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Abstract

Magnetosonic waves are electromagnetic emissions from a few to 100 Hz primarily confined near the magnetic equator both

inside and outside the plasmasphere.

Previous studies proved that MS waves can transport equatorially mirroring electrons from an equatorial pitch angle of

90$ˆ\circ$ down to lower values by bounce resonance.

But the dependence of bounce resonance effect on wave or background plasma parameters is still unclear.

Here we applied a test particle simulation to investigate electron transport coefficients, including diffusion and advection coef-

ficients in energy and pitch angle, due to bounce resonance with MS waves.

We investigate five wave field parameters, including wave frequency width, wave center frequency, latitudinal distribution width,

wave normal angle and root-mean-square of wave magnetic amplitude, and two background parameters, $L$-shell value and

plasma density.

We find different transport coefficients peaks resulted by different bounce resonance harmonics. Higher order harmonic reso-

nances exist, but the effect of fundamental resonance is much stronger. As the wave center frequency increases, higher order

harmonics start to dominate. With wave frequency width increasing, the energy range of effective bounce resonance broadens,

but the effect itself weakens.

The bounce resonance effect will increase when we decrease the wave normal angle, or increase the wave amplitude, latitudinal

distribution width, L-shell value, and plasma density.

The parametric study will advance our understanding of the favorable conditions of bounce resonance.
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Key Points:6

• Higher order harmonic resonances are important with high wave center frequency.7

• The bounce resonance effect tends to increase with increasing wave latitudinal width,8

wave amplitude, L-shell value and background plasma density.9

• Increasing wave normal angle and wave frequency width can decrease the bounce10
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Abstract12

Magnetosonic waves are electromagnetic emissions from a few to 100 Hz primarily con-13

fined near the magnetic equator both inside and outside the plasmasphere. Previous stud-14

ies proved that MS waves can transport equatorially mirroring electrons from an equa-15

torial pitch angle of 90◦ down to lower values by bounce resonance. But the dependence16

of bounce resonance effect on wave or background plasma parameters is still unclear. Here17

we applied a test particle simulation to investigate electron transport coefficients, includ-18

ing diffusion and advection coefficients in energy and pitch angle, due to bounce reso-19

nance with MS waves. We investigate five wave field parameters, including wave frequency20

width, wave center frequency, latitudinal distribution width, wave normal angle and root-21

mean-square of wave magnetic amplitude, and two background parameters, L-shell value22

and plasma density. We find different transport coefficients peaks resulted by different23

bounce resonance harmonics. Higher order harmonic resonances exist, but the effect of24

fundamental resonance is much stronger. As the wave center frequency increases, higher25

order harmonics start to dominate. With wave frequency width increasing, the energy26

range of effective bounce resonance broadens, but the effect itself weakens. The bounce27

resonance effect will increase when we decrease the wave normal angle, or increase the28

wave amplitude, latitudinal distribution width, L-shell value, and plasma density. The29

parametric study will advance our understanding of the favorable conditions of bounce30

resonance.31

Plain Language Summary32

There are various plasma waves and wave-particle interactions in the magnetosphere33

and they are crucial for magnetosphere dynamics. Bounce resonance between electrons34

and magnetosonic waves is one of them and plays an essential role in removing equato-35

rially mirroring electrons. Magnetosonic waves are electromagnetic emissions from sev-36

eral Hz to 100 Hz confined near the magnetic equator. The energetic electrons can be37

scattered by magnetosonic waves by bounce resonance. In this study, we run a test par-38

ticle simulation and investigate the bounce resonance effective regime. The wave and back-39

ground parameters are studied, including root-mean-square of wave magnetic amplitude,40

wave frequency width, center frequency, latitudinal width, wave normal angle, plasma41

density andL-shell value. The parametric study will improve our modeling of radiation42

belt dynamics.43

1 Introduction44

Magnetosponic(MS) waves, also called as equatorial noise (Russell et al., 1969) or45

equatorial MS waves (Ma et al., 2013), are ion Berstein mode waves driven by a proton46

velocity ring distribution with a positive slope in ∂fp(v)/∂vperp (Gary et al., 2010; K. Liu47

et al., 2011). They are magnetically compressional mode electromagnetic waves excited48

at very oblique wave normal angles and propagate nearly perpendicular to the background49

magnetic field (Chen et al., 2011; Chen & Thorne, 2012). Observationally, MS waves gen-50

erally occur latitudinally near Earth’s magnetic equator with a frequency range from the51

proton gyrofrequency fcp(several Hz) to the lower hybrid frequency fLHR(about 100 Hz)52

(Gurnett, 1976) and consist of discrete equally spacing spectral lines (Santoĺık et al., 2004;53

Min et al., 2018), which are multiples of fcp. They are located both inside and outside54

the plasmasphere, and recent studies observed their occurrence in very low altitudes at55

the ionosphere with very strong geomagnetic activities(Hanzelka et al., 2022). The strong56

MS waves can be measured with the amplitudes of the dominant wave magnetic com-57

ponent around 50 pT for average cases (Ma et al., 2013) and 1 nT for extremely strong58

cases (Tsurutani et al., 2014).59

Bounce resonance between electromagnetic waves and energetic particles have been60

well studied since Roberts and Schulz (1968) first formulated the theory. Bounce mo-61
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tion plays an important role in accelerating and scattering particles through wave-particle62

interactions with different waves in the magnetosphere, such as bounce resonance between63

EMIC waves and electrons with hundreds of keV (e.g. Blum et al., 2019; Cao et al., 2017)64

and drift-bounce resonance between Pc4-5 ULF waves and ions with tens of keV (e.g.65

Zhu et al., 2020; Z.-Y. Liu et al., 2020). Previous studies paid much more attention to66

gyroresonance and drift resonance interaction than bounce resonance. Equatorially mir-67

roring energetic electrons, however, are generally immune to the gyroresonance interac-68

tion since it requires a finite parallel velocity along the field line to satisfy the gyrores-69

onance condition when the electrons energies are not large enough to provide a sufficient70

relativistic Lorentz factor to reduce the gyrofrequency. But the observations have shown71

that equatorially mirroring electron flux in the radiation belt cannot build up contin-72

uously (Shprits, 2009).73

To solve this problem, Chen et al. (2015) proposed a loss mechanism of equatori-74

ally mirroring electron by nonlinear bounce resonance between MS waves and equato-75

rially mirroring energetic electrons, to account for the transportation of pitch angle from76

90◦ to lower values, which enables the scattering of those electrons out of equatorial plane.77

The capability of removing equatorially mirroring electrons from 90◦ due to bounce res-78

onance results in a butterfly distribution, a minimum at 90◦ in pitch angle distribution,79

observationally reported by Maldonado et al. (2016). Thus the bounce resonance trans-80

port process plays a vital role in electron scattering in radiation belt and the electron81

flux depletion during geomagnetic storms. The bounce resonance diffusion coefficients82

have been investigated through quasilinear diffusion theory and their formulas have been83

developed in a more realistic MS wave model, with the finite Larmor radius effect and84

Gaussian latitudinal distribution of wave intensity (Roberts & Schulz, 1968; Li et al., 2015;85

Tao et al., 2016; Li & Tao, 2018; Maldonado & Chen, 2018; Chen & Bortnik, 2020). The86

derived formulas are targeted for broadband magnetosonic waves. However, the mag-87

netosonic waves are exited with discrete narrowband spectra and electron transport re-88

sponse to such narrowband MS waves is still unclear.89

In this study, we put forward a test particle simulation model with narrowband MS90

waves and investigate the relationship between bounce resonance coefficients and wave91

and background parameters. This paper is organized as follows. We will introduce the92

governing equations for particle motion, the wave model and the transport coefficients93

formulas in Section 2 and the simulation results of the parametric study will be presented94

in Section 3. In Section 4, there will be our conclusions and further discussion.95

