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Abstract

The primary data sources for reconstructing the geomagnetic field of the past millennia are archaeomagnetic and sedimentary
paleomagnetic data. Sediment records, in particular, are crucial in extending the temporal and spatial coverage of global
geomagnetic field models, especially when archaecomagnetic data is sparse. However, the post-depositional detrital remanent
magnetization (pDRM) process is still poorly understood and can cause smoothing of the magnetic signal and offsets with
respect to the sediment age. To make effective use of sedimentary data, it is essential to understand the lock-in process and
its impact on the magnetic signal. In this study, we investigate the lock-in process theoretically and derive a parameterized
lock-in function that can approximate possible lock-in behaviors. Additionally, we demonstrate that a lock-in function that is
independent of absolute parameters can only be applied to the magnetic direction components (declination and inclination), but
not to the relative intensity. Integrating this lock-in function into the ArchKalmagl4k modeling procedure (missing citation)
allows including data from sediment records. The parameters of the lock-in function are estimated by the maximum likelihood
method using archaeomagnetic data as a reference. The effectiveness of the proposed method is evaluated through synthetic
tests. Additionally, we apply our technique to sediment records from two lakes in Sweden (Kilksjon and Gyltigesjon) as
first case studies. Our results demonstrate that the proposed method is capable of effectively correcting the distortion caused
by the lock-in process, making data from sedimentary records a more reliable and informative source for geomagnetic field

reconstructions.
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Theoretical investigation of the pDRM process: a
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Key Points:

« We present a theoretical investigation of the pDRM process.

« A new class of lock-in functions is presented capable of approximating all possi-
ble lock-in behaviors.

+ The proposed method is evaluated through several synthetic tests.
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Abstract

The primary data sources for reconstructing the geomagnetic field of the past millennia
are archaeomagnetic and sedimentary paleomagnetic data. Sediment records, in partic-
ular, are crucial in extending the temporal and spatial coverage of global geomagnetic
field models, especially when archaeomagnetic data is sparse. However, the post-depositional
detrital remanent magnetization (pDRM) process is still poorly understood and can cause
smoothing of the magnetic signal and offsets with respect to the sediment age. To make
effective use of sedimentary data, it is essential to understand the lock-in process and

its impact on the magnetic signal. In this study, we investigate the lock-in process the-
oretically and derive a parameterized lock-in function that can approximate possible lock-
in behaviors. Additionally, we demonstrate that a lock-in function that is independent

of absolute parameters can only be applied to the magnetic direction components (dec-
lination and inclination), but not to the relative intensity. Integrating this lock-in func-
tion into the ArchKalmagl4k modeling procedure (Schanner et al., 2022) allows includ-
ing data from sediment records. The parameters of the lock-in function are estimated

by the maximum likelihood method using archaeomagnetic data as a reference. The ef-
fectiveness of the proposed method is evaluated through synthetic tests. Additionally,

we apply our technique to sediment records from two lakes in Sweden (Kélksjon and Gyltigesjon)

as first case studies. Our results demonstrate that the proposed method is capable of ef-
fectively correcting the distortion caused by the lock-in process, making data from sed-
imentary records a more reliable and informative source for geomagnetic field reconstruc-
tions.

Plain Language Summary

Our paper discusses how to use sedimentary data to reconstruct the geomagnetic
field in the past. When we study the geomagnetic field of the past, we rely on data from
archaeological and sedimentary sources. However, there is a problem with sediment records
called post-depositional detrital remanent magnetization (pDRM), which can make the
magnetic signal unclear and cause sediment age to be offset.

To make the sedimentary data more reliable, we developed a new method to cor-
rect the distortion caused by pDRM. Our method involves creating a mathematical model
of the lock-in process, which helps to explain the behavior of magnetic particles in sed-
iments over time. We then use this model and archaeological records to estimate param-
eters of the lock-in process.

Once we have determined the parameters of the lock-in process, we can use them
to correct the distortion caused by pDRM in sedimentary data. We tested our method
on synthetic data and two sediment records from lakes in Sweden, and our results show
that it is effective in correcting the distortion caused by pDRM and making sedimen-
tary data more reliable for reconstructing the geomagnetic field.

1 Introduction

Over the last decades many data-based models of the geomagnetic field have been
developed (e.g. Arneitz et al., 2019; Constable et al., 2016; Hellio & Gillet, 2018; Nils-
son & Suttie, 2021; Schanner et al., 2022). Based on different data collections and mod-
eling methods, each model covers different areas and time periods with varying degrees
of accuracy and uncertainty. One important data set for models of the geomagnetic field
of the past millennia is provided by archaeomagnetic data. Archaeomagnetic data can
deliver valuable and useful information about the geomagnetic field. However, the highly
uneven data coverage, both in space and time poses a great challenge. An additional data
source that covers larger time periods and improves the spatial coverage is provided by
sedimentary records.
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The magnetization process in sediments differs from the magnetization of archae-
ological materials. In archaeological materials, as well as in lava flows, the fairly well un-
derstood thermoremanent magnetization (TRM) occurs when the material cools down
from above the maximum Curie temperature (e.g. Stacey, 2012). When the tempera-
ture is above the maximum Curie temperature, the magnetic particles in the material
lose their magnetic properties. When they cool down the magnetic moments align with
the geomagnetic field, and further cooling causes them to be locked in.

