α(f) is the frequency dependent coda decay rate. As278

described in the following section, we use the system of equations (9) to retrieve the source279

spectra Si(f) (in a relative sense) from records of many events by multiple sensors. For280

this goal, the equations are linearized by taking their logarithms. Then, the idea is to281

compute the bandpassed envelopes from observed signals and to fit parameters of the282

model (9) in a least-squares sense. As described in the following section, this approach283

can be used to estimate the source spectral ratios. The last step, is to fit these estima-284

tions with a theoretical source model to extract corner frequencies and relative seismic285

moments.286
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Figure 4. Amplitude responses of set of narrow-band Butterworth filters of 4th order used

in this study. Corresponding central frequencies f0 are noted above. Upper and lower cut-off

frequencies of the filters (at −3dB level) calculated as f0 − f0/3 and f0 + f0/3. The sequence of

central frequencies is produced as f i
0 = 1.1 · f i−1
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5 Methods287

5.1 Computing Amplitude Envelopes288

We start with applying to signals a set of narrow-band Butterworth filters of 4th289

order whose amplitude responses are shown on Fig. 4. Envelopes (amplitudes of Hilbert290

transforms) of all bandpassed signals are then smoothed with a 100 points long Hanning291

window (40µs). Examples of envelopes are shown in Fig. 5.292

5.2 Selecting the Coda Window293

The triggered recording system is set up in a such way that 255µs before each AE294

event are kept in memory implying that starting event time in every window is 255µs.295

We consider that an average of 5−10 reflections after first arrival are needed to form296

a diffuse coda, which gives the coda beginning time at 320µs.297

The end of the coda depends on the magnitude of the event and frequency range298

Fig. 5b. In order to save a sufficient amount of information for a stable analysis, while299

not allowing distortion of the estimates of the coda parameters due to capturing a sec-300

tion with noise, we adopt a simple approach to use a constant window with length of 50µs301

for all events and frequency ranges (as indicated with the shaded area in Fig. 5).302

5.3 Estimating Coda Decay Together with Source and Receive Factors303

The computed coda envelopes at every frequency f aji (f, tk) (where tk are time sam-304

ples within the selected coda window) are fit to model (9) in order to estimate coda de-305

cay together with source and receiver factors. After taking logarithm this gives:306

lg aji (f, tk) = Bi(f)− α(f) lg e tk + Cj(f) (10)

where Bi(f) = lgSi(f) + C0(f), Cj(f) = lgRj(f) + lg a0 + α(f) lg e ti − C0(f), and307

C0(f) is an arbitrary constant.308

If we jointly consider N events recorded by M sensors, (10) gives us at every fre-309

quency a system of N ×M ×K equation, with N +M +1 unknowns. However, it re-310

mains degenerated because the unknowns B and C cannot be defined separately until311
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the constant C0 is not fixed. Therefore, to stabilize the system of equations we add a “nor-312

malization” condition:313

M∑
j=1

Cj(f) = 0 (11)

After introducing this additional condition, we solve system (10) in a least-squares sense314

to find the coda decay rate α(f) and the relative source and sensor factors Bi(f) and315

Cj(f).316

5.4 Estimation of Corner Frequencies and Relative Seismic Moments317

The estimated source parameters Bi(f) cannot be directly used to estimate the ab-318

solute source spectra because of the coefficient C0(f) that is defined independently at319

each frequency. However, differences between Bi(f) determined for different events is di-320

rectly related to the source spectra ratios SRi,j(f) (e.g., Rautian & Khalturin, 1978):321

SRi,j(f) = 10(Bi(f)−Bj(f)) =
Si(f)

Sj(f)
(12)

We then use a theoretical source model to fit the observed spectral ratios and to322

estimate main source parameters. The simplest Brune’s function (Brune, 1970) appeared323

not to be a best description of the observed spectral ratios since the degree of spectrum324

decay at frequencies above fc is higher than 2. In our analysis, we prefer the Boatwright’s325

model (e.g., Boatwright, 1980; Abercrombie, 1995; Ross & Ben-Zion, 2016)) in the form:326

S(f) =
CM0(

1 +
(

f
fc

)γn)1/γ
(13)

where M0 is the seismic moment, fc is the corner frequency, C is a normalisation coef-327

ficient, and γ and n are constants describing the spectral fall-off. In our case, the val-328

ues γ = 2, n = 3 were found to better fit the observations. Deviations from n = 2329

model have been also observed for earthquakes (Uchide & Imanishi, 2016; Eulenfeld &330