2 Test Particle Model96

A mathematical model for relativistic electron motion in obliquely propagating whistler97

waves was developed by Tao and Bortnik (2010) by using gyrophase average and assum-98

ing a small wave amplitude compared with the background field. Chen et al. (2015) adopted99

it for the case of interaction between equatorially mirroring electrons and MS waves, where100

the gyroresonance and harmonic gyroresonance can be neglected. Extensions of multi-101

ple waves and random initial phases were applied in Maldonado et al. (2016); Maldon-102

ado and Chen (2018). Here we applied the gyro-phase averaged equations of motion in103

Chen and Bortnik (2020) for charged particles near an arbitrary resonance n in a set of104

waves with arbitary wave polarization in field-aligned coordinate system.105

dpz
dt

= − p2⊥
2γmB0

dB0

dz
+ g(λ, t)106

×
∑
j

[
qeiφj,n

2

(
Ẽz,jJn + iv⊥B̃−,jJn+1e

iψj − iv⊥B̃+,jJn−1e
−iψj

)
+ c.c.

]
(1)107
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dp⊥
dt

= +
pzp⊥

2γmB0

dB0

dz
+ g(λ, t)108

×
∑
j

[
qeφj,n

2

(
(Ẽ−,j − ivzB̃−,j))Jn+1e

iψj + (Ẽ+,j + ivzB̃+,jJn−1e
−iψj )

)
+ c.c.

]
(2)109

dφj,n
dt

= nΩ− ωj + kz,j · vz + k⊥,j · vd + g(λ, t)110

×n
∑
j

[
qeiφj,n

2

(
Ẽ−,j − ivzB̃−,j

−ip⊥
Jn+1e

iψj +
Ẽ−,j + ivzB̃−,j

ip⊥
Jn−1e

−iψj − B̃z,j
γm

Jn

)
+ c.c.

]
111

(3)112

dz

dt
= vz (4)113

The z is oriented with the background field, which is assumed to be dipolar with114

equatorial magnetic amplitude as B0, and z is the arc distance of the field line from the115

magnetic equator. B0 = BE
√

1 + 3 sin2 λ/(cos3 λ · L3), where BE is the Earth equa-116

tor surface magnetic field magnitude, λ is the latitude and L is the L-shell value. x and117

y are two other perpendicular directions. m is the particle’s mass and q is the charge,118

with the positive sign for ions and the negative for electrons. p⊥(v⊥), pz(vz) are the par-119

ticle’s perpendicular and parallel momentum(velocity) respectively and γ is the Lorentz120

factor. Ω = qB0/γm is the particle’s gyrofrequency. The subscript j represents the jth121

wave component, with wave frequency ωj , azimuthal angle ψj , perpendicular and par-122

allel wave number k⊥,j and kz,j . B̃ and Ẽ are the wave magnetic and electric field com-123

plex amplitude and the wave components in a rotating coordinate system are B̃±,j =124

(B̃x,j±iB̃y,j)/2, Ẽ±,j = (Ẽx,j±iẼy,j)/2. The c.c. terms are the complex conjugate of125

the wave force terms. The terms Jn(βj) represent first kind Bessel functions with argu-126

ment βj = k⊥,jp⊥/qB0. φj,n is the phase difference between jth wave and nth multi-127

ple of gyrophase. g(λ, t) = gλ(λ)gt(t) is the scale factor of magnetic latitude λ and time128

t. The definitions of g(λ) and g(t) are shown in Equation 5 and 6. gλ(λ) represents the129

wave power latitudinal distribution with Gaussian width λw. The time factor gt(t) is used130

to describe the wave temporal amplitude variation, with t1, t2 as the wave’s initial and131

final time point and ∆t1,∆t2 as the corresponding transition time scales. The time scale132

τ = t2−t1 is much less than the electron drift period τd and usually set as several bounce133

periods.134

gλ(λ) = exp(− λ
2

λ2w
) (5)135

= exp(− (t− t1)2

∆t21
), t < t1136

gt(t) = 1, t1 ≤ t ≤ t2 (6)137

= exp(− (t− t2)2

∆t22
), t > t2138

This equation set include relativistic motion via Lorentz factor γ, the adiabatic ef-139

fect due to dipolar background magnetic field B0(z), finite Larmor radius effects repre-140

sented by Jn terms, transit scattering effect due to gλ(λ), Landau resonance effect due141
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to kz,j · vz − ωj and bounce resonance. To understand the underlying physics associ-142

ated with bounce resonance, here we apply the simplified governing bounce motion equa-143

tion for a single wave in Chen et al. (2015):144

dpz
dt

= −µ
γ

∂B0(z)

∂z
+ sin(ωt− kzz + φ0)

(
−J0(β)eEwz −

2J1(β)

β

Bwz kzµ

γ

)
g(λ) (7)145

in which µ is the magnetic momentum, φ0 is initial phase difference between wave and146

gyrophase. Chen et al. (2015) used a wave model with a single wave phase and assumed147

µ and γ are conserved to the first order of pz, which are reasonable for nearly equato-148

rially mirroring electrons.149

We will use this test particle simulation model to investigate equatorially mirror-150

ing energetic electron transport coefficients. We constructed a set of equally spacing dis-151

crete magnetic field waves with frequency range δf and center frequency f0. The total152

power of the wave set is denoted by the root-mean-square value Bwrms. The number of153

waves in the set is Nw, which we always choose a large value so that the wave power spec-154

trum density is independent of Nw. In this simulation, we choose Nw = 100. To sim-155

ulate the nearly perpendicular propagating MS wave fields, we choose a wave normal an-156

gle θ0 near 90◦ and wave frequency between the proton gyrofrequency fcp and the lower157

hybrid resonance frequency fLHR. The value of λw is set small to represent the equa-158

torial confinement of magnetosonic waves. By the cold plasma dispersion relation for MS159

waves, we can obtain the wave vector k and wave electric field based on the magnetic160

field we set up. Each wave in the wave set is arranged with 100 random initial phases161

at the equator between 0 and 360◦. The electrons are initialized with 101 equally spac-162

ing bounce phases, which are related to the electrons’ latitude position, so we can sim-163

ulate the bounce resonance effect with different wave and particle phases. The L-shell164

L will be used to describe the background dipole field, and plasma density N0 is used165

to describe the background plasma environment. The plasma density N0 can be set as166

constant for simplicity, considering that the MS waves are confined within a few degrees167

of the magnetic equator. In sum, four parameters will be considered to describe the wave168

magnetic field model, including root-mean-square of wave magnetic amplitude Bwrms,169

center frequency f0, frequency width δf , latitudinal distribution width λw and wave nor-170

mal angle θ0, and two parameters will be used to describe the background environment,171