While the lock-in process in the TRM occurs on short time scales (hours to weeks),
the lock-in time of magnetic moments in sediment records can be much longer (years to
centuries). The magnetization in sediments is called detrital remanent magnetization (DRM),
which was first measured by McNish and Johnson (1938). During the sedimentation pro-
cess, magnetic particles are deposited in such a way that their magnetic moments tend
to point in the direction of the geomagnetic field while interaction with other particles
and the ongoing solidification increasingly impede the particles to fully align. Additional
sediment particles lead to a consolidation of the underlying layers and thus to a mechan-
ical lock-in of the magnetic particles. The magnetization in sediments is affected by the
interaction of the magnetic particles with the substrate at the sediment water interface
and by dewatering of the sediment (Irving, 1957). The terminology and classification of
these effects are not completely consistent in the literature. In the following we will be
using the terminology recommended in the review by Verosub (1977). According to Verosub
(1977) the term DRM refers to the remanent magnetization found in sediments. By de-
positional DRM (dDRM) we describe the magnetization acquired by the interaction of
the particles with the substrate at the sediment/water interface. The term post-depositional
DRM (pDRM) refers to the longer timescale and describes any magnetization that is ac-
quired after the particle settled on the sediment/water interface.

There are various effects that are summarized in the term dDRM. One example
is the inclination error, which occurs when non-spherical particles settle flat on the sed-
iment/water interface. This leads to a distortion of the inclination to smaller values (King,
1955). Another distortion of the inclination can occur when aligned particles roll into
the nearest depression of the sediment/water interface (Griffiths et al., 1960).

In this paper, we will focus on the investigation of the post-depositional DRM. In
general, only coarse-grained fractions are mechanically fixed more or less immediately
after deposition. Smaller particles which are embedded in water-filled voids or pore spaces
of the sediment can move freely for a longer period of time (Irving, 1957). With progres-
sive consolidation and dewatering of the sediment, also these particles become locked in.
Figure 1 illustrates the complete lock-in process. (A) The lock-in process begins when

Earth's
Magnetic
Field

s,
Magnetic
particle J %

particles

v

Time
Figure 1. Visualization of the lock-in process by three time steps (A) to (C). The blue arrows
indicate the geomagnetic field direction, with a strong change from (A) to (C) for illustration
purposes. The magnetization direction of magnetic sediment particles is indicated by black ar-
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the particles passed the mixed surface layer and reach the lock-in area. Typically, sed-
iments consist of both magnetic and non-magnetic particles. During the initial stages

of the lock-in process, all particles are completely free to move. Therefore, the magnetic
particles align themselves with the geomagnetic field (blue arrows). For visualization rea-
sons, we have exaggerated the alterations in the geomagnetic field direction during the
lock-in process. (B) The surrounding material becomes consolidated by the sedimenta-
tion process, and larger magnetic particles gradually lose their mobility and become locked-
in, whereas smaller carriers remain mobile and continue to follow the changes in the ge-
omagnetic field. (C) After sufficient sedimentation and consolidation, the lock-in pro-
cess reaches completion, with each particle bearing information regarding diverse states
of the geomagnetic field throughout the lock-in period. Thus, the magnetic moment of
the entire layer becomes a weighted sum of the geomagnetic field over the lock-in time.

The different lock-in times of magnetic particles in a layer lead to a delayed and
smoothed signal of the geomagnetic field in the record. In other words, the magnetic mo-
ment of a layer is a weighted average of the geomagnetic field signal over the lock-in time
of all particles contained in the layer. The weights are given by lock-in functions.

Over the last decades many lock-in functions have been suggested. Exponential lock-
in functions (e.g. Lovlie, 1976; Kent & Schneider, 1995), constant (e.g. Bleil & Von Dobe-
neck, 1999), linear (e.g. Meynadier & Valet, 1996), cubic (e.g. Roberts & Winklhofer,
2004), Gaussian (e.g. Suganuma et al., 2011) and parameterized lock-in functions that
can cover multiple classes (e.g. Nilsson et al., 2018).

Inspired by the large variety of possible lock-in functions, we present a theoreti-
cal investigation of the lock-in process and the derivation of a general parameterized lock-
in function capable of approximating any possible lock-in function. Additionally, we demon-
strate that a lock-in function that is independent of absolute parameters can only be ap-
plied to the magnetic direction components (declination and inclination), but not to the
relative intensity.

An advancement of the ArchKalmagl4k modeling procedure (Schanner et al., 2022)
allows including data from sediment records. To estimate the parameters of the lock-in
function we use maximum likelihood methods where archaeomagnetic data serve as ref-
erence.

In section 2 we first briefly outline the geomagnetic field modeling method and then
develop the pDRM modeling. We test the new method first with synthetic data and then
apply it to two real data examples in section 3. We discuss some findings and give an
outlook to future work in section 4 before ending with summarizing conclusions.

2 Modeling Concept
2.1 Geomagnetic Field Model

We will model the geomagnetic field by using a Bayesian approach based on Gaus-
sian Processes. Every Gaussian Process is uniquely defined by a mean and a covariance
function (Rasmussen, 2004).

As in Schanner et al. (2022) we use a Bayesian approach and describe the geomag-
netic field as the realization of a Gaussian Process

with constant (space, time) mean function B: S2xR — R? and kernel function Kg: (S?x
R)? — R3*3 where S> = {z € R® | ||z|| = 1} denotes the standard 2-sphere associ-
ated to the space variable. Therefore, the the knowledge about the geomagnetic field and
its uncertainty is a distribution of functions B: S2xR — R3. In the following we will
model the lock-in process for a single sediment core sample and treat the space variable
as a constant, i.e. we will consider B as a Gaussian process of time only.

We follow the a priori assumptions of Schanner et al. (2022) and use the estimated
hyperparameters given in Table 2 of Schanner et al. (2022). Hence, we assume that all
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Gauss coefficients are a priori uncorrelated at a reference radius R = 2800 km with zero
mean except for the axial dipole. For the axial dipole we assume a constant mean value
of ¥) = =38 uT (at the Earth’s surface). Further, we assume an a priori variance app =
39 uT for the dipole and an a priori variance ayp = 118.22 uT for all higher degrees
(at the reference radius). The temporal correlation of the Gauss coefficients is given by

p(At) = (1 + At) e 5

T

171.34yrs 1 =1 (dipole)

379.59

where the correlation time is given by 7, = {
I

yrs [ > 1 (non-dipole)

2.2 Lock-in Process

The key part of this section is the modeling of the pDRM described in the intro-
duction. For this purpose we will start by investigating the rotational dynamics of a sin-
gle particle during the lock-in process. Subsequently, we will expand the results to a whole
layer and derive a general parameterized lock-in function.

