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Water-wave-induced OBS noise: theories, observations and

potential applications
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1Shanghai Jiao Tong University

September 13, 2023

Abstract

The horizontal records of ocean-bottom seismometers (OBS) are usually highly noisy, generally due to ocean-bottom currents

tilting the instrument, which greatly limits their practical usage in ocean-bottom seismology. In shallow water, water waves

with energy concentration around 0.07˜Hz induce additional noise on OBSs. Such noise is not well understood. In this article,

we propose a noise model to explain the horizontal noise around 0.07 Hz. The noise model consists of three types of noise,

that is, water-wave-induced noise, other noise with a relatively constant orientation, and background random noise. The wave-

induced horizontal acceleration is theoretically shown to be proportional to the time derivative of ocean-bottom pressure. We

validate the noise model and related theories using realistic observations. Results are potentially applicable to determine the

propagation direction of water waves nearshore, and also provide constraints on the underlying Earth structure. The results

can also be applied to the removal of wave-induced noise, achieving a typical maximum improvement in the signal-to-noise ratio

of 10-20 dB for time periods with strong wave noise.
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Abstract12

The horizontal records of ocean-bottom seismometers (OBS) are usually highly noisy,13

generally due to ocean-bottom currents tilting the instrument, which greatly limits their14

practical usage in ocean-bottom seismology. In shallow water, water waves with energy15

concentration around 0.07 Hz induce additional noise on OBSs. Such noise is not well16

understood. In this article, we propose a noise model to explain the horizontal noise around17

0.07 Hz. The noise model consists of three types of noise, that is, water-wave-induced18

noise, other noise with a relatively constant orientation, and background random noise.19

The wave-induced horizontal acceleration is theoretically shown to be proportional to20

the time derivative of ocean-bottom pressure. We validate the noise model and related21

theories using realistic observations. Results are potentially applicable to determine the22

propagation direction of water waves nearshore, and also provide constraints on the un-23

derlying Earth structure. The results can also be applied to the removal of wave-induced24

noise, achieving a typical maximum improvement in the signal-to-noise ratio of 10−20 dB25

for time periods with strong wave noise.26

1 Introduction27

Ocean-bottom seismometers (OBS) are deployed on the seafloor, mostly exposed28

to water, and hence they suffer from significant noise, particularly at low frequencies (<29

0.1 Hz). The noise level at OBS stations can be up to 40 dB higher compared to the qui-30

etest land stations (Peterson, 1993), which highly contaminate seismic signals from dis-31

tant or weak earthquakes. The most well-known sources of low-frequency noise in OBS32

data are tilt noise and compliance noise (e.g., Webb, 1998; Crawford & Webb, 2000; Webb33

& Crawford, 2010).34

Tilt noise is generally believed to originate from ocean-bottom currents which are35

typically driven by periodic tidal forces (e.g. Crawford & Webb, 2000; Bell et al., 2015;36

Reddy et al., 2020; Essing et al., 2021). Ocean-bottom currents pass around the instru-37

ment, causing turbulence and vortices, which tilt the instrument and generate noise in38

the horizontal channels (Sutton & Duennebier, 1987; Webb, 1988; Duennebier & Sut-39

ton, 1995; Romanowicz et al., 1998; Stähler et al., 2018). Tilt noise is generated through40

two mechanisms: the change of the seismometer’s position and the change of the grav-41

itational acceleration acting on the seismometer. For low frequencies, the second term42

dominates, and the horizontal noise is simply the production of the gravitational accel-43

eration and the tilt angle (Crawford & Webb, 2000). Tilt noise in the horizontal chan-44

nels can leak into the vertical due to imperfect leveling of the instrument. Using long-45

term recorded noise data, the tilt angle of the instrument can be calculated, and the tilt46

–2–
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noise in the vertical channel can be removed using the horizontal records (e.g., Craw-47

ford & Webb, 2000; Bell et al., 2015; An et al., 2020). The tilt noise in the horizontal48

channel is not well explained, except it is recently found that its orientation does not change49

in time (An et al., 2022), and the direction of maximum noise is probably perpendicu-50

lar to the direction of bottom currents (Wu et al., 2023).51

Another significant source of OBS noise is the water waves in the ocean. Long-period52

water waves can create ocean-bottom pressure variations and cause seafloor deformation,53

which is recorded by OBSs as compliance noise (e.g. Crawford et al., 1991; Crawford &54

Webb, 2000). According to the theoretical solution of a half-space elastic model, the ver-55

tical deformation is larger than the horizontal by roughly the square of the ratio of the56

compressional velocity to the shear velocity (Crawford, 2004). Thus, the term “compli-57

ance noise” commonly refers to the vertical compliance noise (e.g., Crawford et al., 1998;58

Crawford & Webb, 2000; Bell et al., 2015). Another reason is that the horizontal com-59

pliance noise is typically buried in other noise in the horizontal records such as tilt noise,60

and hence relevant studies are rare (Doran & Laske, 2016). A significant characteristic61

of compliance noise is the presence of different cut-off frequencies at different water depths.62

This phenomenon arises from the fact that the ability of water waves to penetrate the63

water and affect the seafloor depends on their wavelength, which is decided by their fre-64

quency, with a penetration depth of approximately one wavelength (e.g., Crawford et65

al., 1998; Crawford & Webb, 2000; Bell et al., 2015; An et al., 2020).66

Current research on OBS noise mainly focuses on the vertical component and has67

made widely-accepted progress. Crawford & Webb (2000) first proposed that, since the68

vertical tilt noise is highly correlated to the horizontal tilt noise, one can calculate a trans-69

fer function between the vertical channel and the horizontal channel, and use the hor-70

izontal records to predict and remove the vertical tilt noise. A similar procedure can be71

adopted to remove the vertical compliance noise using a transfer function between the72

vertical and pressure channels. Bell et al. (2015) extended the idea by developing a model73

for the tilt noise which depends on the tilt angle and direction of the instrument. The74

technique of noise removal for the vertical records is applied to analyze ocean-bottom75

seismic data and study the Earth’s structure (e.g., Wei et al., 2015; Bowden et al., 2016;76

Zha & Webb, 2016; Cai et al., 2018; Doran & Laske, 2019; Janiszewski et al., 2019). Be-77

sides, based on the mechanism of water waves deforming the elastic Earth, an inverse78

approach has been developed to constrain the Earth’s elastic properties using recordings79

of vertical compliance noise and ocean-bottom pressure (e.g., Yamamoto & Torii, 1986;80

Crawford et al., 1998; Zha et al., 2014). A comprehensive summary on the understand-81

ing of OBS noise is given by Janiszewski et al. (2023).82
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The research on the horizontal noise is far less extensive compared to that on the83

vertical noise. In deep-sea environments, the primary source of low-frequency horizon-84

tal noise is the tilt noise. Understanding of the mechanism of the tilt noise has largely85

been qualitative, e.g., it is widely accepted that the tilt noise is associated with ocean-86

bottom currents (e.g., Duennebier et al., 1981; Trehu, 1985; Sutton & Duennebier, 1987;87

Webb, 1988; Duennebier & Sutton, 1995). An et al. (2022) analyzed in-situ observations88

and found that, the horizontal tilt noise has a principle noise direction which barely changes89

in time and may be related to the ocean-bottom current direction. An ideal denoise method90

is also not available. The use of vertical tilt noise to remove horizontal tilt noise is the-91

oretically feasible, but it may cause significant signal distortion because the horizontal92

tilt noise is usually much larger than the vertical (e.g., An et al., 2020). An et al. (2022)93

proposes to rotate the horizontal records to the direction of the principle noise, so that94

the noise level in the orthogonal channel is reduced. However, the noise reduction is lim-95

ited to one horizontal channel and a site-specific orientation. The horizontal compliance96

noise is usually much smaller than the tilt noise, but it can be identified in the horizon-97

tal records if the instrument is buried, and it is potentially useful to constrain the sed-98

imentary and crustal structure by a joint inversion of vertical and horizontal compliance99

noise (Doran & Laske, 2016).100

The horizontal noise in shallow waters (approximately < 300 m) exhibits a dis-101

tinctive characteristic: it has a strong peak between 0.05−0.1 Hz. Figure 1 shows the102

power spectral density (PSD) of the horizontal records at two OBS stations deployed in103

deep (3124 m) and shallow (93 m) water, respectively. The data are from the Cascadia104

Initiative (CI) (Toomey et al., 2014). It shows that the two PSD curves are similar be-105

low 0.04 Hz in that they are straight lines with a slope of about −1, which might be the106

feature of the tilt noise. However, between 0.05−0.1 Hz, the shallow PSD has a strong107

peak. It is inferred that the peak is caused by ocean-surface water waves, and the wa-108

ter waves with frequency around 0.07 Hz can only penetrate the shallow water column.109

In this article, we propose a noise model to explain the horizontal noise between 0.05−110

0.1 Hz, and then we derive the theory of water waves generating horizontal noise on OBSs.111

We validate the theory and noise model by comparing model predictions with realistic112

observations in section 3. Then we discuss potential applications of using the noise to113

infer water-wave propagation direction and constrain the underlying Earth structure, and114

develop methods to remove the noise.115
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Figure 1. The location of the OBS stations from Cascadia Initiative. The triangles are the

stations located in shallow water. The arrows represent the directions of water wave propaga-

tion inferred from the horizontal noise. The bottom right panel plots the power spectral density

(PSD) at the shallow-water station FN03C and the deep-water station G30A. FN03C and G30A

are marked in green in the map. A noise peak is observed around 0.07 Hz at FN03C, while no

such phenomenon is observed at G30A.

2 Noise model and theory116

2.1 Noise model117

We propose a noise model to explain the horizontal OBS noise in shallow water around118

0.07 Hz, shown in Figure 2. The model consists of three types of noise: wave noise a
W
(t),119

other noise a
C
(t) and background random noise r(t). The wave noise is induced by ocean-120

surface water waves, and we will show that the instrumental measurement of such noise121

in acceleration is proportional to the time derivative of the ocean-bottom pressure. Other122
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noise is probably the current-induced noise, which has been widely observed in deep wa-123

ter, and its direction remains unchanged in time (An et al., 2022; Wu et al., 2023).124

1

2

Other noise a
C
(t)

θ2

Wave noise aW (t)

θ1

Random noise r(t)

Figure 2. A model to explain the horizontal OBS noise in shallow water around 0.07 Hz. 1

and 2 denote the two horizontal channels of the instruments. Note that the recording coordinate

system of the instrument is left-handed (Doran & Laske, 2017). aW (t), aC (t) and r(t) represent

wave noise, other noise and random noise, respectively. The wave noise and other noise are as-

sumed to have constant orientations.