L-shell L and plasma density N0. We will investigate the dependence of electron responses172

on these six parameters.173

The followings are the simulation parameter settings for the nominal case. The wave174

frequency range is from 0.9fb0 to 1.1fb0, in which fb0 is the bounce frequency of an elec-175

tron with 300 keV and 60 deg pitch angle at the equator and fb0 = 2.36 Hz. Thus the176

center frequency f0 = 1.0fb0 and the frequency width δf = 0.2fb0. The magnetic wave177

amplitude is Bwrms = 50 pT, the wave normal angle is θ0 = 88 deg, and the latitudi-178

nal width is λw = 3 deg. As to gt(t), t1 = 1 s,∆t1 = 0.1 s,t2 = 200 s, ∆t2 = 3 s. The179

electron energy range in this simulation is from 1 keV to 10 MeV, which covers the en-180

ergy magnitude range of electrons in the radiation belt. The background parameters L-181

shell value is L = 4.8 and plasma number density N0 = 300 cm−3. With all the above182

settings, we simulate the particle’s distribution responses in αeq(t) and E(t) over a time183

period of τ = 4 s. Such a choice of τ ensures the electrons of interest bounce multiple184

cycles and the bounce resonance effect can be evaluated afterward. Figure 1 gives the185

test particle simulation result of the nominal case. The resonant interaction depends on186

the particle bounce phases and wave phases and this is a stochastic process. Thus we187

repeat the calculation 10,100 times(101 wave phases and 100 bounce phases have been188

used) and obtain the time evolution of the probability distribution for αeq and E. The189

probability distribution function P (αeq0, E0, t;αeq, E), through binning αeq and E val-190

ues at time t, describes the likelihood for electrons with initial energy and equatorial pitch191

angle (αeq0, E0) to have (αeq, E) at time t. The 2D probability is defined as P (αeq0, E0, t;αeq, E)∆αeq∆E,192

where ∆αeq and ∆E denote the bin size of initial αeq and E respectively. The 1D prob-193
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Figure 1. (a-d):Test particle simulation results with initial equatorial pitch angle αeq = 89.5

deg and initial energy E0 = 300 keV. The parameter settings are:δf = 0.2fb0, f0 = 1.0fb0, λw =

3deg, θ0 = 88deg,Bwrms = 50pT, L = 4.8, N0 = 300cm−3. The colorbars in (b-d) represent the

electron distribution possibility. (a)Time profile of wave field. (b)Probability as a function of En-

ergy E and time t: Prob = P (αeq0, E0, t;E)∆E. (c)Probability as a function of equatorial pitch

angle αeq and time t: Prob = P (αeq0, E0, t;αeq)∆αeq. (d)Probability as a function of energy E

and equatorial pitch angle αeq at time t = τ = 4 s.The asterisk represents the initial electrons

probability distribution. (e-h):Four transport coefficients calculated with the same parameter

settings as the model in (a-d) but with the energy range E0 ∈ (103, 107)eV and pitch angle range

αeq ∈ (60, 90)deg. The colorbars in (e-h) represent the corresponding transport coefficient value.

(e)The pitch angle diffusion coefficient Dαα as a function of energy E and equatorial pitch angle

αeq. The three white solid lines denote the bounce resonance conditions for the first three har-

monics, ω = ωb, ω = 2ωb, ω = 3ωb. (f)The energy diffusion coefficient DEE as a function of energy

E and equatorial pitch angle αeq. (g)The pitch angle advection coefficient Aα as a function of en-

ergy E and equatorial pitch angle αeq. (h)The pitch angle advection coefficient AE as a function

of energy E and equatorial pitch angle αeq.
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ability function of αeq or E is defined by the integral of the 2D probability function, and194

the explicit expressions are P (αeq0, E0, t;αeq) =
∫
P (αeq0, E0, t;αeq, E)dE, P (αeq0, E0, t;E) =195 ∫

P (αeq0, E0, t;αeq, E)dαeq. Figure 1(a-d) shows one example in that we initialize par-196

ticles with a given αeq0 = 89.5 deg and E0 = 300 keV and then turn on the waves at197

t = 0, which is shown in Figure 1(a), and the time evolution of probability distribu-198

tion of E and αeq are shown in Figure 1(b) and (c), respectively. Figure 1 (d) shows an199

example of P (αeq0, E0, t;αeq, E) as a function of E and αeq at time t = τ , with the ini-200

tial αeq0 = 89.5◦ and E0 = 300 keV, which are represented by the asterisk.201

As we can see, the particles are scattered from the initial energy 300 keV and ini-202

tial equatorial pitch angle αeq = 89.5 deg. The transport process has two simultane-203

ous effects, diffusion and advection. The former is the probability distribution broaden-204

ing process in αeq and E with time and the latter is the drifting of the peak probabil-205

ity of αeq and E with time. These two transport coefficients are used to quantify the elec-206

tron scattering effect. The diffusion coefficients of pitch angle and energy (Maldonado207

& Chen, 2018) are defined as:208

Dαα =
(αeq − [αeq])

2

2t
(8)209

210

DEE =
(E − [E])2

2t
(9)211

The advection coefficients of pitch angle and energy are defined as:212

Aα =
(αeq − [αeq])

t
(10)213

214

AE =
(E − [E])

t
(11)215

The operator [...] represents the ensemble average of αeq or E over bounce phases and216

waves phases and its definition is217

[Q] =

∫ ∫
dαeqdE ×Q× P (αeq0, E0, t;αeq, E) (12)218

Thus the transport coefficients can be described as a 2D function of (αeq0, E0) by cal-219

culating test particle simulation with different initial conditions. Figure 1 (e-f) present220

the four transport coefficients: the energy and pitch angle diffusion and advection co-221

efficients at time t = 4s. One can clearly see that the diffusion coefficients Dαα and DEE222

reach their peaks around αeq0 = 85 deg around 300 keV (Figure 1(e)(f)) while signif-223

icant negative Aα and positive AE appears near αeq0 = 90 deg. One can expect that224

electrons with higher pitch angles have bigger transport coefficients since they have lower225

mirror latitude and will be accelerated with MS wave field more efficiently than those226

with lower pitch angles. Since we choose the wave center frequency f0 = fb0, no won-227

der the coefficients peaks locate around the energy around 300 keV, which satisfies the228

bounce resonant condition ω = ωb.229

One can clearly see multiple peaks in each coefficient in Figure 1(e-h) resulting from230

bounce resonance harmonics. In Figure 1(e), we plot the pitch angle diffusion coefficient231

together with bounce resonance harmonics conditions. We can see that the peaks in en-232

ergy match with the harmonic bounce resonance condition ω = nωb, in which ωb means233

the electron bounce angular frequency and n is a positive integer and represents the bounce234

harmonic order. We present the first three harmonics and find that different bounce har-235

monic resonances correspond to different peaks in the transport coefficients. Higher or-236

der harmonic resonances exist but the effect of fundamental resonance is much stronger.237

This is consistent with the conclusion in (Chen et al., 2015). Thus to achieve the most238

efficient bounce resonance transport effect to remove equatorially mirroring electrons away239

from oblique pitch angle, the low harmonic resonant condition should be satisfied.240

–7–
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We can compare the relative importance between diffusion and advection effect by241

calculating
√
Dαα · t and |Aα · t|. For example, to compare the two pitch angle trans-242

port effect of particles with 1 MeV and αeq0 = 90 deg,
√
Dαα · t =

√
0.02× 4 deg �243

|Aα ·t| = |−0.30×4| deg, which means that the advection dominates over diffusion in244

this case. One can also compare the relative importance between pitch angle diffusion245

and energy diffusion effect by calculating Dαα and DEE/E
2. Take the peak point in Dαα246

and DEE as an example. Dαα ≈ 1.2 and DEE/E
2 ≈ 2 ·105/(3 ·105)2 ≈ 10−6, thus we247

can get that the pitch angle diffusion is more important than energy diffusion. A sim-248

ilar comparison can be done for Aα and AE by calculating |Aα| and |AE/E| and find249

the similar conclusion that pitch angle advection is more obvious than energy advection.250

