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Abstract

The formation of mineral deposits in mesothermal quartz veins is a complex process that has been the subject of much research.

The classical fault-valve hypothesis suggests that mineralization occurs when metamorphic fluids are injected during a brittle

event and then locked in to mineralize, but this hypothesis does not fully explain the regular spacing of repeated mineralized

patterns that are often observed. This paper proposes a new mechanism for mineralizing systems based on the theory of

cnoidal waves in solids. Cnoidal waves are standing waves that can persist for long times in materials under compressive and

extensional regimes. We investigate mineral deposits by analytical and numerical methods and show that the cnoidal wave

instability theory provides a plausible alternative mechanism for mineralizing systems. This study opens a new avenue for field

studies to demonstrate that the mechanism-based cnoidal waves play an essential role in the formation of mineral deposits.
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• Cnoidal wave theory extends the fault-valve mechanism for geomaterials in com-
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at the brittle-ductile transition;

• Numerical modeling allows inverting the stress state of compaction bands, rhe-15

ological parameter, and the solid over fluid diffusion ratio.
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Abstract
The formation of mineral deposits in mesothermal quartz veins is a complex process that
has been the subject of much research. The classical fault-valve hypothesis suggests that
mineralization occurs when metamorphic fluids are injected during a brittle event and20

then locked in to mineralize, but this hypothesis does not fully explain the regular spac-
ing of repeated mineralized patterns that are often observed. This paper proposes a new
mechanism for mineralizing systems based on the theory of cnoidal waves in solids. Cnoidal
waves are standing waves that can persist for long times in materials under compressive
and extensional regimes. We investigate mineral deposits by analytical and numerical25

methods and show that the cnoidal wave instability theory provides a plausible alter-
native mechanism for mineralizing systems. This study opens a new avenue for field stud-
ies to demonstrate that the mechanism-based cnoidal waves play an essential role in the
formation of mineral deposits.

Plain Language Summary30

Many major mineral deposits are found associated with quartz veins that have pre-
cipitated at around ∼300–400 °C located about ∼10 km deep, in fault systems subject
to compression. Traditionally, mineralization in these tectonic setting has been thought
to occur when fluids from mineral breakdown reactions are pumped under high pressure
into the fault zone during earthquake cycles and left to precipitate in a fault valve. How-35

ever, this theory is not compatible with our current understanding of fault mechanics
in compressive environments and requires special pleading to explain the rhythmically
repeated patterns of mineralization that are often seen. This paper proposes a new the-
ory for mineralizing systems based on the theory of cnoidal waves in solids. Cnoidal waves
are better known in fluids, where they are seen as strictly periodic stationary water waves40

in shallow water environments. Cnoidal waves can cause stress singularities in compres-
sive and extensional stress regimes, forming mineral deposits. We employ numerical sim-
ulations to model the mineral deposit formation by cnoidal waves. The model reproduces
natural mineralization patterns observed in the field. We conclude that the cnoidal wave
instability theory provides a plausible new mechanism for mineralizing systems.45

1 Introduction

A coupled hydro-chemo-mechanical process often forms mineralizing patterns in
the brittle-ductile transition crust under high-temperature conditions. Understanding
this process is vital for the mineral industry, as it can help predict mineral resource dis-
tribution. For example, orogenic gold deposits can be identified by their characteristic50

mineralizing patterns according to Tomkins (2013). Similarly, quantifying the spatial dis-
tribution of minerals can also be beneficial for ore processing (Barker et al., 2021; Liu
et al., 2023a, 2023b). The coupled processes involved in mineralizing pattern formation
include constituting elements of rock fracturing, fluid transport, dissolution, precipita-
tion, mineral reactions, heat exchange and mineral crystallization. However, the details55

of how these ore-forming processes operate in the middle to upper crust are yet to be
fully described and understood. A thorough understanding of fluid-rock interactions dur-
ing rock deformation is of particular value for subsurface engineering applications, such
as acidic-fluid injection activities and geothermal energy production (Späth et al., 2022;
Tang & Hu, 2023; J. Chen et al., 2023).60