2.2 Noise induced by ocean-surface water waves: theory125

Water waves generate noise on the OBS horizontal records through two mechanisms:126

by deforming the seafloor and by exerting wave forces on the instrument, respectively127

(Figure 3). Consider a sinusoidal water wave propagating on the ocean surface, such that128

the bottom pressure is written as129

p(x, t) = p0e
i(kx−ωt), (1)

in which p
0

is a constant, k and ω are the wave number and angular frequency of the130

wave, respectively. We can derive the response of the instrument analytically.131
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Seafloor

Ocean-surface water waves

T  14 s

OBS

Wave Force

L

H

F
b

Figure 3. An OBS subject to water waves. Water waves generate horizontal noise by deform-

ing the seafloor and by exerting wave forces on the instrument, respectively.

Under the loading of the ocean-bottom pressure, assuming a homogeneous half-space132

elastic media, the horizontal and vertical displacement of the seafloor is found to be (e.g.,133

Crawford, 2004; An & Liu, 2016; An et al., 2020)134


U(x, t) =

β2

α2 − β2

1

2µk
ip

0
ei(kx−ωt),

W (x, t) = − α2

α2 − β2

1

2µk
p0e

i(kx−ωt).

(2a)

(2b)

Here α and β are the P- and S-wave velocities, respectively, and µ is the shear modu-135

lus of the Earth. Note that we have assumed the water-wave speed is much smaller than136

that of the seismic waves, that is, ω2/k2 ≪ α2 and ω2/k2 ≪ β2. The apparent accel-137

eration of the OBS consists of two parts: the horizontal acceleration of the seafloor, d2U/dt2,138

and the tilting of the seafloor which causes leaking of the gravitational acceleration into139

the horizontal channel. They are calculated as follows.140


a

def
=

d2U

dt2
=

β2

α2 − β2

ω

2µk

dp

dt
,

a
tilt

= −g
dW

dx
= − α2

α2 − β2

g

2µω

dp

dt
.

(3a)

(3b)

Note that a
tilt

is the product of gravitational acceleration and the instrumental tilting

angle for low frequencies (Crawford & Webb, 2000), and the tilting angle of the seafloor

is approximated by dW/dx due to its small value. We emphasize that the above theory

is not new, but has been proposed in previous studies (e.g., Crawford, 2004; Araki et al.,

–7–
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2004; Webb & Crawford, 2010; Doran & Laske, 2016). The ratio of the two is estimated

to be
a

def

a
tilt

= −β2

α2

ω2

gk
= −β2

α2
tanh kh. (4)

Here we have used the dispersion relationship for water waves, that is, ω2 = gk tanh kh141

(h water depth). Supposing β2≈1/3α2 and considering tanh kh < 1, it is inferred that142

a
def

is smaller than a
tilt

, but it is non-negligible unless the wavelength of the water wave143

is much larger than the water depth (kh ≪ 1).144

A wave exerts two kinds of forces on an object submerged in fluid: the drag force145

Fdrag which is proportional to the square of fluid velocity, and the inertia force Finer which146

is proportional to fluid acceleration:147


Fdrag =

1

2
CD ρSv

∣∣v∣∣,
Finer =

(
1 + km

)
ρV

dv

dt
.

(5a)

(5b)

Here CD is the drag coefficient, ρ is the fluid density, v is the fluid velocity, S is the pro-148

jected area in the wave direction, V is the object volume, and km is the coefficient of added149

mass which depends on the object shape. Refer to Chapter 8 of Dalrymple & Dean (1991)150

for more details. The ratio of the drag force and the inertia force, called the KC num-151

ber, is estimated approximately as152

KC =
Fdrag

Finer
≈ v T

l
≈ A

l
, (6)

in which T is the wave period, A is the wave amplitude and l is the object size. For small-153

amplitude water waves, KC is small, and it is reasonable to ignore the drag force. A force154

acting on the instrument causes the instrument to tilt, and the tilting angle is linearly155

proportional to the force (Webb, 1988). The instrumental record is the product of the156

gravitational acceleration and the tilting angle, that is,157

a
iner

= CFiner g = Cg
(
1 + km

)
ρV

dv

dt
= Cg

(
1 + km

)
V

k

ω

dp

dt
. (7)

Here C is a constant depending on the elastic properties of the Earth and the configu-158

ration of the instrument, and CFiner represents the tilting angle of the instrument. Note159

that in deriving the above equation, we have used a relationship between the ocean-bottom160

pressure and fluid velocity for water waves, that is, p = ρ v ω/k (Dalrymple & Dean,161

1991, their chapter 3).162

Combining equations (3a), (3b) and (7), and using equation (1), the wave-induced163

apparent OBS acceleration is164
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a
W

= a
def

+ a
tilt

+ a
iner =

[
β2

α2 − β2

ω

2µk
− α2

α2 − β2

g

2µω
+ Cg

(
1 + km

)
V

k

ω

]
dp

dt
. (8)

Equation (8) indicates that the wave-induced OBS record is linearly proportional to the165

time derivative of the bottom pressure, and we define the coefficient as K. Using the dis-166

persion relationship of water waves, that is, ω2 = gk tanh(kh), we rewrite the coeffi-167

cient K as a function of kh:168

K = − 1

2µ

α2

α2 − β2

√
gh√

kh tanh kh

(
−β2

α2
tanh kh+ 1

)
+ C

(
1 + km

)
V

√
g

h

√
kh√

tanh kh
. (9)

So a
W

= Kdp/dt. Note that the first term in this equation is negative, and the sec-169

ond term is positive, so the sign of K depends on the relative importance of the two mech-170

anisms. We point out that the above relationship is obtained based on the assumption171

of uniform half-space elastic model. For layered structures of the real Earth, the depen-172

dence of K on kh will be more complicated, but a
W

is still proportional to dp/dt.173

2.3 Relative importance of seafloor tilt and wave inertia force174

Here we provide a rough estimation of the relative importance of the seafloor tilt-175

ing and wave inertia force on generating OBS apparent acceleration. We assume that176

the OBS is a cylinder in contact with the seafloor through foot pads (Figure 3), and we177

can estimate the coefficient C in equation (7). Due to the wave force Finer acting on the178

instrument, a supporting force Fb provided by the ground is required to balance the torque,179

and Fb L = Finer H. The vertical displacement of the ground caused by Fb, denoted by180

∆z, can be calculated by integrating the solution of the Boussinesq problem over the foot181

pad (e.g., Webb, 1988):182

∆z =
2Fb

πR

1− ν2

E
=

2H

πRL

1− ν2

E
(1 + km)ρV

k

ρω

dp

dt
, (10)

in which E and ν are the Young’s modulus and Poisson’s ratio of the Earth. The tilt-

ing angle of the instrument is simply ∆z/L. So the apparent acceleration recorded by

the OBS is

a
iner

= g
∆z

L
=

2H

πRL2

1− ν2

E
(1 + km)ρgV

k

ρω

dp

dt
. (11)

Using equation (3b), the ratio of a
iner

and a
tilt

is estimated to be

a
iner

a
tilt

= −
(
1− β2

α2

)(
1− ν

)(
1 + km

)H
R

H

λ
. (12)

Here λ is the wavelength of the water wave (λ = 2π/k). Equation (12) indicates that183

the relative importance of the seafloor tilting and the wave force depends on H/R and184
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H/λ, which are the ratio of the instrument size to the foot pad size, and the ratio of in-185

strument size to the water wave wavelength, respectively. For general instrumental set-186

tings, H/R > 1 and H/λ < 1. Therefore, the two mechanisms can be equally impor-187

tant. Furthermore, since ainer and a
tilt

have different signs, the sign of the total appar-188

ent acceleration a
W

will depend on which of the two is relatively larger.189

3 Model Validation by realistic observations190

3.1 Model validation191

According to the proposed noise model in Figure 2, there are five model param-192

eters, a
W
(t), a

C
(t), r(t), θ1 and θ2. For realistic recordings, we will derive these param-193

eters by rotating the data in the horizontal plane. First, the two original horizontal records194

are denoted as195


a

1
(t) = a

W
(t) cos θ1 + a

C
(t) cos θ2 + r(t),

a
2
(t) = a

W
(t) sin θ1 + a

C
(t) sin θ2 + r(t).

(13a)

(13b)

Rotating the records clockwise by an arbitrary angle δ, channel 1 will be196

a
1
(δ) = a

W
(t) cos

(
θ1 − δ

)
+ a

C
(t) cos

(
θ2 − δ

)
+ r(t). (14)

We define the averaged amplitude of the rotated data and its correlation with dp/dt as197



Γ11

(
δ
)
=

√
1

t1

∫ t1

0

a2
1
dt =

√∣∣a
W

∣∣2 cos2 (θ1 − δ
)
+
∣∣a

C

∣∣2 cos2(θ2 − δ) +
∣∣r∣∣2,

γ
1p

(
δ
)
=

∣∣∣∣∣∣∣∣
∫ t1
0

a
1

dp
dt dt√∫ t1

0
a2

1
dt

√∫ t1
0

(
dp
dt

)2

dt

∣∣∣∣∣∣∣∣ =
√√√√ |a

W
|2 cos2(θ1 − δ)

|a
W
|2 cos2(θ1 − δ) + |a

C
|2 cos2(θ2 − δ) +

∣∣r∣∣2 ,

(15a)

(15b)

in which t1 is an arbitrary time length that is long enough to calculate the average, and198

∣∣a
W

∣∣ =
√

1

t1

∫ t1

0

a2
W
dt,

∣∣a
C

∣∣ =
√

1

t1

∫ t1

0

a2
C
dt,

∣∣r∣∣ =
√

1

t1

∫ t1

0

r2dt, (16)

representing the averaged amplitude of wave noise, other noise and background random199

noise. Note that here we have assumed200

∫ t1

0

a
W
a

C
dt = 0,

∫ t1

0

a
W
r dt = 0, and

∫ t1

0

a
C
r dt = 0. (17)
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We have also used a
W

= Kdp/dt (equation 8).201

For realistic recordings, we will use Γ11 and γ
1p

to calculate the five model param-202

eters. We first filter the noise data between 0.05−0.1 Hz, and then cut the continuous203

time series into small segments of length 1,000 s. For each segment, we rotate the data204

by five arbitrary angles, δ1−δ5. For δ1−δ3, we calculate the average noise amplitude,205

Γ11; for δ4 and δ5, we calculate the correlation, γ1p. Then according to equation (15),206

and we can solve for the five unknowns |a
W
|, |a

C
|, |r|, θ1 and θ2. We point out that the207

five δ angles are arbitrary, and the results are robust regardless of the choice of the ro-208

tating angle. We also note that the choice of calculating Γ11 or γ1p does not affect the209

results, as long as the five obtained equations are independent. An example of the cal-210

culated model parameters is shown in Figure 4. It is interesting to observe that the am-211

plitude of the noise is larger from October to May, which could be attributed to seasonal212

effects leading to strong water waves during this period. Many other stations also show213

similar trends. The results of the five model parameters at all the 37 stations are shown214

in Figure S1 in the supplementary information.215

10
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-6

10
-5

FN07A, 154 m
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360

Figure 4. The five model parameters |aW |, |aC |, |r|, θ1 and θ2 obtained at station FN07A.