This can be understood by using µ conservation. Since µ = E sinα2
eq/Beq is conserved,251

|∆αeq/ tanαeq| = |∆E/2E| and αeq is near 90 deg, the relative change of αeq is more252

significant than the relative change of ∆E. These peaks mean that the electrons are scat-253

tered most efficiently with corresponding energies and pitch angles under the given MS254

wave and background parameters. Considering that pitch angle transport is more im-255

portant in this process, in the following parametric study section, pitch angle transport256

coefficients are more valuable to be investigated. The analytic diffusion coefficients for257

broadband waves have been obtained (Chen & Bortnik, 2020) but the advection coef-258

ficients remain little explored. And for αeq0 < 80 deg, diffusion dominates over advec-259

tion, while the response of nearly equatorially mirroring electrons is nonlinear with sig-260

nificant advection. Thus, we will use the Aα to represent the transport coefficients and261

their peaks to identify the most effective transport conditions of electrons energy and262

pitch angle in the following parametric study.263

3 Parametric Study264

In this section, we investigate the dependencies of the transport effect, which is rep-265

resented by advection coefficient Aα, on the background and wave parameters, namely,266

root-mean-square wave magnetic amplitude Bwrms, center frequency f0, frequency width267

δf , latitudinal distribution width λw, wave normal angle θ0, L-shell value and plasma268

density N0. Each time we will vary one parameter while keeping the others the same as269

the nominal case in Figure 1.270

3.1 Wave Frequency Width δf271

In Figure 2, we present the advection coefficient Aα together with the harmonic272

bounce resonance conditions. Figure 2(a-c) present the comparison of transport coeffi-273

cient Aα with different wave frequency widths. When the frequency width δf is small,274

the wave can be seen as a monochromatic wave and different harmonic resonances ef-275

fects are separate in energy. With δf increasing, the affected energy gets broader but276

the magnitude decreases, which means the bounce resonance transport effect will hap-277

pen over a broad energy range but the effect itself decays. To understand why this hap-278

pens, we need to use the simplified Equation (7). When the wave frequency width broad-279

ens, the frequency width for each discrete wave increases and the wave power spectrum280

density will decrease, the wave amplitude Ewz and Bwz will decrease, and the amplitude281

of the second term on the right hand side of Equation (7) will decrease, which will weaken282

the resonance effect.283

3.2 Wave Center Frequency f0284

Figure 2(d-f) show the comparison of transport coefficient Aα with different wave285

center frequency f0. Higher order resonance harmonics will dominate and play a signif-286

icant role in electron transportation. The fundamental in (d) and first two harmonics287

in (e) disappear because the electron’s bounce frequency has an upper limit due to rel-288

ativistic effect and the resonant condition cannot be satisfied any more. By comparing289
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Figure 2. Transport coefficient Aα dependency on (a-c) frequency width and (d-f) center

frequency. The red, black and green solid lines in (a-c) represent the wave frequency upper limit,

center frequency and lower limit, respectively.The black solid, dashed, dot-dashed lines in (d-e)

represent the bounce resonance conditions of ω = ωb, ω = 2ωb, ω = 3ωb, respectively.

the peaks value in(d-f), one can see that the second(e) and the third(f) harmonic res-290

onance transport effect in high wave frequency is comparable with the fundamental mode291

in low wave frequency. This is because when f0 increases, the related k⊥ decreases, J0(β)292

and J1(β)/β increase and will increase the amplitude of the second term on the right hand293

side of Equation (7).294

3.3 Wave Latitudinal Distribution Width λw295

Figure 3(a-c) shows the comparison of transport coefficient Aα with different lat-296

itudinal distribution width λw. One can see that Aα decreases with λw at first and then297

increases. Increasing λw enhances the wave power over a longer bouncing path and in-298

creases the transport but the transit time scattering (Bortnik & Thorne, 2010) may de-299

crease as λw increases.300

3.4 Wave Normal Angle θ0301

Figure 3(d-f) shows the comparison of transport coefficient Aα with different wave302

normal angle θ0. One can easily find that with θ0 increasing, Aα decreases. With increas-303

ing θ0, β increases and kz decreases and the amplitude of the second term on the right304

hand side of Equation (7) decreases, which will weaken the transport effect.305

3.5 Root-Mean-Square Value of Wave Magnetic Field Bwrms306

Figure 3(g-i) shows the comparison of transport coefficient Aα with different wave307

magnetic field amplitude Bwrms. Clearly, the transport coefficient Aα increases with Bwrms308

increasing. It is not surprising to get this result as Ewz and Bwz in the second term on309
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Figure 3. Transport coefficient Aα dependency on (a-c) wave latitudinal distribution width

λw, (d-f) wave normal angle θ0 and (g-i) root-mean-square of magnetic field amplitude Bwrms.

the right hand side of equation 7 will both increase. Furthermore, we can also find that310

the transport effect is linear with the wave amplitude since dpz/dt ∝ EWz , Bwz , which311

has been verified but not shown here.312

3.6 L-shell Value313

Usually, L-shell value and plasma density N0 are correlated since plasma density314

drops in order of magnitude at plasmapause and inside the plasmasphere (low L) N0 is315

much bigger than that outside the plasmasphere (high L). However, the irregularities of316

the plasmasphere, like plumes, make it possible to have low L and low N0, high L and317

high N0. Therefore, we treat L and N0 as independent variables. Figure 4 compares trans-318

port coefficient Aα with different L-shell value. We find that Aα increases when the L-319

shell value increases. Increasing L-shell value leads to higher µ since µ ∝ L3, and will320

increase the amplitude of the second term on the right hand side of equation 7.321

3.7 Plamsa Density N0322

We choose three typical values of N0 to compare the transport coefficient Aα. N0 =323

300, 100, 10cm−3 represent the plasma density inside the plasmasphere, near plasmapause324

and outside the plasmasphere, respectively. It is apparent that transport coefficient Aα325

increases with N0 increasing. According to the properties of MS waves, ω/k⊥ ≈ VA(N0), k⊥/kz =326

tan(θ0), where VA is the Alfven velocity. Increasing N0 results in smaller VA and thus327

larger k⊥ and kz. Although larger k⊥ will decrease J0 and J1/β, kz’s importance dom-328

inates and the amplitude of the second term on the right hand side of equation 7 increases.329
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Figure 4. Transport coefficient Aα dependency on background parameters: (a-c) L-shell value

and (d-f) plasma density N0.

4 Conclusions and Discussion330

In this study, we use test-particle simulation and investigate the equatorially mir-331

roring electrons transport coefficients due to nonlinear bounce resonance with MS waves332

and its dependencies with wave field parameters (frequency width, center frequency, lat-333

itudinal width, wave normal angle and root-mean-square of wave amplitude) and back-334

ground parameters (L-shell value and plasma density). Our principal conclusions are sum-335

marized as follows:336

(1) Different bounce harmonic resonances correspond to different peaks in the trans-337

port coefficients. Higher order harmonic resonances exist but the effect of fundamental338

resonance is much stronger if present.339

(2) With wave center frequency increasing, higher order harmonics start to dom-340

inate.341

(3) The bounce resonance effect tends to increase with increasing latitudinal width,342

wave amplitude, L-shell value and plasma density, and decreasing wave normal angle and343

wave frequency width.344

The diffusion or advection by bounce resonance with MS waves and parametric re-345

lationships in this study are expected to be incorporated into the radiation belt mod-346

eling. Previous modelings of electron diffusion pay main attention to gyroresonance with347

chorus or hiss waves, where the bounce motion is averaged and the bounce resonance ef-348

fect is not considered (e.g. Xiao et al., 2009). The bounce resonance with MS waves should349

be taken into consideration (Chen et al., 2015; Tao et al., 2016) and our results of bounce350

diffusion can be implemented into the global simulation of electron diffusion. As to adec-351

tion effect, the analytic expressions of advection coefficients remains unclear so far and352

the advection effect is usually not included in previous studies on electron transport. Zheng353

et al. (2021) proposed a numerical solver for Fokker-Planck equation of radiation belt,354
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which contains the advection coefficients and provided a good framework to investigate355

the advection. It will be promising to use the adevetion coefficients calculated in this study356

as inputs of the model in Zheng et al. (2021) in the future.357

The realistic MS waves usually have multiple equally spacing wave bands (Santoĺık358

et al., 2004; Min et al., 2018) while in this paper we consider only one wave frequency359

band in the wave model. Tao et al. (2013) investigated the amplitude modulation of a360

two-wave model for whistler mode waves and found the resonance overlap could result361

in different change of the electron pitch angle and energy from the ideal single-wave. An362

et al. (2014) established a two-wave model for electromagnetic ion cyclotron(EMIC) waves363

and adopted an oscillator dynamic system to understand the electron behavior. Com-364

pared with whistler mode waves and EMIC waves, MS waves have more obvious harmonic365

structures in frequency and the coherent interactions of electrons with MS waves needs366

to be investigated in the future.367
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Abstract12