Many gold-quartz vein arrays represent the uplifted roots of mineralizing systems75

from the mesothermal regime (∼300–400 °C) at around ∼10–15 km, which can be ex-
plained by the phenomenological fault-valve mechanism (Sibson et al., 1988). The fault-
valve mechanism appeals to the conditions of the brittle-ductile transition where fluids
released from metamorphic breakdown reaction from below the roots of the brittle fault
system are pumped, under fluid pressures above the lithostatic, episodically into dilat-80
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Figure 1. Rhythmic quartz veins in the Heyuan Fault, Guangdong Province, China: (a)
macroscopic image for quartz veins taken near the Heyuan township, China, (b) close-up view
of the quartz vein with idiomorphic, crystal-like quartz growth. Note that σ1 in (a) denotes the
normal component of the total stress. Two different settings for quartz vein formation, mineral-
ization mainly occurs in the high-temperature regime. (c) the proposed cnoidal wave-driven frac-
turing mechanism; (d) crack-seal mechanism where brittle cracks open void space, creating lower
pressures that attract mineralizing fluids through pressure solution or chemically induced mass
transfer. Fluids percolate through the rock matrix and then precipitate in the open fractures.
The mineral precipitates subsequently seal fractures (Ramsay, 1980; Bons et al., 2012); and (e)
this study, high temperature (> 300 °C) ductile equivalent of the fault-valve mechanism with
nucleation of dilatant bands formed by cnoidal waves. The cnoidal wave mechanism provides a
steady source of fluids on long geological time scales, allowing progressive chemical precipitation
and syntaxial crystal growth from both sides of the fracture channel during a ductile process of
continued compaction.

65

70

ing vein sets opening during seismic cycles. In the interseismic period, the fluids are ef-
fectively locked into the fault veins due to dilatancy-induced reduction in fluid pressures
in the host rock and the subsequent mineral precipitates. This conceptual model was dis-
cussed in detail by (Hobbs & Ord, 2022, 2023) as the stress regime and the fault orien-
tations are incompatible with the current understanding of fault mechanics in compres-85

sive tectonic regimes, and alternative solutions were sought. In this contribution, we fo-
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cus on the geophysical modeling of the alternative geomechanical solution to allow the
derivation of dynamic process parameters from the observed geological mineralization
patterns. The detailed investigation of the geological implications will be the subject of
a forthcoming contribution.90

The problem addressed in this study is that the fault-valve model requires excep-
tional circumstances, such as the re-activation of an earlier normal fault as a non-optimally
oriented thrust fault. The use of a Coulomb failure envelope in the original fault valve
model also necessitates fluid stresses above the lithostatic stress. The alternative model
(Hobbs & Ord, 2022, 2023) replaces the Coulomb envelope with a yield envelope that95

has a capped yield surface at higher pressure, which alleviates both the need for extremely
high fluid pressures and supplying a consistent high angle of veins with respect to the
direction of the maximum principal stress as observed in the field. The alternative model
was a conceptual model that replaced the need for earthquakes with an oscillatory stress
cycle in the aseismic field. In this work, we complete the conceptual model for miner-100

alizing pattern formation using a physics-based approach simplified by assuming local
equilibrium of mass exchange processes for dissolution-precipitation processes (Veveakis
& Regenauer-Lieb, 2015; Alevizos et al., 2017). This simplifying assumption neglects stochas-
tic processes at finer time-scales but allows analytical and numerical investigation of the
observed patterns for inversion of dynamic properties under the assumption that they105

have reached a steady state. We use our approach to study quartz veins observed at the
quartz reef in the Heyuan Fault, Guangdong Province, China. Figures 1(a-b) show macro-
scopic field images of quartz veins hosted in ultra-cataclasites, photographed in Heyuan,
China (Tannock, Herwegh, Berger, Liu, Lanari, & Regenauer-Lieb, 2020).

2 Cnoidal Wave Theory110

The counter-intuitive phenomenon (here, opening-model veins in compression) be-
comes plausible when we take the cnoidal wave theory in solids into account (Veveakis
& Regenauer-Lieb, 2015). Cnoidal wave instabilities occur when the solid matrix’s me-
chanical compaction rate outpaces the pore fluid’s capability to diffuse out of the porous
geomaterials. This situation occurs when the rate of fluid release reactions in a tight for-115

mation is pressure sensitive and triggered by a critical activation pressure (Alevizos et
al., 2017). The activation threshold expresses the tight coupling between solid matrix
deformation and fluid release reactions and may be understood as the physical micromech-
anism that corresponds to a capped yield envelope as fluid release reaction can trigger
the onset of creep of the matrix. A brief summary of the derivation of the cnoidal wave120

equation can be found in Text S1 in Supporting Information.