The results are presented after a moving average using a 10-hour duration.

To validate the noise model, we use the five parameters to predict some noise prop-216

erties, and then compare the predictions with realistic calculations. Here we choose two217

special angles for the validation, that is, the rotating angles to minimize and maximize218

the correlation between channel 1 and dp/dt. According to equation (15b), the noise model219

predicts that the two angles to minimize and maximize γ1p are220
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
δ1pmin

= θ1 +
π

2
+ nπ

δ1pmax
= θ2 + χ+ nπ, χ = arctan

[
|a

C
|2 + |r|2

|r|2
tan(θ1 − θ2)

]
.

(18a)

(18b)

For realistic recordings, we rotate the data continuously from 0 to 180◦ with an inter-221

val of 1◦ to find the minimum and maximum correlation between channel 1 and dp/dt.222

Figure 5 shows the comparison at station FN07A. It is seen that a perfect agreement is223

obtained between the model-predicted angles and angles from rotation of realistic data.224

This demonstrates that our model well represents the noise characteristics of realistic225

observations. We point out that this validation process is performed for all the stations226

used in this study, and the results are similar.227

08 09 10 11 12 01 02 03 04 05 06 07

Month of year 2011 to 2012

0

90

180

270

360
FN07A, 154 m

Figure 5. The rotating angles to minimize and maximize the correlation between channel 1

and dp/dt: model predictions and calculations from realistic data. The perfect agreement indi-

cates that our noise model agrees well with the real noise recordings.

3.2 Necessity of other noise and random noise228

Figure 4 already shows that |a
C
| and |r| are non-negligible compared to |a

W
|. Here229

we show more evidence to prove that other noise and random noise are necessary to ex-230

plain the real data.231

Equation (18b) suggests that, if |a
C
| = 0, δ1pmax

= θ1, which means that if other232

noise is absent, the angle to maximize the correlation between channel 1 and dp/dt is233

simply the direction of the wave noise. In contrast, if other noise is non-negligible, δ1pmax
234

deviates from θ1. Figure 6(a) shows that the two angles are different at FN07A. At many235

other stations, we also observe that such an angle difference is clear and significant (Fig-236

ure S1). Supposing that other noise is caused by an ocean-bottom current, it indicates237

that the bottom current is non-negligible, and its direction is not the same as or perpen-238

dicular to the propagation direction of ocean-surface water waves.239
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Figure 6. (a) θ1 and δ1pmax obtained at FN07A. Significant differences can be observed be-

tween them, indicating that other noise is non-negligible in real data. (b) The maximum cor-

relation between channel 1 and dp/dt. The results remain below 1, indicating the necessity of

background random noise.

The necessity of random background noise is related to the maximum correlation240

between channel 1 and dp/dt. According to equation (15b), in the absence of random241

noise, |r| = 0, and the maximum value of γ
1p

is 1 when δ = θ2 + π/2. This is intu-242

itive, because rotating the recordings to the perpendicular direction of other noise will243

totally eliminate other noise, resulting in only the component of wave noise, that is, a
1
=244

a
W
sin(θ2−θ1) (equation 14). Thus, the correlation between a

1
and dp/dt will be 1, given245

that a
W

= Kdp/dt. However, for most stations, we observe that the maximum corre-246

lation between channel 1 and dp/dt is less than 1 (Figure 6b, Figure S1), indicating the247

necessity of random background noise in the model.248

3.3 Linear dependence of the wave noise on dp/dt249

The noise model in Figure 2 suggests mathematically that, for horizontal OBS noise250

in shallow water around 0.07 Hz, there is a noise component that is proportional to dp/dt.251

In previous sections, we have shown that it is possible to decompose the real data and252

obtain the relative amplitude of such a component, that is, |a
W
|. Here we show more quan-253

titative evidence using the noise waveforms.254

We select station FN03C to illustrate the linear relationship between a
W

and dp/dt.255

The water depth at FN03C is 93 m, and the location of station FN03C is highlighted256

in green in Figure 1. The horizontal recordings are filtered between 0.05−0.1 Hz and257
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cut into segments of 1,000 s. For each segment, we rotate the data by five arbitrary an-258

gles, and calculate the five model parameters. Two of the model parameters, θ1 and θ2,259

are shown in are shown in Figure 7(a). Figure 7(a) shows the reason to choose station260

FN03C, that is, the wave noise is approximately perpendicular to other noise. Thus, ro-261

tating the data clockwise by θ1 will completely eliminate other noise, and only the wave262

noise and random noise are left. Figure 7(b) plots the correlation between channel 1 and263

dp/dt after rotating the data to the direction of wave noise. It is seen that the correla-264

tion coefficient is very close to 1, indicating high similarity of channel 1 and dp/dt. We265

also examine the waveforms. We randomly choose one data segment to show in Figure 7(c).266

A perfect match is observed between the noise waveform of channel 1 and dp/dt, which267

is in agreement with our theory of wave-induced noise. The factor between the two, that268

is, the coefficient K in equation (9), is not quantitatively explained here since it depends269

on unknown properties such as the instrumental size and the Earth’s elastic parameters.270
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Figure 7. (a) The direction of wave noise and other noise at station FN03C. The two direc-

tions are approximately perpendicular. (b) The correlation between channel 1 and dp/dt after

rotating the data by θ1. The correlation is very close to 1, indicating that the random noise is

small and there exists high similarity between channel 1 and dp/dt. (c) Waveform comparison of

a randomly selected segment. Channel 1 after rotation is proportional to dp/dt.
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4 Potential applications271

4.1 The propagation direction of water waves272

In the previous sections, we have shown that we can determine five model param-273

eters from real data, that is, |a
W
|, |a

C
|, |r|, θ1 and θ2. Here θ1 simply represents the prop-274

agation direction of water waves. However, the propagation can also be opposite, because275

the sign of the K coefficient is uncertain (equation 9). K can be positive or negative de-276

pending on the relative importance of seafloor deformation and wave force in generat-277

ing the wave noise. In this section, we illustrate a procedure to determine the real wave278

direction based on K’s frequency dependence.279

We first rewrite a
W

= Kdp/dt using the vertical acceleration a
v

instead of the280

pressure p. The reason is that realistic measurements of p often use differential pressure281

gauges (DPG), which suffer from amplitude uncertainties and possible polarity errors282

(e.g., Sheehan et al., 2015; Zha & Webb, 2016; Doran et al., 2019; An et al., 2020). Thus283

the pressure data are not directly applicable unless they are calibrated (e.g., An et al.,284

2017; Deng et al., 2022). Based on the uniform half-space elastic theory, according to285

equation (2b), the vertical acceleration is found to be286

av =
α2

α2 − β2

ω2

2µk
p. (19)

Replacing p by av in equation a
W

= Kdp/dt, we obtain a new parameter K∗, which287

is defined by288

a
W

= K
dp

dt
= K∗ da

v

dt
. (20)

Using equation (9), K∗ is expressed as289

K∗ = −K∗
1 +K∗

2 = −

√
h

g

√
1

kh (tanh kh)
3

(
−β2

α2
tanh kh+ 1

)
+ C2

√
kh

(tanh kh)3
. (21)

Note that the k-independent coefficient in the second term is written as a positive con-290

stants C2 for simplicity, and291

C2 = C
(
1 + km

)
V

(
1− β2

α2

)
2µ√
gh

. (22)

K∗
1 and K∗

2 are both positive, but their relative importance is not known, so the292

sign of K∗ is uncertain. Here we determine the wave direction based the dependence of293
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K∗ on kh. For reasonable value range of β/α and kh, it is found that K∗
1 decreases mono-294

tonically with kh, while K∗
2 increases monotonically with kh (see Figure S2 in the sup-295

plementary information). Thus, the behavior of K∗ on kh can be predicted as shown in296

Table 1. If the measuring direction of the instrument is the opposite to the wave prop-297

agation direction (possibilities 3 and 4 in Table 1), the calculated K∗ will be also oppo-298

site to equation (21). Thus, the sign of calculated K∗ not only depends on the measur-299

ing direction, but also the relative size of K∗
1 and K∗

2 . However, the monotonicity of the300

calculated K∗ on kh depends only on the measuring direction. Thus, the direction of the301

wave propagation can be determined based on K∗’s monotonicity dependence on kh.302

Table 1. The behavior of apparent K∗ on kh.

Possibility Measuring Direction K∗
1 and K∗

2 Sign of K∗ Monotonicity on kh

1 Wave Direction K∗
1 > K∗

2 − ↗

2 Wave Direction K∗
1 < K∗

2 + ↗

3 Opposite K∗
1 > K∗

2 + ↘

4 Opposite K∗
1 < K∗

2 − ↘

The detailed procedure is explained as follows. We first filter the data between a303

narrow frequency band with a 0.01 Hz interval. For each frequency band, we cut the con-304

tinuous data into small segments of 1,000 s, and calculate the five model parameters. Then,305

we rotate each data segment clockwise by the angle of θ2 ± π/2, which is the perpen-306

dicular direction of other noise, so that other noise is completely eliminated. Then we307

calculate K∗ using a least square method to minimize the residual between a1 and K∗dav/dt.308

Based on the monotonicity of K∗ on kh, we can determine the direction of water wave309

propagation. An example is shown in Figure 8. Figure 8(a) plots θ1, and Figure 8(b) plots310

the calculated K∗ after rotating the data. It is seen that K∗ increases as kh increases,311

so the measuring direction is the same as the wave propagation direction, correspond-312

ing to possibilities 1 and 2 in Table 1. We point out that Figure 8(b) uses frequency in-313

stead of kh for illustration. For water waves, the frequency f and kh are linked by the314

dispersion relationship ω2 = gk tanh kh, and since the water depth is constant, they315

are actually equivalent.316
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Figure 8. (a) Angle of θ1 at station FN07A. (b) Calculated K∗ in different frequency ranges

at FN07A. Since K∗ increases as kh (or frequency) increases, it is inferred that the direction of

θ1 is the same as the propagation direction of water waves.