Magnetosonic waves are electromagnetic emissions from a few to 100 Hz primarily con-13

fined near the magnetic equator both inside and outside the plasmasphere. Previous stud-14

ies proved that MS waves can transport equatorially mirroring electrons from an equa-15

torial pitch angle of 90◦ down to lower values by bounce resonance. But the dependence16

of bounce resonance effect on wave or background plasma parameters is still unclear. Here17

we applied a test particle simulation to investigate electron transport coefficients, includ-18

ing diffusion and advection coefficients in energy and pitch angle, due to bounce reso-19

nance with MS waves. We investigate five wave field parameters, including wave frequency20

width, wave center frequency, latitudinal distribution width, wave normal angle and root-21

mean-square of wave magnetic amplitude, and two background parameters, L-shell value22

and plasma density. We find different transport coefficients peaks resulted by different23

bounce resonance harmonics. Higher order harmonic resonances exist, but the effect of24

fundamental resonance is much stronger. As the wave center frequency increases, higher25

order harmonics start to dominate. With wave frequency width increasing, the energy26

range of effective bounce resonance broadens, but the effect itself weakens. The bounce27

resonance effect will increase when we decrease the wave normal angle, or increase the28

wave amplitude, latitudinal distribution width, L-shell value, and plasma density. The29

parametric study will advance our understanding of the favorable conditions of bounce30

resonance.31

Plain Language Summary32

There are various plasma waves and wave-particle interactions in the magnetosphere33

and they are crucial for magnetosphere dynamics. Bounce resonance between electrons34

and magnetosonic waves is one of them and plays an essential role in removing equato-35

rially mirroring electrons. Magnetosonic waves are electromagnetic emissions from sev-36

eral Hz to 100 Hz confined near the magnetic equator. The energetic electrons can be37

scattered by magnetosonic waves by bounce resonance. In this study, we run a test par-38

ticle simulation and investigate the bounce resonance effective regime. The wave and back-39

ground parameters are studied, including root-mean-square of wave magnetic amplitude,40

wave frequency width, center frequency, latitudinal width, wave normal angle, plasma41

density andL-shell value. The parametric study will improve our modeling of radiation42

belt dynamics.43

1 Introduction44

Magnetosponic(MS) waves, also called as equatorial noise (Russell et al., 1969) or45

equatorial MS waves (Ma et al., 2013), are ion Berstein mode waves driven by a proton46

velocity ring distribution with a positive slope in ∂fp(v)/∂vperp (Gary et al., 2010; K. Liu47

et al., 2011). They are magnetically compressional mode electromagnetic waves excited48

at very oblique wave normal angles and propagate nearly perpendicular to the background49

magnetic field (Chen et al., 2011; Chen & Thorne, 2012). Observationally, MS waves gen-50

erally occur latitudinally near Earth’s magnetic equator with a frequency range from the51

proton gyrofrequency fcp(several Hz) to the lower hybrid frequency fLHR(about 100 Hz)52

(Gurnett, 1976) and consist of discrete equally spacing spectral lines (Santoĺık et al., 2004;53

Min et al., 2018), which are multiples of fcp. They are located both inside and outside54

the plasmasphere, and recent studies observed their occurrence in very low altitudes at55

the ionosphere with very strong geomagnetic activities(Hanzelka et al., 2022). The strong56

MS waves can be measured with the amplitudes of the dominant wave magnetic com-57

ponent around 50 pT for average cases (Ma et al., 2013) and 1 nT for extremely strong58

cases (Tsurutani et al., 2014).59

Bounce resonance between electromagnetic waves and energetic particles have been60

well studied since Roberts and Schulz (1968) first formulated the theory. Bounce mo-61
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tion plays an important role in accelerating and scattering particles through wave-particle62

interactions with different waves in the magnetosphere, such as bounce resonance between63

EMIC waves and electrons with hundreds of keV (e.g. Blum et al., 2019; Cao et al., 2017)64

and drift-bounce resonance between Pc4-5 ULF waves and ions with tens of keV (e.g.65

Zhu et al., 2020; Z.-Y. Liu et al., 2020). Previous studies paid much more attention to66

gyroresonance and drift resonance interaction than bounce resonance. Equatorially mir-67

roring energetic electrons, however, are generally immune to the gyroresonance interac-68

tion since it requires a finite parallel velocity along the field line to satisfy the gyrores-69

onance condition when the electrons energies are not large enough to provide a sufficient70

relativistic Lorentz factor to reduce the gyrofrequency. But the observations have shown71

that equatorially mirroring electron flux in the radiation belt cannot build up contin-72

uously (Shprits, 2009).73

To solve this problem, Chen et al. (2015) proposed a loss mechanism of equatori-74

ally mirroring electron by nonlinear bounce resonance between MS waves and equato-75

rially mirroring energetic electrons, to account for the transportation of pitch angle from76

90◦ to lower values, which enables the scattering of those electrons out of equatorial plane.77

The capability of removing equatorially mirroring electrons from 90◦ due to bounce res-78

onance results in a butterfly distribution, a minimum at 90◦ in pitch angle distribution,79

observationally reported by Maldonado et al. (2016). Thus the bounce resonance trans-80

port process plays a vital role in electron scattering in radiation belt and the electron81

flux depletion during geomagnetic storms. The bounce resonance diffusion coefficients82

have been investigated through quasilinear diffusion theory and their formulas have been83

developed in a more realistic MS wave model, with the finite Larmor radius effect and84

Gaussian latitudinal distribution of wave intensity (Roberts & Schulz, 1968; Li et al., 2015;85

Tao et al., 2016; Li & Tao, 2018; Maldonado & Chen, 2018; Chen & Bortnik, 2020). The86

derived formulas are targeted for broadband magnetosonic waves. However, the mag-87

netosonic waves are exited with discrete narrowband spectra and electron transport re-88

sponse to such narrowband MS waves is still unclear.89

In this study, we put forward a test particle simulation model with narrowband MS90

waves and investigate the relationship between bounce resonance coefficients and wave91

and background parameters. This paper is organized as follows. We will introduce the92

governing equations for particle motion, the wave model and the transport coefficients93

formulas in Section 2 and the simulation results of the parametric study will be presented94

in Section 3. In Section 4, there will be our conclusions and further discussion.95

2 Test Particle Model96

A mathematical model for relativistic electron motion in obliquely propagating whistler97

waves was developed by Tao and Bortnik (2010) by using gyrophase average and assum-98

ing a small wave amplitude compared with the background field. Chen et al. (2015) adopted99

it for the case of interaction between equatorially mirroring electrons and MS waves, where100

the gyroresonance and harmonic gyroresonance can be neglected. Extensions of multi-101

ple waves and random initial phases were applied in Maldonado et al. (2016); Maldon-102

ado and Chen (2018). Here we applied the gyro-phase averaged equations of motion in103

Chen and Bortnik (2020) for charged particles near an arbitrary resonance n in a set of104

waves with arbitary wave polarization in field-aligned coordinate system.105

dpz
dt

= − p2⊥
2γmB0

dB0

dz
+ g(λ, t)106

×
∑
j

[
qeiφj,n

2

(
Ẽz,jJn + iv⊥B̃−,jJn+1e

iψj − iv⊥B̃+,jJn−1e
−iψj

)
+ c.c.

