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Abstract

The $b$-value in earthquake magnitude-frequency distribution quantifies the relative frequency of large versus small earthquakes.
Monitoring its evolution could provide fundamental insights into temporal variations of stress on different fault patches. However,
genuine $b$-value changes are often difficult to distinguish from artificial ones induced by temporal variations of the detection
threshold.

A highly innovative and effective solution to this issue has recently been proposed by van der Elst (2021) by means of the
b-positive estimator, which is based on analyzing only the positive differences in magnitude between successive earthquakes.
Here, we demonstrate the robustness of the estimator, which remains largely unaffected by detection issues due to the properties
of conditional probability. We illustrate that this robustness can be further improved by considering positive differences in
magnitude, not only between successive earthquakes but also between different pairs of earthquakes. This generalized approach,

> enhances efficiency by providing a precise estimate of the $b$-value while including a

defined as the “b-more-positive estimator,’
larger number of earthquakes from an incomplete catalog. However, our analysis reveals that the accuracy of the $b$ estimators
diminishes when earthquakes below the completeness threshold are included in the catalog. This leads to the paradoxical
observation that greater efficiency is achieved when the catalog is more incomplete. To address this, we introduce the “b-more-
incomplete estimator”, where the b-more-positive estimator is applied only after artificially filtering the instrumental catalog

to make it more incomplete. Our findings show the superior efficiency of the b-more-incomplete method.
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Key Points:

+ Conditional probability detecting consecutive earthquakes makes positive mag-
nitude difference distribution weakly affected by incompleteness.

e The b-positive estimator can be enhanced by including more earthquake pairs, not
only consecutive ones.

¢ The b-positive estimator can be enhanced by making the catalog more incomplete.
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Abstract

The b-value in earthquake magnitude-frequency distribution quantifies the relative
frequency of large versus small earthquakes. Monitoring its evolution could provide fun-
damental insights into temporal variations of stress on different fault patches. However,
genuine b-value changes are often difficult to distinguish from artificial ones induced by
temporal variations of the detection threshold. A highly innovative and effective solu-
tion to this issue has recently been proposed by van der Elst (2021) by means of the b-
positive estimator, which is based on analyzing only the positive differences in magni-

tude between successive earthquakes.

Here, we demonstrate the robustness of the estimator, which remains largely un-
affected by detection issues due to the properties of conditional probability. We illustrate
that this robustness can be further improved by considering positive differences in mag-
nitude, not only between successive earthquakes but also between different pairs of earth-

’ enhances

quakes. This generalized approach, defined as the ”b-more-positive estimator,’
efficiency by providing a precise estimate of the b-value while including a larger number
of earthquakes from an incomplete catalog. However, our analysis reveals that the ac-
curacy of the b estimators diminishes when earthquakes below the completeness thresh-
old are included in the catalog. This leads to the paradoxical observation that greater
efficiency is achieved when the catalog is more incomplete. To address this, we introduce
the ”b-more-incomplete estimator”, where the b-more-positive estimator is applied only

after artificially filtering the instrumental catalog to make it more incomplete. Our find-

ings show the superior efficiency of the b-more-incomplete method.

Plain Language Summary

Earthquake magnitudes can vary widely, and the b-value is a common metric used
to measure the frequency of earthquakes with large versus small magnitudes. In addi-
tion, the b-value could serve as an indicator of the stress state of different fault patches,
making it a valuable tool in earthquake research. However, since small earthquakes are
often obscured by previous larger ones, determining whether changes in the b-value are
genuine or simply caused by detection problems can be challenging. To address this is-
sue, a new approach called the b-positive estimator has been recently developed. The

method only considers positive changes in magnitude between successive earthquakes.
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In this study, we confirm that the b-positive estimator is a powerful and effective tech-
nique to estimate the b-value and is largely unaffected by issues related to detecting earth-
quakes. We extend the method by considering positive differences in magnitude, encom-
passing not only successive earthquakes but also different pairs of earthquakes. In par-
ticular we show that because of the puzzling aspects of conditional probabilities, the b-
positive estimator is more efficient when the catalog is more incomplete. This allows us

to develop modifications to the b-positive method providing a more efficient tool to mon-

itor the b-value in ongoing seismic sequences.

1 Introduction

The Gutenberg and Richter (GR) law (Gutenberg & Richter, 1944) provides a good
description of the probability p(m) of observing an earthquake of magnitude m, with p(m)
given by

p(m) = bIn(10)10~0(m=mz) (1)

where b is the scaling parameter and my, is a lower bound for the magnitude. The hy-
pothesis that the b-value is correlated with the stress state (Scholz, 1968; Wyss, 1973;
Amitrano, 2003; Gulia & Wiemer, 2010; Scholz, 2015) has spurred investigations into de-
tecting spatio-temporal variations in b-value, which could serve as indicators of stress
changes triggered by significant foreshocks and precursor patterns (Wiemer & Wyss, 1997,
2002; Gulia & Wiemer, 2010; Nanjo et al., 2012; Tormann et al., 2014, 2015; Gulia &
Wiemer, 2019; Gulia et al., 2020; Nanjo, 2020). The decrease of the b-value during fore-
shock activity has been explained in terms of stress relaxation and accumulation in me-
chanical models for the seismic fault (Lippiello, Petrillo, Landes, & Rosso, 2019; Petrillo
et al., 2020). On the other hand, accurately differentiating between genuine and spuri-

ous variations in instrumental catalogs, continues to pose a significant challenge (Marzocchi
et al., 2019). This is because the detection threshold presents irregular behavior and small
earthquakes can go unreported due to inadequate spatial coverage of the seismic network
(Schorlemmer & Woessner, 2008; Mignan et al., 2011; Mignan & Woessner, 2012) or be-
ing obscured by coda waves generated by previous larger earthquakes (Kagan, 2004; Helm-
stetter et al., 2006; Peng et al., 2007; Lippiello et al., 2016; Hainzl, 2016a, 2016b; de Ar-
cangelis et al., 2018; Petrillo et al., 2020; Hainzl, 2021). Failure to properly account for
both mechanisms can lead to a significant underestimation of the b-value. To address

the issue of incomplete reporting, a common approach is to limit the evaluation of the
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b-value to magnitudes greater than a threshold M;,. This threshold is typically chosen

to be larger than the completeness magnitude M., which is defined as the magnitude above
which detection are not impacted by completeness issues. However, the constraint on mag-
nitudes m > My, can pose challenges for monitoring spatio-temporal variations in the
b-value since it necessitates using a restricted number N of earthquakes within each space-
time region. While the finite value of N can be accommodated to correct for systematic
positive biases in the b-value (Godano et al., 2023), it also introduces statistical fluctu-
ations (Shi & Bolt, 1982) that, for small data sets, can become significant and mask gen-

uine b-value variations.

A remarkably innovative solution to the problem has been recently proposed by van der

Elst (2021). He introduced the "b-positive” estimator, which obtains the b-value from

the distribution of magnitude differences dm = m;y1 — m; between two consecutive
earthquakes ¢ and i+1 in the catalog. In particular, for a complete data set that obeys

the GR law (Eq.1), it is easy to show that the distribution of dm, p(dm), is an exponen-

tial function with exactly the same coefficient b, = b. The striking result by van der

Elst (2021), corroborated by extended numerical simulations, is that if one restricts to
positive dm, p(dm) is much less affected by detection problems than p(m), and by ~

b also for incomplete catalogs.

A simple explanation for the effectiveness of the b-positive estimator is that by re-
stricting to positive values of dm, the method focuses on larger magnitude earthquakes
that are less affected by detection thresholds or limitations. However, at first glance, this
approach may not seem significantly different from imposing the condition m > My,

on p(m), and it does not reveal the unique advantages of the b-positive estimator.

In our manuscript, we shed light on the deeper implications of constraining m;; >
m; in the presence of detection issues. We demonstrate how the properties of conditional
probabilities reveal the exceptional efficiency of the b-positive estimator. Indeed we will
show that even for extremely incomplete catalogs, under specific conditions, the b-positive
estimator provides an exact and precise measure of the b-value. This occurs also when
its standard estimate via the GR law requires such a large value of M, that it is dom-

inated by statistical fluctuations.

In particular, the relationship b4 = b holds exactly under the assumption that

only events above the completeness level M, are reported in the catalogs. However, in
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instrumental catalogs, it is reasonable to assume that a fraction of earthquakes with mag-
nitudes m; < M, are identified. This introduces biases in the b-positive estimator. Nev-
ertheless, such conditions occur infrequently, rendering by consistently a very good ap-
proximation for the true b-value. After identifying the mechanisms responsible for the
accuracy of the b-positive estimator, we also propose various generalizations to further
improve the efficiency of b-value estimates through the analysis of the magnitude differ-
ence distribution. Here, efficiency refers to the possibility of a precise estimation of the
b-value, achieved by utilizing the largest subset N of earthquakes from the catalog. It’s
important to note that as we increase IV, the associated uncertainty db in our b estimate
decreases. Therefore, the most efficient estimator is the one that provides the correct b-

value with the smallest uncertainty, i.e., utilizing the largest value of N.

2 Magnitude incompleteness

Incomplete earthquake catalogs result from two primary factors: seismic network
density incompleteness (SNDI) and short-term aftershock incompleteness (STAI). SNDI
occurs when earthquakes are challenging to detect due to a low signal-to-noise ratio. Sev-
eral factors, including noise filtering capabilities and the distance between earthquake
epicenters and the necessary seismic stations for locating an event, can contribute to SNDI
(Mignan & Woessner, 2012). Conversely, STAT arises from detection issues in the after-
math of large earthquakes, primarily caused by the masking effect of small aftershocks
obscured by coda waves from previous larger ones (Lippiello, Petrillo, Godano, et al., 2019).

A more detailed description of SNDI and STAI can be found in Appendix A.

SNDI and STAI, combined, lead to a completeness magnitude M,.(t;,z;, H;), which
depends on the the occurrence time t;, epicenter coordinates x;, and the past seismic his-
tory H;, encompassing all prior earthquakes up to time ¢;. We assume that all earthquakes
with a magnitude greater than M, are reported in the catalog. Simultaneously, various
factors such as diurnal and seasonal variations, changes in staffing, etc., can introduce
fluctuations of approximately ¢ in the completeness level. Considering these fluctuations,
the probability that an earthquake with magnitude m, occurring at time ¢ and location
Z, is reported in the catalog, is described by the detection function ®(m — M.), given

by:
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1 itfm—-M.>0
d(m— M) = (2)

1+ Erf (2=2e) if m— M. <0

Here, Erf(y) represents the error function. According to this definition, all earth-
quakes with m > M, are reported in the catalog, while only about 2% of earthquakes
with m < M. — 20 are included. The typical behavior of ®(y) for different o values is

illustrated in Fig. (1).

It’s important to note that the detection function ®(y) (Eq. (2)) slightly differs from

the one proposed in (Ogata & Katsura, 1993), which assumes ®(m—M,) = %—l—%Erf(m_o_MC)7

indicating that, on average, only 50% of earthquakes with m > M, are reported in the

catalog. Both definitions coincide in the limit case where o — 0.

3 Analytical results

We denote by p(m;,t;,Z;) the probability of observing an earthquake with mag-
nitude m; at time ¢; and location Z;. For a complete dataset, it is reasonable to assume
that magnitudes follow the Gutenberg-Richter (GR) law given by Eq. (1), independently

of the occurrence time and location. Under this assumption, p(m;, t;, &;) takes the form

plmi, ti, @) = Be PUm—mLIA(t, & | M), (3)

where 8 = blog(10), and A(¢;,Z; | H;) is the probability density of having an earthquake
at time ¢; and location &;. We explicitly mention that A depends on the seismic history
‘H; up to time t;. By definition, the integral of A over the entire region and time win-

dow is normalized to 1.

Correlations with previous seismicity are caused (Lippiello et al., 2007, 2012) by

the detection problems discussed in the previous Sec.2. This implies that

p(mi,t;, @) = Be PN (t;, 75| Hy) @ (my — M (i, T3, M) - (4)

3.1 Traditional estimator of the b-value

The standard method for evaluating the b-value in the presence of incompleteness

involves restricting the analysis to magnitudes greater than a threshold value My;,. This
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Figure 1. (Color online) (a) The detection function ®(m — M.), with M. = 2, for three values
of : 0.001, 0.5, and 1 (see legend). (b) The impact of the detection function ®(m — M,) on the
magnitude distribution within a simulated catalog comprising 1.3 x 10° earthquakes with m > 0,
following a GR distribution with b = 1. In the plots, blue triangles represent the magnitude dis-
tribution for the complete dataset, while different colors and symbols are used for the magnitude

distribution in the incomplete catalog for varying o values (refer to the legend for details).
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threshold should be chosen sufficiently large to satisfy the condition My, > M, and there-

fore

D (M, — M (ts, 25, Hs)) = 1. (5)

In this case, the probability of observing an earthquake with magnitude m; can be
obtained from Eq.(3) after integrating over space and time, and it is given by BeBlmi—min)
Through likelihood maximization, we ultimately determine the b-value (Aki, 1965):

1

Y = 10y oy — M) “

where (m) represents the average magnitude in the dataset containing N earthquakes

with m > Mth~

However, as explained in Sec. 2, M, varies in both time and space. Therefore, Eq.
(5) holds true only if My, coincides with the maximum value of M, within the consid-
ered space-time region. Consequently, one is compelled to choose large values for M;,
but this poses a challenge. A too-large value of My, results in a smaller number N of
earthquakes used in the evaluation (Eq. (6)), leading to a larger uncertainty 6b in the
estimation of the b-value. This is why this strategy is inefficient, especially when deal-
ing with the early stages of aftershock sequences, where M. exhibits large values due to

STAIL

We further observe that Eq.(6) holds in the hypothesis that magnitudes are con-
tinuous random variables. However, in earthquake catalogs, magnitudes are often reported
only to one or two decimal places. In such cases, a correcting term needs to be added
to the denominator of Eq.(6) to account for this discretization. Alternatively, as suggested
by Godano et al. (2014), we can add a random noise term to the last digit of the reported
magnitudes to make them continuous, and then apply Eq.(6). In the following analy-

sis, we will adopt this strategy.

3.2 Probability distribution p(dM) in complete data sets

We consider the probability p(mj,t;, Z;|m;,t;, Z;) to observe an earthquakes m;
at time t; in the position Z; conditioned to the occurrence of a previous earthquake with
magnitude m; occurred at the previous time ¢; < ¢; in the position Z;. In the hypoth-

esis of a complete data set with occurrence probability given by Eq.(3), the occurrence
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of the magnitude m; is uncorrelated to what happens at previous times. In this case
plmy, t, @jlmi, i, &) = Be” P TmIA (t, 35| H,) (7)

and it is easy to show (see Appendix B) that the probability density p(dm) to have m; =
m; + dm is given by

p(om) = 55em, Q

which is a well known result for the distribution of the difference of two independent ran-
dom variables with identical exponential distributions. Eq.(8) shows that, in the ideal
case, dm follows an exponential law equivalent to the GR law with exactly the same co-
efficient 8. In the following, we define by as the b-value obtained from p(dm), restrict-

ing it to dm > 0. Through likelihood maximization, we obtain from Eq. (8):

which gives by = b in a fully complete catalog.

We observe the importance of the factor 1/2 in Eq.(8), indicating that the condi-
tion dm > 0 is met, on average, by only half of the earthquakes in our dataset. Specif-
ically, in the b-positive estimator, we set 7 = i+1, which means we’re considering only
earthquakes that are followed by a larger one. These earthquakes make up approximately
50% of the dataset. In the ideal case of a complete dataset, therefore, the estimate of
the b-value from Eq.(9), defined “b-positive” estimator, is less efficient than the tradi-

tional estimator from Eq.(6), as the latter uses the entire dataset.