The obtained angle of wave propagation is the deviated angle from channel 1, and317

it must be added to the orientation of the instrument to derive the real wave direction.318

Here we use the results of instrumental orientation given by Doran & Laske (2017). At319

some stations the instrumental orientation has high uncertainties, and we discard these320

stations. We also exclude the stations with unclear monotonic relationships of K∗ on kh.321

The final results are displayed in Figure 1. The results show that, at all the 27 stations322

we have analyzed, the wave propagation direction is always perpendicular to the coast-323

line. Among them, at 25 stations the waves propagate from shallow water to deep sea.324

This may indicate that the water waves are possibly the infragravity waves which are325

generated in the shallow region and leaked into the deep ocean (e.g, Herbers et al., 1995).326

Stations FN03C and FN04C present opposite wave directions, that is, water waves prop-327

agate towards the coastline. One possible reason could be the uniform half-space elas-328

tic assumption we have made in the analysis. Real Earth has layered structures, which329

leads to different dependence of K∗ on kh, causing uncertainties in determining the wa-330

ter wave direction. However, we point out that even at these two stations, the angle of331

θ1 is accurately calculated, and the uncertainty is only a 180-degree difference.332

4.2 Inversion of subsurface structure333

Based on the above-developed theory, it is possible to utilize the wave noise to con-334

strain the subsurface Earth structure. Here we first discuss the situation in which ocean-335
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bottom pressure data are not available, that is, either a pressure sensor is missing or the336

pressure data are not calibrated. We will utilize the horizontal and vertical acceleration337

to perform the inversion. We first rotate the data to the perpendicular direction of other338

noise to totally eliminate other noise. According to equation (14), using a1 and a2 to de-339

note the original horizontal records, letting the rotating angle δ = θ2 + π/2, and ig-340

noring the background random noise, we obtain341

a
W

=
−a

1
sin θ2 + a

2
cos θ2

sin
(
θ1 − θ2

) . (23)

Using equations (20) and (21), we have342

−a1 sin θ2 + a2 cos θ2

sin
(
θ1 − θ2

) /
dav

dt
= −

√
h

g

√
1

kh (tanh kh)3

(
−β2

α2
tanh kh+ 1

)
+ C2

√
kh

(tanh kh)3
. (24)

The equation essentially means that the horizontal acceleration after rotation is linearly343

proportional to the time derivative of the vertical acceleration, and the coefficient K∗,344

is a function of kh, β/α and C2. For realistic recordings, we first cut the continuous data345

into segments of 1000 s and derive the five model parameters. Then we calculate the left-346

hand side of equation (24), and perform a least-square search to find β/α and C2 of the347

best match. An example is shown in Figure 9.348

For each time segment, we calculate K∗ as a function of kh. Again here kh is equiv-349

alent to the frequency f according to the wave dispersion relationship ω2 = gk tanh kh.350

All the results of K∗ are stacked and displayed as a contour plot in Figure 9(a). The white351

line in Figure 9(a) shows the best fit of the inversion, and β2/α2 and C2 are found to352

be 0.84 and 1.6 respectively. We also test the stability of the inversion. Figure 9(b) shows353

the contour plot of the inversion residual. It is observed that there is a clear trade-off354

between the two inversion parameters β2/α2 and C2.355

The best result of β2/α2 is calculated to be 0.84 in our inversion, which is higher356

than that of an elastic rock with the Possion’s ratio 0.25 (β2/α2 = 1/3). This may be357

attributed to the uniform half-space model we have assumed in the analysis. Real Earth358

has layered structures. For layered models, in equation (24), the first term on the right-359

hand side can be calculated using a numerical or propagation-matrix approach, leading360

to a different dependence on kh, while the second term does not change. Therefore, the361

inversion parameters are still β/α and C2 for layered models. The sensitivity and un-362

certainties of this method should be discussed in a more detailed manner in future stud-363

ies.364
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Figure 9. (a) Stacked K∗ as a function of kh and its best fit to constrain β2/α2 and C2. (b)

Contour plot of the inversion residual. It is seen that there is a trade-off between the inversion

parameters β2/α2 and C2.

If the pressure records are available, it is possible to perform a joint inversion us-365

ing the horizontal and vertical acceleration and the pressure. For a uniform half-space366

model, the equations have been derived in (8), (9) and (19). They are repeated as fol-367

lows.368


−a

1
sin θ2 + a

2
cos θ2

sin
(
θ1 − θ2

) /
dp

dt
= − 1

2µ

α2

α2 − β2

√
gh√

kh tanh kh

(
−β2

α2
tanh kh+ 1

)
+ C3

√
kh√

tanh kh

av
p

=
g

2µ

α2

α2 − β2
tanh kh.

(25a)

(25b)

Note that the horizontal channels are rotated by an angle of θ2+π/2 to eliminate other369

noise and obtain the wave noise. In the above equations, the left-hand sides can be cal-370

culated from original instrumental records, and the right-hand sides contain three pa-371

rameters for inversion, that is, the shear modulus µ, the S-P velocity ratio β/α, and a372

kh-independent constant C3. For continuous records of noise data, it is feasible to cut373

the data into small segments, stack the results of the left-hand sides, and perform a least-374

square search to find the best fit of the three parameters.375

A preliminary attempt leads to unsatisfying results. Figure S3 in the supplemen-376

tary information shows an example. The stacked results of the horizontal and vertical377

records seem to be very different from the theoretical form given by (25). As a result,378

the inversion suffers from large errors. We speculate that the reason is related to the as-379

sumption of uniform half-space model. A layered model is probably necessary to fit the380
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realistic data. Using a layered model, the first term of the right-hand side of equation (25a),381

and the right-hand side of equation (25b) can be calculated based on a numerical ap-382

proach, leading to different dependences on kh. The second term of the right-hand side383

of equation (25a) does not change. Thus, the three inversion parameters are still µ, β/α384

and C3. Again, the sensitivity and uncertainty of this method for layered structures should385

be tested in a future study. We point out that the vertical acceleration and pressure have386

been utilized for structure inversions in previous studies, mainly for low-frequency com-387

pliance noise in the deep ocean (e.g., Yamamoto & Torii, 1986; Crawford et al., 1998;388

Zha et al., 2014). The horizontal records have also been proposed for structure inver-389

sion, albeit ignoring the wave noise induced by wave forces (the second term of equation 25a)390

(Doran & Laske, 2016).391

5 Noise removal392

In the frequency range of interest (0.05−0.1 Hz), the horizontal and vertical noise393

induced by water waves can be removed using the pressure records, based on the fact394

that the horizontal acceleration is proportional to dp/dt, and the vertical acceleration395

is proportional to p. The ratio of the acceleration and the pressure in the frequency do-396

main is called the pressure transfer function (PTF) (Crawford & Webb, 2000; Bell et al.,397

2015), that is, the horizontal PTF and vertical PTF are defined as398


HPTF(f) =

Fourier (a
W
)

Fourier
(
dp/dt

) ,
PTF(f) =

Fourier (av)

Fourier (p)
.

(26a)

(26b)

Note that the phase lag is ignored, which is theoretically zero.399

Continuous noise data are first filtered between 0.05−0.1 Hz, and cut into small400

segments of 1,000 s. The two horizontal records are rotated to the perpendicular direc-401

tion of other noise to totally eliminate other noise. In practice, the rotation is done by402

maximizing the correlation between channel 1 and dp/dt, which is equivalent to the per-403

pendicular direction of other noise if the random noise is negligible (equation 18b). Chan-404

nel 1 after rotation, dp/dt, channel z, and the pressure channel are Fourier transformed,405

and the horizontal and vertical PTFs are calculated according to equations (26). The406

PTFs are then averaged over a certain amount of time. To remove the noise in a data407

segment, the time derivative of the pressure and the pressure itself are Fourier transformed,408

and multiplied by the horizontal and vertical PTF, respectively, to predict the horizon-409

tal and vertical noise. The predicted noise is subtracted from the original data to extract410

the earthquake signals.411
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An example of the noise removal at station FN07A is shown in Figure 10. Data are412

from a Mw 5.6 earthquake that occurred at 04:14:00 on 13 October 2011. The epicen-413

ter is 43.46◦ N, 127.14◦ W, the focal depth is 20.6 km, and the hypocenter distance is414

about 3.78◦. The original data are filtered between 0.05−0.1 Hz. The horizontal PTF415

is averaged over 12 hours, excluding a period of 2,000 s that contains the earthquake sig-416

nals. The vertical PTF is averaged over the total recording period, which lasts about one417

year. The reason is that in practice it is found that the horizontal PTF changes more418

significantly over time than the vertical PTF, so it has to be averaged over a short pe-419

riod close the the earthquake. The denoising results are displayed in Figure 10, which420

shows that the signal-to-noise ratio (SNR) is improved effectively by removing the wave-421

induced noise.422

Raw Data

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Time (s)

Denoised Data

Time (s)

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Time (s)

Figure 10. An example of removing the wave-induced noise at station FN07A. The data are

filtered between 0.05−0.1 Hz. The top panel (blue) presents the raw recordings and the bottom

panel (black) presents the results after noise removal.
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The effectiveness of the noise removal for the horizontal records depends on the rel-423

ative magnitude of the wave noise and other noise. Since the wave noise is proportional424

to dp/dt, it can be totally removed by using the horizontal PTF and the pressure records.425

Thus, if the water waves are strong at certain stations or during certain time periods,426

so that the wave noise dominates, the noise reduction is expected to be effective. At all427

of the 37 stations, typically a maximum reduction of 10−20 dB can be achieved. The428

PSDs before and after the noise removal during time periods of strong wave noise are429

given in Figure S4 in the supplementary information. After removing the wave noise, the430

dominant noise is other noise. The horizontal channels can be rotated to the direction431

of other noise to suppress other noise in the perpendicular direction, owing to the fact432

that other noise has a constant orientation (An et al., 2022). An example is shown in433

Figure S5 in the supplementary information. The noise removal of the vertical channel434

generally achieves satisfactory results, with noise reduction typically exceeding 20 dB435

(Figure S4), as the vertical records are dominated by compliance noise in this frequency436

range. We note that the vertical removal using the PTF method has been well developed437

by previous studies (Crawford & Webb, 2000; Bell et al., 2015; An et al., 2020).438

6 Conclusion439

In this study, we investigate the noise peak between 0.05−0.1 Hz at shallow-water440

stations (< 300 m). We propose a noise model to explain the horizontal noise, which441

consists of three types of noise, the wave noise, other noise and background random noise.442

The wave noise is generated by two mechanisms, the seafloor deformation and the wave443

force. We demonstrate in theory that the wave noise is proportional to the time deriva-444

tive of ocean-bottom pressure. The noise model and theory are verified to be consistent445

with realistic observations.446

Two potential applications are discussed. First, the propagation direction of wave447

waters is derived. For all of the 27 stations, the wave propagation direction is always per-448

pendicular to the coastline. Among them, at 25 stations the waves propagate from shal-449

low water to deep sea. Second, the coefficient between the horizontal acceleration and450

the time derivative of the pressure (or the vertical acceleration) is used to constrain the451

underlying Earth structure. The inversion results are approximate, and could be improved452

by incorporating inversion models of layered structures. Finally, a denoising method is453

developed based on the noise model. The effectiveness of the noise removal depends on454

the relative magnitude of the wave noise and other noise, and at most stations, a max-455

imum reduction of 10− 20 dB can be achieved for the horizontal channels.456
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Abstract12

The horizontal records of ocean-bottom seismometers (OBS) are usually highly noisy,13

generally due to ocean-bottom currents tilting the instrument, which greatly limits their14

practical usage in ocean-bottom seismology. In shallow water, water waves with energy15

concentration around 0.07 Hz induce additional noise on OBSs. Such noise is not well16

understood. In this article, we propose a noise model to explain the horizontal noise around17