]
(1)107
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dp⊥
dt

= +
pzp⊥

2γmB0

dB0

dz
+ g(λ, t)108

×
∑
j

[
qeφj,n

2

(
(Ẽ−,j − ivzB̃−,j))Jn+1e

iψj + (Ẽ+,j + ivzB̃+,jJn−1e
−iψj )

)
+ c.c.

]
(2)109

dφj,n
dt

= nΩ− ωj + kz,j · vz + k⊥,j · vd + g(λ, t)110

×n
∑
j

[
qeiφj,n

2

(
Ẽ−,j − ivzB̃−,j

−ip⊥
Jn+1e

iψj +
Ẽ−,j + ivzB̃−,j

ip⊥
Jn−1e

−iψj − B̃z,j
γm

Jn

)
+ c.c.

]
111

(3)112

dz

dt
= vz (4)113

The z is oriented with the background field, which is assumed to be dipolar with114

equatorial magnetic amplitude as B0, and z is the arc distance of the field line from the115

magnetic equator. B0 = BE
√

1 + 3 sin2 λ/(cos3 λ · L3), where BE is the Earth equa-116

tor surface magnetic field magnitude, λ is the latitude and L is the L-shell value. x and117

y are two other perpendicular directions. m is the particle’s mass and q is the charge,118

with the positive sign for ions and the negative for electrons. p⊥(v⊥), pz(vz) are the par-119

ticle’s perpendicular and parallel momentum(velocity) respectively and γ is the Lorentz120

factor. Ω = qB0/γm is the particle’s gyrofrequency. The subscript j represents the jth121

wave component, with wave frequency ωj , azimuthal angle ψj , perpendicular and par-122

allel wave number k⊥,j and kz,j . B̃ and Ẽ are the wave magnetic and electric field com-123

plex amplitude and the wave components in a rotating coordinate system are B̃±,j =124

(B̃x,j±iB̃y,j)/2, Ẽ±,j = (Ẽx,j±iẼy,j)/2. The c.c. terms are the complex conjugate of125

the wave force terms. The terms Jn(βj) represent first kind Bessel functions with argu-126

ment βj = k⊥,jp⊥/qB0. φj,n is the phase difference between jth wave and nth multi-127

ple of gyrophase. g(λ, t) = gλ(λ)gt(t) is the scale factor of magnetic latitude λ and time128

t. The definitions of g(λ) and g(t) are shown in Equation 5 and 6. gλ(λ) represents the129

wave power latitudinal distribution with Gaussian width λw. The time factor gt(t) is used130

to describe the wave temporal amplitude variation, with t1, t2 as the wave’s initial and131

final time point and ∆t1,∆t2 as the corresponding transition time scales. The time scale132

τ = t2−t1 is much less than the electron drift period τd and usually set as several bounce133

periods.134

gλ(λ) = exp(− λ
2

λ2w
) (5)135

= exp(− (t− t1)2

∆t21
), t < t1136

gt(t) = 1, t1 ≤ t ≤ t2 (6)137

= exp(− (t− t2)2

∆t22
), t > t2138

This equation set include relativistic motion via Lorentz factor γ, the adiabatic ef-139

fect due to dipolar background magnetic field B0(z), finite Larmor radius effects repre-140

sented by Jn terms, transit scattering effect due to gλ(λ), Landau resonance effect due141
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to kz,j · vz − ωj and bounce resonance. To understand the underlying physics associ-142

ated with bounce resonance, here we apply the simplified governing bounce motion equa-143

tion for a single wave in Chen et al. (2015):144

dpz
dt

= −µ
γ

∂B0(z)

∂z
+ sin(ωt− kzz + φ0)

(
−J0(β)eEwz −

2J1(β)

β

Bwz kzµ

γ

)
g(λ) (7)145

in which µ is the magnetic momentum, φ0 is initial phase difference between wave and146

gyrophase. Chen et al. (2015) used a wave model with a single wave phase and assumed147

µ and γ are conserved to the first order of pz, which are reasonable for nearly equato-148

rially mirroring electrons.149

We will use this test particle simulation model to investigate equatorially mirror-150

ing energetic electron transport coefficients. We constructed a set of equally spacing dis-151

crete magnetic field waves with frequency range δf and center frequency f0. The total152

power of the wave set is denoted by the root-mean-square value Bwrms. The number of153

waves in the set is Nw, which we always choose a large value so that the wave power spec-154

trum density is independent of Nw. In this simulation, we choose Nw = 100. To sim-155

ulate the nearly perpendicular propagating MS wave fields, we choose a wave normal an-156

gle θ0 near 90◦ and wave frequency between the proton gyrofrequency fcp and the lower157

hybrid resonance frequency fLHR. The value of λw is set small to represent the equa-158

torial confinement of magnetosonic waves. By the cold plasma dispersion relation for MS159

waves, we can obtain the wave vector k and wave electric field based on the magnetic160

field we set up. Each wave in the wave set is arranged with 100 random initial phases161

at the equator between 0 and 360◦. The electrons are initialized with 101 equally spac-162

ing bounce phases, which are related to the electrons’ latitude position, so we can sim-163

ulate the bounce resonance effect with different wave and particle phases. The L-shell164

L will be used to describe the background dipole field, and plasma density N0 is used165

to describe the background plasma environment. The plasma density N0 can be set as166

constant for simplicity, considering that the MS waves are confined within a few degrees167

of the magnetic equator. In sum, four parameters will be considered to describe the wave168

magnetic field model, including root-mean-square of wave magnetic amplitude Bwrms,169

center frequency f0, frequency width δf , latitudinal distribution width λw and wave nor-170

mal angle θ0, and two parameters will be used to describe the background environment,171

L-shell L and plasma density N0. We will investigate the dependence of electron responses172

on these six parameters.173

The followings are the simulation parameter settings for the nominal case. The wave174

frequency range is from 0.9fb0 to 1.1fb0, in which fb0 is the bounce frequency of an elec-175

tron with 300 keV and 60 deg pitch angle at the equator and fb0 = 2.36 Hz. Thus the176

center frequency f0 = 1.0fb0 and the frequency width δf = 0.2fb0. The magnetic wave177

amplitude is Bwrms = 50 pT, the wave normal angle is θ0 = 88 deg, and the latitudi-178

nal width is λw = 3 deg. As to gt(t), t1 = 1 s,∆t1 = 0.1 s,t2 = 200 s, ∆t2 = 3 s. The179

electron energy range in this simulation is from 1 keV to 10 MeV, which covers the en-180

ergy magnitude range of electrons in the radiation belt. The background parameters L-181

shell value is L = 4.8 and plasma number density N0 = 300 cm−3. With all the above182

settings, we simulate the particle’s distribution responses in αeq(t) and E(t) over a time183

period of τ = 4 s. Such a choice of τ ensures the electrons of interest bounce multiple184

cycles and the bounce resonance effect can be evaluated afterward. Figure 1 gives the185

test particle simulation result of the nominal case. The resonant interaction depends on186

the particle bounce phases and wave phases and this is a stochastic process. Thus we187

repeat the calculation 10,100 times(101 wave phases and 100 bounce phases have been188

used) and obtain the time evolution of the probability distribution for αeq and E. The189

probability distribution function P (αeq0, E0, t;αeq, E), through binning αeq and E val-190

ues at time t, describes the likelihood for electrons with initial energy and equatorial pitch191

angle (αeq0, E0) to have (αeq, E) at time t. The 2D probability is defined as P (αeq0, E0, t;αeq, E)∆αeq∆E,192

where ∆αeq and ∆E denote the bin size of initial αeq and E respectively. The 1D prob-193
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Figure 1. (a-d):Test particle simulation results with initial equatorial pitch angle αeq = 89.5

deg and initial energy E0 = 300 keV. The parameter settings are:δf = 0.2fb0, f0 = 1.0fb0, λw =