The standing waves cause the rock to experience dilatant effects instead of com-
paction during stress concentration, forming dilatant compaction bands perpendicular
to the maximum principal (compressive) stress. The solution is sign invariant and ap-
plies to the extensional regime with veins oriented at a small angle to the maximum prin-125

cipal stress direction. The conceptual model is a 1-D solution describing the competi-
tion between the characteristic length scales of diffusion of fluids from dissolution reac-
tions and the diffusion of strain in the deforming solid matrix. The solution therefore
needs to be interpreted along the opening axis of the veins. With this assumption it can
incorporate shear deformation (Veveakis & Regenauer-Lieb, 2015; Regenauer-Lieb et al.,130

2016) and applies to the extensional and compactive shear bands while we restrict our
investigation to purely compactive deformation for simplicity. We emphasize that the
cnoidal wave theory is a nonlinear hydrodynamic approach and comes from a different
perspective, which appears in opposition to the classical understanding of compaction
bands, where grain crushing and pore collapse dominate in compression, resulting in lower135

permeable layers (Issen & Rudnicki, 2000). The apparent contradiction can neverthe-
less be reconciled if the crushed grains in the lower permeable layer are interpreted as
a low viscosity fluid instead of a solid phase, which has been used to derive unknown pa-
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rameters from field observations of conventional (crushed grain) compaction bands (Regenauer-
Lieb et al., 2013).140

The proposed theory has been used to explain several geological structures, such
as fracturing network formation (Alevizos et al., 2017), Zebra dolomite banding (Kelka
et al., 2017), shrinkage cracks (R. Chen et al., 2023), and melt segregation (Veveakis et
al., 2014; Weinberg et al., 2015). Here, we will use the concept of cnoidal wave instabil-
ities to explain the mechanism of mineralized patterns with an emphasize on quartz vein145

formation. Specifically, the induced dilatant compaction bands are interpreted as wave
instabilities that can act as open fluid channels, trapping mineralized fluids, which leads
to the crystallization and eventually development of mineralized patterns in rocks, as il-
lustrated in Figures 1(c-e).

Although the solution is analytically tractable for integer power law coefficients of150

the matrix creep law, the cnoidal wave theory has a reputation for being difficult to solve
numerically due to unbounded solutions (Veveakis & Regenauer-Lieb, 2015). Recently,
a suitable method has been devised (Cier et al., 2021, 2022) allowing exploration of the
entire parameter range. This study investigates the quartz vein formation by applying
a robust numerical framework to solve the coupled cnoidal wave equations. Here, we quan-155

titatively investigate the potential factors affecting the distance between quartz veins and
provide new physical insights into the underlying mechanism. Additionally, we invert the
geological parameters that are essential but difficult to constrain by replicating the quartz
vein patterns observed in the field, such as solid viscosity, overstress, and rheology ex-
ponents in the nonlinear viscoplastic power laws.160

3 Results

In order to explore the parameter space, we use a 1-D formulation for cnoidal waves
based on the general theory of overstress plasticity (Perzyna, 1966) and mixture theory
of poromechanics as follows (see Eq. (S10) and variables’ and parameters’ definition in
Text S1 in Supporting Information),

∂2σ

∂x∗2 − λσm + ηeβσ = 0 (1)

We solve (1) using an effective and robust discretization method called the adaptive sta-
bilized finite element method (ASFEM), which captures the stress concentration phe-
nomenon by automatically refining the mesh. The ASFEM overcomes the spurious os-
cillations of the classical FEM formulation for this highly nonlinear problem. For the de-165

tailed discretization scheme and the formulation for the ASFEM, the readers can refer
to Cier et al. (2021). We use a FEniCS implementation of the method with constant co-
efficients for the third term of (1), which acts as a chemical regularization term (Alevizos
et al., 2017). Hence, the material properties that scale the steady-state fluid pressure mag-
nitude η = 4.54 × 10−9 and the chemo-mechanical activation term β = 10 are fixed.170

We adopt the symbol from Cier et al. (2021) by replacing σ − 1 with u for numerical
simplification to transfer inhomogeneous to homogeneous Dirichlet boundary conditions,
although we impose the periodic boundary conditions at the two ends of the specimen.
Also, initially, we fix the solid rheology’s rate-dependent power law coefficient m = 3.
The effect of changing material parameters will be addressed later.175