0.07 Hz. The noise model consists of three types of noise, that is, water-wave-induced18

noise, other noise with a relatively constant orientation, and background random noise.19

The wave-induced horizontal acceleration is theoretically shown to be proportional to20

the time derivative of ocean-bottom pressure. We validate the noise model and related21

theories using realistic observations. Results are potentially applicable to determine the22

propagation direction of water waves nearshore, and also provide constraints on the un-23

derlying Earth structure. The results can also be applied to the removal of wave-induced24

noise, achieving a typical maximum improvement in the signal-to-noise ratio of 10−20 dB25

for time periods with strong wave noise.26

1 Introduction27

Ocean-bottom seismometers (OBS) are deployed on the seafloor, mostly exposed28

to water, and hence they suffer from significant noise, particularly at low frequencies (<29

0.1 Hz). The noise level at OBS stations can be up to 40 dB higher compared to the qui-30

etest land stations (Peterson, 1993), which highly contaminate seismic signals from dis-31

tant or weak earthquakes. The most well-known sources of low-frequency noise in OBS32

data are tilt noise and compliance noise (e.g., Webb, 1998; Crawford & Webb, 2000; Webb33

& Crawford, 2010).34

Tilt noise is generally believed to originate from ocean-bottom currents which are35

typically driven by periodic tidal forces (e.g. Crawford & Webb, 2000; Bell et al., 2015;36

Reddy et al., 2020; Essing et al., 2021). Ocean-bottom currents pass around the instru-37

ment, causing turbulence and vortices, which tilt the instrument and generate noise in38

the horizontal channels (Sutton & Duennebier, 1987; Webb, 1988; Duennebier & Sut-39

ton, 1995; Romanowicz et al., 1998; Stähler et al., 2018). Tilt noise is generated through40

two mechanisms: the change of the seismometer’s position and the change of the grav-41

itational acceleration acting on the seismometer. For low frequencies, the second term42

dominates, and the horizontal noise is simply the production of the gravitational accel-43

eration and the tilt angle (Crawford & Webb, 2000). Tilt noise in the horizontal chan-44

nels can leak into the vertical due to imperfect leveling of the instrument. Using long-45

term recorded noise data, the tilt angle of the instrument can be calculated, and the tilt46
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noise in the vertical channel can be removed using the horizontal records (e.g., Craw-47

ford & Webb, 2000; Bell et al., 2015; An et al., 2020). The tilt noise in the horizontal48

channel is not well explained, except it is recently found that its orientation does not change49

in time (An et al., 2022), and the direction of maximum noise is probably perpendicu-50

lar to the direction of bottom currents (Wu et al., 2023).51

Another significant source of OBS noise is the water waves in the ocean. Long-period52

water waves can create ocean-bottom pressure variations and cause seafloor deformation,53

which is recorded by OBSs as compliance noise (e.g. Crawford et al., 1991; Crawford &54

Webb, 2000). According to the theoretical solution of a half-space elastic model, the ver-55

tical deformation is larger than the horizontal by roughly the square of the ratio of the56

compressional velocity to the shear velocity (Crawford, 2004). Thus, the term “compli-57

ance noise” commonly refers to the vertical compliance noise (e.g., Crawford et al., 1998;58

Crawford & Webb, 2000; Bell et al., 2015). Another reason is that the horizontal com-59

pliance noise is typically buried in other noise in the horizontal records such as tilt noise,60

and hence relevant studies are rare (Doran & Laske, 2016). A significant characteristic61

of compliance noise is the presence of different cut-off frequencies at different water depths.62

This phenomenon arises from the fact that the ability of water waves to penetrate the63

water and affect the seafloor depends on their wavelength, which is decided by their fre-64

quency, with a penetration depth of approximately one wavelength (e.g., Crawford et65

al., 1998; Crawford & Webb, 2000; Bell et al., 2015; An et al., 2020).66

Current research on OBS noise mainly focuses on the vertical component and has67

made widely-accepted progress. Crawford & Webb (2000) first proposed that, since the68

vertical tilt noise is highly correlated to the horizontal tilt noise, one can calculate a trans-69

fer function between the vertical channel and the horizontal channel, and use the hor-70

izontal records to predict and remove the vertical tilt noise. A similar procedure can be71

adopted to remove the vertical compliance noise using a transfer function between the72

vertical and pressure channels. Bell et al. (2015) extended the idea by developing a model73

for the tilt noise which depends on the tilt angle and direction of the instrument. The74

technique of noise removal for the vertical records is applied to analyze ocean-bottom75

seismic data and study the Earth’s structure (e.g., Wei et al., 2015; Bowden et al., 2016;76

Zha & Webb, 2016; Cai et al., 2018; Doran & Laske, 2019; Janiszewski et al., 2019). Be-77

sides, based on the mechanism of water waves deforming the elastic Earth, an inverse78

approach has been developed to constrain the Earth’s elastic properties using recordings79

of vertical compliance noise and ocean-bottom pressure (e.g., Yamamoto & Torii, 1986;80

Crawford et al., 1998; Zha et al., 2014). A comprehensive summary on the understand-81

ing of OBS noise is given by Janiszewski et al. (2023).82
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The research on the horizontal noise is far less extensive compared to that on the83

vertical noise. In deep-sea environments, the primary source of low-frequency horizon-84

tal noise is the tilt noise. Understanding of the mechanism of the tilt noise has largely85

been qualitative, e.g., it is widely accepted that the tilt noise is associated with ocean-86

bottom currents (e.g., Duennebier et al., 1981; Trehu, 1985; Sutton & Duennebier, 1987;87

Webb, 1988; Duennebier & Sutton, 1995). An et al. (2022) analyzed in-situ observations88

and found that, the horizontal tilt noise has a principle noise direction which barely changes89

in time and may be related to the ocean-bottom current direction. An ideal denoise method90

is also not available. The use of vertical tilt noise to remove horizontal tilt noise is the-91

oretically feasible, but it may cause significant signal distortion because the horizontal92

tilt noise is usually much larger than the vertical (e.g., An et al., 2020). An et al. (2022)93

proposes to rotate the horizontal records to the direction of the principle noise, so that94

the noise level in the orthogonal channel is reduced. However, the noise reduction is lim-95

ited to one horizontal channel and a site-specific orientation. The horizontal compliance96

noise is usually much smaller than the tilt noise, but it can be identified in the horizon-97

tal records if the instrument is buried, and it is potentially useful to constrain the sed-98

imentary and crustal structure by a joint inversion of vertical and horizontal compliance99

noise (Doran & Laske, 2016).100

The horizontal noise in shallow waters (approximately < 300 m) exhibits a dis-101

tinctive characteristic: it has a strong peak between 0.05−0.1 Hz. Figure 1 shows the102

power spectral density (PSD) of the horizontal records at two OBS stations deployed in103

deep (3124 m) and shallow (93 m) water, respectively. The data are from the Cascadia104

Initiative (CI) (Toomey et al., 2014). It shows that the two PSD curves are similar be-105

low 0.04 Hz in that they are straight lines with a slope of about −1, which might be the106

feature of the tilt noise. However, between 0.05−0.1 Hz, the shallow PSD has a strong107

peak. It is inferred that the peak is caused by ocean-surface water waves, and the wa-108

ter waves with frequency around 0.07 Hz can only penetrate the shallow water column.109

In this article, we propose a noise model to explain the horizontal noise between 0.05−110

0.1 Hz, and then we derive the theory of water waves generating horizontal noise on OBSs.111

We validate the theory and noise model by comparing model predictions with realistic112

observations in section 3. Then we discuss potential applications of using the noise to113

infer water-wave propagation direction and constrain the underlying Earth structure, and114

develop methods to remove the noise.115
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Figure 1. The location of the OBS stations from Cascadia Initiative. The triangles are the

stations located in shallow water. The arrows represent the directions of water wave propaga-

tion inferred from the horizontal noise. The bottom right panel plots the power spectral density

(PSD) at the shallow-water station FN03C and the deep-water station G30A. FN03C and G30A

are marked in green in the map. A noise peak is observed around 0.07 Hz at FN03C, while no

such phenomenon is observed at G30A.

2 Noise model and theory116

2.1 Noise model117

We propose a noise model to explain the horizontal OBS noise in shallow water around118

0.07 Hz, shown in Figure 2. The model consists of three types of noise: wave noise a
W
(t),119

other noise a
C
(t) and background random noise r(t). The wave noise is induced by ocean-120

surface water waves, and we will show that the instrumental measurement of such noise121

in acceleration is proportional to the time derivative of the ocean-bottom pressure. Other122
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noise is probably the current-induced noise, which has been widely observed in deep wa-123

ter, and its direction remains unchanged in time (An et al., 2022; Wu et al., 2023).124

1

2

Other noise a
C
(t)

θ2

Wave noise aW (t)

θ1

Random noise r(t)

Figure 2. A model to explain the horizontal OBS noise in shallow water around 0.07 Hz. 1

and 2 denote the two horizontal channels of the instruments. Note that the recording coordinate

system of the instrument is left-handed (Doran & Laske, 2017). aW (t), aC (t) and r(t) represent

wave noise, other noise and random noise, respectively. The wave noise and other noise are as-

sumed to have constant orientations.

2.2 Noise induced by ocean-surface water waves: theory125

Water waves generate noise on the OBS horizontal records through two mechanisms:126

by deforming the seafloor and by exerting wave forces on the instrument, respectively127

(Figure 3). Consider a sinusoidal water wave propagating on the ocean surface, such that128

the bottom pressure is written as129

p(x, t) = p0e
i(kx−ωt), (1)

in which p
0

is a constant, k and ω are the wave number and angular frequency of the130

wave, respectively. We can derive the response of the instrument analytically.131
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Seafloor

Ocean-surface water waves

T  14 s

OBS

Wave Force

L

H

F
b

Figure 3. An OBS subject to water waves. Water waves generate horizontal noise by deform-

ing the seafloor and by exerting wave forces on the instrument, respectively.

Under the loading of the ocean-bottom pressure, assuming a homogeneous half-space132

elastic media, the horizontal and vertical displacement of the seafloor is found to be (e.g.,133

Crawford, 2004; An & Liu, 2016; An et al., 2020)134


U(x, t) =

β2

α2 − β2

1

2µk
ip

0
ei(kx−ωt),

W (x, t) = − α2

α2 − β2

1

2µk
p0e

i(kx−ωt).

(2a)

(2b)

Here α and β are the P- and S-wave velocities, respectively, and µ is the shear modu-135

lus of the Earth. Note that we have assumed the water-wave speed is much smaller than136

that of the seismic waves, that is, ω2/k2 ≪ α2 and ω2/k2 ≪ β2. The apparent accel-137

eration of the OBS consists of two parts: the horizontal acceleration of the seafloor, d2U/dt2,138

and the tilting of the seafloor which causes leaking of the gravitational acceleration into139

the horizontal channel. They are calculated as follows.140


a

def
=

d2U

dt2
=

β2

α2 − β2

ω

2µk

dp

dt
,

a
tilt

= −g
dW

dx
= − α2

α2 − β2

g

2µω

dp

dt
.