We can enhance the efficiency of the b-positive estimator by systematically explor-
ing, in increasing order, all possible j values within the range j € [i + 1,¢ 4 [], where
[ > 1. We continue this exploration until we reach a value of j where m; > m;. In
this case, the probability distribution for finding m; = m;+ém, with dm > 0, is given
by:
pi(0m) = K;3e= ™ §m > 0 (10)

with K; = HLI (Eq.B3). It’s clear that K; approaches 1 for sufficiently large I, signi-
fying the inclusion of all earthquakes from the original dataset in the computation of the
b-value. From the maximization of likelihood, this procedure defined “b-more-positive”

estimator, ultimately leads to an estimate for the b-value:

b+l = T~ . (11)
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This differs from Eq. (9) due to the fact that (dm); in Eq. (11) represents the av-
erage magnitude difference between dm = m; — m;, where j € [i + 1,7+ [] is the in-
dex of the first earthquake recorded after ¢, with m; > m,. In other words, all earth-
quakes with an index in the range [i+1, j—1] have a magnitude smaller than m;. Con-
versely, in Eq. (9), (dm) is the average difference between m;1; and m; and is only eval-

uated in cases where m;1 > m;.

Therefore, in the b-positive estimator, only half of the dataset is used to evaluate
b, whereas in the b-more-positive estimator, for sufficiently large [, the evaluation of
by, includes a much higher percentage of the dataset, which significantly reduces the un-
certainty db. Obviously, the b-positive estimator is a special case of the b-more-positive
estimator, specifically when [ = 1. Consequently, in the subsequent discussion, we will
focus on the b-more-positive estimator, while bearing in mind that the findings also ap-

ply to the b-positive estimator under the condition [ = 1.

3.3 Probability distribution p(d M) in incomplete data sets

In the case of an incomplete dataset, Eq. (7) must be replaced by:

p(my, t, @5 |mi i, B;) = Be P meIN(t;, ))® (my — Me(t;, &5, Hjlms)) . (12)

Here, we explicitly use the notation ® (m; — M.|m;) to specify that the detection
function must be evaluated under the condition that the previous earthquake m; has been
identified and reported in the catalog. This information is crucial for the efficient eval-

uation of the b-value. It is easy to show (Appendix B) that when the condition
@ (my — Mc(t;, %5, H;[mi)) =1 (13)
is satisfied in Eq. (12), we obtain
p(dm) = e MK, (14)

where K is a constant whose expression can be found in Appendix B. Eq. (14) shows
that the dependence of p(dm) on dm is an exponential function with a coefficient 8 that
is not affected by incompleteness and exactly coincides with b1n(10). Therefore, when

condition Eq. (13) holds, Eq. (11) provides the exact b-value, even in the presence of in-

—10—
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completeness. Detection problems only affect the value of K, which depends on ® (m; — M.(t;,Z;, H;))

(Eq. (B5)).

We want to emphasize that the information regarding the previous earthquake with
magnitude m; has been recorded and reported in the catalog significantly simplifies the
satisfaction of condition (13), as compared to condition (5) whose validity is necessary
for the accuracy of the traditional estimator. More precisely, two hypotheses are suffi-

cient to ensure the validity of condition (13):

M Hypothesis 1) Mc(tj,.’l_fj,?'[j) < Mc(ti,fi,r}'[i).

» Hypothesis ii): ¢ — 0.

Let us indeed assume that hypothesis ii) holds. In this case, the information that m; has
been recorded and is present in the dataset automatically implies that m; > M.(t;, Z;, H;).
Accordingly, since m; > m;, the validity of hypothesis i) automatically implies m; >
M.(t;,Z;,H;), and therefore the condition (13) is satisfied. Therefore, if the two hypothe-
ses are satisfied, the condition m; > m; is sufficient to exclude the possibility of the
existence of earthquakes larger than m; occurring in the time interval [¢;,¢;] and not re-
ported in the catalog. As a consequence, for each earthquake m; reported in the cata-

log, the magnitude difference 0m = m; — m; would be exactly the same as what we
would have measured in a complete catalog, and b; obtained from Eq. (11) coincide with
the true b-value. The only difference with the distribution of the magnitude difference
evaluated in the complete catalog (Eq.(10)) being in the constant K being smaller than
K. In particular, when [ > 1 and K; — 1, the estimation of b through b; employs

the entirety of the earthquakes which have been recorded in the instrumental catalog.

In contrast, the estimation achieved using b(Mjy,) only takes into account earthquakes
with a magnitude exceeding My, which, especially for significantly large My, values, can
be a minute portion of N.,;. This essential distinction is what renders the b-more-positive

estimator notably more efficient than the traditional estimator.

It’s crucial to emphasize that this scenario holds valid solely when both hypothe-
ses 1) and ii) are satisfied. In the forthcoming section, we explore the prerequisites for

their applicability in instrumental datasets.

—11-
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3.4 Conditions for the validity of the two hypotheses

The effectiveness of the b-positive method is proven when the two hypotheses i)
and ii) hold. Here we discuss how to construct circumstances for their realization by tak-
ing into account the two mechanisms SNDI and STAI respounsible for incompleteness (Sec.

2).

3.4.1 The validity of hypothesis i)

It is easy to create conditions such as hypothesis i) holds. Indeed, if we assume that
the epicentral distance d;; between the two earthquakes is sufficiently small it becomes
reasonable that the two earthquakes occur in regions with a similar network coverage
such as M.(t;, Z;, H;) = M.(t;, @, H;), i.e. incompleteness at the same time in the two
positions &; and Z; coincide. Furthermore, we must take into account that in the b-more-
positive estimator, j is the first larger earthquake recorded after the earthquake 7 and
there is no intermediate earthquake occurred in the time interval [¢t;,¢;] responsible for
obscuration effects on the earthquake with magnitude m; > m;. According to STAI,

M. decreases over time and therefore, the completeness magnitude at the subsequent time
tj > t; is smaller than M.(t;,Z;, ;) and hypothesis i) is fulfilled. Accordingly, hypoth-
esis i) can be imposed by setting d;; < dgr, where dp is a sufficient small distance and
selecting m; as the first earthquake larger than m; present in the catalog and with a dis-

tance d;; smaller than dg.

We would like to point out that the condition d;; < dr was not taken into con-
sideration by van der Elst (2021). However, it is important to emphasize that when fo-
cusing on evaluating the b-value within a seismic sequence, the criteria chosen for select-
ing aftershocks typically limit them to a smaller region surrounding the mainshock. Un-
der these circumstances, the aftershocks are closely clustered, occurring in areas with very

similar network coverage, and the condition d;; < dr is inherently met.

3.4.2 The validity of hypothesis ii)

In the subsequent discussion, we assume that the condition d;; < dg is imposed
to satisfy hypothesis i). However, even in this scenario, the presence of o # 0 in Eq.(2)
can invalidate the condition (13). Specifically, when both m; and m; fall within the mag-

nitude range (M. —20, M.), there exists a finite probability, despite m; > m; and hy-
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pothesis i) being satisfied, that m; is recorded in the catalog while m; is not. Consequently,

® (m; — M.(t;,2;,H;)) < 1, rendering condition 13 invalid.

To ensure the validity of condition (13) one potential strategy is to restrict the val-
ues of m; to be greater than m;+0Myy,, with My, 2 20. In this scenario, even when
m; € (M. — 20, M.) has a finite likelihood of being detected, m; > M, guarantees a
probability of 1 for detection, thereby preserving the validity of Eq.(13). For a finite d My,

Eq.(9) must be adapted to yield:

1 1
n(10) (0m) — oMy,

b+<5Mth) - 1 (15)

This approach converges to the true b-value for 0 My, 2 20. However, determining the
value of ¢ from data is challenging. To identify the optimal é My, one can seek the min-
imum value where by (6My;,) no longer depends on dM,y, a strategy proposed by van der

Elst (2021).

We can also extend Eq.(11) to account for a finite o

1 1
n(10) (dm); — My’

by1(6 M) = I

Here, (dm); denotes the average magnitude difference for ém = m;; — m;, where [ >
1, and myp < m; for k € [i + 1,j) and m; > m; + M. It’s important to note that
requiring my < m; + 0Myy, for k € [i +1,i+ 1 — 1], as opposed to just my < m;, leads

to an erroneous estimate of the b-value through Eq.(16).

In the following we propose an alternative two-step strategy referred to as ”b-more-
incomplete” estimator. The first step corresponds to filter the catalog by removing all
earthquakes with magnitudes below a threshold M 4. In particular we employ a filter-
ing approach where earthquakes occurring within a temporal distance less than 7 after
a previous larger earthquake are removed from the catalog. This corresponds to a con-
stant blind time 7 = 6ty (Hainzl, 2016b, 2016a, 2021) and a threshold magnitude My (¢;, &, H;) =
My (t;,%;,H;) as defined in Eq.(A3) with the functional form Eq.(A4) for M;. In the sec-
ond step the b-more-positive estimator is applied to the filtered catalog. The crucial fac-
tor lies in our ability to fine-tune M4 such that M4 2 M.. When achieved, the filtered
catalog will exhibit a detection function with o = 0, and hypothesis ii) will be realized.
We denote the b-value derived from Eq. (11) using the average value of (dm),; after ap-
plying the filter with a blind time 7 to the catalog as bi(r). Since this filter results in

a more incomplete catalog, we aptly refer to this estimator as the ”b-more-incomplete”
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estimator. It’s important to note that this estimator yields an accurate estimate of the
b-value only when we select an M4 that closely aligns with M.. Specifically, it’s essen-
tial to configure the blind time 7 such that 7 2 7..p, where 7., represents the blind

time typically observed in instrumental catalogs. However, since 7.4, is challenging to

determine from data, the optimal approach involves evaluating bf:_ (1) for increasing val-

ues of 7 and stopping when it no longer depends on 7. We remark that the b-more-incomplete

estimator can only reduce detection problems caused by STAI but it is not relevant to

take into account SNDI.

4 Comparison of the different strategies to estimate the b-value
4.1 Pictorial description of the different methods

In Fig.2 we illustrate the different methods by considering an example of a seismic
sequence which follows a magnitude m = 6 mainshock. In the considered example 8
m > 3 aftershocks have occurred during the first minute after the mainshock. In Fig.2a
we consider the case of a complete data set where all the occurred earthquakes are re-
ported in the catalog. Continuous black arrows are used to connect earthquake pairs which
are included in the evaluation of the b-value in the b-positive method. The b-more-positive
method includes in the evaluation also the pairs connected by magenta dot-dashed ar-
rows. It is evident that the b-more-positive method uses more information from the same
data set, providing a more efficient method for the b value evaluation. In Fig.2b we con-
sider the case of an incomplete data set in the case ¢ = 0. In this example all the earth-
quakes below M., represented by the dashed green line, are not reported in the catalog.
The b-positive method considers only the magnitude difference between earthquakes 4
and 7 (continuous black arrow), whereas the b-more-positive method also includes the
magnitude difference between earthquakes 1 and 7 (magenta dot-dashed arrow). The com-
parison betwenn panels (a) and (b) illustrates that the b-more-positive method includes
in the evaluation the same earthquakes pairs for both a complete and an incomplete data
set. The only difference is the number of considered pairs being much smaller for the in-
complete catalog. In Fig.2c we finally consider the case of an incomplete data set with
a finite o value. In this case the dotted red line represents M.—20 and earthquakes oc-
curred between the dashed green line and the dotted red line have a finite probability
to be recorded. In the specific example, earthquakes 2 and 5 have been recorded whereas

earthquake 3 and 6 are not reported in the catalog. In this example the b-positive method
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considers the magnitude difference between earthquakes 2 and 4 and between earthquakes
5 and 7 (orange dot-dashed lines). It is evident that the two magnitude differences are
larger than the one which one would have included in the complete data set (Fig.2a).
This leads to a systematically smaller b value obtained from Eq.(9). In order to avoid
this bias one can impose that the magnitude difference m;;1—m; should be larger than
dM,yp,. In the specific example setting d My, = 0.2 also in the complete data set (Fig.2a)
the b-positive method would consider the magnitude difference between earthquakes 2
and 4 and between earthquakes 5 and 7 (orange dot-dashed lines) which are exactly the
same considered in Fig.2c. The bias in the estimate of the b value from Eq.(9) is then
corrected by the presence of a finite My, in the denominator of Eq.(15). As an alter-
native strategy, in the b-more-incomplete method we remove from the catalog all the earth-
quakes below the threshold M4, indicated as a blue dot-dot-dashed line in Fig.2b. In

this example earthquakes 3 and 6 are removed from the filtered catalog and the b-more-
positive method only includes the earthquake pairs considered in the case 0 = 0 and

which provides an exact estimate of the b-value.

4.2 Numerical analysis

In the previous section we have reported four strategies to evaluate the b-value. The
traditional estimator is based on the measure of b(my,) from Eq.(6), the b-positive es-
timator proposed by van der Elst (2021) based on the quantity by (0Myp,) defined in Eq.(15),
the b-more-positive estimator based on the quantity by ;(0Mzp,) defined in Eq.(16) and
finally the b-more-incomplete estimator based on the quantity bi(T). In the evaluation
of the last two estimators we take the parameter [ = 10. Indeed, the computation time
for their evaluation grows proportionally to [, and therefore [ = 10 represents a com-
promise for a sufficient large value of K; > 0.9 (Eq.(B11) while keeping a sufficiently
short computational time. By keeping [ fixed, all the estimators present one tuning pa-
rameter, My, for the standard method, § My, for the b-positive and the b-more-positive
estimators and 7, for the b-more-incomplete estimator. In all cases, for sufficiently large

values of the tuning parameter each of the four methods will converge to the exact b-value.

In the following sections we compare the four strategies via extended numerical sim-

ulations.
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Figure 2. An illustration of a seismic sequence following a magnitude 6 mainshock. Af-
tershocks are labeled based on their occurrence time following the mainshock. (Panel a) Con-
tinuous black arrows connect earthquake pairs considered in the b-positive estimator. The
b-more-positive estimator includes these pairs as well as those connected by dot-dashed ma-
genta arrows. Dotted orange arrows connect earthquake pairs with a magnitude difference

m; — m; > O0My, = 0.2. (Panel b) The green dashed line represents the completeness level
M. (tj,%;,H;). In this example, 0 = 0, and all earthquakes with magnitudes smaller than M,
are not included in the catalog. The black continuous arrow is retained to connect the sole earth-
quake pair considered in the b-positive estimator, whereas the magenta dot-dashed arrow links
another earthquake pair which is also taken into account in the b-more-positive estimator. The
blue dot-dot-dashed line represents M4, deline;tli?;g that only earthquakes with m > M4 are
encompassed within the b-more-incomplete estimator. (Panel c) The green dashed line still repre-
sents the completeness level M. (t;,Z;,H;), the red dashed line corresponds to M. — 20. Dotted

orange arrows connect earthquake pairs used in the b-positive estimator.
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5 Numerical simulations

We generate synthetic earthquake catalogs to simulate two distinct scenarios. In
the first scenario, we simulate a single Omori sequence using the ETAS model (Ogata,
1985, 1988b, 1988a, 1989) with a single Poisson event, which is the initial event in the
sequence. We assume that this first event occurs at time ¢ = 0 with epicentral coor-
dinates (0,0) and magnitude m; = 8. We employ a standard algorithm to simulate the
cascading process (de Arcangelis et al., 2016) with realistic parameters obtained through
likelihood maximization in Southern California (Bottiglieri et al., 2011). We verify the
robustness of the results across different parameter choices. In the second scenario, we
generate a complementary catalog that exclusively contains background earthquakes. These
earthquakes follow a Poisson distribution in time, while their spatial distribution con-
forms to the background occurrence rate estimated by Petrillo and Lippiello (2020) for

the Southern California region.