Let M,: R — R3 be the time varying magnetic moment of a particle p. During
the sedimentation process, the behavior of a particle strongly depends on its size, shape
and the magnitude of its magnetization. We assume that each particle has a constant
magnitude of magnetization, i.e. for all t € R we assume ||[M,(¢)|| = M, € R. This
assumption leads to the first differential equation

M, = w, x M, (2)

where w,: R — R3 is the angular velocity of particle p and x denotes the cross prod-
uct.

Let I, € R3*3 be the moment of inertia of particle p. We assume that there are
two torques influencing the rotational dynamics of the particle. They are due to the ge-
omagnetic field, denoted by M, x B, and the surrounding material. For the latter we
assume a simple heuristic viscous frictional law of the form —1w,, where 7 is a function
corresponding to the torque generated by the surrounding material which can come from
a variety of sources such as friction, gravity, or other electromagnetic forces. Newton’s
second law of rotational motion states that the net torque acting on a particle is equal
to the product of its moment of inertia and angular acceleration, i.e.

1
L, =M, xB--w, (3)
g

The larger the function value of v, the less influence on the rotational dynamics comes
from the surrounding material. In other words, a larger function value of - corresponds
to higher mobility of the particle. In the following the function - is called the mobility
function of the particle.

Since the particle is turning very slowly, the total angular momentum on the left
side of equation (3) may be neglected, and we obtain the following relation

wp =7M, x B
Using this solution we can reformulate equation (2) as
M, = —yM, x (M, x B)

Since the magnitude of the particle’s magnetization is assumed to be constant, we can
write the magnetic moment as M, (t) = Mep, (¢) where ep, : R — S? is a unit vec-

tor in the direction of the particle’s magnetization. Similarly, but with non-constant mag-
nitude B: R — R, the geomagnetic field can be written as B(t) = B(t)eg(t) where
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eg: R — S? is a unit vector in the direction of the geomagnetic field. This leads to

éMp = f’yeMp X (MeMp X BeB)
= —yMBeyp, X (em, X eB)

_~B®
fYTvarp eMp X (eMp X eB)

where 7, € R denotes the time when the particle begins to lock in and 7, + 7., € R
the time when the particle is completely locked in. Note that the lock-in duration, r;,,

B() will be described

depends on the sedimentation rate. The new mobility function Vrpitey
in the next paragraph.

We assume that the particle aligns with the geomagnetic field before the lock-in
process begins. Formally, we have to set 7 to infinity for all ¢ < 7,,. As soon as the lock-
in process begins, v becomes finite and decreases monotonically to zero. During the lock-
in process the mobility of the particle depends on the magnitude M of its magnetization
and the intensity of the geomagnetic field B(t). With completion of the lock-in process,
the particle becomes immobile, and the mobility function becomes constant zero. There-
fore, we shall consider effective mobility functions of the following form 'y]é(%p R —

R with

00 t<7
’y]fp(%p (t) = S MB(t)y(t) te€ (1p,7p+7r,)
0 t> 7+,

where 7 is a monotonically decreasing function with lim;,, (7, +¢) = 0.

We want to derive a lock-in function that can be applied to each layer of the sed-
iment core sample, as it is done in Nilsson et al. (2018). In other words, the lock-in func-
tion of a whole layer has to be independent of absolute values, such as the absolute time
or depth when the lock-in process began. The lock-in function of a whole layer will de-
pend on the individual lock-in functions of the particles contained in the layer. These
individual lock-in functions will depend on the individual mobility functions. Obviously,
the derived mobility function is influenced by two parameters that depend on the ab-
solute time, through the lock-in duration 7., on the one hand, and the intensity of the
geomagnetic field on the other.

The first dependency is influenced by the sedimentation rate. By defining the lock-
in function in depth rather than time we overcome this dependency. The only assump-
tion we have to make here is that the sedimentation material does not change consid-
erably. We will first derive the lock-in function in time and convert it to depth afterwards.

The geomagnetic field’s intensity function must be approximated by a constant value
in order to overcome the second dependency. This approach will lead to a lock-in func-
tion that is independent of absolute depth and can therefore be applied to each layer of
the sediment core sample. However, this assumption prevents us from simulating the in-
tensity of the geomagnetic field. This is a generic issue for all lock-in functions that are
independent of absolute parameters. Nevertheless, even with this strong approximation,
we can still derive a lock-in function that provides a useful model for the directional com-
ponents.

We approximate the geomagnetic field intensity by its mean over the absolute time
of the sediment core sample and denote it by B. Additionally, we set the time when the
particles’ mobility function becomes finite to the time when the first particle in the layer
begins to lock-in. We denote this time by 7. Furthermore, we set r, » = 7, + 7, — 7.
Then the mobility function is given by

00 t<r
Yy (1) = S MBy(t) € (1,7 +7p7)
0 t>T7+71pr
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The directions of the particles’ magnetic moment during the lock-in process can then be
described by the solution of the following differential equation with initial condition

eM, = —Vrrp..€M, X (eMp X eB)

em, (7) = eg(7)

(4)

For all t > 7 the differential equation in (4) can be approximated by a first order lin-
ear ordinary differential equation of the form

(5)

where m,,: [7,00) — R? and b: [r,00) — R2.