(3a)

(3b)

Note that a
tilt

is the product of gravitational acceleration and the instrumental tilting

angle for low frequencies (Crawford & Webb, 2000), and the tilting angle of the seafloor

is approximated by dW/dx due to its small value. We emphasize that the above theory

is not new, but has been proposed in previous studies (e.g., Crawford, 2004; Araki et al.,
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2004; Webb & Crawford, 2010; Doran & Laske, 2016). The ratio of the two is estimated

to be
a

def

a
tilt

= −β2

α2

ω2

gk
= −β2

α2
tanh kh. (4)

Here we have used the dispersion relationship for water waves, that is, ω2 = gk tanh kh141

(h water depth). Supposing β2≈1/3α2 and considering tanh kh < 1, it is inferred that142

a
def

is smaller than a
tilt

, but it is non-negligible unless the wavelength of the water wave143

is much larger than the water depth (kh ≪ 1).144

A wave exerts two kinds of forces on an object submerged in fluid: the drag force145

Fdrag which is proportional to the square of fluid velocity, and the inertia force Finer which146

is proportional to fluid acceleration:147


Fdrag =

1

2
CD ρSv

∣∣v∣∣,
Finer =

(
1 + km

)
ρV

dv

dt
.

(5a)

(5b)

Here CD is the drag coefficient, ρ is the fluid density, v is the fluid velocity, S is the pro-148

jected area in the wave direction, V is the object volume, and km is the coefficient of added149

mass which depends on the object shape. Refer to Chapter 8 of Dalrymple & Dean (1991)150

for more details. The ratio of the drag force and the inertia force, called the KC num-151

ber, is estimated approximately as152

KC =
Fdrag

Finer
≈ v T

l
≈ A

l
, (6)

in which T is the wave period, A is the wave amplitude and l is the object size. For small-153

amplitude water waves, KC is small, and it is reasonable to ignore the drag force. A force154

acting on the instrument causes the instrument to tilt, and the tilting angle is linearly155

proportional to the force (Webb, 1988). The instrumental record is the product of the156

gravitational acceleration and the tilting angle, that is,157

a
iner

= CFiner g = Cg
(
1 + km

)
ρV

dv

dt
= Cg

(
1 + km

)
V

k

ω

dp

dt
. (7)

Here C is a constant depending on the elastic properties of the Earth and the configu-158

ration of the instrument, and CFiner represents the tilting angle of the instrument. Note159

that in deriving the above equation, we have used a relationship between the ocean-bottom160

pressure and fluid velocity for water waves, that is, p = ρ v ω/k (Dalrymple & Dean,161

1991, their chapter 3).162

Combining equations (3a), (3b) and (7), and using equation (1), the wave-induced163

apparent OBS acceleration is164
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a
W

= a
def

+ a
tilt

+ a
iner =

[
β2

α2 − β2

ω

2µk
− α2

α2 − β2

g

2µω
+ Cg

(
1 + km

)
V

k

ω

]
dp

dt
. (8)

Equation (8) indicates that the wave-induced OBS record is linearly proportional to the165

time derivative of the bottom pressure, and we define the coefficient as K. Using the dis-166

persion relationship of water waves, that is, ω2 = gk tanh(kh), we rewrite the coeffi-167

cient K as a function of kh:168

K = − 1

2µ

α2

α2 − β2

√
gh√

kh tanh kh

(
−β2

α2
tanh kh+ 1

)
+ C

(
1 + km

)
V

√
g

h

√
kh√

tanh kh
. (9)

So a
W

= Kdp/dt. Note that the first term in this equation is negative, and the sec-169

ond term is positive, so the sign of K depends on the relative importance of the two mech-170

anisms. We point out that the above relationship is obtained based on the assumption171

of uniform half-space elastic model. For layered structures of the real Earth, the depen-172

dence of K on kh will be more complicated, but a
W

is still proportional to dp/dt.173

2.3 Relative importance of seafloor tilt and wave inertia force174

Here we provide a rough estimation of the relative importance of the seafloor tilt-175

ing and wave inertia force on generating OBS apparent acceleration. We assume that176

the OBS is a cylinder in contact with the seafloor through foot pads (Figure 3), and we177

can estimate the coefficient C in equation (7). Due to the wave force Finer acting on the178

instrument, a supporting force Fb provided by the ground is required to balance the torque,179

and Fb L = Finer H. The vertical displacement of the ground caused by Fb, denoted by180

∆z, can be calculated by integrating the solution of the Boussinesq problem over the foot181

pad (e.g., Webb, 1988):182

∆z =
2Fb

πR

1− ν2

E
=

2H

πRL

1− ν2

E
(1 + km)ρV

k

ρω

dp

dt
, (10)

in which E and ν are the Young’s modulus and Poisson’s ratio of the Earth. The tilt-

ing angle of the instrument is simply ∆z/L. So the apparent acceleration recorded by

the OBS is

a
iner

= g
∆z

L
=

2H

πRL2

1− ν2

E
(1 + km)ρgV

k

ρω

dp

dt
. (11)

Using equation (3b), the ratio of a
iner

and a
tilt

is estimated to be

a
iner

a
tilt

= −
(
1− β2

α2

)(
1− ν

)(
1 + km

)H
R

H

λ
. (12)

Here λ is the wavelength of the water wave (λ = 2π/k). Equation (12) indicates that183

the relative importance of the seafloor tilting and the wave force depends on H/R and184
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H/λ, which are the ratio of the instrument size to the foot pad size, and the ratio of in-185

strument size to the water wave wavelength, respectively. For general instrumental set-186

tings, H/R > 1 and H/λ < 1. Therefore, the two mechanisms can be equally impor-187

tant. Furthermore, since ainer and a
tilt

have different signs, the sign of the total appar-188

ent acceleration a
W

will depend on which of the two is relatively larger.189

3 Model Validation by realistic observations190

3.1 Model validation191

According to the proposed noise model in Figure 2, there are five model param-192

eters, a
W
(t), a

C
(t), r(t), θ1 and θ2. For realistic recordings, we will derive these param-193

eters by rotating the data in the horizontal plane. First, the two original horizontal records194

are denoted as195


a

1
(t) = a

W
(t) cos θ1 + a

C
(t) cos θ2 + r(t),

a
2
(t) = a

W
(t) sin θ1 + a

C
(t) sin θ2 + r(t).

(13a)

(13b)

Rotating the records clockwise by an arbitrary angle δ, channel 1 will be196

a
1
(δ) = a

W
(t) cos

(
θ1 − δ

)
+ a

C
(t) cos

(
θ2 − δ

)
+ r(t). (14)

We define the averaged amplitude of the rotated data and its correlation with dp/dt as197



Γ11

(
δ
)
=

√
1

t1

∫ t1

0

a2
1
dt =

√∣∣a
W

∣∣2 cos2 (θ1 − δ
)
+
∣∣a

C

∣∣2 cos2(θ2 − δ) +
∣∣r∣∣2,

γ
1p

(
δ
)
=

∣∣∣∣∣∣∣∣
∫ t1
0

a
1

dp
dt dt√∫ t1

0
a2

1
dt

√∫ t1
0

(
dp
dt

)2

dt

∣∣∣∣∣∣∣∣ =
√√√√ |a

W
|2 cos2(θ1 − δ)

|a
W
|2 cos2(θ1 − δ) + |a

C
|2 cos2(θ2 − δ) +

∣∣r∣∣2 ,

(15a)

(15b)

in which t1 is an arbitrary time length that is long enough to calculate the average, and198

∣∣a
W

∣∣ =
√

1

t1

∫ t1

0

a2
W
dt,

∣∣a
C

∣∣ =
√

1

t1

∫ t1

0

a2
C
dt,

∣∣r∣∣ =
√

1

t1

∫ t1

0

r2dt, (16)

representing the averaged amplitude of wave noise, other noise and background random199

noise. Note that here we have assumed200

∫ t1

0

a
W
a

C
dt = 0,

∫ t1

0

a
W
r dt = 0, and

∫ t1

0

a
C
r dt = 0. (17)
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We have also used a
W

= Kdp/dt (equation 8).201

For realistic recordings, we will use Γ11 and γ
1p

to calculate the five model param-202

eters. We first filter the noise data between 0.05−0.1 Hz, and then cut the continuous203

time series into small segments of length 1,000 s. For each segment, we rotate the data204

by five arbitrary angles, δ1−δ5. For δ1−δ3, we calculate the average noise amplitude,205

Γ11; for δ4 and δ5, we calculate the correlation, γ1p. Then according to equation (15),206

and we can solve for the five unknowns |a
W
|, |a

C
|, |r|, θ1 and θ2. We point out that the207

five δ angles are arbitrary, and the results are robust regardless of the choice of the ro-208

tating angle. We also note that the choice of calculating Γ11 or γ1p does not affect the209

results, as long as the five obtained equations are independent. An example of the cal-210

culated model parameters is shown in Figure 4. It is interesting to observe that the am-211

plitude of the noise is larger from October to May, which could be attributed to seasonal212

effects leading to strong water waves during this period. Many other stations also show213

similar trends. The results of the five model parameters at all the 37 stations are shown214

in Figure S1 in the supplementary information.215

10
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FN07A, 154 m

08 09 10 11 12 01 02 03 04 05 06 07

Month of year 2011 to 2012

0

90
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360

Figure 4. The five model parameters |aW |, |aC |, |r|, θ1 and θ2 obtained at station FN07A.

The results are presented after a moving average using a 10-hour duration.

To validate the noise model, we use the five parameters to predict some noise prop-216

erties, and then compare the predictions with realistic calculations. Here we choose two217

special angles for the validation, that is, the rotating angles to minimize and maximize218

the correlation between channel 1 and dp/dt. According to equation (15b), the noise model219

predicts that the two angles to minimize and maximize γ1p are220
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
δ1pmin

= θ1 +
π

2
+ nπ

δ1pmax
= θ2 + χ+ nπ, χ = arctan

[
|a

C
|2 + |r|2

|r|2
tan(θ1 − θ2)

]
.

(18a)

(18b)

For realistic recordings, we rotate the data continuously from 0 to 180◦ with an inter-221

val of 1◦ to find the minimum and maximum correlation between channel 1 and dp/dt.222

Figure 5 shows the comparison at station FN07A. It is seen that a perfect agreement is223

obtained between the model-predicted angles and angles from rotation of realistic data.224

This demonstrates that our model well represents the noise characteristics of realistic225

observations. We point out that this validation process is performed for all the stations226

used in this study, and the results are similar.227

08 09 10 11 12 01 02 03 04 05 06 07

Month of year 2011 to 2012

0

90

180

270

360
FN07A, 154 m

Figure 5. The rotating angles to minimize and maximize the correlation between channel 1

and dp/dt: model predictions and calculations from realistic data. The perfect agreement indi-

cates that our noise model agrees well with the real noise recordings.