In both catalogs, we assume that earthquakes obey the GR law with a theoreti-
cal b-value of by = 1. It’s worth noting that equivalent results are obtained for other
selections of bypye. Starting from an initially complete catalog up to the lower magni-
tude threshold my = 1, we systematically remove events from the catalogs based on
the detection function ® described in Sec.2. We then estimate various quantities from
these incomplete catalogs, including b(Myy) (Eq.(6)), by (6Myr) (Eq.(15)), by (6Myp) (Eq.(16)),
and by (1) as defined in Sec.3.3. In both scenarios, we explore different levels of incom-
pleteness, tuned by changing the value of o in the detection function ®(m—»M.) (Eq.(2).
For each set of model parameters assigned, we consider n,e, = 100 different synthetic
catalogs, each obtained using a different seed in the random number generator imple-
mented in the numerical code. Then, we estimate the mean value of the aforementioned

quantities and their standard deviation by averaging over the different catalogs. As an

example, when evaluating b(Msy,), we consider the mean value (b(Myy,)) = %ﬂl St by (Min)
and the standard deviation 0b(My,) = nrleal St (b (Min) — (b(Min))?, where by, (M)

represents the value of b(My,) estimated from Eq. (6) for the n-th synthetic catalog. For

each value of My, we also evaluate the average value (N) = —1 Sorrest Ny, with N,

Nreal

being the number of earthquakes with m > My, in the n-th catalog. Equivalent defi-
nitions are applied to evaluate the average values of by (6 Miy,), by (0Miy), and by (1),
along with their associated standard deviations. For the sake of clarity, N,, corresponds

to the number of earthquake pairs in the n-th synthetic catalog, with m;;1 > m;+d My,
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Figure 3. (Color online) The number of earthquakes N(m) with magnitude in [m,m + 1) in
the numerical catalog with STAI implemented via the detection function ® with two different
choices of M:(t — t;,m;) (Eq.(A5)) with w = 1 and o = 2 in panel (a) and Eq.(A4) in panel (b)
for 6to = 120 sec and for different values of o (see legend). The legend also reports the percent-
age of earthquakes removed from the original complete catalog. The magenta dashed line is the

theoretical GR law with birye = 1.

or with m;y; > m;+Jd My, in the b-positive or b-more-positive estimator, respectively.
For the b-more-incomplete estimator, NV,, corresponds to the number of earthquake pairs

with m;1; > m; in the n-th synthetic filtered catalog.

We assess the efficiency of the different estimators by plotting each average value
as a function of the associated (), recalling that the more efficient estimator is the one

that, at a fixed (IV), provides an estimate of the b-value closer to byye.
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Figure 4. (Color online) The quantities (b(Myn)) (black circles), (b4 (6Mn)) (red squares),
(b4+1(6M+n)) (green diamonds), and <bi (7)) (blue triangles) are plotted as a function of the aver-
age number of earthquakes (N) used for their evaluation in the synthetic catalog where STAT is
implemented according to the detection magnitude M:(t — t;, m;) defined in Eq.(A5) with w = 1
and o = 2. Error bars representing the relative standard deviation are indicated for each quan-
tity. The solid indigo line represents the exact b-value birye = 1. Different panels correspond to
different choices of 0: 0 = 0 (a), 0 = 5 (b), and o0 = 0.5 (c). Note that panels (a) and (b) share

the same vertical axis scale, while panel (c) is limited to b-value estimates greater than 0.86.

5.1 Single Omori Sequence

We consider the first 14 days of a seismic sequence triggered by a magnitude 8 main-
shock. We assume that SNDI is not relevant, and incompleteness is solely caused by STAIL
Specifically, we assume that STAI influence the detection function ®(m—»M.), with M,
as defined in Eq.(A3). We implement two different choices for My (t — t;, m;): one us-
ing Eq.(A4) with §tg = 120 sec, and the other using Eq.(A5) with w = 1 and §y = 2.
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Figure 5. (Color online) The same of Fig.4 for the synthetic catalog where STAI is imple-
mented according to the detection magnitude M (¢t — t;, m;) defined in Eq.(A4) with 6t = 120

sec.
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301 For the two different choices of M;(t—t;, m;), the effect of the detection function
30 ® on the magnitude distribution for various values of ¢ is depicted in Fig.3a and Fig.3b,

303 respectively. Furthermore we plot (b(Myp)), (b4 (6Myn)), (b41(0Myy)), and <bi(7’)) for

394 different values of o as functions of (N), in Fig.4 and Fig.5 for the two different choices
395 of M;(t—t;,m;), respectively. It’s important to note that (N) decreases with increas-
396 ing values of My, 6 My, and 7. The highest value of (N) for each curve corresponds to

307 M, =0, dMy, = 0, and 7 = 0, respectively.

308 In Fig.4a, we consider the case where o = 0. This figure reveals that due to the
309 significant incompleteness (with over 94% of earthquakes removed), the traditional method
400 fails to provide an accurate estimate of the b-value. This is evident from (b(Myy)) con-

a01 sistently being smaller than by, even for My, > 3.8. In contrast,(b; (§Myp)) =~ (b1 (6 Myp)) ~
402 btrue even for 0 My, = 0. However, it’s important to note that the largest number of

403 earthquake pairs (V) used in the evaluation of (b; (6Myy,)), corresponding to My, = 0,

204 is only half of the average number of events in the synthetic catalog. On the other hand,

405 the largest number of earthquake pairs (V) used in the evaluation of (by;(dMy)), still

406 corresponding to My, = 0, represents more than 90% of the events in the synthetic cat-
407 alog. Therefore, the b-more-positive estimator proves to be more efficient than the b-
408 positive estimator due to its smaller uncertainty, dby;. Results for (bi(dT)) closely re-
400 semble those for (b4 ;(0Myp,)), indicating similar efficiency for both the b-more-positive
410 and b-more-incomplete estimators.

an In Fig.4b, we explore the case where o = 5, which is an unrealistic situation but
a2 helps investigate the role of ¢ in the b-value estimate. We observe that in this case, the
a13 traditional estimator provides a more accurate estimate of the b-value compared to the
a14 o = 0 case (panel a). This improvement is attributed to the fact that increasing o leads
a1 to a more complete catalog (Fig.1) even if significant deviations from the true b-value
416 are still present also for large values of M;;. Concerning the b-positive estimator, the
a7 counter intuitive behavior is that even though the catalog for o = 5 is more complete
418 than the 0 = 0 one, it provides a less accurate estimate of the b-value. A reasonable
a10 estimate is achieved only for M, = 1.5, corresponding to (N) < 400. Similar con-
20 siderations also apply to the b-more-positive estimator that, however, for each value of
a1 (N), provides an estimate of the b-value that is consistently closer to by, compared to
a2 the one provided by the b-positive estimator. Finally, Fig.4b shows that an even more
3 efficient estimate of the b-value is achieved with the b-more-incomplete estimator, which
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provides a value close to by already for (N) > 8000. In Fig.4c, we present the case

for the more realistic situation where o = 0.5. We emphasize that for this value of o,
even though the catalog remains significantly incomplete (with about 90% of earthquakes
removed), the estimate of the b-value provided by the b-positive estimator differs from
the true b-value, byyye, by less than 5%, even for 6M;, = 0. Accuracy improves with
increasing d My, with a highly accurate estimate obtained for (N) ~ 4000, correspond-
ing to d My, = 0.5. An even more accurate b-value estimate is achieved by the b-more-
positive and b-more-incomplete estimators, which consistently provide estimates of the
b-value that are closer to by for each (N) compared to the value provided by the b-
positive estimator. The traditional estimator, on the other hand, consistently underes-

timates the b-value for all (V) values.

In Fig.5, we repeat the same analysis as in Fig.4 but consider a detection function
that uses M; provided by Eq.(A4) with §ty = 120. Fig.5 confirms all the conclusions
drawn from the analysis of Fig.4, indicating that the b-positive estimator is generally
a very efficient strategy for measuring the b-value in the presence of STAI. Additionally,
the b-more-positive and b-more-incomplete estimators are even more efficient procedures,

particularly in scenarios with higher o values.

5.2 Background activity

We generate a numerical catalog where earthquakes are Poisson-distributed in time,
with the occurrence probability in the position (Z) given by the background rate in South-
ern California obtained in Petrillo and Lippiello (2020). The catalog covers a period of
20 years, and since, by construction, the catalog does not present aftershock sequences,
only a few events will be removed due to STAI. The only source of incompleteness is there-
fore represented by SNDI, which is implemented by assigning a completeness threshold
Mg, that varies in different positions. More precisely, we divide the region into grids of
size 0.2°x0.2° and assign to each grid an incompleteness level My, randomly extracted
from the range [1 : 4]. A smoothing procedure is then applied over a smoothing dis-
tance of 0.2°. We then assume the detection function ®(m—M,(Z)) with ®(x) defined
in Eq.(2) and consider different values of 0. The number of removed earthquakes increases

as o decreases, as evident from the magnitude distribution (Fig. 6).
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Figure 6. (Color online) The number of earthquakes N(m) with magnitude in [m,m + 1) in
the numerical catalog of background earthquakes presenting SNDI with different values of o (see
legend). The legend reports the percentage of earthquakes removed from the original complete

catalog. The magenta dashed line is the theoretical GR law with bpye = 1.
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as4 We remark that bi(T) is practically indistinguishable from b4 ;(6 My, = 0) for rea-

455 sonable values of 7 < 1000 sec. Accordingly, the quantity bfr(T) is not of interest in this
456 situation and is not considered. We, therefore, focus on the comparison between the tra-
457 ditional, the b-positive, and the b-more-positive estimators. For the latter estimator, we
458 consider the effect of the constraint on the epicentral distance between the earthquakes
450 i and j, d;; < dg, exploring different values of dp.

460 In Fig. 7, we consider the cases 0 = 0 and o = 1. We observe that for both val-

461 ues of o, the b-positive estimator provides a less accurate estimate of the b-value com-
a2 pared to the traditional estimator. This result shows that the b-positive estimator is not

263 appropriate for managing SNDI if the further constraint d;; < dg is not imposed. The

a6 b-more-positive estimator, conversely, even without imposing the spatial constraint, i.e.
465 dr = 00, is more efficient than the traditional estimator. This is due to the use of a

466 large number of earthquake pairs, compared to the b-positive estimator, as discussed in
467 Sec.3.2. Nevertheless, without a spatial constraint, the estimate of the b-value remains
a68 inaccurate, even for o = 0. At the same time, Fig. 7 shows that, implementing a more
469 stringent constraint, (b1;(0My)) better approximates by as the value of dg decreases.
a0 In particular, when og = 0, (b4 (6Myp)) with dg = 0.01° provides an accurate esti-

an mate of byye even for 6M;, = 0.

an 6 Experimental data

473 In this section, we focus on the 2019 Ridgecrest Sequence, which has been exten-

474 sively investigated by van der Elst (2021) using the b-positive method. Therefore, we

475 can make a better comparison with existing results. We present results for the complete
at6 aftershock zone identified by van der Elst (2021), corresponding to a lat/lon box with

ar7 corners [35.2, —118.2],[36.4, —117.0]. We restrict our study to the temporal window of

478 10 days following the M6.4 foreshock (Fig. 8a), including all earthquakes with m; > mp =

a79 0 present in the USGS Comprehensive Catalog. The short-term incompleteness of the

480 data set is clearly visible in the temporal window of a few days following the M6.4 fore-

481 shock and, even more clearly, after the M 7.1 mainshock, when only a few small earth-

182 quakes are reported in the catalog.

483 We first consider the entire 10-day time window and plot b(Mzp), by (Men), b1 (6 Myr),
484 and bi (1) as a function of the number of earthquakes N used in their evaluation. Re-
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Figure 7. (Color online) The quantities (b(Myp)) (black circles), (b4 (dMyp)) (red squares)
and (b4;(6Myp,)) are plotted versus the number of earthquakes (N) used for their evaluation. In
the case (b1;(0Myp)) we use different colors and symbols to indicate different values of dr (see
legend). Error bars indicate the standard deviation associated to each quantity. The continuous

indigo line represents the exact b-value bypye. Different panels correspond to different choices of o:

oc=0(a),c =1 (b).
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sults are plotted in Fig.9, where error bars indicate the standard error obtained via boot-
strapping. For the considered data set, the constraint d;; < dr on spatial distance does
not produce any advantage since aftershocks, by selection, occur in a region with sim-
ilar seismic network coverage, and also because incompleteness is mostly affected by STAI

in the first part of the sequence.

Results plotted in Fig.9 show that, as expected, b(Myy,) strongly depends on N, i.e.,
it strongly depends on My, and only for My, > 3.7 does it appear to converge to a rea-
sonably stable value b ~ 1. Nevertheless, for My, > 3.7, N < 250, and this implies
that fluctuations in the estimate of b are of the order of 10%, which does not allow for
an accurate estimate of the b-value. It is worth noticing that the condition N < 250
is obtained by focusing on the whole time window of 10 days, and therefore, it is obvi-
ous that the evaluation of b(Myy,) on shorter time windows is even more dominated by
fluctuations. This implies that the traditional estimator based on b(Mjy;) is not suitable
for describing the temporal evolution of the b-value in the temporal window after large
earthquakes. Since the mechanism responsible for the presence of the time-dependent
completeness magnitude is expected to be quite universal (Sec.2), it is reasonable to as-
sume that this consideration, obtained for the Ridgecrest sequence, generally applies to

other sequences.

At the same time, Fig. 9 shows that the dependence of b, (§My) on N, or equiv-

alently on 6 Mgy, is much smoother, with by (§My) ranging from the initial value by (6 M) =

0.884+0.01 for § My, = 0 to a stable value by (6 My,) = 0.96 +0.02 for My, = 0.5. In-
terestingly, Fig. 9 confirms that the b-more-positive and the b-more-incomplete estima-
tors are able to provide an accurate estimate of the b-value preserving a large value of
N. Indeed, the b-more-positive estimator consistently provides a stable estimate of the
b-value, remaining approximately constant at by ;(6My,) = 0.96 & 0.01 even when us-
ing a substantial dataset with N > 10%. This allows us to consider sample sizes approx-
imately twice as large as those required for the b-positive estimator and a remarkable
30 times larger than what the traditional estimator can handle. Similarly, the b-more-
incomplete estimator exhibits the same favorable characteristics, making it well-suited

for tracking the temporal evolution of the b-value.

Accordingly, we use results from Fig.9 to determine suitable values for My, and

T to obtain a reliable estimate of b using either by (6 Mzp,), byi(dMzp), or b{;(r). Our re-
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Figure 8. (Color online) (a) Magnitudes versus time for the Ridgecrest 2019 sequence. (b)
The quantities b(Mz, = 3) (black circles), by (6 My, = 0.2) (red squares) and bi(r = 120) (blue
triangles) are plotted versus time for the Ridgecrest 2019 sequence. Error bars represent the

standard deviation for the latter two quantities, obtained through bootstrapping.
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sults indicate that 6 M, = 0.3 is appropriate for both the b-positive and the b-more-
positive estimators, although we present very similar results obtained with d My, = 0.2

to align with the choice made by van der Elst (2021) in his study. Additionally, we em-
ploy 7 = 120 seconds for b{;(’]’). It’s worth noting that we find that our results are ro-
bust and only minimally influenced by different choices of M, and 7, as expected based

on the weak dependence on N observed in Fig.9.

To explore the temporal evolution of the b-value, we followed the method used by
van der Elst (2021), dividing the 10-day interval into overlapping sub-intervals contain-
ing 400 events each, and calculating by (0My, = 0.2), b (0My, = 0.2), and b{_(T =
120) for each sub-interval. We found that by (6 My, = 0.2) and by (6 My, = 0) are very
similar and we therefore plot only by (M, = 0.2) together with bi (7 = 120) in Fig.8b

as a function of the final time of each sub-interval. Note that the effective number of earth-

quakes N used in the evaluation of the three quantities in each sub-interval is always smaller

than 400. In Fig.8b, for comparison, we also plotted the temporal evolution of b(M;y,)
with My, = 3, chosen to reduce the effect of incompleteness while keeping a sufficient
number N > 10 of earthquakes for its evaluation in each sub-interval. Data for b(My,)

are plotted without error-bars to preserve the clarity of the figure.

The behavior of by (6 My, = 0.2) is consistent (Fig.8b) with the results obtained
by van der Elst (2021). Specifically, we observe a small value of b, after the M6.4 fore-
shock, a recovery of the pre-foreshock value immediately before the M7.1 mainshock, and
a value that remains high immediately after the mainshock before decaying to an asymp-
totic value that fluctuates around by ~ 1. This trend is also confirmed by bfr(T = 120)
(Fig. 8b), although it exhibits some differences with by (6My, = 0.2). In general, these
differences always remain within statistical uncertainty except for the temporal window
located about 2 hours after the M7.1 mainshock, where bi (7 = 120) presents an anoma-
lous large value bi(T = 120) = 1.45 significantly larger than the value presented by
by (0My, = 0.2). The overall behavior of bi(T = 120) confirms the observation made
by van der Elst (2021) of a reduction in the b-value between the foreshock and mainshock,
compared to the previous temporal window and, in particular, compared to the tempo-
ral window after the mainshock. This feature has been proposed by Gulia and Wiemer
(2019); Gulia et al. (2020) as a precursory pattern for large earthquake forecasting. How-
ever, in agreement with the b-positive estimate by van der Elst (2021), our results from

by, and bf_ show that this pattern is less pronounced compared to the one obtained from
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Figure 9. (Color online) The quantities b(My) (black circles), by (6Myn) (red squares),

b41(0Mzr) (green diamonds) and bfr (1) (blue triangles) are plotted versus the number of earth-
quakes N used for their evaluation, for the whole period of 10 days during the Ridgecrest 2019

sequence. Error bars represent the standard deviation obtained through bootstrapping

b(Myy,), making its identification more challenging. Similar conclusions can be drawn for
other fore-mainshock sequences, including the 2016 Amatrice-Norcia, Italy, sequence, the
2016 Kumamoto, Japan, sequence, and the 2011 Tohoku-oki, Japan, sequence, which have
also been analyzed by van der Elst (2021). Similarly, in these additional sequences, the
outcomes derived from the b-more-positive and b-more-incomplete estimators (not shown)
align closely, within statistical uncertanty, with the results obtained using the b-positive

estimator in van der Elst (2021).