Wegler, 2016; Eulenfeld et al., 2022). Theoretical expression for the spectral ratio be-331

tween sources i and j becomes:332

Si(f)

Sj(f)
= dM ij

0

1 +
(

f

fj
c

)γn

1 +
(

f
fi
c

)γn


1
γ

(14)

where dM ij
0 = M i

0/M
j
0 is the relative seismic moment.333

In a next step, we use non-linear least-squares fitting implemented in a function334

“CurveFit” of “Optimize” package of “SciPy” library (Virtanen et al., 2020) to find pa-335

rameters (f i
c, f

j
c , and dM ij

0 ) of this theoretical model that better fit the observed spec-336

tral ratios (12). An example is shown in Fig. 6.337

5.5 Routine Analyses of Spectral Ratios338

During the experiments lasting around several hours, and, depending on the load-339

ing program, signals of tens of thousands of AE events from 16 sensors were recorded.340
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Feeding all this data simultaneously into the system of equations Fig. 10 is not compu-341

tationally optimal. More importantly, these equations are valid only when the coda de-342

cay rates α(f) and the sensor coefficients R(f) remain constant for all considered AE343

events. This condition, however, cannot be fulfilled during the whole experiment dur-344

ing which the rock samples become strongly damaged and fractured resulting in signif-345

icant variations of α. Also, strong variations of the confining pressure and loading stresses346

can modify the coupling between the sensors and the sample resulting in varying effec-347

tive sensor responses. Therefore, we decided to process the event by relatively small groups348

(N = 100) corresponding to short time intervals during which α and R can be consid-349

ered as constant.350

After selecting a group of N = 100 events and estimating Bi(f), they are sorted351

in descending order using Bi(117 kHz) as a scale since this characteristic is closer to the352

seismic moment estimated at low-frequencies. Then the spectral ratios are calculated for353

all possible pairs larger and smaller events that we call ’target’ and ’eGf’ (empirical Green’s354

function), respectively. Then these ’target-eGf’ spectral ratios are fitted with Fig. 14 to355

obtain estimates of relative seismic moments and respective corner frequencies. These356

estimates are considered stable only for pairs with spectral ratio increasing toward low357

frequencies and satisfying two following conditions: lg(feGf
c )− lg(f target

c ) ≥ 0.05 and358

dM target,eGf
0 > 1.2.359

Finally, each event of the group is involved in several ’target-eGf’ pairs resulting360

in multiple estimations of its seismic moment relative to other event and of its corner361

frequency. We then analyse this ensemble of estimations statistically to define a most362

likely values of these parameters.363

From all corner frequencies available for a given event, from both the target and364

eGf roles the median of the fc distribution calculated as approximation of the true cor-365

ner frequency (Fig. 6). The errors are estimated as 95% confidence interval with lower366

bound calculated as quantile cutting 2.5% of fc distribution and the upper bound as quan-367

tile cutting 97.5%.368

Ensemble of estimations of relative seismic moments gives a system of equations:369

lg dM ij
0 = lgM i

0 − lgM j
0 (15)

The number of equations in this system is equal to number of spectral ratios which is370

larger than the number of unknown lgM i
0 (number of events, N = 100 in our case). There-371

fore, this systems can be solved in a least-squares sense. However, this system of equa-372

tion only include differences between logarithms of moments and, therefore, requires an373

additional normalization condition to be solved. Finally, only relative values of seismic374

moments for the considered group of AE events are obtained.375

Therefore, when processing many groups of events we need to make them overlap376

to end up with comparable values of seismic moments for the whole ensemble of analyzed377

event. We use groups with a 50% overlapping. The re-normalization of seismic moments378

in every new group is made based on the values estimated for 50 overlapping events es-379

timated in the previous group. The first group is normalized by subtracting the mini-380

mal resulting lgMk
0 .381

We compute a mean difference between logarithms of moments for N/2 events present382

both in group I (earlier in experiment) and group II (later in experiment):383

∆ lg(M0) =
1

N/2

N/2∑
k=1

(
lg(Mk

0 )II − lg(M
k+N/2
0 )I

)
(16)
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Then, all seismic moments of group II are recalculated according to this correction:384

lg(M i
0)