3.2 Necessity of other noise and random noise228

Figure 4 already shows that |a
C
| and |r| are non-negligible compared to |a

W
|. Here229

we show more evidence to prove that other noise and random noise are necessary to ex-230

plain the real data.231

Equation (18b) suggests that, if |a
C
| = 0, δ1pmax

= θ1, which means that if other232

noise is absent, the angle to maximize the correlation between channel 1 and dp/dt is233

simply the direction of the wave noise. In contrast, if other noise is non-negligible, δ1pmax
234

deviates from θ1. Figure 6(a) shows that the two angles are different at FN07A. At many235

other stations, we also observe that such an angle difference is clear and significant (Fig-236

ure S1). Supposing that other noise is caused by an ocean-bottom current, it indicates237

that the bottom current is non-negligible, and its direction is not the same as or perpen-238

dicular to the propagation direction of ocean-surface water waves.239
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Figure 6. (a) θ1 and δ1pmax obtained at FN07A. Significant differences can be observed be-

tween them, indicating that other noise is non-negligible in real data. (b) The maximum cor-

relation between channel 1 and dp/dt. The results remain below 1, indicating the necessity of

background random noise.

The necessity of random background noise is related to the maximum correlation240

between channel 1 and dp/dt. According to equation (15b), in the absence of random241

noise, |r| = 0, and the maximum value of γ
1p

is 1 when δ = θ2 + π/2. This is intu-242

itive, because rotating the recordings to the perpendicular direction of other noise will243

totally eliminate other noise, resulting in only the component of wave noise, that is, a
1
=244

a
W
sin(θ2−θ1) (equation 14). Thus, the correlation between a

1
and dp/dt will be 1, given245

that a
W

= Kdp/dt. However, for most stations, we observe that the maximum corre-246

lation between channel 1 and dp/dt is less than 1 (Figure 6b, Figure S1), indicating the247

necessity of random background noise in the model.248

3.3 Linear dependence of the wave noise on dp/dt249

The noise model in Figure 2 suggests mathematically that, for horizontal OBS noise250

in shallow water around 0.07 Hz, there is a noise component that is proportional to dp/dt.251

In previous sections, we have shown that it is possible to decompose the real data and252

obtain the relative amplitude of such a component, that is, |a
W
|. Here we show more quan-253

titative evidence using the noise waveforms.254

We select station FN03C to illustrate the linear relationship between a
W

and dp/dt.255

The water depth at FN03C is 93 m, and the location of station FN03C is highlighted256

in green in Figure 1. The horizontal recordings are filtered between 0.05−0.1 Hz and257
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cut into segments of 1,000 s. For each segment, we rotate the data by five arbitrary an-258

gles, and calculate the five model parameters. Two of the model parameters, θ1 and θ2,259

are shown in are shown in Figure 7(a). Figure 7(a) shows the reason to choose station260

FN03C, that is, the wave noise is approximately perpendicular to other noise. Thus, ro-261

tating the data clockwise by θ1 will completely eliminate other noise, and only the wave262

noise and random noise are left. Figure 7(b) plots the correlation between channel 1 and263

dp/dt after rotating the data to the direction of wave noise. It is seen that the correla-264

tion coefficient is very close to 1, indicating high similarity of channel 1 and dp/dt. We265

also examine the waveforms. We randomly choose one data segment to show in Figure 7(c).266

A perfect match is observed between the noise waveform of channel 1 and dp/dt, which267

is in agreement with our theory of wave-induced noise. The factor between the two, that268

is, the coefficient K in equation (9), is not quantitatively explained here since it depends269

on unknown properties such as the instrumental size and the Earth’s elastic parameters.270
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Figure 7. (a) The direction of wave noise and other noise at station FN03C. The two direc-

tions are approximately perpendicular. (b) The correlation between channel 1 and dp/dt after

rotating the data by θ1. The correlation is very close to 1, indicating that the random noise is

small and there exists high similarity between channel 1 and dp/dt. (c) Waveform comparison of

a randomly selected segment. Channel 1 after rotation is proportional to dp/dt.
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4 Potential applications271

4.1 The propagation direction of water waves272

In the previous sections, we have shown that we can determine five model param-273

eters from real data, that is, |a
W
|, |a

C
|, |r|, θ1 and θ2. Here θ1 simply represents the prop-274

agation direction of water waves. However, the propagation can also be opposite, because275

the sign of the K coefficient is uncertain (equation 9). K can be positive or negative de-276

pending on the relative importance of seafloor deformation and wave force in generat-277

ing the wave noise. In this section, we illustrate a procedure to determine the real wave278

direction based on K’s frequency dependence.279

We first rewrite a
W

= Kdp/dt using the vertical acceleration a
v

instead of the280

pressure p. The reason is that realistic measurements of p often use differential pressure281

gauges (DPG), which suffer from amplitude uncertainties and possible polarity errors282

(e.g., Sheehan et al., 2015; Zha & Webb, 2016; Doran et al., 2019; An et al., 2020). Thus283

the pressure data are not directly applicable unless they are calibrated (e.g., An et al.,284

2017; Deng et al., 2022). Based on the uniform half-space elastic theory, according to285

equation (2b), the vertical acceleration is found to be286

av =
α2

α2 − β2

ω2

2µk
p. (19)

Replacing p by av in equation a
W

= Kdp/dt, we obtain a new parameter K∗, which287

is defined by288

a
W

= K
dp

dt
= K∗ da

v

dt
. (20)

Using equation (9), K∗ is expressed as289

K∗ = −K∗
1 +K∗

2 = −

√
h

g

√
1

kh (tanh kh)
3

(
−β2

α2
tanh kh+ 1

)
+ C2

√
kh

(tanh kh)3
. (21)

Note that the k-independent coefficient in the second term is written as a positive con-290

stants C2 for simplicity, and291

C2 = C
(
1 + km

)
V

(
1− β2

α2

)
2µ√
gh

. (22)

K∗
1 and K∗

2 are both positive, but their relative importance is not known, so the292

sign of K∗ is uncertain. Here we determine the wave direction based the dependence of293
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K∗ on kh. For reasonable value range of β/α and kh, it is found that K∗
1 decreases mono-294

tonically with kh, while K∗
2 increases monotonically with kh (see Figure S2 in the sup-295

plementary information). Thus, the behavior of K∗ on kh can be predicted as shown in296

Table 1. If the measuring direction of the instrument is the opposite to the wave prop-297

agation direction (possibilities 3 and 4 in Table 1), the calculated K∗ will be also oppo-298

site to equation (21). Thus, the sign of calculated K∗ not only depends on the measur-299

ing direction, but also the relative size of K∗
1 and K∗

2 . However, the monotonicity of the300

calculated K∗ on kh depends only on the measuring direction. Thus, the direction of the301

wave propagation can be determined based on K∗’s monotonicity dependence on kh.302

Table 1. The behavior of apparent K∗ on kh.

Possibility Measuring Direction K∗
1 and K∗

2 Sign of K∗ Monotonicity on kh

1 Wave Direction K∗
1 > K∗

2 − ↗

2 Wave Direction K∗
1 < K∗

2 + ↗

3 Opposite K∗
1 > K∗

2 + ↘

4 Opposite K∗
1 < K∗

2 − ↘

The detailed procedure is explained as follows. We first filter the data between a303

narrow frequency band with a 0.01 Hz interval. For each frequency band, we cut the con-304

tinuous data into small segments of 1,000 s, and calculate the five model parameters. Then,305

we rotate each data segment clockwise by the angle of θ2 ± π/2, which is the perpen-306

dicular direction of other noise, so that other noise is completely eliminated. Then we307

calculate K∗ using a least square method to minimize the residual between a1 and K∗dav/dt.308

Based on the monotonicity of K∗ on kh, we can determine the direction of water wave309

propagation. An example is shown in Figure 8. Figure 8(a) plots θ1, and Figure 8(b) plots310

the calculated K∗ after rotating the data. It is seen that K∗ increases as kh increases,311

so the measuring direction is the same as the wave propagation direction, correspond-312

ing to possibilities 1 and 2 in Table 1. We point out that Figure 8(b) uses frequency in-313

stead of kh for illustration. For water waves, the frequency f and kh are linked by the314

dispersion relationship ω2 = gk tanh kh, and since the water depth is constant, they315

are actually equivalent.316
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Figure 8. (a) Angle of θ1 at station FN07A. (b) Calculated K∗ in different frequency ranges

at FN07A. Since K∗ increases as kh (or frequency) increases, it is inferred that the direction of

θ1 is the same as the propagation direction of water waves.

The obtained angle of wave propagation is the deviated angle from channel 1, and317

it must be added to the orientation of the instrument to derive the real wave direction.318

Here we use the results of instrumental orientation given by Doran & Laske (2017). At319

some stations the instrumental orientation has high uncertainties, and we discard these320

stations. We also exclude the stations with unclear monotonic relationships of K∗ on kh.321

The final results are displayed in Figure 1. The results show that, at all the 27 stations322

we have analyzed, the wave propagation direction is always perpendicular to the coast-323

line. Among them, at 25 stations the waves propagate from shallow water to deep sea.324

This may indicate that the water waves are possibly the infragravity waves which are325

generated in the shallow region and leaked into the deep ocean (e.g, Herbers et al., 1995).326

Stations FN03C and FN04C present opposite wave directions, that is, water waves prop-327

agate towards the coastline. One possible reason could be the uniform half-space elas-328

tic assumption we have made in the analysis. Real Earth has layered structures, which329

leads to different dependence of K∗ on kh, causing uncertainties in determining the wa-330

ter wave direction. However, we point out that even at these two stations, the angle of331

θ1 is accurately calculated, and the uncertainty is only a 180-degree difference.332

4.2 Inversion of subsurface structure333

Based on the above-developed theory, it is possible to utilize the wave noise to con-334

strain the subsurface Earth structure. Here we first discuss the situation in which ocean-335
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bottom pressure data are not available, that is, either a pressure sensor is missing or the336

pressure data are not calibrated. We will utilize the horizontal and vertical acceleration337

to perform the inversion. We first rotate the data to the perpendicular direction of other338

noise to totally eliminate other noise. According to equation (14), using a1 and a2 to de-339

note the original horizontal records, letting the rotating angle δ = θ2 + π/2, and ig-340

noring the background random noise, we obtain341

a
W

=
−a

1
sin θ2 + a

2
cos θ2

sin
(
θ1 − θ2

) . (23)

Using equations (20) and (21), we have342

−a1 sin θ2 + a2 cos θ2

sin
(
θ1 − θ2

) /
dav

dt
= −

√
h

g

√
1

kh (tanh kh)3

(
−β2

α2
tanh kh+ 1

)
+ C2

√
kh

(tanh kh)3
. (24)