7 Discussions

We have obtained an analytical expression for the probability distribution of the

magnitude difference 0m = m; — m;, where j = i + [, with [ > 1, and restricting
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to positive dm, under the assumption that for all intermediate magnitudes m; < m;
with j € [i + 1,4 + [ — 1]. We have found that for a complete data set obeying the
GR law with coefficient b, p;(dm) = K;107%°™. The coefficient, K, exhibits a depen-
dence on [, taking on the value of K = 1/2 when [ = 1, as in the b-positive estima-

tor proposed by van der Elst (2021). This value of K; = 1/2 reflects the average oc-
currence where half of the earthquakes m; are succeeded by larger ones. We have demon-
strated that as [ increases K; approaches 1, in the novel estimator defined as the b-more-
positive. Consequently, an accurate measurement of the b-value can be derived from the
probability distribution p;(dm), with the procedure growing in efficiency as ! increases,

allowing for the inclusion of a larger number of earthquakes in the measurement.

The intriguing point is that even for incomplete datasets, the probability distribu-
tion p;(dm) can exhibit the same exponential decay pattern, namely p;(dm) = K1072°™,
with incompleteness only affecting the constant K which remains smaller than Kj;. This
phenomenon occurs when the detection probability for observing the subsequent earth-
quake m;4;, given that earthquake m; has been detected and reported in the catalog,
approaches unity. Achieving this condition can be straightforward by taking advantage
of the fact that the completeness magnitude decreases over time. Indeed, it can be achieved
by simply imposing the constraint that m;; > m; + d My,. Since values of 6 M. typi-
cally on the order of 0.2 are usually sufficient, this strategy enables us to utilize a sig-
nificant portion of the initial dataset in the measurement of the b-value. In contrast, in
the traditional estimator, we were forced to exclude all earthquakes above a threshold
My, which generally led to a substantial reduction in the dataset. In addition, we have
introduced the b-more-incomplete estimator. This estimator is derived by assessing the
distribution of magnitude differences within a catalog that has undergone pre-filtering
to exclude earthquakes with a magnitude below a specified artificial detection thresh-
old M4 2 M.. It has been demonstrated that this estimator exhibits greater efficiency
in the presence STAI. This enhanced performance can be attributed to the exclusion of
all pairs with dm < § My, in the 'b-more-incomplete’ estimator, while the standard "b-

more-incomplete’ estimator employs a more targeted exclusion process.

In general, we do not expect significant differences in the measurement of the b-
value provided by the different estimators based on the distribution of positive magni-
tude differences. The main difference lies in the reduction of statistical fluctuations, which

are less pronounced in the b-more-positive and b-more-incomplete estimators. This re-
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duction can be very important in detecting potential variations in the b-value during real-

time earthquake sequences.

We finally observed that the novel b estimators can also be useful in addressing spa-
tial incompleteness, which is related to the spatial density of seismic stations, by impos-
ing that two earthquakes m;4; and m,; occur in regions with the same completeness mag-

nitude.

8 Conclusions

The b-positive estimator, as proposed by van der Elst (2021), provides a measure
of the b-value based solely on the positive differences between successive earthquake mag-
nitudes. We have identified the mathematical motivation that makes this new estima-
tor significantly more efficient than the traditional approach, which measures the b-value

using a dataset that includes only earthquakes larger than a fixed threshold M;,. The

key insight is that incompleteness only affects the magnitude difference distribution through

the detection probability of observing a subsequent earthquake, conditioned on the prior
earthquake being detected and reported in the catalog (see Eq.(13)). Since the complete-
ness level generally decreases over time, the detection probability tends to approach one
in most situations, and the magnitude difference distribution remains largely unaffected
by incompleteness. We’ve clarified that to satisfy this condition, it’s necessary for both
earthquakes to occur within regions with similar seismic coverage. Consequently, we’ve
demonstrated that the b-positive estimator is effective only when the epicentral distance

between earthquakes ¢ and j is smaller than a reference threshold, denoted as dg.

Furthermore, we’ve introduced a more efficient variant called the b-more-positive
estimator. Unlike the b-positive estimator, which considers only positive magnitude dif-
ferences between successive earthquakes and thus analyzes only half of the earthquakes
in the catalog, the b-more-positive estimator evaluates the magnitude difference between
m; and the subsequent earthquake, denoted as m;;, under the condition that m;4; >
m; and all intermediate earthquakes m; < m; with j € [ + 1,7+ — 1]. The distribu-
tion of m;;—m; retains all the characteristics of the distribution m;41—m;, allowing
us to use the entire earthquake dataset, rendering the b-more-positive estimator more

efficient.
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We also emphasize a limitation of the b-positive estimator, stemming from the fact
that if some earthquakes with m; < M, are reported in the catalog, the detection prob-
ability to observe a subsequent earthquake m; > m; is no longer equal to one. This leads
to the counter intuitive behavior that the more earthquakes below M, are reported in
the catalog, i.e., the more complete the dataset, the less accurate the b-positive estima-
tor becomes. This issue can be resolved, as proposed by van der Elst (2021), by impos-
ing mj; — m; > 0My, to ensure that m; > M, always holds, guaranteeing a detection
probability of one. However, we demonstrate a more efficient approach by introducing
an artificial, time-dependent magnitude threshold, denoted as M4, and filtering the cat-
alog by removing all earthquakes with m; < M,4. By appropriately tuning M 4, this
approach, referred to as the b-more-incomplete estimator, results in a detection prob-

ability of one and provides a more efficient measurement of the b-value.

This comprehensive framework is supported by extensive numerical simulations,
which validate the analytical prediction that the b-positive method becomes more effi-

cient as the dataset’s incompleteness increases.

We also applied the new methodologies to real main-aftershock sequences. Specif-
ically, we compared the b-value obtained from the b-positive estimator, as previously done
by van der Elst (2021) during the 2019 Ridgecrest sequence, with the new measurements
provided by the b-more-incomplete and b-more-positive estimators. Our findings revealed
very similar results across these different measurement methods, with reduced statisti-
cal fluctuations observed in the novel estimators due to their enhanced efficiency. This
strengthened our ability to support the conclusions drawn by van der Elst (2021), par-
ticularly regarding the significant decrease in the b-value after the M6.4 aftershock, in
comparison to its prior value and the value following the M7.1 mainshock. We noted a
similar consensus among the various estimators when assessing the b-value in the other
three fore-main-aftershock sequences investigated by van der Elst (2021). In summary,
the application of the novel b-value estimators to the instrumental catalog allowed us
to mitigate statistical fluctuations. However, it did not introduce new insights beyond
the conclusions previously presented by van der Elst (2021) concerning the feasibility of

incorporating b-value variations into a real-time earthquake alarm system.

Finally, we emphasize that measuring the b-value using the b-more-positive esti-

mator can be particularly advantageous for short-term post-seismic forecasting. It can
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be effectively combined with procedures based on the envelope of seismic waveforms (Lippiello
et al., 2016; Lippiello, Cirillo, et al., 2019; Lippiello, Petrillo, Godano, et al., 2019), which
facilitate the extraction of Omori-Utsu law parameters but do not provide access to the

b-value.

9 Open Research

[Data] The seismic catalog for the Ridgecrest sequence is taken from the USGS Com-
prehensive Catalog (https://earthquake.usgs.gov/earthquakes/search/). [Software] Nu-
merical codes for the b-more-positive and b-more-incomplete methods are available at

https://zenodo.org/badge/latestdoi/611337136 (2023).

Appendix A SNDI and STAI

The Seismic Network Density Incompleteness (SNDI) at a specific spatial position
Z is contingent upon the number of seismic stations surrounding that location. As an
illustration, in the context of Taiwan seismicity, Mignan et al. (2011) determined a com-

pleteness magnitude Mg (%) that exhibits a correlation with the distance d(Z) = | —

Zk| defined by the equation
Mpg(%) = 4.81d(F)%% — 4.36. (A1)

In this expression, Z) represents the coordinates of the nearest seismic station to the earth-
quake’s epicenter, with £ signifying the minimum number of stations needed for earth-

quake localization. Eq. (Al) applies when k£ = 3. A similar correlation between com-

pleteness magnitude and the number of seismic stations has also been established by Schorlemmer

and Woessner (2008), who employed network-specific attenuation relations and station
information. The value of Mg(Z) can vary over time due to factors such as day-night
variations, seasonal changes, changes in duty personal, and so on. These variations can
be accounted for by assuming that Mgz(Z) exhibits fluctuations on the order of o, which

will manifest in the detection function ®(m — Mg(Z)) (see Eq.(2)).

Short-Term Aftershock Incompleteness (STAI) is a time-dependent property that
changes rapidly in the aftermath of a large earthquake. Empirical observations (Kagan,
2004; Helmstetter et al., 2006) indicate that STAI can be described in terms of a com-
pleteness magnitude depending on time ¢ since the mainshock M¢c = Myp(t) and ex-

hibiting a logarithmic dependence on the temporal distance from the mainshock. The
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equation below describes (Kagan, 2004; Helmstetter et al., 2006) Mr(t), where mas is
the magnitude of the mainshock, and ¢ ~ 1 and Am € [4,4.5] (with time measured

in days) are two fitting parameters

My(t) = mar — qlog(t) — Am, (A2)

at a temporal distance ¢ > 0 after the mainshock. Eq.(A2) originates from the obscu-
ration of small aftershocks which are hindered by coda waves of previous larger ones. This
obscuration effect, responsible for STAI, can be incorporated (Lippiello, Petrillo, Godano,
et al., 2019) introducing, after each aftershock with magnitude m; occurring at time the
t;, a detection magnitude M;(t—t;, m;) leading to a completeness magnitude at the time

t

My (¢|H;) = max My (t — t;,m;) (A3)

t; <t

where the maximum must be evaluated over all the earthquakes occurred up to time t;
which are indicated in the compact notation H;. Different functional forms have been

proposed for M;(t — t;,m;)

m; ift—t; <5t0

Mt(t — ti, mz) = (A4)
mrp, if ¢t — ti 2 (St()

Mt —ti;mi) = m; —wlog(t —t;) — do, (A5)

Mt(tfti,mi) = Iy + 11 exp (71/2 (3+10g(t7t1))u3) (AG)

Here Eq.(A4) is inspired by the hypothesis of a constant blind time §ty proposed
by Hainzl (2016b, 2016a, 2021), according to which an earthquake hides all subsequent
smaller ones if they occur at a temporal distance smaller than dtyg. Eq.(A5) implements
the functional form of My (¢) in Eq.(A2), whereas Eq.(A6) is the one proposed by Ogata
and Katsura (2006). Eq.(A5) is also the one implemented by van der Elst (2021) in his
study. In this manuscript, we consider the first two functional forms, which both repro-
duce statistical features of aftershocks in instrumental catalogs, even if Eq.(A5) better
captures magnitude correlations between subsequent aftershocks (de Arcangelis et al.,

2018).
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Appendix B Analytical calculation for the distribution of magnitude
difference.

B1 Probability distribution p(6 M) in complete data sets

The cumulative probability of observing a magnitude difference m; — m; > dm

between two generic earthquakes recorded in a catalog can be expressed as:

P(ém)z/ dmi/ S / dt; /Qda:z/ dt; /dxjp (my, t;, @5\ H;) p(ma, te, B[ Hi)
mry, mi+om t

(B1)
where H; and H; are used to represent the seismic history before the occurrence of the
i-th and the j-th event, respectively. The integrals in space extend over the entire re-

gion ) covered by the catalog, and the integral in time for ¢; extends over the entire tem-
poral period [0, 7] covered by the catalog, with the constraint ¢; > ¢; imposed for the

integral in time for ¢;.

In the subsequent analysis, we assume that magnitudes do not depend on occur-
rence time and space and follow the GR law given by Eq.(1) for magnitudes m; > my,.
Correlations with previous seismicity are introduced through the detection issues dis-

cussed in Sec.2, leading to Eq.(4) which used in Eq.(B1) leads to
P(m) =p? / dm; / dm; / dt; / d7; / dt; / d7;
mr, m;+dém t;
e Plmatmi B ML) At )M (t, )@ (my — Me (8, &5, Hy|ma))
(P(mz _Mc (tiafiaHi)) (B2)
In the above equation we explicitly use the notation ® (m; — M.|m;) to specify that the

detection functions must be evaluated in conditions such as the previous earthquake m;

has been identified and reported in the catalog.

In the ideal case where all earthquakes have been reported in the catalog, i.e., ®(m;
M.) = 1 and ®(m; — M.|m;) = 1 for all earthquakes, the integrals in Eq. (B2) over

t;, tj, &3, £;, and m; can be easily performed, resulting in

o 1
P(om) = 667&;"1/ dmge=2Pmi—mL) — ~o=fAom, (B3)
mr

The probability density p(ém) of having m; = m; +Jdm can be obtained by tak-
ing the derivative of P(dm) with respect to dm and changing the sign, ultimately lead-

ing to Eq.(8).
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706 B2 Probability distribution p(6M) in incomplete data sets

In the hypothesis that condition Eq.(13) holds, i.e. ®(m; — M.|m;) = 1, even if

Eq.(5) is not satisfied, i.e. ®(m; — M.) < 1 it is easy to show that Eq.(B2) gives
P(6m) = e MK (B4)
with K a constant given by

o) T T
K= dml/ dtz/ de / dtj / dfje_zg(mi_mL)A(ti,fi)(I) (ml - Mc (tz,f“H@)) .
mr, 0 Q t; Q
(B5)
707 After deriving Eq.(B5) we finally obtain Eq.(14).

708 B3 Probability distribution p;(d M)

709 We first consider the cumulative probability P),(dm) to observe a magnitude dif-
710 ference mjtn41 —m; > dm, n > 0, between an earthquakes ¢ and a subsequent earth-
e quake j = ¢ + n + 1, under the assumption that all intermediates earthquakes k €
2 [i+1,i+n] (tx € (t;,t;)) presents a magnitude my, smaller than m,. We obtain

P.(6m) = H/ dmi/ dmk/ Hm / dt; /d:cl/ dtk/dxk[ ndt /dm]

p(mjatja‘rjw-[j) (mkvtk7xk|Hk) (mhtlvgj’bw-[ )

73 where we still indicate with Hj, all the seismic history occurred before the occurrence

714 of the k-th event.

In the case of a complete data set, we can utilize the factorization given in Eq. (4),
enabling us to carry out integration over space and time. Additionally, the integration

over m; and my, can be readily performed, ultimately leading to
© n
P! (6m) = Be—Pom / dme=2B(mi=m) (1 —e*mmi*mb)) . (B7)
mp,

We now turn to consider the cumulative probability distribution P;(6M) of the magni-
tude difference m;;; —m; between the magnitude of the i-th earthquake and the first
subsequent earthquake which presents a magnitude m;4; > m,;. It’s important to note
the distinction between P and P;. In the evaluation of P}, we assumed that the first
subsequent earthquake with m; > m; has occurred at the exact catalog position j =
i+n+1. Conversely, in the evaluation of P;, we must assume that the first subsequent
earthquake with m; > m; can occur at any catalog position j = i+n-+1, with n tak-

ing all possible values in the range [0,!]. Accordingly, P; can be obtained simply from
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P!, with P,(6m) = 3! _ P/ (dm). Using the property of a geometric series with a com-

n=0"n
mon ratio of (1 — e’ﬁ(mi’mm)

)l+1

l _ .
n 11— (1 — ¢~ B(mi—my)
_ o= B(mi—mp) _
Z (1 € - ) - e—B(mi—mr) (BS)
n=0
we obtain
e’} I+1
P,(6m) = 5e*ﬂ5m/ dmgeBlmi=me) <1 - (1 — e*mmi*m)) ) . (B9)

mp,

Next, by using the binomial expression, we obtain P;(dm) = Ke P with

+1
S1+1) 1
K =1- —1)k —
== () e (B10)
k=0
which leads to
l
K =— B11
T (B11)

and after derivation to Eq.(10).
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b-more-incomplete and b-more-positive: Insights on A
Robust Estimator of Magnitude Distribution

E. Lippiello'and G. Petrillo?

1Department of Mathematics and Physics, Universita della Campania “L. Vanvitelli” , Viale Lincoln 5,

81100 Caserta, Italy

2The Institute of Statistical Mathematics, Research Organization of Information and Systems, Tokyo,

Japan

Key Points:

+ Conditional probability detecting consecutive earthquakes makes positive mag-
nitude difference distribution weakly affected by incompleteness.

e The b-positive estimator can be enhanced by including more earthquake pairs, not
only consecutive ones.