3deg, θ0 = 88deg,Bwrms = 50pT, L = 4.8, N0 = 300cm−3. The colorbars in (b-d) represent the

electron distribution possibility. (a)Time profile of wave field. (b)Probability as a function of En-

ergy E and time t: Prob = P (αeq0, E0, t;E)∆E. (c)Probability as a function of equatorial pitch

angle αeq and time t: Prob = P (αeq0, E0, t;αeq)∆αeq. (d)Probability as a function of energy E

and equatorial pitch angle αeq at time t = τ = 4 s.The asterisk represents the initial electrons

probability distribution. (e-h):Four transport coefficients calculated with the same parameter

settings as the model in (a-d) but with the energy range E0 ∈ (103, 107)eV and pitch angle range

αeq ∈ (60, 90)deg. The colorbars in (e-h) represent the corresponding transport coefficient value.

(e)The pitch angle diffusion coefficient Dαα as a function of energy E and equatorial pitch angle

αeq. The three white solid lines denote the bounce resonance conditions for the first three har-

monics, ω = ωb, ω = 2ωb, ω = 3ωb. (f)The energy diffusion coefficient DEE as a function of energy

E and equatorial pitch angle αeq. (g)The pitch angle advection coefficient Aα as a function of en-

ergy E and equatorial pitch angle αeq. (h)The pitch angle advection coefficient AE as a function

of energy E and equatorial pitch angle αeq.
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ability function of αeq or E is defined by the integral of the 2D probability function, and194

the explicit expressions are P (αeq0, E0, t;αeq) =
∫
P (αeq0, E0, t;αeq, E)dE, P (αeq0, E0, t;E) =195 ∫

P (αeq0, E0, t;αeq, E)dαeq. Figure 1(a-d) shows one example in that we initialize par-196

ticles with a given αeq0 = 89.5 deg and E0 = 300 keV and then turn on the waves at197

t = 0, which is shown in Figure 1(a), and the time evolution of probability distribu-198

tion of E and αeq are shown in Figure 1(b) and (c), respectively. Figure 1 (d) shows an199

example of P (αeq0, E0, t;αeq, E) as a function of E and αeq at time t = τ , with the ini-200

tial αeq0 = 89.5◦ and E0 = 300 keV, which are represented by the asterisk.201

As we can see, the particles are scattered from the initial energy 300 keV and ini-202

tial equatorial pitch angle αeq = 89.5 deg. The transport process has two simultane-203

ous effects, diffusion and advection. The former is the probability distribution broaden-204

ing process in αeq and E with time and the latter is the drifting of the peak probabil-205

ity of αeq and E with time. These two transport coefficients are used to quantify the elec-206

tron scattering effect. The diffusion coefficients of pitch angle and energy (Maldonado207

& Chen, 2018) are defined as:208

Dαα =
(αeq − [αeq])

2

2t
(8)209

210

DEE =
(E − [E])2

2t
(9)211

The advection coefficients of pitch angle and energy are defined as:212

Aα =
(αeq − [αeq])

t
(10)213

214

AE =
(E − [E])

t
(11)215

The operator [...] represents the ensemble average of αeq or E over bounce phases and216

waves phases and its definition is217

[Q] =

∫ ∫
dαeqdE ×Q× P (αeq0, E0, t;αeq, E) (12)218

Thus the transport coefficients can be described as a 2D function of (αeq0, E0) by cal-219

culating test particle simulation with different initial conditions. Figure 1 (e-f) present220

the four transport coefficients: the energy and pitch angle diffusion and advection co-221

efficients at time t = 4s. One can clearly see that the diffusion coefficients Dαα and DEE222

reach their peaks around αeq0 = 85 deg around 300 keV (Figure 1(e)(f)) while signif-223

icant negative Aα and positive AE appears near αeq0 = 90 deg. One can expect that224

electrons with higher pitch angles have bigger transport coefficients since they have lower225

mirror latitude and will be accelerated with MS wave field more efficiently than those226

with lower pitch angles. Since we choose the wave center frequency f0 = fb0, no won-227

der the coefficients peaks locate around the energy around 300 keV, which satisfies the228

bounce resonant condition ω = ωb.229

One can clearly see multiple peaks in each coefficient in Figure 1(e-h) resulting from230

bounce resonance harmonics. In Figure 1(e), we plot the pitch angle diffusion coefficient231

together with bounce resonance harmonics conditions. We can see that the peaks in en-232

ergy match with the harmonic bounce resonance condition ω = nωb, in which ωb means233

the electron bounce angular frequency and n is a positive integer and represents the bounce234

harmonic order. We present the first three harmonics and find that different bounce har-235

monic resonances correspond to different peaks in the transport coefficients. Higher or-236

der harmonic resonances exist but the effect of fundamental resonance is much stronger.237

This is consistent with the conclusion in (Chen et al., 2015). Thus to achieve the most238

efficient bounce resonance transport effect to remove equatorially mirroring electrons away239

from oblique pitch angle, the low harmonic resonant condition should be satisfied.240
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We can compare the relative importance between diffusion and advection effect by241

calculating
√
Dαα · t and |Aα · t|. For example, to compare the two pitch angle trans-242

port effect of particles with 1 MeV and αeq0 = 90 deg,
√
Dαα · t =

√
0.02× 4 deg �243

|Aα ·t| = |−0.30×4| deg, which means that the advection dominates over diffusion in244

this case. One can also compare the relative importance between pitch angle diffusion245

and energy diffusion effect by calculating Dαα and DEE/E
2. Take the peak point in Dαα246

and DEE as an example. Dαα ≈ 1.2 and DEE/E
2 ≈ 2 ·105/(3 ·105)2 ≈ 10−6, thus we247

can get that the pitch angle diffusion is more important than energy diffusion. A sim-248

ilar comparison can be done for Aα and AE by calculating |Aα| and |AE/E| and find249

the similar conclusion that pitch angle advection is more obvious than energy advection.250

This can be understood by using µ conservation. Since µ = E sinα2
eq/Beq is conserved,251

|∆αeq/ tanαeq| = |∆E/2E| and αeq is near 90 deg, the relative change of αeq is more252

significant than the relative change of ∆E. These peaks mean that the electrons are scat-253

tered most efficiently with corresponding energies and pitch angles under the given MS254

wave and background parameters. Considering that pitch angle transport is more im-255

portant in this process, in the following parametric study section, pitch angle transport256

coefficients are more valuable to be investigated. The analytic diffusion coefficients for257

broadband waves have been obtained (Chen & Bortnik, 2020) but the advection coef-258

ficients remain little explored. And for αeq0 < 80 deg, diffusion dominates over advec-259

tion, while the response of nearly equatorially mirroring electrons is nonlinear with sig-260

nificant advection. Thus, we will use the Aα to represent the transport coefficients and261

their peaks to identify the most effective transport conditions of electrons energy and262

pitch angle in the following parametric study.263

3 Parametric Study264

In this section, we investigate the dependencies of the transport effect, which is rep-265

resented by advection coefficient Aα, on the background and wave parameters, namely,266

root-mean-square wave magnetic amplitude Bwrms, center frequency f0, frequency width267