3.1 The parameter λ controls the visco-plastic instability

The poromechanical parameter λ plays a crucial role in determining the profile of
the normalized effective stress, including the number of stress singularities and distance
between neighboring peaks. The physical meaning of λ is the ratio of the mechanical de-
formation diffusivity over the internal fluid diffusivity, the loading rate over the diffu-185

sion rate of the pore fluid in (Veveakis & Regenauer-Lieb, 2015). The competition of the
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Figure 2. Effect of the diffusion ratio between solid and fluid phases λ: (a) stress profiles for
varied λ quantities; (b) agreement between the ASFEM simulations and analytical solutions of
Regenauer-Lieb et al. (2013); (c) stress distribution and the corresponding compaction bands for
eight peaks; and (d) the porosity increments and the possible fluid channels. Our 1-D simulations
solve for 2-D compaction bands (c) and fluid pathways (d) for visualization.180

above two processes governs the occurrence of volumetric instabilities. Taking two end-
members, for example, we may expect a stable deformation when λ ≪ 1, the fluid dif-
fusion is much greater than the solid deformation, and the matrix has enough time to
diffuse away any induced pore pressure by the mechanical loading rate. Conversely, wave190

instabilities may appear when λ ≫ 1; in this extreme case, the rate of fluid transfer by
the fluid diffusion process is much slower than the loading rate, which intensifies the fluid
pressure on the first cnoidal compaction band. In the original analytical solution, the
pressure goes to infinity. This instability can be controlled by the chosen regularization
term for fluid pressure production (third term in (1)). Since the magnitude of the fluid195

pressure is unknown in the geological field example, and the style of the instability is un-
changed, we focus on the investigation of the other parameters, e.g., λ and m.

We use ASFEM to investigate the effect of the poromechanical parameter λ on the
appearance of the cnoidal wave instabilities. The lowest stress critical number for the
emergence of the high fluid pressure is λcrit = 12.7 as expected from the analytical so-200

lution without the regularization term. The compacted specimen displays multiple stress
peaks when λ > λcrit, while the perturbation will disappear if λ is below this thresh-
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old, see the λ = 1 case in Figure 2(a). We compare several numerical simulations for
the critical λ to different stress peaks to validate our simulator, as Figure 2(a) shows.
The initial perturbation can evolve into multiple peaks as the λ values grow, which matches205

well with the empirical relationship NC = 0.26
√
λ based on theoretical analysis as Fig-

ure 2(b) shows. Solutions with a higher number of stress peaks can only be resolved nu-
merically when the wavelength of the initial perturbation is increased along with λ. Fig-
ures S1–S2 in Supporting Information plot the initial perturbation for different cases by
adjusting the constant s in (S11) and how the perturbation evolves and separates to five210

peaks at five iterations. Figure 2(c) illustrates stress peak numbers NC = 8 periodi-
cally placed in the specimen, in which the contours are the extension of the 1-D simu-
lations for visualization of the potential compaction bands, and the curves give the stress
profiles. In summary, the parameter λ controls the number of stress peaks and the dis-
tance between them. Therefore, we expect specific λ values to describe specific config-215

uration patterns of compaction bands in the field.

3.2 Porosity enhancement indicating fluid channels

A significant porosity enhancement occurs with the stress singularities, appearing
as channel instabilities. We adopt the formulation of porosity evolution during the fluid-
releasing metamorphic reaction Eq. (S2) from Alevizos et al. (2017) as:

ϕf = ϕ0 +∆ϕmech = ϕ0 + (1− ϕ0)σ
′mε̇n∆t (2)

with ϕ0 is the initial volume fraction of fluid with a negligible value of 0.1% (Veveakis
& Regenauer-Lieb, 2015). The mechanically induced porosity change ∆ϕmech results from
the irreversible viscoplastic stress acting on the solid phase over a reference time inter-220

val ∆t. Figure 2(d) presents the volume fraction of fluid phase calculated by (2) for the
case of NC = 8. Again, we plot the contour to illustrate the potential fluid pathways
corresponding to the compaction bands. The high porosity areas correspond to the stress
singularities, indicating that the porosity change depends on the third term in (1) reg-
ularizing the fluid production term. In the extreme case (i.e., the regularizing term is225

set to zero), the stress singularities approach infinity (σ′ → ∞), and the porosity tends
to reach its maximum value of one (ϕf → 1), creating fluid channels. Thus, we empha-
size that local porosity enhancement can occur for both signs of volumetric strain (in ex-
tension and compressive environments), leading to fluid channels with high porosity.