The idea of this approximation is to project the three-dimensional unit vectors onto
the tangent plane of the mean geomagnetic field vector during the lock-in process. For
a detailed description see Appendix A.

The solution to the ordinary differential equation in (5) is given by the function
m,: [1,00] — R? with

t
my(2) = b(r)e~ e ) 4 ¢ () / e (D, ()b () dt (6)

T

where I, (t) = f: Yrrp.. (p)dp denotes the antiderivative of v, .

For a completely locked in particle, the function m,, is constant, since v,  (t) =
0 for t > 7+, , and its antiderivative is constant. Consequently, for ¢ > 7+, - the
solution is constant and given by

m,(t) = my, (7T +7p.7)

— b(T)efFf,rp,,('rJrrp,T) _|_efI‘T,r,,,,('r+rp,T)/

T

T+Tp,r

e (V) ()b () dt!

To summarize, we have derived an individual lock-in function for each particle of a given
layer. Because of the sedimentation rate, these lock-in functions depend on the begin-
ning of the lock-in process. A lower sedimentation rate causes a longer lock-in process,
whereas a higher sedimentation rate causes a shorter lock-in process. However, we as-
sume that the sediment layer thickness needed for complete consolidation does not change
over time. We will thus formulate the previous results in terms of depth rather than time.
For this purpose, let p: R — R be an age-depth model. Note that ¢ is a mono-
tonically decreasing function that maps depths of the sediment core sample to ages. Here
ages describes the time when the particle settled on the sediment-water interface. As de-
scribed above the duration of the lock-in process depends on the time when the lock-in
process began. However, the difference between the depth corresponding to the begin-
ning of the lock-in process ¢~ !(7) and the depth corresponding to the end of the lock-
in process ¢~ !(7+7, ) is independent of the sedimentation rate and can be assumed
to be constant (time independence of sediment layer thickness needed for complete con-
solidation). Consequently, for each particle p, we can find an r, € R, such that

T+ rp) =T () =1y (7)
for all 7 € R. Therefore, we can formulate the function m,, in depth as

1y (z) = e 1o (") <B(z) + / N4, (2 )b(z — z')dz’>
0

where 4, denotes the shifted and depth dependent analogue to 7, . and b is the depth
dependent analogue to b. A detailed derivation of this formula can be found in Appendix
B.



104 In a next step, we extend this result to a whole layer of the sediment core with a

105 collection of different particles. The different behaviors of these particles are described
196 by their individual mobility functions. We assume that each of these mobility functions
107 can be uniquely defined by n € N shape parameters and their roots. Under this assump-
198 tion, we can consider each mobility function as a realization of a random function g g,
109 where S: Q — R™ and R: QQ — R are two random variables with probability density

200 functions ¢g and ¢r. The root of each mobility function is a realization of the random
201 variable R. The random variable S corresponds to the shape parameter of each mobil-
202 ity function.

203 All particles of a given layer must be locked in after a finite time period. There-

204 fore, the support of the random variable R is bounded, i.e. we can find a A € Rs g such

205 that supp(R) = [0, \] C R. Here X denotes the depth where the last particle of a given
206 layer is fully locked in.
We set m: R>o — R? such that for each depth z € R

- ) R ]
m(z) = Egp |e tsr() (b(z) + / el'5r(E)A6 p(2)b (2 — 2') dz’)]
0

. - A , -
=Eg g |e lsrE) (b(z) + / s r(E) A6 p(2)b (2 — 2') dz’)]
0

A A B . ) .
=Eg,p oo / 5(z')b (2 — ) + "7 ()3 p(2")b (2 — ) dj
0

A B T ’
= / b(z—2)Esr [e*FSvR(R) (J(z’) + elsrlz )&S7R(z’)>} dz'
0

207 where § denotes the Dirac-delta function and Eg r denotes the expected value with re-
208 spect to the random variables S and R, i.e. Egg[f(S,R)] = [ [ f(s,7)¢r(r)ps(s)drds.
For each z € Rxq, m(z) € R? is, by construction, a vector on the tangent plane
of the unit sphere. By projecting m(z) back to the unit sphere, we end up with a vec-
tor SV (2) € S? that is approximately the smoothed normalized magnetic moment
of the layer at depth z, denoted by ey;(z) € S2. Consequently, for each z € R>q the
normalized magnetic moment is given by

A . - ,
ey (2) = /0 eg (2 —2)Esr [e_FS’R(R) ((5(2’) +el'sr(z )'?S,R(z’))} dz’

To sum up, we derived a lock-in function F': R>g — R>( defined over depth and given

by
F(2) = Es |70 (8(2) + eF 5050 (2) )|
200 Note that this lock-in function is independent of the absolute depth and can therefore
210 be applied to each layer of the sediment core sample. To achieve this independence we
on had to approximate the intensity of the geomagnetic field by a constant. Consequently,
212 the derived lock-in function can only be used as a weight function for the directional com-
213 ponents. A lock-in function for intensities can, in general, not be independent of abso-
214 lute depth or absolute time.
The derived lock-in function is by construction normalized, i.e.
A
/ F()ds =1 (8)
0

215 The lock-in function depends on the distribution of the random variables S and R as well
216 as on the mobility function 4s r and therefore also on the dimension of the random vari-
217 able S. These parameters are influenced by the individual parameter distributions of the
218 sediment core sample, e.g. distribution of grain size, shape, magnetic material etc.



219 However, there are two primary limitations that prevent us from proceeding with

220 this general lock-in function. Firstly, the available information on sediment core sam-

221 ples is typically incomplete, lacking essential details. Secondly, even if we were to assume
22 a meticulously investigated sediment core sample with all necessary information, the im-
223 pact of individual sediment core sample parameters on the mobility function remains un-
204 certain. To address these challenges, we adopt the following approximation: we fix the
225 number of shape parameters and obtain an explicit form of the mobility function.