δf , latitudinal distribution width λw, wave normal angle θ0, L-shell value and plasma268

density N0. Each time we will vary one parameter while keeping the others the same as269

the nominal case in Figure 1.270

3.1 Wave Frequency Width δf271

In Figure 2, we present the advection coefficient Aα together with the harmonic272

bounce resonance conditions. Figure 2(a-c) present the comparison of transport coeffi-273

cient Aα with different wave frequency widths. When the frequency width δf is small,274

the wave can be seen as a monochromatic wave and different harmonic resonances ef-275

fects are separate in energy. With δf increasing, the affected energy gets broader but276

the magnitude decreases, which means the bounce resonance transport effect will hap-277

pen over a broad energy range but the effect itself decays. To understand why this hap-278

pens, we need to use the simplified Equation (7). When the wave frequency width broad-279

ens, the frequency width for each discrete wave increases and the wave power spectrum280

density will decrease, the wave amplitude Ewz and Bwz will decrease, and the amplitude281

of the second term on the right hand side of Equation (7) will decrease, which will weaken282

the resonance effect.283

3.2 Wave Center Frequency f0284

Figure 2(d-f) show the comparison of transport coefficient Aα with different wave285

center frequency f0. Higher order resonance harmonics will dominate and play a signif-286

icant role in electron transportation. The fundamental in (d) and first two harmonics287

in (e) disappear because the electron’s bounce frequency has an upper limit due to rel-288

ativistic effect and the resonant condition cannot be satisfied any more. By comparing289
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Figure 2. Transport coefficient Aα dependency on (a-c) frequency width and (d-f) center

frequency. The red, black and green solid lines in (a-c) represent the wave frequency upper limit,

center frequency and lower limit, respectively.The black solid, dashed, dot-dashed lines in (d-e)

represent the bounce resonance conditions of ω = ωb, ω = 2ωb, ω = 3ωb, respectively.

the peaks value in(d-f), one can see that the second(e) and the third(f) harmonic res-290

onance transport effect in high wave frequency is comparable with the fundamental mode291

in low wave frequency. This is because when f0 increases, the related k⊥ decreases, J0(β)292

and J1(β)/β increase and will increase the amplitude of the second term on the right hand293

side of Equation (7).294

3.3 Wave Latitudinal Distribution Width λw295

Figure 3(a-c) shows the comparison of transport coefficient Aα with different lat-296

itudinal distribution width λw. One can see that Aα decreases with λw at first and then297

increases. Increasing λw enhances the wave power over a longer bouncing path and in-298

creases the transport but the transit time scattering (Bortnik & Thorne, 2010) may de-299

crease as λw increases.300

3.4 Wave Normal Angle θ0301

Figure 3(d-f) shows the comparison of transport coefficient Aα with different wave302

normal angle θ0. One can easily find that with θ0 increasing, Aα decreases. With increas-303

ing θ0, β increases and kz decreases and the amplitude of the second term on the right304

hand side of Equation (7) decreases, which will weaken the transport effect.305

3.5 Root-Mean-Square Value of Wave Magnetic Field Bwrms306

Figure 3(g-i) shows the comparison of transport coefficient Aα with different wave307

magnetic field amplitude Bwrms. Clearly, the transport coefficient Aα increases with Bwrms308

increasing. It is not surprising to get this result as Ewz and Bwz in the second term on309
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Figure 3. Transport coefficient Aα dependency on (a-c) wave latitudinal distribution width

λw, (d-f) wave normal angle θ0 and (g-i) root-mean-square of magnetic field amplitude Bwrms.

the right hand side of equation 7 will both increase. Furthermore, we can also find that310

the transport effect is linear with the wave amplitude since dpz/dt ∝ EWz , Bwz , which311

has been verified but not shown here.312

3.6 L-shell Value313

Usually, L-shell value and plasma density N0 are correlated since plasma density314

drops in order of magnitude at plasmapause and inside the plasmasphere (low L) N0 is315

much bigger than that outside the plasmasphere (high L). However, the irregularities of316

the plasmasphere, like plumes, make it possible to have low L and low N0, high L and317

high N0. Therefore, we treat L and N0 as independent variables. Figure 4 compares trans-318

port coefficient Aα with different L-shell value. We find that Aα increases when the L-319

shell value increases. Increasing L-shell value leads to higher µ since µ ∝ L3, and will320

increase the amplitude of the second term on the right hand side of equation 7.321

3.7 Plamsa Density N0322

We choose three typical values of N0 to compare the transport coefficient Aα. N0 =323

300, 100, 10cm−3 represent the plasma density inside the plasmasphere, near plasmapause324

and outside the plasmasphere, respectively. It is apparent that transport coefficient Aα325

increases with N0 increasing. According to the properties of MS waves, ω/k⊥ ≈ VA(N0), k⊥/kz =326

tan(θ0), where VA is the Alfven velocity. Increasing N0 results in smaller VA and thus327

larger k⊥ and kz. Although larger k⊥ will decrease J0 and J1/β, kz’s importance dom-328

inates and the amplitude of the second term on the right hand side of equation 7 increases.329
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Figure 4. Transport coefficient Aα dependency on background parameters: (a-c) L-shell value

and (d-f) plasma density N0.

4 Conclusions and Discussion330

In this study, we use test-particle simulation and investigate the equatorially mir-331

roring electrons transport coefficients due to nonlinear bounce resonance with MS waves332

and its dependencies with wave field parameters (frequency width, center frequency, lat-333

itudinal width, wave normal angle and root-mean-square of wave amplitude) and back-334

ground parameters (L-shell value and plasma density). Our principal conclusions are sum-335

marized as follows:336

(1) Different bounce harmonic resonances correspond to different peaks in the trans-337

port coefficients. Higher order harmonic resonances exist but the effect of fundamental338

resonance is much stronger if present.339

(2) With wave center frequency increasing, higher order harmonics start to dom-340

inate.341

(3) The bounce resonance effect tends to increase with increasing latitudinal width,342

wave amplitude, L-shell value and plasma density, and decreasing wave normal angle and343

wave frequency width.344

The diffusion or advection by bounce resonance with MS waves and parametric re-345

lationships in this study are expected to be incorporated into the radiation belt mod-346

eling. Previous modelings of electron diffusion pay main attention to gyroresonance with347

chorus or hiss waves, where the bounce motion is averaged and the bounce resonance ef-348

fect is not considered (e.g. Xiao et al., 2009). The bounce resonance with MS waves should349

be taken into consideration (Chen et al., 2015; Tao et al., 2016) and our results of bounce350

diffusion can be implemented into the global simulation of electron diffusion. As to adec-351

tion effect, the analytic expressions of advection coefficients remains unclear so far and352

the advection effect is usually not included in previous studies on electron transport. Zheng353

et al. (2021) proposed a numerical solver for Fokker-Planck equation of radiation belt,354
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which contains the advection coefficients and provided a good framework to investigate355

the advection. It will be promising to use the adevetion coefficients calculated in this study356

as inputs of the model in Zheng et al. (2021) in the future.357

The realistic MS waves usually have multiple equally spacing wave bands (Santoĺık358

et al., 2004; Min et al., 2018) while in this paper we consider only one wave frequency359

band in the wave model. Tao et al. (2013) investigated the amplitude modulation of a360

two-wave model for whistler mode waves and found the resonance overlap could result361

in different change of the electron pitch angle and energy from the ideal single-wave. An362

et al. (2014) established a two-wave model for electromagnetic ion cyclotron(EMIC) waves363

and adopted an oscillator dynamic system to understand the electron behavior. Com-364

pared with whistler mode waves and EMIC waves, MS waves have more obvious harmonic365

structures in frequency and the coherent interactions of electrons with MS waves needs366

to be investigated in the future.367
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