3.3 Inverting the diffusivity ratio for quartz veins235

We investigate the application shown in Figure 1 to test whether the cnoidal wave
hypothesis can explain the periodic mineralized pattern formation in compression, in a
compressive regime, within the brittle-ductile region. Thus, we use the proposed wave-
driven pattern formation to invert for λ, i.e., the ratio of the diffusion of mechanical de-
formation over the diffusion of the fluid species. First, we observe that quartz veins re-240

semble periodic patterns generated by cnoidal waves in Figure 3(a). This similarity shows
that it is possible to explain the emergence of quartz veins due to the stress singulari-
ties by the cnoidal waves as shown in Figure 1(c). The volumetric instabilities produce
rhythmically spaced open channels (fractures). Synchronously, the surrounding pore fluid
in the matrix tends to infiltrate into the newly generated channels, which forms the fluid245

paths for mineral transport as depicted by Figure 1(d). Consequently, the dissolved sil-
ica is transported by fluid flow and may precipitate along the interface across the ma-
trix and the formed channels (fracture walls), forming the quartz veins with quartz crys-
tals growing in the direction of vein opening (syntaxial growth) (Bons et al., 2012) as
sketched in Figure 1(e). Since the instability presented is a steady-state solution, the cnoidal250

wave instabilities provide both the sudden initial vein opening mechanism at the crit-
ical λ and the steady supply of new quartz-saturated fluids during the crystallization of
the elongate, blocky to needle-like quartz crystals. The synchronous growth of vein aper-
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Figure 3. Reproducing quartz veins’ patterns in the field using the proposed cnoidal wave-
driven fracturing mechanism: (a) the potential stress state leads to compaction bands in quartz
veins, (b) comparison of cnoidal wave-driven model and quartz veins in the field, (c) ASFEM
simulations of the cnoidal wave propagation inducing compaction bands, and (d) effect of the
rate-independent exponent m on the number of stress singularities.

230

ture in conjunction with crystal growth justifies the simplified local equilibrium assump-
tion of creeping flow between solid- and fluid-mass exchange. This cnoidal-induced in-255

stability combined with quartz dissolution-precipitation offers a new mechanism to de-
scribe quartz vein formation.

Quartz veins segment the host rock into almost equal spacing h, as Figure 3(a) il-
lustrates. The minor deviation of the spacing h may come from the heterogeneous ma-
terial properties, or other effects. As demonstrated in Section 3.1, the spacing h is sig-260

nificantly affected by the poromechanical parameter λ as Figure 2(a) depicts.

We use the spacing to estimate the ratio λ by reproducing the spacing between the
quartz veins in the field observation. We find eight quartz veins observed in the field im-
age, which corresponds to the value of λ = 950, as shown in Figure 3(b). Our numer-265

ical solution can reproduce the quartz veining by the corresponding cnoidal waves as shown
in Figure 3(c). For this comparison, we have extracted and rotated the field image and
then projected the numerical solutions into this image. Figure 3(b) compares the field
observations and numerical solutions.
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Table 1. Material parameter values for cataclasites under high-temperature conditions.

Parameter Symbol Units Value Ref.

Permeability k [m2] 10−15–10−18 Carpenter et al. (2014)
Fluid viscosity µf [Pa·s] 10−4 Cornelio et al. (2019)
Solid viscosity µs [Pa·s] 109 Prival et al. (2022)
Applied overstress p̄n [Pa] - Estimated
Strain (loading) rate ε̇n [s−1] 10−10–10−9 Hu et al. (2021)
Bands’ spacing h [m] 0.125–0.5* Estimated
Rate-dependent coefficient m [-] 1–7 Geomaterials

* The values are estimated by the data from Tannock, Herwegh, Berger, Liu, and Regenauer-Lieb
(2020), where 2–8 bands appear in an unit length.