′
II = lg(M i

0)II +∆ lg(M0), (17)

Finally, for the N/2 overlapping events we recalculate seismic moments as average from385

two estimations:386

lg(Mk
0 )

′′ = 1/2(lg(Mk
0 )

′
II + lg(M

k+N/2
0 )I) (18)

where k varies from 1 to N/2.387

For the corner frequencies the values of the overlapping events are also modified.388

The median and corresponding quantiles are recalculated with accounting for the new389

fc statistics coming from the group II.390

5.6 Quality Control and Event Selection391

At different steps of the analysis described above, several criteria of events selec-392

tion are applied resulting in reduction of the final amount of AE-events with estimated393

source parameters:394

1. Preliminary rejection of weak signals (average coda envelope amplitude at 320mks395

less then 300ADC396

2. During the short period 5404−5415s of Sandstone experiment 100 events were397

removed from the analyses since there were many overlapping waveforms because398

of fast development of the macro-fault399

3. On the stage of spectral ratio parameters f i
C , f

j
c and dM ij

0 estimation there im-400

posed several criteria for selection of good pairs of events: (i) dM ij
0 >

Si(2f
j
c )

Sj(2f
j
c )

(see401

14), (ii) lg(f j
c ) − lg(f i

c) ≥ 0.05, (iii) dM ij
0 > 1.2, where index i is responsible402

for ’target’ event and j for ’eGf’. The condition (i) roughly checks the spectrum403

shape and for the best performance of spectral ratio method the difference between404

corner frequencies and their magnitudes of events are imposed via (ii) and (iii).405

4. For statistical significance of the final estimation we consider events for which the406

amount of successful spectral ratios (that passed condition (3)) is larger than 20407

While applying first two criteria rejected 19% in Granite experiment and 31% in408

Sandstone experiment, the third and forth ones reduced for other 25% and 36%, respec-409

tively. Finally, we kept 56% of AE events for Granite and 33% for Sandstone.410

6 Results411

After analyses of all records in both experiments and all applied criteria of selec-412

tion there left: 20372 (56%) events in Granite experiment, 17638 (33%) events in Sand-413

stone experiment. The general difference in amount of events left in analyses mainly caused414

by the preliminary massive rejection of weak signals. In the sandstone sample the rela-415

tion of small events to large is higher than in the granite.416

Fig. 7 a and g show the results for AE events recorded during the Stage I. Dur-417

ing initial ∼ 900s of both experiments four steps of increasing isotropic confining pres-418

sure were applied to the samples. No macro-scale rock damage was observed in this pe-419

riod. It can be seen that during this stage most of events approximately align along a420

fc ∼ M
−1/3
0 scaling. Only for largest events we observe a “saturation” of corner fre-421

quencies at a level of ∼ 100kHz. We also compute relative moment magnitudes (2 with422
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Figure 7. Results for Granite (left a-f), Sandstone (right g-l). Diagrams fc vsM0 for I-IV

stages of Granite (a-d) and Sandstone (g-j): gray line - stress-drop reference (fc ∼ M
−1/3
0 ), blue

and red - 5-fold decrease and increase of reference stress-drop respectively, numbers in brackets

assign the ammount of events in current stage. Color of circles with error bars assigns position of

point relative to stress-drop lines: ≤ 1/5∆σ - blue (low), between 1/5∆σ & 5∆σ - green (mid-

dle), ≥ 5∆σ - red (high). e) and k) Left axis: relative Mw (Fig. 2) - gray points. Right axis:

differential stress σ - green curve. Confining pressure Pc - pink curve (more detailed on Fig. 2).

f) and l) Left axis: activity (event/sec) of events with different stress-drops. Color of each bar-

plot corresponds to the color of group on (a-d) and (g-j) panels. Right axis: black curves show

averaged over 16 traces P-wave velocity changes.

const = 0) for these events and plot the magnitude frequency distribution in Fig. 8 with423

red lines. During the initial stages of both experiments (Granite and Sandstone) this dis-424

tribution follow the power-law Gutenberg-Richter distribution with b− value close to425

one. Overall, the behavior of AE events recorded during these first stages has strong sim-426

ilarities with the tectonic earthquakes and likely corresponds to rupturing pre-existing427

micro-fractures characterized by approximately constant stress drop. The level of this428

stress drop, however, cannot be established because of the lack of absolute values of seis-429

mic moments.430

Several examples of eGf-corrected stacked spectra of target events from Stage I of431

both experiments are presented in Fig. 9. Each of these spectra Si is obtained by stack-432

ing spectral ratios of given target i with the set of its best eGfs j normalized by the cor-433

responding eGf’s seismic moment SRi,j(f)M
j
0 (equations 12, 14, 15). While four spec-434
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Figure 8. Gutenberg-Richter distributions of relative Mw for Granite (solid), Sandstone (dot-

ted) on Stages I - in red, Stages II-IV in black. Lines in right-upper corner with different slopes