We assume that each particle’s mobility decreases linearly with depth. Each lin-
ear function is uniquely characterized by its slope and its root. Therefore, the random
variable S becomes 1-dimensional and the mobility functions of the particles are real-
izations of the following random function and its antiderivative

7s,r(2) = max{S(R — z), 0}

N 1 1
I's r(z) = min {S (Rz — z2> ,2SR2}

2
226 In a next step we investigate how the shape of the lock-in function changes under dif-
227 ferent distributions of the random variables S and R. We conclude that, although the
28 distribution of S heavily influences the shape of the individual lock-in functions, the in-
209 fluence on the shape of the general lock-in function can be neglected.

Motivated by these results, we set S = 1 for each mobility function and get for
the random mobility function and its antiderivative

Yr(z) = max{R — z,0}

I'r(z) = min {Rz - %zz, ;Rz}

The general lock-in function is then given by
F(z) =Eg [e*%R2 (5(z) +eRem3? max{R — z, 0})} (9)

In a final step we approximate this function by the following piecewise linear parame-
terized function

0 z S bl
—b
9 bzz—bl1 b1 < z<by
F z) = bo <z<b 10
b17b2,b3,b4( ) by — by + b3 + by - 2 > 03 ( )
ba—bs b3 < z<by
0 b4 S z
230 Depending on the four parameters bl, bg, b3, b4 S Rzo with b1 S bg S b3 S b47 the
231 parameterized function Fy, p, p,,p, can approximate possible lock-in functions.
23 In Figure 2 results for four different distributions of the random variable R are vi-

233 sualized. The lock-in depths of the individual particles are (A) uniformly distributed over
23 the interval [0, 10], (B) exponentially distributed with rate parameter 0, (C) normally

235 distributed with mean 8 and variance 1, (D) exponentially distributed with rate param-

236 eter 2. In each case, one thousand individual lock-in functions are plotted (gray). These

237 individual lock-in functions where used to approximate the expected value associated with

238 the general lock-in function (orange). Finally, non-linear least squares is used to fit the

239 parameterized lock-in function (green) to the general lock-in function.

240 The code to investigate additional examples can be found on our website under https://sec23.git-

241 pages.gfz-potsdam.de /korte/pdrm/.

242 2.3 Data Model
23 In this section we will derive the data model which describes the relation between
20 the measured signal in the sedimentary records and the geomagnetic field variations. While
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Figure 2. Individual lock-in functions of one thousand particles (gray), associated general
lock-in function (orange) and fitted parameterized lock-in function (green) for four different dis-

tributions of the random variable R.

our primary focus here is on the sedimentary records, we need the information from ar-
chaeological records at a later stage. The model of archeological data is outlined in Schanner
et al. (2022).

The first functional, used to describe the data model, is associated with the smooth-
ing caused by the lock-in process and given by

§.: C(R,R%) — R3 (z — G(z)) . /A

where F': R — R is the lock-in function defined in section 2.2 and A > 0 is the lock-

in depth, i.e. the relative depth where the last particle of the layer at depth z is fully
locked in. The constant B is the mean of the geomagnetic field intensity over the abso-
lute time of the sediment core sample, defined in section 2.2. We have to divide by B since
the lock-in function is defined for the directional components only. The linearity of the
functional § follows directly from the linearity of the integral.

Besides the natural smoothing caused by the lock-in process there is a smoothing
effect caused by the way the magnetization in a sediment core sample is measured. When
investigating sediment core samples, cubes of different sizes are taken from the core. Af-
terwards, the magnetization in the extracted cube is measured. The resulting measure-
ment is then an average of the actual magnetization across the width of the cube. We
assume that the size of the extracted cubes does not change within a core sample i.e. the
size of the extracted cube does not depend on the depth where the cube is extracted. There-
fore, we can define the size of the extracted cubes for one core sample as k € R<g.

This results in a second smoothing and can be described by the following measure-
ment smoothing functional

z+5
M. : C(R,R?) — R3 (z — G(z)) — l/ G(2)d2' .
R z

The linearity of the functional 9t again follows from the linearity of the integral.

As described in Schanner et al. (2022), the quantities that are measured in labo-
ratory experiments are not provided in Cartesian field vector components (North (N),
East (E), Down (Z)) but as two angles, declination (D) and inclination (I), and inten-
sity (F). The non-linear relationships between these components can be described by three

,10,
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observation functionals

97 : C(R,R%) —» R (Z ~ G(Z)) > arctan (GE(Z)>

Gz(Z)
G (2) + GE(2)

9L C(R,R?) — R3 (2 — G(z)) — arctan

S CREY) R (20 G()) /G (2) + Gh(2) + G2(2)

where G(z) = (Gy(2) Gg(z) G:Z(z))T € R3 for each z € R.

In the following we will apply these functionals to the Gaussian Process associated
with the geomagnetic field. Note that the lock-in function is defined in depth. There-
fore, we can not directly use the time dependent Gaussian Process given in (1). By switch-
ing from time to depth we end up with a new Gaussian Process

B~ GP (B,Kg)

where the mean function coincides with the mean function of the Gaussian Process given
in (1). This is because the mean function is assumed to be constant. The kernel func-
tion follows directly by applying the age-depth model to the kernel function of the Gaus-
sian Process given in (1).

By applying the functional § to the Gaussian process B, we get, for all z € R, the
first part of our data model

01(2) = 3. [B} = /0)\ B(Z];Z/)F(z’)dz’ .

Since B is a Gaussian Process and by the linearity of the functional F it follows that also
07 is a Gaussian Process.

Applying the measurement functional 9t to the data model o4, leads, for all z €
R, to a new data model

z+5

03(2) = M. [o1] = % / o1(z")d2" |

Note that os is also a Gaussian Process.