Finally, to further justify our estimated value of λ = 950, we can evaluate the pos-
sible range of the poromechanical parameter by the following formula:

λ =
µf

kµs
h2N2

C (3)

where the fit is compared to typical material properties found in the literature for cat-270

aclasites under high-temperature environments, as listed in Table 1, we set the stress num-
bers to NC = 8. Accordingly, we can compute the reasonable value λ in the 100 to 1.6×
106 range. The minimum value λ = 100 is over the critical points λ = 12.7 for the ap-
pearance of stress singularity, and this range contains the estimated λ = 950 for the
quartz veins in the field. This justifies the working hypothesis that the cnoidal wave the-275

ory is a mechanism that can be used for inverting the poromechanical parameter by re-
producing rhythmic mineralized patterns, for example, quartz veins.

3.4 Regularizing rate-dependency of geomaterials

Numerical simulations enable us to estimate the rate-dependent coefficient m for
porous rocks, which relates to the evolution of the plastic strain rate beyond the initial280

yield point, also known as Perzyna overstress plasticity (Perzyna, 1966). Unlike the lin-
ear rheology relationship m = 1 proposed for a partially molten rock (McKenzie, 1985),
metamorphic compaction rates may induce nonlinear viscous rheology for porous rocks
in which the rate-dependent coefficient m > 1. However, the parameter is hard to con-
strain for two reasons. First, in-situ measurements of the rheology remain an impossi-285

ble task for the upper crust of Earth. Second, although the analytical solution has been
proposed by Regenauer-Lieb et al. (2013) for integer exponent numbers m = 1, 2, 3,
geomaterials are likely to have a higher order of expansion or non-integer (Hickman &
Gutierrez, 2007; Oka et al., 2011). Therefore, as we assumed a widely used quantity m =
3 for quartz veins formation in the foregoing analysis, it may differ for realistic granitic290

rocks in high-temperature environments. However, the limitations can be resolved by the
numerical method we developed.

In the following, we shall emphasize that the rate-dependent coefficient can be de-
rived for the same quartz veins patterns shown in Figure 3(a). To achieve this, we first
select the possible quantity of λ = 240 from the estimated range in Section 3.3. We then
vary m values ranging from 1 to 7 with the unit increment and investigate the effect of
m on the number of stress singularities. Figure 3(d) plots an exponential curve fitting
the varied m with the corresponding stress peaks, and its formula reads:

NC = 0.12 exp(0.7m) + 3 (4)

–9–
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After obtaining this relationship, we can derive the corresponding rate-dependent
coefficient as m = 5.32 by substituting NC = 8 into (4). To confirm the accuracy of
our estimation, we input the parameter m = 5.32 and perform the simulation again.295

We observe eight stress peaks in our numerical simulation. The whole profile agrees with
the field image. This example demonstrates that the combination of m = 5.32 and λ =
240 gives similar patterns observed in the quartz veins, indicating that we should account
for the influence of the rate-dependent exponent of the power-law rheology. A higher ex-
ponent than expected from laboratory creep laws of granite implies the cataclasites of300

a more highly nonlinear deformation process, which could be a brittle micromechanism
that is not unexpected at the brittle-ductile transition.

3.5 Potential to derive geological information

The analysis of mineralized patterns using the cnoidal wave theory provides the po-
tential to derive from geological information in the field in-situ properties such as the
solid viscosity µs and the overstress acting on the matrix for the mesothermal brittle-
ductile conditions. The complex geological conditions are hard to achieve in laboratory
experiments, e.g.the background strain rates, tectonic stress, temperature, and pressure,
making the solid viscosity challenging to constrain. As an alternative method, we pro-
pose to reproduce the mineralized patterns by our numerical approach and invert the
poromechanical parameter λ, thereby determining the solid viscosity in the following form:

µs =
µf

kλ
h2N2

C (5)

We estimate the parameter λ = 950 by matching the quartz vein pattern, which
can be substituted into (5). The solid viscosity is constrained in the range of 1.68×109–1012305

Pa·s with h = 0.5 m. Furthermore, if the strain rate can be measured (here, we adopt
10−9 s−1 by Hu et al. (2021)), we can estimate the overstress during instabilities by p̄n =
ε̇nµs, which for the Heyuan Fault example is surprisingly small between 1.68 and 1680
Pa above the yield stress. Given the uncertainty in the effect of the power law exponent
and the λ ratio, we conclude that the required overstress for the observed spacing in the310

shown field example is 1–2000 Pa. This suggests that strain localization can be formed
under low geological loading rates and low overstress levels in mesothermal crust con-
ditions. Cnoidal wave theory suggests that large-scale mineralization events are inferred
to be not a result of a short catastrophic event but a result of prolonged tectonic peri-
ods at relatively low overstress levels. This alleviates the problem of demanding high fluxes315

of metamorphic fluids at higher than lithostatic fluid pressures required by the alterna-
tive fault-valve or crack-seal mechanisms.