¢ The b-positive estimator can be enhanced by making the catalog more incomplete.

Corresponding author: E. Lippiello, eugenio.lippiello@unicampania.it



14

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

Abstract

The b-value in earthquake magnitude-frequency distribution quantifies the relative
frequency of large versus small earthquakes. Monitoring its evolution could provide fun-
damental insights into temporal variations of stress on different fault patches. However,
genuine b-value changes are often difficult to distinguish from artificial ones induced by
temporal variations of the detection threshold. A highly innovative and effective solu-
tion to this issue has recently been proposed by van der Elst (2021) by means of the b-
positive estimator, which is based on analyzing only the positive differences in magni-

tude between successive earthquakes.

Here, we demonstrate the robustness of the estimator, which remains largely un-
affected by detection issues due to the properties of conditional probability. We illustrate
that this robustness can be further improved by considering positive differences in mag-
nitude, not only between successive earthquakes but also between different pairs of earth-

’ enhances

quakes. This generalized approach, defined as the ”b-more-positive estimator,’
efficiency by providing a precise estimate of the b-value while including a larger number
of earthquakes from an incomplete catalog. However, our analysis reveals that the ac-
curacy of the b estimators diminishes when earthquakes below the completeness thresh-
old are included in the catalog. This leads to the paradoxical observation that greater
efficiency is achieved when the catalog is more incomplete. To address this, we introduce
the ”b-more-incomplete estimator”, where the b-more-positive estimator is applied only

after artificially filtering the instrumental catalog to make it more incomplete. Our find-

ings show the superior efficiency of the b-more-incomplete method.

Plain Language Summary

Earthquake magnitudes can vary widely, and the b-value is a common metric used
to measure the frequency of earthquakes with large versus small magnitudes. In addi-
tion, the b-value could serve as an indicator of the stress state of different fault patches,
making it a valuable tool in earthquake research. However, since small earthquakes are
often obscured by previous larger ones, determining whether changes in the b-value are
genuine or simply caused by detection problems can be challenging. To address this is-
sue, a new approach called the b-positive estimator has been recently developed. The

method only considers positive changes in magnitude between successive earthquakes.
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In this study, we confirm that the b-positive estimator is a powerful and effective tech-
nique to estimate the b-value and is largely unaffected by issues related to detecting earth-
quakes. We extend the method by considering positive differences in magnitude, encom-
passing not only successive earthquakes but also different pairs of earthquakes. In par-
ticular we show that because of the puzzling aspects of conditional probabilities, the b-
positive estimator is more efficient when the catalog is more incomplete. This allows us

to develop modifications to the b-positive method providing a more efficient tool to mon-

itor the b-value in ongoing seismic sequences.

1 Introduction

The Gutenberg and Richter (GR) law (Gutenberg & Richter, 1944) provides a good
description of the probability p(m) of observing an earthquake of magnitude m, with p(m)
given by

p(m) = bIn(10)10~0(m=mz) (1)

where b is the scaling parameter and my, is a lower bound for the magnitude. The hy-
pothesis that the b-value is correlated with the stress state (Scholz, 1968; Wyss, 1973;
Amitrano, 2003; Gulia & Wiemer, 2010; Scholz, 2015) has spurred investigations into de-
tecting spatio-temporal variations in b-value, which could serve as indicators of stress
changes triggered by significant foreshocks and precursor patterns (Wiemer & Wyss, 1997,
2002; Gulia & Wiemer, 2010; Nanjo et al., 2012; Tormann et al., 2014, 2015; Gulia &
Wiemer, 2019; Gulia et al., 2020; Nanjo, 2020). The decrease of the b-value during fore-
shock activity has been explained in terms of stress relaxation and accumulation in me-
chanical models for the seismic fault (Lippiello, Petrillo, Landes, & Rosso, 2019; Petrillo
et al., 2020). On the other hand, accurately differentiating between genuine and spuri-

ous variations in instrumental catalogs, continues to pose a significant challenge (Marzocchi
et al., 2019). This is because the detection threshold presents irregular behavior and small
earthquakes can go unreported due to inadequate spatial coverage of the seismic network
(Schorlemmer & Woessner, 2008; Mignan et al., 2011; Mignan & Woessner, 2012) or be-
ing obscured by coda waves generated by previous larger earthquakes (Kagan, 2004; Helm-
stetter et al., 2006; Peng et al., 2007; Lippiello et al., 2016; Hainzl, 2016a, 2016b; de Ar-
cangelis et al., 2018; Petrillo et al., 2020; Hainzl, 2021). Failure to properly account for
both mechanisms can lead to a significant underestimation of the b-value. To address

the issue of incomplete reporting, a common approach is to limit the evaluation of the
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b-value to magnitudes greater than a threshold M;,. This threshold is typically chosen

to be larger than the completeness magnitude M., which is defined as the magnitude above
which detection are not impacted by completeness issues. However, the constraint on mag-
nitudes m > My, can pose challenges for monitoring spatio-temporal variations in the
b-value since it necessitates using a restricted number N of earthquakes within each space-
time region. While the finite value of N can be accommodated to correct for systematic
positive biases in the b-value (Godano et al., 2023), it also introduces statistical fluctu-
ations (Shi & Bolt, 1982) that, for small data sets, can become significant and mask gen-

uine b-value variations.

A remarkably innovative solution to the problem has been recently proposed by van der

Elst (2021). He introduced the "b-positive” estimator, which obtains the b-value from

the distribution of magnitude differences dm = m;y1 — m; between two consecutive
earthquakes ¢ and i+1 in the catalog. In particular, for a complete data set that obeys

the GR law (Eq.1), it is easy to show that the distribution of dm, p(dm), is an exponen-

tial function with exactly the same coefficient b, = b. The striking result by van der

Elst (2021), corroborated by extended numerical simulations, is that if one restricts to
positive dm, p(dm) is much less affected by detection problems than p(m), and by ~

b also for incomplete catalogs.

A simple explanation for the effectiveness of the b-positive estimator is that by re-
stricting to positive values of dm, the method focuses on larger magnitude earthquakes
that are less affected by detection thresholds or limitations. However, at first glance, this
approach may not seem significantly different from imposing the condition m > My,

on p(m), and it does not reveal the unique advantages of the b-positive estimator.

In our manuscript, we shed light on the deeper implications of constraining m;; >
m; in the presence of detection issues. We demonstrate how the properties of conditional
probabilities reveal the exceptional efficiency of the b-positive estimator. Indeed we will
show that even for extremely incomplete catalogs, under specific conditions, the b-positive
estimator provides an exact and precise measure of the b-value. This occurs also when
its standard estimate via the GR law requires such a large value of M, that it is dom-

inated by statistical fluctuations.

In particular, the relationship b4 = b holds exactly under the assumption that

only events above the completeness level M, are reported in the catalogs. However, in
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instrumental catalogs, it is reasonable to assume that a fraction of earthquakes with mag-
nitudes m; < M, are identified. This introduces biases in the b-positive estimator. Nev-
ertheless, such conditions occur infrequently, rendering by consistently a very good ap-
proximation for the true b-value. After identifying the mechanisms responsible for the
accuracy of the b-positive estimator, we also propose various generalizations to further
improve the efficiency of b-value estimates through the analysis of the magnitude differ-
ence distribution. Here, efficiency refers to the possibility of a precise estimation of the
b-value, achieved by utilizing the largest subset N of earthquakes from the catalog. It’s
important to note that as we increase IV, the associated uncertainty db in our b estimate
decreases. Therefore, the most efficient estimator is the one that provides the correct b-

value with the smallest uncertainty, i.e., utilizing the largest value of N.

2 Magnitude incompleteness

Incomplete earthquake catalogs result from two primary factors: seismic network
density incompleteness (SNDI) and short-term aftershock incompleteness (STAI). SNDI
occurs when earthquakes are challenging to detect due to a low signal-to-noise ratio. Sev-
eral factors, including noise filtering capabilities and the distance between earthquake
epicenters and the necessary seismic stations for locating an event, can contribute to SNDI
(Mignan & Woessner, 2012). Conversely, STAT arises from detection issues in the after-
math of large earthquakes, primarily caused by the masking effect of small aftershocks
obscured by coda waves from previous larger ones (Lippiello, Petrillo, Godano, et al., 2019).

A more detailed description of SNDI and STAI can be found in Appendix A.

SNDI and STAI, combined, lead to a completeness magnitude M,.(t;,z;, H;), which
depends on the the occurrence time t;, epicenter coordinates x;, and the past seismic his-
tory H;, encompassing all prior earthquakes up to time ¢;. We assume that all earthquakes
with a magnitude greater than M, are reported in the catalog. Simultaneously, various
factors such as diurnal and seasonal variations, changes in staffing, etc., can introduce
fluctuations of approximately ¢ in the completeness level. Considering these fluctuations,
the probability that an earthquake with magnitude m, occurring at time ¢ and location
Z, is reported in the catalog, is described by the detection function ®(m — M.), given

by:
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1 itfm—-M.>0
d(m— M) = (2)

1+ Erf (2=2e) if m— M. <0

Here, Erf(y) represents the error function. According to this definition, all earth-
quakes with m > M, are reported in the catalog, while only about 2% of earthquakes
with m < M. — 20 are included. The typical behavior of ®(y) for different o values is

illustrated in Fig. (1).

It’s important to note that the detection function ®(y) (Eq. (2)) slightly differs from

the one proposed in (Ogata & Katsura, 1993), which assumes ®(m—M,) = %—l—%Erf(m_o_MC)7

indicating that, on average, only 50% of earthquakes with m > M, are reported in the

catalog. Both definitions coincide in the limit case where o — 0.

3 Analytical results

We denote by p(m;,t;,Z;) the probability of observing an earthquake with mag-
nitude m; at time ¢; and location Z;. For a complete dataset, it is reasonable to assume
that magnitudes follow the Gutenberg-Richter (GR) law given by Eq. (1), independently

of the occurrence time and location. Under this assumption, p(m;, t;, &;) takes the form

plmi, ti, @) = Be PUm—mLIA(t, & | M), (3)

where 8 = blog(10), and A(¢;,Z; | H;) is the probability density of having an earthquake
at time ¢; and location &;. We explicitly mention that A depends on the seismic history
‘H; up to time t;. By definition, the integral of A over the entire region and time win-

dow is normalized to 1.

Correlations with previous seismicity are caused (Lippiello et al., 2007, 2012) by

the detection problems discussed in the previous Sec.2. This implies that

p(mi,t;, @) = Be PN (t;, 75| Hy) @ (my — M (i, T3, M) - (4)

3.1 Traditional estimator of the b-value

The standard method for evaluating the b-value in the presence of incompleteness

involves restricting the analysis to magnitudes greater than a threshold value My;,. This
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Figure 1. (Color online) (a) The detection function ®(m — M.), with M. = 2, for three values
of : 0.001, 0.5, and 1 (see legend). (b) The impact of the detection function ®(m — M,) on the
magnitude distribution within a simulated catalog comprising 1.3 x 10° earthquakes with m > 0,
following a GR distribution with b = 1. In the plots, blue triangles represent the magnitude dis-
tribution for the complete dataset, while different colors and symbols are used for the magnitude

distribution in the incomplete catalog for varying o values (refer to the legend for details).
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threshold should be chosen sufficiently large to satisfy the condition My, > M, and there-

fore

D (M, — M (ts, 25, Hs)) = 1. (5)

In this case, the probability of observing an earthquake with magnitude m; can be
obtained from Eq.(3) after integrating over space and time, and it is given by BeBlmi—min)
Through likelihood maximization, we ultimately determine the b-value (Aki, 1965):

1

Y = 10y oy — M) “

where (m) represents the average magnitude in the dataset containing N earthquakes

with m > Mth~

However, as explained in Sec. 2, M, varies in both time and space. Therefore, Eq.
(5) holds true only if My, coincides with the maximum value of M, within the consid-
ered space-time region. Consequently, one is compelled to choose large values for M;,
but this poses a challenge. A too-large value of My, results in a smaller number N of
earthquakes used in the evaluation (Eq. (6)), leading to a larger uncertainty 6b in the
estimation of the b-value. This is why this strategy is inefficient, especially when deal-
ing with the early stages of aftershock sequences, where M. exhibits large values due to

STAIL

We further observe that Eq.(6) holds in the hypothesis that magnitudes are con-
tinuous random variables. However, in earthquake catalogs, magnitudes are often reported
only to one or two decimal places. In such cases, a correcting term needs to be added
to the denominator of Eq.(6) to account for this discretization. Alternatively, as suggested
by Godano et al. (2014), we can add a random noise term to the last digit of the reported
magnitudes to make them continuous, and then apply Eq.(6). In the following analy-

sis, we will adopt this strategy.

3.2 Probability distribution p(dM) in complete data sets

We consider the probability p(mj,t;, Z;|m;,t;, Z;) to observe an earthquakes m;
at time t; in the position Z; conditioned to the occurrence of a previous earthquake with
magnitude m; occurred at the previous time ¢; < ¢; in the position Z;. In the hypoth-

esis of a complete data set with occurrence probability given by Eq.(3), the occurrence
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of the magnitude m; is uncorrelated to what happens at previous times. In this case
plmy, t, @jlmi, i, &) = Be” P TmIA (t, 35| H,) (7)

and it is easy to show (see Appendix B) that the probability density p(dm) to have m; =
m; + dm is given by

p(om) = 55em, Q

which is a well known result for the distribution of the difference of two independent ran-
dom variables with identical exponential distributions. Eq.(8) shows that, in the ideal
case, dm follows an exponential law equivalent to the GR law with exactly the same co-
efficient 8. In the following, we define by as the b-value obtained from p(dm), restrict-

ing it to dm > 0. Through likelihood maximization, we obtain from Eq. (8):

which gives by = b in a fully complete catalog.

We observe the importance of the factor 1/2 in Eq.(8), indicating that the condi-
tion dm > 0 is met, on average, by only half of the earthquakes in our dataset. Specif-
ically, in the b-positive estimator, we set 7 = i+1, which means we’re considering only
earthquakes that are followed by a larger one. These earthquakes make up approximately
50% of the dataset. In the ideal case of a complete dataset, therefore, the estimate of
the b-value from Eq.(9), defined “b-positive” estimator, is less efficient than the tradi-

tional estimator from Eq.(6), as the latter uses the entire dataset.

We can enhance the efficiency of the b-positive estimator by systematically explor-
ing, in increasing order, all possible j values within the range j € [i + 1,¢ 4 [], where
[ > 1. We continue this exploration until we reach a value of j where m; > m;. In
this case, the probability distribution for finding m; = m;+ém, with dm > 0, is given
by:
pi(0m) = K;3e= ™ §m > 0 (10)

with K; = HLI (Eq.B3). It’s clear that K; approaches 1 for sufficiently large I, signi-
fying the inclusion of all earthquakes from the original dataset in the computation of the
b-value. From the maximization of likelihood, this procedure defined “b-more-positive”

estimator, ultimately leads to an estimate for the b-value:

b+l = T~ . (11)
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This differs from Eq. (9) due to the fact that (dm); in Eq. (11) represents the av-
erage magnitude difference between dm = m; — m;, where j € [i + 1,7+ [] is the in-
dex of the first earthquake recorded after ¢, with m; > m,. In other words, all earth-
quakes with an index in the range [i+1, j—1] have a magnitude smaller than m;. Con-
versely, in Eq. (9), (dm) is the average difference between m;1; and m; and is only eval-

uated in cases where m;1 > m;.