Assuming that the lock-in depth A is significantly larger than the size of the sam-
ple cube k, the measurement smoothing is negligible. In other words we can approximate
02 by 01, i.e. 02(2) = 01(%).

By applying the three non-linear functionals $”, $ and H* to the data model oo,
we get a new data model consisting, for all z € R, of the following three components

07 (z) = H7[02], 05(2) = Hlloz], 0f (2) = H7 0]
The non-linearity results in a data model that is not Gaussian anymore. However, as de-
scribed in Schanner et al. (2022), these functionals can be linearized by a first order Tay-

lor expansion. As the point of expansion we use the smoothed mean of the Gaussian pro-
cess associated with the geomagnetic field

B]:/O)\B(ZB—Z/) - B/ e

where B= (By Bp Bz) eR3.

Uj\ (we]l

—11—
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The linearization results in three functionals $in 2, Hiin’, Hinl : C(R,R?) — R3
such that for G € C(R,R?)

=\ T
b _n . B [WF
Hiinz |G] =Bp + = | B~ G(z)
Fg 0
_ 0 _ _ T
_ B Bz B
MnlGl =B+ = | |0]| =222 Gz
1inz[G] = Br o\ 7 (2)

Mint [G] = BZ; G(2)

where F = \/B?\,—%BQE—I—BZ, Fy = \/B?\,—FB%.

By using these linearized functionals we approximate the data model o3 by a Gaus-
sian Process.
In conclusion the components of our final data model are given by

o”(z) = 0§ (2) + E”(2)
= 9P 0] + EP(2)

s
=P f/ 201(z”)d "

2+5
=nb / / F(2)dz'dz"

+EP(2)

+EP(2)

T ..
where E = (EN Eg EZ) € R3 indicates the vector of measurement errors.

2.4 Sequentialization

Similar to Schanner et al. (2022) we perform a sequentialized inversion. We use the
same archaeomagnetic data as in Schanner et al. (2022) and, for now, sediment data from
a single sediment core only. In a later version we will adjust the method such that mul-
tiple sediment core samples can be used. We restrict the set of free hyperparameters to
the four shape parameters of the parameterized lock-in function in (10). For the hyper-
parameters of the geomagnetic field prior, we use the values estimated in Schanner et
al. (2022). In other words, we use the archacomagnetic data to estimate the shape of the
lock-in function. Due to the temporal distribution of the archaeomagnetic data, we rec-
ommend limiting the time period for the hyperparameter estimation to the last eight thou-
sand years.

—12—
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We perform a modified version of the Kalman filter inversion (Kalman, 1960) pre-
sented in Baerenzung et al. (2020); Schanner et al. (2022). In each step, the Kalman fil-
ter consists of a prediction step followed by a correction step with respect to the new data
if available. The correction step updates the model which is then used for the predic-
tion in the next step. By setting a cutoff degree l,ax, the model can be described by a
finite vector of Gauss coefficients and their derivatives z = (g]*, §]").

In Schanner et al. (2022) a cutoff degree of l;nax = 20 is used. Together with a
step size of At = 10yrs, this provides a resolution that is much higher than the reso-
lution given by the available data. Due to computational reasons we have to decrease
the cutoff degree to . = 8 and the step size to At = 40yrs. However, several tests
showed that the resolution is still high enough to capture all information provided by
the available data.

We cannot directly use the prediction and correction step formulas presented in Baerenzung
et al. (2020). Because of the lock-in process, the prediction and correction in each step
depends conditionally on the data contained in the maximal lock-in depth n. We over-
come the dependence problem by considering explicit correlation between a finite num-
ber of Kalman filter stepts, corresponding to the maximal lock-in depth n. For each k €
[0,T], where T > n denotes the number of total Kalman filter steps, this leads to a for-
ward operator defined as

Fr = Fk(lmamAt) = (1 Fi Ol,n—l)

n—1n—1 On—l,n

where Fi, = Fi(lnax, At) is the forward operator defined in Baerenzung et al. (2020).
Since we have chosen a constant step size, the forward operator does not depend on the
Kalman filter step, i.e. F = F for all k.

The notation 0, and 1, denote the axb dimensional zero and identity matrix,
respectively. Note that Fy is an 2lyax (lmax +2) X 2lmax (Imax +2) matrix itself. There-
fore, Fy is an n x n matrix with 2/,.x (lmax + 2) X 2lmax (lmax + 2) matrices as entries.

Let zg ~ N(pg, Xo) be the prior, where p, and X are the prior mean and co-
variance matrices, respectively. For k € [1,T], the Bayesian filtering equations are re-
cursively defined as

z, = Fz,_1+ 0o
or = Hyzi + e

where o, is the measurement, o ~ A(0,X) the process noise and e, ~ N(0,Ey) the
measurement noise. The matrix Hy, is the operator that projects the model to the data.
The matrix ¥ = Xy — FXF = >z 01n—1
On—l,n—l On—l,n
the evolution model. It is independent of the Kalman filter step because of stationar-

ity.

characterizes the white noise of

Forl1 <a<b<mnandl <c¢<d<mandann X m matrix A we denote by
A*Yed the matrix entries with row indices between a and b and column indices between
c and d.