4 Conclusion

This paper offers a fresh look at mineralization patterns related to metamorphic
breakdown reactions in a tectonically stressed environment. The cnoidal wave theory in320

solids is a possible candidate to explain the formation of mineral deposits in mesother-
mal quartz veins. We conclude that a plausible new mechanism for mineralizing systems
has been developed based on the cnoidal wave instabilities theory. The new approach
extends the classical fault valve hypothesis by an alternative cnoidal wave hypothesis and
allows for explaining the repeated mineralized patterns under compressive conditions.325

Although the cnoidal wave theory allows analytical solutions, we have shown the advan-
tage of extending the solution by the adaptively stabilized finite element method (AS-
FEM) to capture cnoidal wave-driven stress singularities appearing in mineralizing sys-
tems. The ASFEM provides a flexible and effective way to reproduce the mineralization
patterns compared to the analytical theory. The analytical solution is simplified and only330

allows considering an integer rate-dependent coefficient m ≤ 3. The numerical model
presented here can overcome this limitation.
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We emphasize that the approach should be considered as a first pilot study since
the application of the cnoidal wave theory to the geological case study of mineralizing
vein formation is not yet an accepted model. This would require detailed geological follow-335

up case studies constrained by barometry, thermometry, microstructural analyses, fluid
inclusion studies, chemical analysis, and tectonic field studies, which are beyond the scope
of this contribution. In this study, we have shown that our numerical approach provides
an effective method to invert the rheological parameters and diffusion ratios accurately
under in-situ conditions, which are hard to estimate in experiments or evaluate by an-340

alytical theories.

5 Open Research

The data are available on Mendeley Data (Liu et al., 2023c).
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Introduction

The following supplementary materials are included below:

• Text S1: Methodology for a physical model of cnoidal waves in poromechanics

• Figure S1: Varied perturbation distributions in the center of the compressive speci-

men for different stress peaks by adjusting the parameter s in Eq. (S11).

• Figure S2: Evolution of perturbation at five iteration steps for the five peaks case by

the adaptive stabilized finite element method (ASFEM).
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Text S1. Methodology for a physical model of cnoidal waves in poromechanics

We derive a 1-D formulation for cnoidal waves based on the general theory of plastic-

ity (Hill, 1962) and poromechanics (Coussy, 2004). Hill’s approach simplifies a generalized

2-D problem into an equivalent 1-D one. Poromechanis enables us to study the funda-

mental competition between fluid flow and mechanical deformation. In analogy to the

stress state of materials in compressive geosystems, we consider a homogeneous material

of length H under a constant compression at its boundary in the x direction, as Figure 1

shows in the main manuscript. We assume a perturbation p′n greater than the yield stress

p′y exists in the center of the compressed specimen. The periodic boundary conditions

are imposed at the two ends, mimicking one unit in a geological setting. In addition,

we assume all material properties are constant for mathematical simplicity, such as solid

viscosity and permeability.

We solve this poromechanics problem under the framework of overstress viscoplasticity

by Perzyna (1966). The effective stress in the specimen is p = p′ + pf as defined in

Terzaghi’s theory, where p is the mean stress with positive in compression and pf is the

pore pressure. The momentum balance equation reads as

∇p′ = −∇pf (S1)

For the conservation of mass, we should consider the internal mass transfer between the

solid and fluid phases because the chemical reaction is likely to occur in the diagenetic

window. The general reaction formation for the dissolution/precipitation can be expressed

as

AB(s) −−⇀↽−− A(s) +B(aq) (S2)
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As for the quartz veins formation in the diagenetic reaction, AB and A are smectite

and illite, and B denotes the aqueous quartz.

In a binary solid-fluid mixture system, we define the partial mass densities ρs := ϕsρs

and ρf := ϕfρf for the solid and fluid phases, respectively, with ϕs and ϕf the volume

fraction of the solid and fluid phase, ρs and ρf the solid skeleton and fluid density. Note

that ϕs + ϕf = 1 in the bi-phasic setting. The mass balance equations for both solid and

fluid phases read as
dρs

dt
+ ρs∇ · v = −j

dρf

dt
+ ρf∇ · vf = j

(S3)

where j is the internal mass transfer by the diagenetic reaction in the fluid-rock interaction,

v and vf are the solid and fluid velocities, respectively. We drop the subscript ’s’ for the

solid velocity since it is the reference velocity.