Therefore, in the b-positive estimator, only half of the dataset is used to evaluate
b, whereas in the b-more-positive estimator, for sufficiently large [, the evaluation of
by, includes a much higher percentage of the dataset, which significantly reduces the un-
certainty db. Obviously, the b-positive estimator is a special case of the b-more-positive
estimator, specifically when [ = 1. Consequently, in the subsequent discussion, we will
focus on the b-more-positive estimator, while bearing in mind that the findings also ap-

ply to the b-positive estimator under the condition [ = 1.

3.3 Probability distribution p(d M) in incomplete data sets

In the case of an incomplete dataset, Eq. (7) must be replaced by:

p(my, t, @5 |mi i, B;) = Be P meIN(t;, ))® (my — Me(t;, &5, Hjlms)) . (12)

Here, we explicitly use the notation ® (m; — M.|m;) to specify that the detection
function must be evaluated under the condition that the previous earthquake m; has been
identified and reported in the catalog. This information is crucial for the efficient eval-

uation of the b-value. It is easy to show (Appendix B) that when the condition
@ (my — Mc(t;, %5, H;[mi)) =1 (13)
is satisfied in Eq. (12), we obtain
p(dm) = e MK, (14)

where K is a constant whose expression can be found in Appendix B. Eq. (14) shows
that the dependence of p(dm) on dm is an exponential function with a coefficient 8 that
is not affected by incompleteness and exactly coincides with b1n(10). Therefore, when

condition Eq. (13) holds, Eq. (11) provides the exact b-value, even in the presence of in-
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completeness. Detection problems only affect the value of K, which depends on ® (m; — M.(t;,Z;, H;))

(Eq. (B5)).

We want to emphasize that the information regarding the previous earthquake with
magnitude m; has been recorded and reported in the catalog significantly simplifies the
satisfaction of condition (13), as compared to condition (5) whose validity is necessary
for the accuracy of the traditional estimator. More precisely, two hypotheses are suffi-

cient to ensure the validity of condition (13):

M Hypothesis 1) Mc(tj,.’l_fj,?'[j) < Mc(ti,fi,r}'[i).

» Hypothesis ii): ¢ — 0.

Let us indeed assume that hypothesis ii) holds. In this case, the information that m; has
been recorded and is present in the dataset automatically implies that m; > M.(t;, Z;, H;).
Accordingly, since m; > m;, the validity of hypothesis i) automatically implies m; >
M.(t;,Z;,H;), and therefore the condition (13) is satisfied. Therefore, if the two hypothe-
ses are satisfied, the condition m; > m; is sufficient to exclude the possibility of the
existence of earthquakes larger than m; occurring in the time interval [¢;,¢;] and not re-
ported in the catalog. As a consequence, for each earthquake m; reported in the cata-

log, the magnitude difference 0m = m; — m; would be exactly the same as what we
would have measured in a complete catalog, and b; obtained from Eq. (11) coincide with
the true b-value. The only difference with the distribution of the magnitude difference
evaluated in the complete catalog (Eq.(10)) being in the constant K being smaller than
K. In particular, when [ > 1 and K; — 1, the estimation of b through b; employs

the entirety of the earthquakes which have been recorded in the instrumental catalog.

In contrast, the estimation achieved using b(Mjy,) only takes into account earthquakes
with a magnitude exceeding My, which, especially for significantly large My, values, can
be a minute portion of N.,;. This essential distinction is what renders the b-more-positive

estimator notably more efficient than the traditional estimator.

It’s crucial to emphasize that this scenario holds valid solely when both hypothe-
ses 1) and ii) are satisfied. In the forthcoming section, we explore the prerequisites for

their applicability in instrumental datasets.
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3.4 Conditions for the validity of the two hypotheses

The effectiveness of the b-positive method is proven when the two hypotheses i)
and ii) hold. Here we discuss how to construct circumstances for their realization by tak-
ing into account the two mechanisms SNDI and STAI respounsible for incompleteness (Sec.

2).

3.4.1 The validity of hypothesis i)

It is easy to create conditions such as hypothesis i) holds. Indeed, if we assume that
the epicentral distance d;; between the two earthquakes is sufficiently small it becomes
reasonable that the two earthquakes occur in regions with a similar network coverage
such as M.(t;, Z;, H;) = M.(t;, @, H;), i.e. incompleteness at the same time in the two
positions &; and Z; coincide. Furthermore, we must take into account that in the b-more-
positive estimator, j is the first larger earthquake recorded after the earthquake 7 and
there is no intermediate earthquake occurred in the time interval [¢t;,¢;] responsible for
obscuration effects on the earthquake with magnitude m; > m;. According to STAI,

M. decreases over time and therefore, the completeness magnitude at the subsequent time
tj > t; is smaller than M.(t;,Z;, ;) and hypothesis i) is fulfilled. Accordingly, hypoth-
esis i) can be imposed by setting d;; < dgr, where dp is a sufficient small distance and
selecting m; as the first earthquake larger than m; present in the catalog and with a dis-

tance d;; smaller than dg.

We would like to point out that the condition d;; < dr was not taken into con-
sideration by van der Elst (2021). However, it is important to emphasize that when fo-
cusing on evaluating the b-value within a seismic sequence, the criteria chosen for select-
ing aftershocks typically limit them to a smaller region surrounding the mainshock. Un-
der these circumstances, the aftershocks are closely clustered, occurring in areas with very

similar network coverage, and the condition d;; < dr is inherently met.

3.4.2 The validity of hypothesis ii)

In the subsequent discussion, we assume that the condition d;; < dg is imposed
to satisfy hypothesis i). However, even in this scenario, the presence of o # 0 in Eq.(2)
can invalidate the condition (13). Specifically, when both m; and m; fall within the mag-

nitude range (M. —20, M.), there exists a finite probability, despite m; > m; and hy-

—12—



261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

pothesis i) being satisfied, that m; is recorded in the catalog while m; is not. Consequently,

® (m; — M.(t;,2;,H;)) < 1, rendering condition 13 invalid.

To ensure the validity of condition (13) one potential strategy is to restrict the val-
ues of m; to be greater than m;+0Myy,, with My, 2 20. In this scenario, even when
m; € (M. — 20, M.) has a finite likelihood of being detected, m; > M, guarantees a
probability of 1 for detection, thereby preserving the validity of Eq.(13). For a finite d My,

Eq.(9) must be adapted to yield:

1 1
n(10) (0m) — oMy,

b+<5Mth) - 1 (15)

This approach converges to the true b-value for 0 My, 2 20. However, determining the
value of ¢ from data is challenging. To identify the optimal é My, one can seek the min-
imum value where by (6My;,) no longer depends on dM,y, a strategy proposed by van der

Elst (2021).

We can also extend Eq.(11) to account for a finite o

1 1
n(10) (dm); — My’

by1(6 M) = I

Here, (dm); denotes the average magnitude difference for ém = m;; — m;, where [ >
1, and myp < m; for k € [i + 1,j) and m; > m; + M. It’s important to note that
requiring my < m; + 0Myy, for k € [i +1,i+ 1 — 1], as opposed to just my < m;, leads

to an erroneous estimate of the b-value through Eq.(16).

In the following we propose an alternative two-step strategy referred to as ”b-more-
incomplete” estimator. The first step corresponds to filter the catalog by removing all
earthquakes with magnitudes below a threshold M 4. In particular we employ a filter-
ing approach where earthquakes occurring within a temporal distance less than 7 after
a previous larger earthquake are removed from the catalog. This corresponds to a con-
stant blind time 7 = 6ty (Hainzl, 2016b, 2016a, 2021) and a threshold magnitude My (¢;, &, H;) =
My (t;,%;,H;) as defined in Eq.(A3) with the functional form Eq.(A4) for M;. In the sec-
ond step the b-more-positive estimator is applied to the filtered catalog. The crucial fac-
tor lies in our ability to fine-tune M4 such that M4 2 M.. When achieved, the filtered
catalog will exhibit a detection function with o = 0, and hypothesis ii) will be realized.
We denote the b-value derived from Eq. (11) using the average value of (dm),; after ap-
plying the filter with a blind time 7 to the catalog as bi(r). Since this filter results in

a more incomplete catalog, we aptly refer to this estimator as the ”b-more-incomplete”
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estimator. It’s important to note that this estimator yields an accurate estimate of the
b-value only when we select an M4 that closely aligns with M.. Specifically, it’s essen-
tial to configure the blind time 7 such that 7 2 7..p, where 7., represents the blind

time typically observed in instrumental catalogs. However, since 7.4, is challenging to

determine from data, the optimal approach involves evaluating bf:_ (1) for increasing val-

ues of 7 and stopping when it no longer depends on 7. We remark that the b-more-incomplete

estimator can only reduce detection problems caused by STAI but it is not relevant to

take into account SNDI.

4 Comparison of the different strategies to estimate the b-value
4.1 Pictorial description of the different methods

In Fig.2 we illustrate the different methods by considering an example of a seismic
sequence which follows a magnitude m = 6 mainshock. In the considered example 8
m > 3 aftershocks have occurred during the first minute after the mainshock. In Fig.2a
we consider the case of a complete data set where all the occurred earthquakes are re-
ported in the catalog. Continuous black arrows are used to connect earthquake pairs which
are included in the evaluation of the b-value in the b-positive method. The b-more-positive
method includes in the evaluation also the pairs connected by magenta dot-dashed ar-
rows. It is evident that the b-more-positive method uses more information from the same
data set, providing a more efficient method for the b value evaluation. In Fig.2b we con-
sider the case of an incomplete data set in the case ¢ = 0. In this example all the earth-
quakes below M., represented by the dashed green line, are not reported in the catalog.
The b-positive method considers only the magnitude difference between earthquakes 4
and 7 (continuous black arrow), whereas the b-more-positive method also includes the
magnitude difference between earthquakes 1 and 7 (magenta dot-dashed arrow). The com-
parison betwenn panels (a) and (b) illustrates that the b-more-positive method includes
in the evaluation the same earthquakes pairs for both a complete and an incomplete data
set. The only difference is the number of considered pairs being much smaller for the in-
complete catalog. In Fig.2c we finally consider the case of an incomplete data set with
a finite o value. In this case the dotted red line represents M.—20 and earthquakes oc-
curred between the dashed green line and the dotted red line have a finite probability
to be recorded. In the specific example, earthquakes 2 and 5 have been recorded whereas

earthquake 3 and 6 are not reported in the catalog. In this example the b-positive method
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considers the magnitude difference between earthquakes 2 and 4 and between earthquakes
5 and 7 (orange dot-dashed lines). It is evident that the two magnitude differences are
larger than the one which one would have included in the complete data set (Fig.2a).
This leads to a systematically smaller b value obtained from Eq.(9). In order to avoid
this bias one can impose that the magnitude difference m;;1—m; should be larger than
dM,yp,. In the specific example setting d My, = 0.2 also in the complete data set (Fig.2a)
the b-positive method would consider the magnitude difference between earthquakes 2
and 4 and between earthquakes 5 and 7 (orange dot-dashed lines) which are exactly the
same considered in Fig.2c. The bias in the estimate of the b value from Eq.(9) is then
corrected by the presence of a finite My, in the denominator of Eq.(15). As an alter-
native strategy, in the b-more-incomplete method we remove from the catalog all the earth-
quakes below the threshold M4, indicated as a blue dot-dot-dashed line in Fig.2b. In

this example earthquakes 3 and 6 are removed from the filtered catalog and the b-more-
positive method only includes the earthquake pairs considered in the case 0 = 0 and

which provides an exact estimate of the b-value.

4.2 Numerical analysis

In the previous section we have reported four strategies to evaluate the b-value. The
traditional estimator is based on the measure of b(my,) from Eq.(6), the b-positive es-
timator proposed by van der Elst (2021) based on the quantity by (0Myp,) defined in Eq.(15),
the b-more-positive estimator based on the quantity by ;(0Mzp,) defined in Eq.(16) and
finally the b-more-incomplete estimator based on the quantity bi(T). In the evaluation
of the last two estimators we take the parameter [ = 10. Indeed, the computation time
for their evaluation grows proportionally to [, and therefore [ = 10 represents a com-
promise for a sufficient large value of K; > 0.9 (Eq.(B11) while keeping a sufficiently
short computational time. By keeping [ fixed, all the estimators present one tuning pa-
rameter, My, for the standard method, § My, for the b-positive and the b-more-positive
estimators and 7, for the b-more-incomplete estimator. In all cases, for sufficiently large

values of the tuning parameter each of the four methods will converge to the exact b-value.

In the following sections we compare the four strategies via extended numerical sim-

ulations.
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Figure 2. An illustration of a seismic sequence following a magnitude 6 mainshock. Af-
tershocks are labeled based on their occurrence time following the mainshock. (Panel a) Con-
tinuous black arrows connect earthquake pairs considered in the b-positive estimator. The
b-more-positive estimator includes these pairs as well as those connected by dot-dashed ma-
genta arrows. Dotted orange arrows connect earthquake pairs with a magnitude difference

m; — m; > O0My, = 0.2. (Panel b) The green dashed line represents the completeness level
M. (tj,%;,H;). In this example, 0 = 0, and all earthquakes with magnitudes smaller than M,
are not included in the catalog. The black continuous arrow is retained to connect the sole earth-
quake pair considered in the b-positive estimator, whereas the magenta dot-dashed arrow links
another earthquake pair which is also taken into account in the b-more-positive estimator. The
blue dot-dot-dashed line represents M4, deline;tli?;g that only earthquakes with m > M4 are
encompassed within the b-more-incomplete estimator. (Panel c) The green dashed line still repre-
sents the completeness level M. (t;,Z;,H;), the red dashed line corresponds to M. — 20. Dotted

orange arrows connect earthquake pairs used in the b-positive estimator.
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5 Numerical simulations

We generate synthetic earthquake catalogs to simulate two distinct scenarios. In
the first scenario, we simulate a single Omori sequence using the ETAS model (Ogata,
1985, 1988b, 1988a, 1989) with a single Poisson event, which is the initial event in the
sequence. We assume that this first event occurs at time ¢ = 0 with epicentral coor-
dinates (0,0) and magnitude m; = 8. We employ a standard algorithm to simulate the
cascading process (de Arcangelis et al., 2016) with realistic parameters obtained through
likelihood maximization in Southern California (Bottiglieri et al., 2011). We verify the
robustness of the results across different parameter choices. In the second scenario, we
generate a complementary catalog that exclusively contains background earthquakes. These
earthquakes follow a Poisson distribution in time, while their spatial distribution con-
forms to the background occurrence rate estimated by Petrillo and Lippiello (2020) for

the Southern California region.

In both catalogs, we assume that earthquakes obey the GR law with a theoreti-
cal b-value of by = 1. It’s worth noting that equivalent results are obtained for other
selections of bypye. Starting from an initially complete catalog up to the lower magni-
tude threshold my = 1, we systematically remove events from the catalogs based on
the detection function ® described in Sec.2. We then estimate various quantities from
these incomplete catalogs, including b(Myy) (Eq.(6)), by (6Myr) (Eq.(15)), by (6Myp) (Eq.(16)),
and by (1) as defined in Sec.3.3. In both scenarios, we explore different levels of incom-
pleteness, tuned by changing the value of o in the detection function ®(m—»M.) (Eq.(2).
For each set of model parameters assigned, we consider n,e, = 100 different synthetic
catalogs, each obtained using a different seed in the random number generator imple-
mented in the numerical code. Then, we estimate the mean value of the aforementioned

quantities and their standard deviation by averaging over the different catalogs. As an

example, when evaluating b(Msy,), we consider the mean value (b(Myy,)) = %ﬂl St by (Min)
and the standard deviation 0b(My,) = nrleal St (b (Min) — (b(Min))?, where by, (M)

represents the value of b(My,) estimated from Eq. (6) for the n-th synthetic catalog. For

each value of My, we also evaluate the average value (N) = —1 Sorrest Ny, with N,

Nreal

being the number of earthquakes with m > My, in the n-th catalog. Equivalent defi-
nitions are applied to evaluate the average values of by (6 Miy,), by (0Miy), and by (1),
along with their associated standard deviations. For the sake of clarity, N,, corresponds

to the number of earthquake pairs in the n-th synthetic catalog, with m;;1 > m;+d My,
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Figure 3. (Color online) The number of earthquakes N(m) with magnitude in [m,m + 1) in
the numerical catalog with STAI implemented via the detection function ® with two different
choices of M:(t — t;,m;) (Eq.(A5)) with w = 1 and o = 2 in panel (a) and Eq.(A4) in panel (b)
for 6to = 120 sec and for different values of o (see legend). The legend also reports the percent-
age of earthquakes removed from the original complete catalog. The magenta dashed line is the

theoretical GR law with birye = 1.

or with m;y; > m;+Jd My, in the b-positive or b-more-positive estimator, respectively.
For the b-more-incomplete estimator, NV,, corresponds to the number of earthquake pairs

with m;1; > m; in the n-th synthetic filtered catalog.