For k € [1,T] and with the modified forward operator, the recursive equations of
the prediction step are given by

- Fuj_
my =Fp,_, = ( 1:5-%)
By

1,1 =T |, < 1,1:n—1
. =FS_ F +35= (FEMF +X FX )

In—1,11T 1:n—1,1:n—1
2k—l F Ek—l
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The recursive equations for the update step are given by
Sy = HyX, H/ +E;
K, =X.H/S !
pi = py, + K (op — Hypy))
¥ =3, - KiSiK] .
To formulate the backward recursion equations assume that the recursion starts from

the last time step T. We set pu5 = pp and X7 = X
The backward recursion equations are given as

_ Ful
My =Fp, = <“11€Irfk1>

~ 1LInpT « 1,1:n—1
S P 5 = (sz FT+% Fxl >

1:n—1,1 1:n—1,1:n—1
Ekn ,FT » n ,Iin

k
Onfl,l 1n71,n71
—1
o T — -1 _ n,l:n—1 1:in—1,1:n—1
Gr=%F () '=]| Oun = (Ek )
=A,eRIxn—1

s,2:m—1
_ k+1
= + G (Hjeqg — = ; —
Mg = Hg (N’k+1 l'l'k;J,»l) ”’Z + A, (Hz,ﬁln . H/lg'n 1)

B =31+ G (T — Z5) G,

s,2:m,2:n s5,2:m,2:m A T

[ Eh D T A
- s,2:m,2:n n,n s,2:n,2:n 1:n—1,1:n—1 T
ArZyh D+ Ay <2k+1 - ) Ay

A detailed derivation of these formulas can be found in Appendix C.

3 Results

In this section, we will assess the proposed method by conducting synthetic tests
and applying it to two lake sediment records from Sweden. The data utilized in this sec-
tion, along with the method’s implementation, can be found on our website under https://sec23.git-
pages.gfz-potsdam.de/korte/pdrm/ and in the corresponding GitLab repository (Bohsung
& Schanner, 2023). Moreover, we have provided scripts for generating synthetic data,
enabling further testing.

3.1 Synthetic Data

We tested the performance of our model on synthetic data. All synthetic data points
are based on the same reference geomagnetic field time series drawn from the prior de-
scribed in section 2.1. Three synthetic datasets where generated from this reference time
series. The first dataset represents the archaeomagnetic data with input locations and
times being the same as in the archacomagnetic data used in Schanner et al. (2022). In
addition, two synthetic sediment datasets where generated. One is located in Sweden (60°9'3.6”
N, 13°3’18” E) and is denoted by sed_sweden. The other one, sed_rapa, is located on Rapa
Iti (27°36'57.6” S, 144°16/58.8"” W). Both have the same temporal distribution (see Ap-
pendix D Figure D1). The age-depth model used for both synthetic sediment data sets
coincides with the age depth model of the lake sediment core KLK described in section 3.2.

We then applied four different lock-in functions to sed_sweden and sed_rapa, us-
ing the lock-in function in Equation (9) based on the lock-in depth distribution of the
individual particles instead of the parameterized lock-in function in Equation (10). We
used the four orange lock-in functions illustrated in Figure 2. Since our model does not
directly infer these lock-in functions but the parameterized lock-in function given in (10),
it is not a perfect inverse problem.

—14—



43 The results for sed_sweden (A)-(C) and sed_rapa (D)-(F) distorted with the lock-

344 in function associated with the normal distribution are given in Figure 3. Panels (A) and
345 (D) show comparisons of the lock-in function used to distort the data and the result-
346 ing estimated parameterized lock-in function (blue). The estimated parameters by, ..., by
247 are given in the legend. The upper panels in (B) and (E) show the reference time se-
348 ries (green) which was used to generate the archaeological and sediment data before the
349 distortion. Additionally, the resulting posterior mean (blue) and one hundred samples
350 from the posterior (blue with small opacity) for declination are shown. The upper pan-
351 els of (C) and (F) show the same for inclination. The lower panels show the distorted
352 sediment data with errors (orange), i.e. the input data. In addition, the resulting pre-
33 dicted sediment observations (purple) are shown. They are generated by applying the
354 estimated parameterized lock-in functional to the posterior and the one hundred sam-
355 ples.

® Results for sed_sweden_norm_8_1 ® Results for sed_rapa_norm_8_1

~= Real lock-in function
—— Parameterized lock-in function
Estimated parameters:

= Real lock-in function
= Parameterized lock-in function
Estimated parameters:

03

by =214, b =3.36, by=2.09, by =6.10,
02 bs=9.87, ba=1229 02 by =14.30
L
0.1 j / \ : 0.1
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Figure 3. Results of modeling the pDRM for sed_sweden (left) and sed_rapa (right). Syn-
thetic data are created from a reference process (green, (B) and (E) declination, (C) and (F)
inclination) and distorted with the lock-in function (orange function in A and D) to form an
input data series with uncertainties (orange points). Application of our lock-in model gives the
posterior mean and 100 samples (blue in B, C, E, F) and estimated lock-in functions (blue in A,
B). The mean and 100 samples of the posterior curves modified by the estimated lock-in function

are also shown (purple in B, C, E, F).

356 For the results of the remaining three cases see Appendix D. Consistent outcomes

357 are observed across all examined cases. Notably, even in instances where the approxi-

358 mation of the lock-in function used for the distortion is not ideal, the posterior distri-

350 butions and predicted sediment observations exhibit remarkable accuracy.

360 Figure 4 shows the comparison of two posteriors, for the locations of (A) sed_sweden
361 and (B) sed_rapa. The green curve shows the reference process, from which the synthetic
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data used here were created. Posterior mean and one hundred samples of a model in-
verted with archaeological data only (pink) and one inverted with archaeological and sed-
iment data (blue) are shown for the declination (upper panels) and inclination (lower
panels). The results for sed_sweden agree closely. For sed_rapa one can observe an im-
provement in the model inverted with sediment and archaeological records.

® Model comparison for sed_sweden_norm_8_1 ® Model comparison for sed_rapa_norm_8_1

100 50
o 0
50

80
N 0

60
=50

40

—-6000 -5000 —4000 -3000 -2000 -1000 0 1000 2000 —-6000 -5000 —4000 -3000 -2000 —1000 0 1000 2000
Absolute time [years] Absolute time [years]

Declination

Inclination

= reference process —— posterior posterior (only arch data)

Figure 4. Posterior comparison of models based on archaeological data only (pink) and ar-
chaeological and sediment data (blue). In both cases the mean and 100 samples are shown. In

green is the reference process, used to generate the synthetic data.