(b− values) for comparison. Note that Mw are relative either between experiments.

tra of events lying close to the constant stress-drop line Fig. 9a demonstrate scaling sim-435

ilar to one described by (Aki, 1967), the other two events with higher corner frequen-436

cies (blue and orange) considerably deviate from this scaling.437

For the interpretation of the AE emission recorded during all stages of the exper-438

iments, we set-up the position of the line fc = 70kHz·
(

120
M0

)1/3

on log-log scale cross-439

ing the majority of events of Stage I (Fig. 7a, g, gray line), as a reference relative stress440

drop.441

This level corresponds to initial conditions within the undamaged samples. Events442

significantly deviating from this line and lying above or below it are then considered to443

have larger or smaller stress drops, respectively.444

Stages II of both experiments started with applying increasing axial load under con-445

stant confining pressure (Fig. 7e, k). This load gradually increases until the condition446

of formation of a macro-fracture of the samples are reached. This was followed by a de-447

crease in the axial load, gradual in the case of granite and step-like in the case of sand-448

stone. During stages III, the confining pressure is again increasing. Stages IV consist of449

additional increase of axial load under fixed confining pressure.450

Two projections of AE-events locations on the Stages I and in the periods of 1000s451

after initiation of macro-faults being oriented concordantly with the photos of samples452

in copper jackets after tests, demonstrate difference between rock types as well Fig. 10.453

For the granite Fig. 10a event locations on the Stage I tend to orient along one direc-454

tion while in the sandstone Fig. 10b locations from the first stage distributed around the455

whole volume of the sample and only after the failure events locations aligned in the plane456

of the slip.457

After active fracturing during Stages II, the Stages III is designed to consolidate458

the sample by applying steps of confining pressure similar to that of Stages I but with459

the presence of non-changing axial load. The level of “stress-drop” during this stage is460

similar to Stages I with mopst of events concentrating around reference ∆σ (Fig. 7 c and461

i). However, these stages are depleted in large-scale events.462

In contrast to the Stages I and III the estimations from the Stages II and IV demon-463

strate large diversity of stress-drops. If the gray line assigns the reference level of con-464
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Figure 9. Examples of eGf-corrected normalized stacked spectra (eq.N) from Stage I of Gran-

ite (a) and Sandstone (b). The target events chosen for spectra demonstration are marked with

colored points on the inserts showing Stage I diagrams identical to Fig. 7a, g. The number of

each target event corresponds to the number of spectra S1 − S6 for granite and S1 − S5 for sand-

stone. The spectra bands Si represent the variation of eGf corrected normalized spectra set for

a given ith target (around 5 − 10 for each target). Because of specific procedure of estimation of

final fc and M0 that is based on the set of parameters without strict separation of events on ‘tar-

gets’ and ‘eGfs’ and selection of successful spectral ratios (Fig. 5.6) the amount of appropriate

pairs of chosen targets with their eGfs is quite small, especially, if demonstrating group of targets

of equal stress-drop, i.e. following the same cubic line fc ∼ M
−1/3
0 (dached lines). Two spectra

decay rate n = 3 and n = 2 of Boatwright model with γ = 2 also presented. While M j
0 of n = 3

model was used here for normalizing spectral ratios, it is seen that seismic moment estimations of

both models are quite similar unlike the corner frequencies.
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Figure 10. Location of AE-events with the photos of samples after experiments a - Granite

and b - Sandstone: the periods from which locations (Fig. 3) were taken are marked above the

corresponding panels. Orientation of macro-faults are marked by red arrows.
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Figure 11. Distribution of apparent stress-drops in both experiments. Vertical lines cor-

respond to that of the lines on Fig. 7a-d and g-j with colored area assigning the ranges of low

(blue), middle (green) and high (red) stress-drops.