We assess the efficiency of the different estimators by plotting each average value
as a function of the associated (), recalling that the more efficient estimator is the one

that, at a fixed (IV), provides an estimate of the b-value closer to byye.
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Figure 4. (Color online) The quantities (b(Myn)) (black circles), (b4 (6Mn)) (red squares),
(b4+1(6M+n)) (green diamonds), and <bi (7)) (blue triangles) are plotted as a function of the aver-
age number of earthquakes (N) used for their evaluation in the synthetic catalog where STAT is
implemented according to the detection magnitude M:(t — t;, m;) defined in Eq.(A5) with w = 1
and o = 2. Error bars representing the relative standard deviation are indicated for each quan-
tity. The solid indigo line represents the exact b-value birye = 1. Different panels correspond to
different choices of 0: 0 = 0 (a), 0 = 5 (b), and o0 = 0.5 (c). Note that panels (a) and (b) share

the same vertical axis scale, while panel (c) is limited to b-value estimates greater than 0.86.

5.1 Single Omori Sequence

We consider the first 14 days of a seismic sequence triggered by a magnitude 8 main-
shock. We assume that SNDI is not relevant, and incompleteness is solely caused by STAIL
Specifically, we assume that STAI influence the detection function ®(m—»M.), with M,
as defined in Eq.(A3). We implement two different choices for My (t — t;, m;): one us-
ing Eq.(A4) with §tg = 120 sec, and the other using Eq.(A5) with w = 1 and §y = 2.
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Figure 5. (Color online) The same of Fig.4 for the synthetic catalog where STAI is imple-
mented according to the detection magnitude M (¢t — t;, m;) defined in Eq.(A4) with 6t = 120

sec.

—20—



301 For the two different choices of M;(t—t;, m;), the effect of the detection function
30 ® on the magnitude distribution for various values of ¢ is depicted in Fig.3a and Fig.3b,

303 respectively. Furthermore we plot (b(Myp)), (b4 (6Myn)), (b41(0Myy)), and <bi(7’)) for

394 different values of o as functions of (N), in Fig.4 and Fig.5 for the two different choices
395 of M;(t—t;,m;), respectively. It’s important to note that (N) decreases with increas-
396 ing values of My, 6 My, and 7. The highest value of (N) for each curve corresponds to

307 M, =0, dMy, = 0, and 7 = 0, respectively.

308 In Fig.4a, we consider the case where o = 0. This figure reveals that due to the
309 significant incompleteness (with over 94% of earthquakes removed), the traditional method
400 fails to provide an accurate estimate of the b-value. This is evident from (b(Myy)) con-

a01 sistently being smaller than by, even for My, > 3.8. In contrast,(b; (§Myp)) =~ (b1 (6 Myp)) ~
402 btrue even for 0 My, = 0. However, it’s important to note that the largest number of

403 earthquake pairs (V) used in the evaluation of (b; (6Myy,)), corresponding to My, = 0,

204 is only half of the average number of events in the synthetic catalog. On the other hand,

405 the largest number of earthquake pairs (V) used in the evaluation of (by;(dMy)), still

406 corresponding to My, = 0, represents more than 90% of the events in the synthetic cat-
407 alog. Therefore, the b-more-positive estimator proves to be more efficient than the b-
408 positive estimator due to its smaller uncertainty, dby;. Results for (bi(dT)) closely re-
400 semble those for (b4 ;(0Myp,)), indicating similar efficiency for both the b-more-positive
410 and b-more-incomplete estimators.

an In Fig.4b, we explore the case where o = 5, which is an unrealistic situation but
a2 helps investigate the role of ¢ in the b-value estimate. We observe that in this case, the
a13 traditional estimator provides a more accurate estimate of the b-value compared to the
a14 o = 0 case (panel a). This improvement is attributed to the fact that increasing o leads
a1 to a more complete catalog (Fig.1) even if significant deviations from the true b-value
416 are still present also for large values of M;;. Concerning the b-positive estimator, the
a7 counter intuitive behavior is that even though the catalog for o = 5 is more complete
418 than the 0 = 0 one, it provides a less accurate estimate of the b-value. A reasonable
a10 estimate is achieved only for M, = 1.5, corresponding to (N) < 400. Similar con-
20 siderations also apply to the b-more-positive estimator that, however, for each value of
a1 (N), provides an estimate of the b-value that is consistently closer to by, compared to
a2 the one provided by the b-positive estimator. Finally, Fig.4b shows that an even more
3 efficient estimate of the b-value is achieved with the b-more-incomplete estimator, which
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provides a value close to by already for (N) > 8000. In Fig.4c, we present the case

for the more realistic situation where o = 0.5. We emphasize that for this value of o,
even though the catalog remains significantly incomplete (with about 90% of earthquakes
removed), the estimate of the b-value provided by the b-positive estimator differs from
the true b-value, byyye, by less than 5%, even for 6M;, = 0. Accuracy improves with
increasing d My, with a highly accurate estimate obtained for (N) ~ 4000, correspond-
ing to d My, = 0.5. An even more accurate b-value estimate is achieved by the b-more-
positive and b-more-incomplete estimators, which consistently provide estimates of the
b-value that are closer to by for each (N) compared to the value provided by the b-
positive estimator. The traditional estimator, on the other hand, consistently underes-

timates the b-value for all (V) values.

In Fig.5, we repeat the same analysis as in Fig.4 but consider a detection function
that uses M; provided by Eq.(A4) with §ty = 120. Fig.5 confirms all the conclusions
drawn from the analysis of Fig.4, indicating that the b-positive estimator is generally
a very efficient strategy for measuring the b-value in the presence of STAI. Additionally,
the b-more-positive and b-more-incomplete estimators are even more efficient procedures,

particularly in scenarios with higher o values.

5.2 Background activity

We generate a numerical catalog where earthquakes are Poisson-distributed in time,
with the occurrence probability in the position (Z) given by the background rate in South-
ern California obtained in Petrillo and Lippiello (2020). The catalog covers a period of
20 years, and since, by construction, the catalog does not present aftershock sequences,
only a few events will be removed due to STAI. The only source of incompleteness is there-
fore represented by SNDI, which is implemented by assigning a completeness threshold
Mg, that varies in different positions. More precisely, we divide the region into grids of
size 0.2°x0.2° and assign to each grid an incompleteness level My, randomly extracted
from the range [1 : 4]. A smoothing procedure is then applied over a smoothing dis-
tance of 0.2°. We then assume the detection function ®(m—M,(Z)) with ®(x) defined
in Eq.(2) and consider different values of 0. The number of removed earthquakes increases

as o decreases, as evident from the magnitude distribution (Fig. 6).
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Figure 6. (Color online) The number of earthquakes N(m) with magnitude in [m,m + 1) in
the numerical catalog of background earthquakes presenting SNDI with different values of o (see
legend). The legend reports the percentage of earthquakes removed from the original complete

catalog. The magenta dashed line is the theoretical GR law with bpye = 1.
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as4 We remark that bi(T) is practically indistinguishable from b4 ;(6 My, = 0) for rea-

455 sonable values of 7 < 1000 sec. Accordingly, the quantity bfr(T) is not of interest in this
456 situation and is not considered. We, therefore, focus on the comparison between the tra-
457 ditional, the b-positive, and the b-more-positive estimators. For the latter estimator, we
458 consider the effect of the constraint on the epicentral distance between the earthquakes
450 i and j, d;; < dg, exploring different values of dp.

460 In Fig. 7, we consider the cases 0 = 0 and o = 1. We observe that for both val-

461 ues of o, the b-positive estimator provides a less accurate estimate of the b-value com-
a2 pared to the traditional estimator. This result shows that the b-positive estimator is not

263 appropriate for managing SNDI if the further constraint d;; < dg is not imposed. The

a6 b-more-positive estimator, conversely, even without imposing the spatial constraint, i.e.
465 dr = 00, is more efficient than the traditional estimator. This is due to the use of a

466 large number of earthquake pairs, compared to the b-positive estimator, as discussed in
467 Sec.3.2. Nevertheless, without a spatial constraint, the estimate of the b-value remains
a68 inaccurate, even for o = 0. At the same time, Fig. 7 shows that, implementing a more
469 stringent constraint, (b1;(0My)) better approximates by as the value of dg decreases.
a0 In particular, when og = 0, (b4 (6Myp)) with dg = 0.01° provides an accurate esti-

an mate of byye even for 6M;, = 0.

an 6 Experimental data

473 In this section, we focus on the 2019 Ridgecrest Sequence, which has been exten-

474 sively investigated by van der Elst (2021) using the b-positive method. Therefore, we

475 can make a better comparison with existing results. We present results for the complete
at6 aftershock zone identified by van der Elst (2021), corresponding to a lat/lon box with

ar7 corners [35.2, —118.2],[36.4, —117.0]. We restrict our study to the temporal window of

478 10 days following the M6.4 foreshock (Fig. 8a), including all earthquakes with m; > mp =

a79 0 present in the USGS Comprehensive Catalog. The short-term incompleteness of the

480 data set is clearly visible in the temporal window of a few days following the M6.4 fore-

481 shock and, even more clearly, after the M 7.1 mainshock, when only a few small earth-

182 quakes are reported in the catalog.

483 We first consider the entire 10-day time window and plot b(Mzp), by (Men), b1 (6 Myr),
484 and bi (1) as a function of the number of earthquakes N used in their evaluation. Re-
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Figure 7. (Color online) The quantities (b(Myp)) (black circles), (b4 (dMyp)) (red squares)
and (b4;(6Myp,)) are plotted versus the number of earthquakes (N) used for their evaluation. In
the case (b1;(0Myp)) we use different colors and symbols to indicate different values of dr (see
legend). Error bars indicate the standard deviation associated to each quantity. The continuous

indigo line represents the exact b-value bypye. Different panels correspond to different choices of o:

oc=0(a),c =1 (b).

—25—



485

486

487

488

489

490

491

492

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

sults are plotted in Fig.9, where error bars indicate the standard error obtained via boot-
strapping. For the considered data set, the constraint d;; < dr on spatial distance does
not produce any advantage since aftershocks, by selection, occur in a region with sim-
ilar seismic network coverage, and also because incompleteness is mostly affected by STAI

in the first part of the sequence.

Results plotted in Fig.9 show that, as expected, b(Myy,) strongly depends on N, i.e.,
it strongly depends on My, and only for My, > 3.7 does it appear to converge to a rea-
sonably stable value b ~ 1. Nevertheless, for My, > 3.7, N < 250, and this implies
that fluctuations in the estimate of b are of the order of 10%, which does not allow for
an accurate estimate of the b-value. It is worth noticing that the condition N < 250
is obtained by focusing on the whole time window of 10 days, and therefore, it is obvi-
ous that the evaluation of b(Myy,) on shorter time windows is even more dominated by
fluctuations. This implies that the traditional estimator based on b(Mjy;) is not suitable
for describing the temporal evolution of the b-value in the temporal window after large
earthquakes. Since the mechanism responsible for the presence of the time-dependent
completeness magnitude is expected to be quite universal (Sec.2), it is reasonable to as-
sume that this consideration, obtained for the Ridgecrest sequence, generally applies to

other sequences.

At the same time, Fig. 9 shows that the dependence of b, (§My) on N, or equiv-

alently on 6 Mgy, is much smoother, with by (§My) ranging from the initial value by (6 M) =

0.884+0.01 for § My, = 0 to a stable value by (6 My,) = 0.96 +0.02 for My, = 0.5. In-
terestingly, Fig. 9 confirms that the b-more-positive and the b-more-incomplete estima-
tors are able to provide an accurate estimate of the b-value preserving a large value of
N. Indeed, the b-more-positive estimator consistently provides a stable estimate of the
b-value, remaining approximately constant at by ;(6My,) = 0.96 & 0.01 even when us-
ing a substantial dataset with N > 10%. This allows us to consider sample sizes approx-
imately twice as large as those required for the b-positive estimator and a remarkable
30 times larger than what the traditional estimator can handle. Similarly, the b-more-
incomplete estimator exhibits the same favorable characteristics, making it well-suited

for tracking the temporal evolution of the b-value.

Accordingly, we use results from Fig.9 to determine suitable values for My, and

T to obtain a reliable estimate of b using either by (6 Mzp,), byi(dMzp), or b{;(r). Our re-
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Figure 8. (Color online) (a) Magnitudes versus time for the Ridgecrest 2019 sequence. (b)
The quantities b(Mz, = 3) (black circles), by (6 My, = 0.2) (red squares) and bi(r = 120) (blue
triangles) are plotted versus time for the Ridgecrest 2019 sequence. Error bars represent the

standard deviation for the latter two quantities, obtained through bootstrapping.
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sults indicate that 6 M, = 0.3 is appropriate for both the b-positive and the b-more-
positive estimators, although we present very similar results obtained with d My, = 0.2

to align with the choice made by van der Elst (2021) in his study. Additionally, we em-
ploy 7 = 120 seconds for b{;(’]’). It’s worth noting that we find that our results are ro-
bust and only minimally influenced by different choices of M, and 7, as expected based

on the weak dependence on N observed in Fig.9.

To explore the temporal evolution of the b-value, we followed the method used by
van der Elst (2021), dividing the 10-day interval into overlapping sub-intervals contain-
ing 400 events each, and calculating by (0My, = 0.2), b (0My, = 0.2), and b{_(T =
120) for each sub-interval. We found that by (6 My, = 0.2) and by (6 My, = 0) are very
similar and we therefore plot only by (M, = 0.2) together with bi (7 = 120) in Fig.8b

as a function of the final time of each sub-interval. Note that the effective number of earth-

quakes N used in the evaluation of the three quantities in each sub-interval is always smaller

than 400. In Fig.8b, for comparison, we also plotted the temporal evolution of b(M;y,)
with My, = 3, chosen to reduce the effect of incompleteness while keeping a sufficient
number N > 10 of earthquakes for its evaluation in each sub-interval. Data for b(My,)

are plotted without error-bars to preserve the clarity of the figure.

The behavior of by (6 My, = 0.2) is consistent (Fig.8b) with the results obtained
by van der Elst (2021). Specifically, we observe a small value of b, after the M6.4 fore-
shock, a recovery of the pre-foreshock value immediately before the M7.1 mainshock, and
a value that remains high immediately after the mainshock before decaying to an asymp-
totic value that fluctuates around by ~ 1. This trend is also confirmed by bfr(T = 120)
(Fig. 8b), although it exhibits some differences with by (6My, = 0.2). In general, these
differences always remain within statistical uncertainty except for the temporal window
located about 2 hours after the M7.1 mainshock, where bi (7 = 120) presents an anoma-
lous large value bi(T = 120) = 1.45 significantly larger than the value presented by
by (0My, = 0.2). The overall behavior of bi(T = 120) confirms the observation made
by van der Elst (2021) of a reduction in the b-value between the foreshock and mainshock,
compared to the previous temporal window and, in particular, compared to the tempo-
ral window after the mainshock. This feature has been proposed by Gulia and Wiemer
(2019); Gulia et al. (2020) as a precursory pattern for large earthquake forecasting. How-
ever, in agreement with the b-positive estimate by van der Elst (2021), our results from

by, and bf_ show that this pattern is less pronounced compared to the one obtained from
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Figure 9. (Color online) The quantities b(My) (black circles), by (6Myn) (red squares),

b41(0Mzr) (green diamonds) and bfr (1) (blue triangles) are plotted versus the number of earth-
quakes N used for their evaluation, for the whole period of 10 days during the Ridgecrest 2019

sequence. Error bars represent the standard deviation obtained through bootstrapping

b(Myy,), making its identification more challenging. Similar conclusions can be drawn for
other fore-mainshock sequences, including the 2016 Amatrice-Norcia, Italy, sequence, the
2016 Kumamoto, Japan, sequence, and the 2011 Tohoku-oki, Japan, sequence, which have
also been analyzed by van der Elst (2021). Similarly, in these additional sequences, the
outcomes derived from the b-more-positive and b-more-incomplete estimators (not shown)
align closely, within statistical uncertanty, with the results obtained using the b-positive

estimator in van der Elst (2021).