The equation essentially means that the horizontal acceleration after rotation is linearly343

proportional to the time derivative of the vertical acceleration, and the coefficient K∗,344

is a function of kh, β/α and C2. For realistic recordings, we first cut the continuous data345

into segments of 1000 s and derive the five model parameters. Then we calculate the left-346

hand side of equation (24), and perform a least-square search to find β/α and C2 of the347

best match. An example is shown in Figure 9.348

For each time segment, we calculate K∗ as a function of kh. Again here kh is equiv-349

alent to the frequency f according to the wave dispersion relationship ω2 = gk tanh kh.350

All the results of K∗ are stacked and displayed as a contour plot in Figure 9(a). The white351

line in Figure 9(a) shows the best fit of the inversion, and β2/α2 and C2 are found to352

be 0.84 and 1.6 respectively. We also test the stability of the inversion. Figure 9(b) shows353

the contour plot of the inversion residual. It is observed that there is a clear trade-off354

between the two inversion parameters β2/α2 and C2.355

The best result of β2/α2 is calculated to be 0.84 in our inversion, which is higher356

than that of an elastic rock with the Possion’s ratio 0.25 (β2/α2 = 1/3). This may be357

attributed to the uniform half-space model we have assumed in the analysis. Real Earth358

has layered structures. For layered models, in equation (24), the first term on the right-359

hand side can be calculated using a numerical or propagation-matrix approach, leading360

to a different dependence on kh, while the second term does not change. Therefore, the361

inversion parameters are still β/α and C2 for layered models. The sensitivity and un-362

certainties of this method should be discussed in a more detailed manner in future stud-363

ies.364
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Figure 9. (a) Stacked K∗ as a function of kh and its best fit to constrain β2/α2 and C2. (b)

Contour plot of the inversion residual. It is seen that there is a trade-off between the inversion

parameters β2/α2 and C2.

If the pressure records are available, it is possible to perform a joint inversion us-365

ing the horizontal and vertical acceleration and the pressure. For a uniform half-space366

model, the equations have been derived in (8), (9) and (19). They are repeated as fol-367

lows.368


−a

1
sin θ2 + a

2
cos θ2

sin
(
θ1 − θ2

) /
dp

dt
= − 1

2µ

α2

α2 − β2

√
gh√

kh tanh kh

(
−β2

α2
tanh kh+ 1

)
+ C3

√
kh√

tanh kh

av
p

=
g

2µ

α2

α2 − β2
tanh kh.

(25a)

(25b)

Note that the horizontal channels are rotated by an angle of θ2+π/2 to eliminate other369

noise and obtain the wave noise. In the above equations, the left-hand sides can be cal-370

culated from original instrumental records, and the right-hand sides contain three pa-371

rameters for inversion, that is, the shear modulus µ, the S-P velocity ratio β/α, and a372

kh-independent constant C3. For continuous records of noise data, it is feasible to cut373

the data into small segments, stack the results of the left-hand sides, and perform a least-374

square search to find the best fit of the three parameters.375

A preliminary attempt leads to unsatisfying results. Figure S3 in the supplemen-376

tary information shows an example. The stacked results of the horizontal and vertical377

records seem to be very different from the theoretical form given by (25). As a result,378

the inversion suffers from large errors. We speculate that the reason is related to the as-379

sumption of uniform half-space model. A layered model is probably necessary to fit the380
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realistic data. Using a layered model, the first term of the right-hand side of equation (25a),381

and the right-hand side of equation (25b) can be calculated based on a numerical ap-382

proach, leading to different dependences on kh. The second term of the right-hand side383

of equation (25a) does not change. Thus, the three inversion parameters are still µ, β/α384

and C3. Again, the sensitivity and uncertainty of this method for layered structures should385

be tested in a future study. We point out that the vertical acceleration and pressure have386

been utilized for structure inversions in previous studies, mainly for low-frequency com-387

pliance noise in the deep ocean (e.g., Yamamoto & Torii, 1986; Crawford et al., 1998;388

Zha et al., 2014). The horizontal records have also been proposed for structure inver-389

sion, albeit ignoring the wave noise induced by wave forces (the second term of equation 25a)390

(Doran & Laske, 2016).391

5 Noise removal392

In the frequency range of interest (0.05−0.1 Hz), the horizontal and vertical noise393

induced by water waves can be removed using the pressure records, based on the fact394

that the horizontal acceleration is proportional to dp/dt, and the vertical acceleration395

is proportional to p. The ratio of the acceleration and the pressure in the frequency do-396

main is called the pressure transfer function (PTF) (Crawford & Webb, 2000; Bell et al.,397

2015), that is, the horizontal PTF and vertical PTF are defined as398


HPTF(f) =

Fourier (a
W
)

Fourier
(
dp/dt

) ,
PTF(f) =

Fourier (av)

Fourier (p)
.

(26a)

(26b)

Note that the phase lag is ignored, which is theoretically zero.399

Continuous noise data are first filtered between 0.05−0.1 Hz, and cut into small400

segments of 1,000 s. The two horizontal records are rotated to the perpendicular direc-401

tion of other noise to totally eliminate other noise. In practice, the rotation is done by402

maximizing the correlation between channel 1 and dp/dt, which is equivalent to the per-403

pendicular direction of other noise if the random noise is negligible (equation 18b). Chan-404

nel 1 after rotation, dp/dt, channel z, and the pressure channel are Fourier transformed,405

and the horizontal and vertical PTFs are calculated according to equations (26). The406

PTFs are then averaged over a certain amount of time. To remove the noise in a data407

segment, the time derivative of the pressure and the pressure itself are Fourier transformed,408

and multiplied by the horizontal and vertical PTF, respectively, to predict the horizon-409

tal and vertical noise. The predicted noise is subtracted from the original data to extract410

the earthquake signals.411
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An example of the noise removal at station FN07A is shown in Figure 10. Data are412

from a Mw 5.6 earthquake that occurred at 04:14:00 on 13 October 2011. The epicen-413

ter is 43.46◦ N, 127.14◦ W, the focal depth is 20.6 km, and the hypocenter distance is414

about 3.78◦. The original data are filtered between 0.05−0.1 Hz. The horizontal PTF415

is averaged over 12 hours, excluding a period of 2,000 s that contains the earthquake sig-416

nals. The vertical PTF is averaged over the total recording period, which lasts about one417

year. The reason is that in practice it is found that the horizontal PTF changes more418

significantly over time than the vertical PTF, so it has to be averaged over a short pe-419

riod close the the earthquake. The denoising results are displayed in Figure 10, which420

shows that the signal-to-noise ratio (SNR) is improved effectively by removing the wave-421

induced noise.422

Raw Data

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Time (s)

Denoised Data

Time (s)

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Time (s)

Figure 10. An example of removing the wave-induced noise at station FN07A. The data are

filtered between 0.05−0.1 Hz. The top panel (blue) presents the raw recordings and the bottom

panel (black) presents the results after noise removal.
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The effectiveness of the noise removal for the horizontal records depends on the rel-423

ative magnitude of the wave noise and other noise. Since the wave noise is proportional424

to dp/dt, it can be totally removed by using the horizontal PTF and the pressure records.425

Thus, if the water waves are strong at certain stations or during certain time periods,426

so that the wave noise dominates, the noise reduction is expected to be effective. At all427

of the 37 stations, typically a maximum reduction of 10−20 dB can be achieved. The428

PSDs before and after the noise removal during time periods of strong wave noise are429

given in Figure S4 in the supplementary information. After removing the wave noise, the430

dominant noise is other noise. The horizontal channels can be rotated to the direction431

of other noise to suppress other noise in the perpendicular direction, owing to the fact432

that other noise has a constant orientation (An et al., 2022). An example is shown in433

Figure S5 in the supplementary information. The noise removal of the vertical channel434

generally achieves satisfactory results, with noise reduction typically exceeding 20 dB435

(Figure S4), as the vertical records are dominated by compliance noise in this frequency436

range. We note that the vertical removal using the PTF method has been well developed437

by previous studies (Crawford & Webb, 2000; Bell et al., 2015; An et al., 2020).438

6 Conclusion439

In this study, we investigate the noise peak between 0.05−0.1 Hz at shallow-water440

stations (< 300 m). We propose a noise model to explain the horizontal noise, which441

consists of three types of noise, the wave noise, other noise and background random noise.442

The wave noise is generated by two mechanisms, the seafloor deformation and the wave443

force. We demonstrate in theory that the wave noise is proportional to the time deriva-444

tive of ocean-bottom pressure. The noise model and theory are verified to be consistent445

with realistic observations.446

Two potential applications are discussed. First, the propagation direction of wave447

waters is derived. For all of the 27 stations, the wave propagation direction is always per-448

pendicular to the coastline. Among them, at 25 stations the waves propagate from shal-449

low water to deep sea. Second, the coefficient between the horizontal acceleration and450

the time derivative of the pressure (or the vertical acceleration) is used to constrain the451

underlying Earth structure. The inversion results are approximate, and could be improved452

by incorporating inversion models of layered structures. Finally, a denoising method is453

developed based on the noise model. The effectiveness of the noise removal depends on454

the relative magnitude of the wave noise and other noise, and at most stations, a max-455

imum reduction of 10− 20 dB can be achieved for the horizontal channels.456
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Figure S1. The calculated |aW |, |aC |, |r|, θ1 and θ2 at all 37 stations.
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Figure S2
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Figure S2. The left and right panels display the kh dependence of K∗
1 and K∗

1 , respectively. The range of kh
extends from 0.8 to 15, corresponding to frequencies between 0.05 and 0.1 Hz, and water depth changes from 50 to
370 m. The results indicate that K∗

1 decreases with increasing kh for any β2/α2, while K∗
2 generally increases. A

decrease in K∗
2 is observed only at very small values of kh, corresponding to the lowest frequency (≈ 0.05 Hz) and

shallowest water (≈ 50 m).
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Figure S3
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Figure S3. Joint inversion using the horizontal and vertical water wave noise at station FN07A. The optimal
inversion parameters are determined to be µ = 1.49× 109, β2/α2 = 0.62, and C3 = 1× 10−8. Using a layered model
could potentially improve the inversion results.
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Figure S4
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Figure S4. Average Power Spectral Densities (PSDs) for days with strong waves at all 37 stations, both before
(red) and after (blue) noise removal. The left and right panels show the horizontal and vertical channels, respec-
tively.
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Figure S5
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Figure S5. An example to demonstrate the removal of wave noise aW and other noise aC at station FN07A.
The raw data from FN07A are initially filtered between 0.05 − 0.1 Hz (red). The wave noise aW is eliminated
using HPTF predictions to obtain the denoised data (blue). Subsequently, the data are rotated to align with and
perpendicular to θ2 (black). For this example, θ1 = 49◦, θ2 = 47◦.
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