stant stress-drops ∆σ based on Stage I, the red and blue lines represent 5-fold increase465

and decrease in stress-drop, respectively. Statistical distribution compiled during all 4466

stages (Fig. 11) demonstrate that in granite the overall stress-drop is higher than the467

initial reference level and inverse situation is observed in the sandstone sample.468

The dynamics of stress-drops with highly variable experimental conditions is shown469

in Fig. 7f, l with color of each bar-plot linked to the corresponding group of events in470

Fig. 7a-d, g-j. Above mentioned balance between high and low stress drop events in both471

experiments is clearly observed with some details in temporal variability that can reflect472

the internal changes during fracturing process (Fig. 7f and l). In the Granite experiment,473

initiation of damage and formation of the micro-fracture is associated with appearance474

of many “high stress drop” events that remain nearly dominating (with numbers very475

close to “normal stress drop” events) till the axial load is reduced to the pre-fracture level476

(at ∼ 8000s). In the sandstone, the initiation of damage at ∼ 3000s is associated with477

the “low stress drop” events that persist till the release of the axial load at ∼ 6000s and478

then re-appear in stage IV when the axial load is increased again. We note, that this kind479

of dynamics that could not be retrieved from “standard” analyses based on occurrence480

times and magnitudes.481

The Gutenberg-Richter distributions obtained during Stages II-IV in granite and482

sandstone are shown in Fig. 8 with black solid and dashed lines, respectively, have much483

higher b−values. The magnitudes of completeness are higher than during Stage I, which484

is explained by the selection criteria imposed on the fc differences in spectral ratios (Sec-485

tion “5.5 Routine analyses of spectral ratios”) and less amount of events satisfying these486

criteria particularly on Stages II. Nevertheless, the b-values observed during these later487

stages are significantly higher than 1.488

7 Discussion and Conclusions489

In this paper we described a new approach to estimate the relative source spectra490

of AE events from codas of signals recorded during laboratory experiments. The respec-491

tive spectral ratios can be used to estimate main source parameters: corner frequencies492

fc and relative seismic moment M0. The decay of the coda amplitude envelopes is de-493

scribed with a simple diffuse approximation (e.g., Farin et al., 2016). In small samples,494

the diffuse wavefield is mainly formed by multiple reverberations leading to a nearly ho-495
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mogeneous distribution of energy across the media. This implies equal amplitude level496

and decay rate at all sensors, independent of their position and the source location and497

mechanism. Overall, the proposed coda based source spectra estimation have an advan-498

tage of being relatively simple, i.e., it does not require information about the source lo-499

cations and mechanisms, separation of direct P and S waves, and well calibrated acous-500

tic recording system. Therefore, it can be potentially applied to many experiments run501

on relatively small rock samples.502

We validated the developed method by applying to AE signals recorded during two503

experiments described in Section “3 Data”. With the selected data quality criteria (Sec-504

tion “5.6 Quality Control and Event Selection”) we could determine the relative seismic505

moments and corner frequencies for 30−60% of all recorded AE events. As a main re-506

sult, the AE catalogues were enriched with two new physical parameters whose evolu-507

tion as function of loading conditions could be studied.508

We were particularly interested in verifying if the recorded AE events followed a509

behaviour similar to regular earthquakes that are known to exhibit nearly constant stress-510

drop independent of their size and to obey a Gutenberg-Richter law with b-values close511

to 1. For this goal, we investigated two observable relationships: (1) the scaling between512

the seismic moment and the corner frequency, and (2) the Gutenberg-Richter distribu-513

tion computed from moment magnitudes MW . In the ”regular earthquake regime”, the514

scaling is expected to be cubic (equation 6) and the b-value being close to one.515

We have found that two above mentioned attributes of the “regular earthquake regime”516

have been approximately verified during initial stages of both experiments when the rock517

samples were loaded with increasing isotropic confining pressure. The origin of the AE518

during this stage is most likely related to the inhomogeneity of the rock samples that re-519

sults in a heterogeneous internal stress distributions even under an isotropic loading. The520

AE events can be triggered at the stress concentrators such as preexisting micro-faults,521

pores or grain boundaries having high contrast in physical properties (Anders et al., 2014).522

The observed similarity with natural earthquakes can be interpreted that these Stage523

I AE events mostly occur on preexisting micro faults with a nearly constant stress drop.524

Existence of such preexisting micro faults is partially confirmed by the distribution of525