7 Discussions

We have obtained an analytical expression for the probability distribution of the

magnitude difference 0m = m; — m;, where j = i + [, with [ > 1, and restricting
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to positive dm, under the assumption that for all intermediate magnitudes m; < m;
with j € [i + 1,4 + [ — 1]. We have found that for a complete data set obeying the
GR law with coefficient b, p;(dm) = K;107%°™. The coefficient, K, exhibits a depen-
dence on [, taking on the value of K = 1/2 when [ = 1, as in the b-positive estima-

tor proposed by van der Elst (2021). This value of K; = 1/2 reflects the average oc-
currence where half of the earthquakes m; are succeeded by larger ones. We have demon-
strated that as [ increases K; approaches 1, in the novel estimator defined as the b-more-
positive. Consequently, an accurate measurement of the b-value can be derived from the
probability distribution p;(dm), with the procedure growing in efficiency as ! increases,

allowing for the inclusion of a larger number of earthquakes in the measurement.

The intriguing point is that even for incomplete datasets, the probability distribu-
tion p;(dm) can exhibit the same exponential decay pattern, namely p;(dm) = K1072°™,
with incompleteness only affecting the constant K which remains smaller than Kj;. This
phenomenon occurs when the detection probability for observing the subsequent earth-
quake m;4;, given that earthquake m; has been detected and reported in the catalog,
approaches unity. Achieving this condition can be straightforward by taking advantage
of the fact that the completeness magnitude decreases over time. Indeed, it can be achieved
by simply imposing the constraint that m;; > m; + d My,. Since values of 6 M. typi-
cally on the order of 0.2 are usually sufficient, this strategy enables us to utilize a sig-
nificant portion of the initial dataset in the measurement of the b-value. In contrast, in
the traditional estimator, we were forced to exclude all earthquakes above a threshold
My, which generally led to a substantial reduction in the dataset. In addition, we have
introduced the b-more-incomplete estimator. This estimator is derived by assessing the
distribution of magnitude differences within a catalog that has undergone pre-filtering
to exclude earthquakes with a magnitude below a specified artificial detection thresh-
old M4 2 M.. It has been demonstrated that this estimator exhibits greater efficiency
in the presence STAI. This enhanced performance can be attributed to the exclusion of
all pairs with dm < § My, in the 'b-more-incomplete’ estimator, while the standard "b-

more-incomplete’ estimator employs a more targeted exclusion process.

In general, we do not expect significant differences in the measurement of the b-
value provided by the different estimators based on the distribution of positive magni-
tude differences. The main difference lies in the reduction of statistical fluctuations, which

are less pronounced in the b-more-positive and b-more-incomplete estimators. This re-
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duction can be very important in detecting potential variations in the b-value during real-

time earthquake sequences.

We finally observed that the novel b estimators can also be useful in addressing spa-
tial incompleteness, which is related to the spatial density of seismic stations, by impos-
ing that two earthquakes m;4; and m,; occur in regions with the same completeness mag-

nitude.

8 Conclusions

The b-positive estimator, as proposed by van der Elst (2021), provides a measure
of the b-value based solely on the positive differences between successive earthquake mag-
nitudes. We have identified the mathematical motivation that makes this new estima-
tor significantly more efficient than the traditional approach, which measures the b-value

using a dataset that includes only earthquakes larger than a fixed threshold M;,. The

key insight is that incompleteness only affects the magnitude difference distribution through

the detection probability of observing a subsequent earthquake, conditioned on the prior
earthquake being detected and reported in the catalog (see Eq.(13)). Since the complete-
ness level generally decreases over time, the detection probability tends to approach one
in most situations, and the magnitude difference distribution remains largely unaffected
by incompleteness. We’ve clarified that to satisfy this condition, it’s necessary for both
earthquakes to occur within regions with similar seismic coverage. Consequently, we’ve
demonstrated that the b-positive estimator is effective only when the epicentral distance

between earthquakes ¢ and j is smaller than a reference threshold, denoted as dg.

Furthermore, we’ve introduced a more efficient variant called the b-more-positive
estimator. Unlike the b-positive estimator, which considers only positive magnitude dif-
ferences between successive earthquakes and thus analyzes only half of the earthquakes
in the catalog, the b-more-positive estimator evaluates the magnitude difference between
m; and the subsequent earthquake, denoted as m;;, under the condition that m;4; >
m; and all intermediate earthquakes m; < m; with j € [ + 1,7+ — 1]. The distribu-
tion of m;;—m; retains all the characteristics of the distribution m;41—m;, allowing
us to use the entire earthquake dataset, rendering the b-more-positive estimator more

efficient.
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We also emphasize a limitation of the b-positive estimator, stemming from the fact
that if some earthquakes with m; < M, are reported in the catalog, the detection prob-
ability to observe a subsequent earthquake m; > m; is no longer equal to one. This leads
to the counter intuitive behavior that the more earthquakes below M, are reported in
the catalog, i.e., the more complete the dataset, the less accurate the b-positive estima-
tor becomes. This issue can be resolved, as proposed by van der Elst (2021), by impos-
ing mj; — m; > 0My, to ensure that m; > M, always holds, guaranteeing a detection
probability of one. However, we demonstrate a more efficient approach by introducing
an artificial, time-dependent magnitude threshold, denoted as M4, and filtering the cat-
alog by removing all earthquakes with m; < M,4. By appropriately tuning M 4, this
approach, referred to as the b-more-incomplete estimator, results in a detection prob-

ability of one and provides a more efficient measurement of the b-value.

This comprehensive framework is supported by extensive numerical simulations,
which validate the analytical prediction that the b-positive method becomes more effi-

cient as the dataset’s incompleteness increases.

We also applied the new methodologies to real main-aftershock sequences. Specif-
ically, we compared the b-value obtained from the b-positive estimator, as previously done
by van der Elst (2021) during the 2019 Ridgecrest sequence, with the new measurements
provided by the b-more-incomplete and b-more-positive estimators. Our findings revealed
very similar results across these different measurement methods, with reduced statisti-
cal fluctuations observed in the novel estimators due to their enhanced efficiency. This
strengthened our ability to support the conclusions drawn by van der Elst (2021), par-
ticularly regarding the significant decrease in the b-value after the M6.4 aftershock, in
comparison to its prior value and the value following the M7.1 mainshock. We noted a
similar consensus among the various estimators when assessing the b-value in the other
three fore-main-aftershock sequences investigated by van der Elst (2021). In summary,
the application of the novel b-value estimators to the instrumental catalog allowed us
to mitigate statistical fluctuations. However, it did not introduce new insights beyond
the conclusions previously presented by van der Elst (2021) concerning the feasibility of

incorporating b-value variations into a real-time earthquake alarm system.

Finally, we emphasize that measuring the b-value using the b-more-positive esti-

mator can be particularly advantageous for short-term post-seismic forecasting. It can
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be effectively combined with procedures based on the envelope of seismic waveforms (Lippiello
et al., 2016; Lippiello, Cirillo, et al., 2019; Lippiello, Petrillo, Godano, et al., 2019), which
facilitate the extraction of Omori-Utsu law parameters but do not provide access to the

b-value.

9 Open Research

[Data] The seismic catalog for the Ridgecrest sequence is taken from the USGS Com-
prehensive Catalog (https://earthquake.usgs.gov/earthquakes/search/). [Software] Nu-
merical codes for the b-more-positive and b-more-incomplete methods are available at

https://zenodo.org/badge/latestdoi/611337136 (2023).

Appendix A SNDI and STAI

The Seismic Network Density Incompleteness (SNDI) at a specific spatial position
Z is contingent upon the number of seismic stations surrounding that location. As an
illustration, in the context of Taiwan seismicity, Mignan et al. (2011) determined a com-

pleteness magnitude Mg (%) that exhibits a correlation with the distance d(Z) = | —

Zk| defined by the equation
Mpg(%) = 4.81d(F)%% — 4.36. (A1)

In this expression, Z) represents the coordinates of the nearest seismic station to the earth-
quake’s epicenter, with £ signifying the minimum number of stations needed for earth-

quake localization. Eq. (Al) applies when k£ = 3. A similar correlation between com-

pleteness magnitude and the number of seismic stations has also been established by Schorlemmer

and Woessner (2008), who employed network-specific attenuation relations and station
information. The value of Mg(Z) can vary over time due to factors such as day-night
variations, seasonal changes, changes in duty personal, and so on. These variations can
be accounted for by assuming that Mgz(Z) exhibits fluctuations on the order of o, which

will manifest in the detection function ®(m — Mg(Z)) (see Eq.(2)).

Short-Term Aftershock Incompleteness (STAI) is a time-dependent property that
changes rapidly in the aftermath of a large earthquake. Empirical observations (Kagan,
2004; Helmstetter et al., 2006) indicate that STAI can be described in terms of a com-
pleteness magnitude depending on time ¢ since the mainshock M¢c = Myp(t) and ex-

hibiting a logarithmic dependence on the temporal distance from the mainshock. The
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equation below describes (Kagan, 2004; Helmstetter et al., 2006) Mr(t), where mas is
the magnitude of the mainshock, and ¢ ~ 1 and Am € [4,4.5] (with time measured

in days) are two fitting parameters

My(t) = mar — qlog(t) — Am, (A2)

at a temporal distance ¢ > 0 after the mainshock. Eq.(A2) originates from the obscu-
ration of small aftershocks which are hindered by coda waves of previous larger ones. This
obscuration effect, responsible for STAI, can be incorporated (Lippiello, Petrillo, Godano,
et al., 2019) introducing, after each aftershock with magnitude m; occurring at time the
t;, a detection magnitude M;(t—t;, m;) leading to a completeness magnitude at the time

t

My (¢|H;) = max My (t — t;,m;) (A3)

t; <t

where the maximum must be evaluated over all the earthquakes occurred up to time t;
which are indicated in the compact notation H;. Different functional forms have been

proposed for M;(t — t;,m;)

m; ift—t; <5t0

Mt(t — ti, mz) = (A4)
mrp, if ¢t — ti 2 (St()

Mt —ti;mi) = m; —wlog(t —t;) — do, (A5)

Mt(tfti,mi) = Iy + 11 exp (71/2 (3+10g(t7t1))u3) (AG)

Here Eq.(A4) is inspired by the hypothesis of a constant blind time §ty proposed
by Hainzl (2016b, 2016a, 2021), according to which an earthquake hides all subsequent
smaller ones if they occur at a temporal distance smaller than dtyg. Eq.(A5) implements
the functional form of My (¢) in Eq.(A2), whereas Eq.(A6) is the one proposed by Ogata
and Katsura (2006). Eq.(A5) is also the one implemented by van der Elst (2021) in his
study. In this manuscript, we consider the first two functional forms, which both repro-
duce statistical features of aftershocks in instrumental catalogs, even if Eq.(A5) better
captures magnitude correlations between subsequent aftershocks (de Arcangelis et al.,

2018).
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Appendix B Analytical calculation for the distribution of magnitude
difference.

B1 Probability distribution p(6 M) in complete data sets

The cumulative probability of observing a magnitude difference m; — m; > dm

between two generic earthquakes recorded in a catalog can be expressed as:

P(ém)z/ dmi/ S / dt; /Qda:z/ dt; /dxjp (my, t;, @5\ H;) p(ma, te, B[ Hi)
mry, mi+om t

(B1)
where H; and H; are used to represent the seismic history before the occurrence of the
i-th and the j-th event, respectively. The integrals in space extend over the entire re-

gion ) covered by the catalog, and the integral in time for ¢; extends over the entire tem-
poral period [0, 7] covered by the catalog, with the constraint ¢; > ¢; imposed for the

integral in time for ¢;.

In the subsequent analysis, we assume that magnitudes do not depend on occur-
rence time and space and follow the GR law given by Eq.(1) for magnitudes m; > my,.
Correlations with previous seismicity are introduced through the detection issues dis-

cussed in Sec.2, leading to Eq.(4) which used in Eq.(B1) leads to
P(m) =p? / dm; / dm; / dt; / d7; / dt; / d7;
mr, m;+dém t;
e Plmatmi B ML) At )M (t, )@ (my — Me (8, &5, Hy|ma))
(P(mz _Mc (tiafiaHi)) (B2)
In the above equation we explicitly use the notation ® (m; — M.|m;) to specify that the

detection functions must be evaluated in conditions such as the previous earthquake m;

has been identified and reported in the catalog.

In the ideal case where all earthquakes have been reported in the catalog, i.e., ®(m;
M.) = 1 and ®(m; — M.|m;) = 1 for all earthquakes, the integrals in Eq. (B2) over

t;, tj, &3, £;, and m; can be easily performed, resulting in

o 1
P(om) = 667&;"1/ dmge=2Pmi—mL) — ~o=fAom, (B3)
mr

The probability density p(ém) of having m; = m; +Jdm can be obtained by tak-
ing the derivative of P(dm) with respect to dm and changing the sign, ultimately lead-

ing to Eq.(8).
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706 B2 Probability distribution p(6M) in incomplete data sets

In the hypothesis that condition Eq.(13) holds, i.e. ®(m; — M.|m;) = 1, even if

Eq.(5) is not satisfied, i.e. ®(m; — M.) < 1 it is easy to show that Eq.(B2) gives
P(6m) = e MK (B4)
with K a constant given by

o) T T
K= dml/ dtz/ de / dtj / dfje_zg(mi_mL)A(ti,fi)(I) (ml - Mc (tz,f“H@)) .
mr, 0 Q t; Q
(B5)
707 After deriving Eq.(B5) we finally obtain Eq.(14).

708 B3 Probability distribution p;(d M)

709 We first consider the cumulative probability P),(dm) to observe a magnitude dif-
710 ference mjtn41 —m; > dm, n > 0, between an earthquakes ¢ and a subsequent earth-
e quake j = ¢ + n + 1, under the assumption that all intermediates earthquakes k €
2 [i+1,i+n] (tx € (t;,t;)) presents a magnitude my, smaller than m,. We obtain

P.(6m) = H/ dmi/ dmk/ Hm / dt; /d:cl/ dtk/dxk[ ndt /dm]

p(mjatja‘rjw-[j) (mkvtk7xk|Hk) (mhtlvgj’bw-[ )

73 where we still indicate with Hj, all the seismic history occurred before the occurrence

714 of the k-th event.

In the case of a complete data set, we can utilize the factorization given in Eq. (4),
enabling us to carry out integration over space and time. Additionally, the integration

over m; and my, can be readily performed, ultimately leading to
© n
P! (6m) = Be—Pom / dme=2B(mi=m) (1 —e*mmi*mb)) . (B7)
mp,

We now turn to consider the cumulative probability distribution P;(6M) of the magni-
tude difference m;;; —m; between the magnitude of the i-th earthquake and the first
subsequent earthquake which presents a magnitude m;4; > m,;. It’s important to note
the distinction between P and P;. In the evaluation of P}, we assumed that the first
subsequent earthquake with m; > m; has occurred at the exact catalog position j =
i+n+1. Conversely, in the evaluation of P;, we must assume that the first subsequent
earthquake with m; > m; can occur at any catalog position j = i+n-+1, with n tak-

ing all possible values in the range [0,!]. Accordingly, P; can be obtained simply from

—36—



715

716

717

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

P!, with P,(6m) = 3! _ P/ (dm). Using the property of a geometric series with a com-

n=0"n
mon ratio of (1 — e’ﬁ(mi’mm)

)l+1

l _ .
n 11— (1 — ¢~ B(mi—my)
_ o= B(mi—mp) _
Z (1 € - ) - e—B(mi—mr) (BS)
n=0
we obtain
e’} I+1
P,(6m) = 5e*ﬂ5m/ dmgeBlmi=me) <1 - (1 — e*mmi*m)) ) . (B9)

mp,

Next, by using the binomial expression, we obtain P;(dm) = Ke P with

+1
S1+1) 1
K =1- —1)k —
== () e (B10)
k=0
which leads to
l
K =— B11
T (B11)

and after derivation to Eq.(10).
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