Adding Eq. (S3) together and noting that the bi-phasic setting of ϕs +ϕf = 1, we have

∇ · v +∇ · v̄ = j

(
1

ρf
− 1

ρs

)
(S4)

where v̄ := ϕf (vf − v) is the Darcy flux, denoting the relative volumetric rate of fluid

flow to the matrix. We have the following relationship between the relative rate and the

compaction rate and Darcy’s law for laminar flow

v̄ = − k

µf

∇pf (S5)

where k is the permeability, µf is the fluid viscosity.

Furthermore, we define the volumetric strain rate for the solid ε̇v := ∇ · v in

Eq. (S4), which contains two components: a reversible elastic part ε̇ev and an irreversible

(visco)plastic part ε̇pv (Perzyna, 1966). The former ε̇ev is related to the mean effective
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stress rate by the elastic rate constitutive equation, whereas a typical power law rheology

expresses the latter ε̇pv (Kohlstedt et al., 1995). Therefore, the total volumetric strain rate

can be written as

ε̇v = ε̇ev + ε̇pv = − ṗ′

Ke
− ε̇n

[
p̄

p̄n

]m
(S6)

where p′ and ṗ′ are the effective stress and its rate, Ke is the elastic bulk modulus, ε̇n is

the reference loading strain rate corresponding to the perturbation stress p′n, p̄ := p′ − p′Y

and p̄n := p′n − p′Y are the effective and reference overstresses in which p′Y is the yield

stress, and m is the rate sensitivity exponent and has a value above 1 for geomaterials in

general. The negative signs are consistent with positive stresses in compression.

Introducing the following dimensionless parameters:

σ :=
p̄

p̄n
, τ :=

kKe

µfH2
t, x∗ :=

x

H
, (S7)

And assuming the rate of fluid production j follows an Arrhenius relationship with a

dependence on the mean pressure of the activation enthalpy, we have pressure-enhance

precipitation form for j as

j = −Aeβσ (S8)

where A is a coefficient, and β is a chemo-mechanical parameter representing the interac-

tion between the mass transfer rate and the external loading.

Substituting Eq. (S5)–(S8) into Eq. (S4), we have the dimensionless formulation as

∂σ

∂τ
=

∂2σ

∂x∗2 − λσm + ηeβσ, (S9)

in which λ :=
µf ε̇n
kp̄n

H2 and η :=
AµfH

2

kp̄n

(
1
ρf

− 1
ρs

)
. Dropping the left-hand side term of

the asterisk and only considering the steady-state case in our study, we obtain the final
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dimensionless formulation for static-state cnoidal waves:

∂2σ

∂x∗2 − λσm + ηeβσ = 0 (S10)

We solve the above equation using the adaptive stabilized finite element method (AS-

FEM), to capture the stress concentration phenomenon. This is because the ASFEM can

overcome the spurious oscillations in the classical FEM for this high nonlinear problem.

The detailed discretization and formulation for the ASFEM refer to Cier, Poulet, Rojas,

Veveakis, and Calo (2021). We perform our simulations in FEniCS and set the material

properties as η = 4.54× 10−9 and β = 10. We assume that the guess perturbation uIG is

located in the center of the specimen as

uIG =
2.5 sinxπ

sin(π/2)
exp

(
−0.5(x− 0.5)2

s2

)
(S11)

where s is a constant adjusting the size of perturbation and the symbol u denotes σ − 1.

This is because this replacement allows transferring the inhomogeneous (σ = 1) into

homogeneous (u = 0) Dirichlet boundary conditions (Cier et al., 2021). We adopt this

representation, although we assign the periodic boundary conditions at the two ends of

the specimen. The specimen is initially divided into 100 elements and it can be adaptively

refined with the peak evolution.
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Figure S1. Varied perturbation distributions in the center of the compressive specimen for

different stress peaks by adjusting the parameter s in Eq. (S11).
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Figure S2. Evolution of perturbation at five iteration steps for the five peaks case by the

adaptively stabilized finite element method (ASFEM).
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