AE hypocenters from the experiment in granite (Fig. 10a) that start to be aligned even526

during Stage I.527

The behavior of the AE events changes drastically once the samples become sig-528

nificantly damaged and many new micro fractures start to appear under the axial load529

(Stages II and IV). The dots on the log-log fc−M0 plane do not align along a line (Fig.530

7b and d, h and g but form a “cloud” with appearance of many events whose spectra531

are either enriched or depleted in high frequencies comparing to the “reference” level ob-532

served during Stage I. The b-value of the Gutenberg-Richter distribution becomes much533

larger than 1 (Fig. 8 black curves). One possible hypotheses for explaining this is that534

the b-value can be related to the level of stress (e.g., Main et al., 1989; V. B. Smirnov535

et al., 2019; V. Smirnov & Ponomarev, 2020; Dong et al., 2022).536

Overall, the behavior observed during Stages II and IV is very different from the537

“regular earthquake regime”. One important implication of this result is that a direct538

comparison of laboratory and natural earthquakes is not always appropriate and that539

in some laboratory regimes, e.g., associated with active sample damage, the mechanisms540

of rock deformation faulting might be very different from natural conditions in the Earth’s541

lithosphere.542

Additionally, we observe different behaviors in the experiments performed on dif-543

ferent rocks. From the granite experiment we retrieve more events enriched in high fre-544

quencies during Stages II and IV (red area in Fig. 7f), the activity shifts toward events545

depleted in high frequencies (red area in Fig. 7l) in the sandstone sample. One possi-546

–22–



manuscript submitted to JGR: Solid Earth

bility is to interpret the observed distributions in the fc −M0 plane in terms of vary-547

ing stress-drop. Events enriched and depleted in high frequencies (red and blue colors548

in Fig. 7a-d, g-j) would be associated with the increased and reduced levels of stress-drop,549

respectively. The increased stress drop events might be associated with creation of new550

micro faults. The low stress drop level might be associated with re-activation of recently551

opened fractures or other types of “weak” contacts in the rock. The latter are more likely552

to be present in the more porous sandstone which could explain the larger relative num-553

ber of events depleted in high frequencies recorded during this experiment.554

However, the concept of “stress-drop” should be applied to our results with a cer-555

tain caution. The stress-drop expressed through the seismic moment and corner frequency556

scaling results from the ideal earthquake source model that considers the faults with con-557

stant rupture propagation speed. The faulting mechanisms within the actively damaged558

rock samples can be far from this idealisation.559

One important limitation of the results obtained in this study is that absolute val-560

ues of source parameters could not be estimated. This first concerns the seismic moments.561

Without knowing their relative values, the M0−fc scaling can be estimated only within562

the range of measured corner frequencies. However, it cannot be compared with more563

global trends (e.g., Goodfellow & Young, 2014; Yoshimitsu et al., 2014). To advance in564

this direction we would need to estimate absolute values of seismic moments for at least565

a few AE events. This could be eventually achieved with an improved calibration of the566

recording acoustic system.567

Another difficulty is to estimate the spatial extension of the AE event sources. Fol-568

lowing the “standard” earthquake model they can be related to corner frequencies as:569

L ≈ Vr/fc. For real earthquakes the rupture speed Vr is known to be close to the shear570

wave speed, i.e., of the order of a few kilometers per second. Applying this to our data571

would give source dimensions between millimeters and centimeters. In particular, the572

source dimensions corresponding to largest observed corner frequencies (70−100kHz)573

would be close to the sample size. This could explain the observed “saturation” at low574

corner frequencies. At the same time, we cannot fully exclude a possibility that this sat-575

uration is caused by poor response of the acoustic recording system at low frequencies.576

More importantly, the millimetric to centimetric source sizes do not match the dimen-577

sions of micro-fractures measured in samples that are usually nucleated and associated578

to the grain boundaries and therefore do not exceed the average grain size (Anders et579

al. (2014) 3.2, 3.3 for a review) that in the case of Berea sandstone not larger than 0.3−580

0.5, and granite of Voronezh massif 1−2mm. This discrepancy could be another indi-581

cation of the difference between the natural tectonic earthquakes and the fracturing and582

damaging of the small laboratory rock samples.583

Overall, the use of coda waves in the solving the problem of laboratory AE-source584

characterization seems to be promising. It can become a useful tool to enrich the knowl-585

edge about the fracture process.586
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