The results for the remaining three cases are similar. Please visit our website (https://sec23.git-
pages.gfz-potsdam.de/korte/pdrm/) to see the remaining results.

3.2 Real Data

The proposed method is applied to two lake sediment cores located in Sweden, namely
Kiélksjon (KLK) (Stanton et al., 2010, 2011; Mellstrom et al., 2015) and Gyltigesjon (GYL)
(Snowball et al., 2013; Mellstrom et al., 2013, 2015) as first test cases. Both records are
composed of more than one core sample, which may lead to inconsistencies due to ro-
tations or inaccurate samplings of the cores. In Nilsson et al. (2022) a binning method
is used to eliminate these effects. We followed the same approach and generated two datasets
KLK binned and GYL_binned. However, we apply our method to both the original and
the binned records.

The age-depth model used in this study is based on the posterior mean visualized
in the appendix of Nilsson et al. (2022). Age uncertainties for KLK are set to 300 years,
except for the two areas with radiocarbon dating where age uncertainties are set to 5 years.
Similar, age uncertainties of the radiocarbon dated areas of GYL are set to 5 years. For
records older than 1000 yr BCE and younger than 300 yr BCE, the age uncertainties are
set to 200 years and 300 years, respectively. A more accurate age-depth model will be
used in a future study.

The results for KLK are presented in Figure 5. (A)-(C) show the results for the
raw data and (D)-(F) show the results for the binned data. The figure is organized as
Figure 3, but reference curve and real lock-in function are now unknown, and the orange
symbols are the real data with uncertainty estimates. The results regarding the estimated
lock-in functions clearly differ whether the original or binned data were used, while the
estimated posterior curves are very similar most of the time, except for declination around
1000 yr BCE.

The similar results for GYL are given in Appendix D in Figure D5.

4 Discussion

The strongest assumption in the modeling of the lock-in process is the constancy
of geomagnetic field intensity. As we have seen, this assumption does not play a major
role for the directional components (declination and inclination), but impedes the ap-
plication of our method for the relative paleointensity of the magnetic moment of a sed-
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Figure 5. Results of modeling the pDRM for the real data series (orange symbols with un-
certainty bars) KLK (B, declination and C, inclination) and KLK_binned (E, declination and F,
inclination). Application of our lock-in model gives the posterior curves (B, C, E, F, blue, mean
and 100 samples) and estimated lock-in functions (A, B, blue). The mean and 100 samples of

the posterior curves modified by the estimated lock-in function are also shown in purple.

iment layer. The heuristic explanation is that while changes in geomagnetic intensity can
alter the distribution of the lock-in times of individual particles, the surrounding ma-
terial’s influence is much more substantial, making this effect negligible. The correlations
between the relative paleointensity and the intensity of the geomagnetic field are con-
siderably more intricate. Further research will be required to explore these relationships.
Another strong assumption was that the sedimentation material and its composition does
not change significantly over time. Weakening of this assumption will be part of future
research.

In contrast to various lock-in functions found in the literature, the parameterized
lock-in function presented in this study can approximate all conceivable lock-in behav-
iors, including those that result in a shift. Higher degree functions or functions with more
interpolation points could possibly yield better approximations, but would also increase
the number of hyperparameters.

The synthetic tests conducted with sed_sweden show a remarkable fit of the pos-
terior to the reference model in all cases, along with a good fit of the smoothed poste-
rior to the smoothed synthetic sediment data. Notably, these positive results are achieved
even when the parameterized lock-in function does not accurately approximate the true
lock-in function. One possible explanation for this phenomenon is the non-uniqueness
of the inversion performed, which we plan to investigate in more detail in a future study,
including the uncertainties of the estimated parameters.

As expected, the results of the synthetic tests performed with sed_rapa appear some-
what inferior due to the scarcity of archaeological data in the vicinity of the sediment
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data. Nevertheless, the results are surprisingly good, especially in regions with small tem-
poral errors. Additionally, the sediment records enhance the model prediction compared
to the model inverted on archaeological records only.

Also, the application of the method to the KLK and GYL data sets yields promis-
ing results. It is remarkable that the binning, which is in principle an artificial smooth-
ing, leads in both cases to a lock-in function which reproduces a strong smoothing. How-
ever, when we assess the fit of the smoothed posteriors to the actual data, the method
does not perform as well as it did in the synthetic tests. This can be attributed to sev-
eral reasons, including inconsistencies in the non-binned data, excessively small measure-
ment errors, as well as high temporal errors. Moreover, the effects of inclination shal-
lowing or rotations during core sampling have been disregarded, which may result in a
variable fit of the smoothed posterior to either inclination or declination. The applica-
tion of the method to a wider variety of real data will be investigated in more detail in
a future study.

5 Conclusion

Through theoretical investigation, we have first studied the rotational dynamics
of a single magnetic particle during the sedimentation process. Our findings demonstrate
that, subject to several assumptions, a lock-in function that is independent of absolute
parameters can only exist for the directional magnetic field components, but not for rel-
ative intensity. For these directional components, we derived a lock-in function for sin-
gle particles, which was then generalized and approximated using a parameterized func-
tion. Extensive testing on synthetic data sets has demonstrated that our method is highly
effective in eliminating pDRM effects. While the initial application to real data sets is
promising, further investigation is required to fully evaluate its potential.

Appendix A

In this section, we’ll demonstrate how the first order linear ordinary differential equa-
tion in (5) can approximate the differential equation in (4), for all ¢t > 7.

We set eg = r,,l_, f:“’” e (t')dt’ € S? as the mean vector of all vectors corre-
sponding to the geomagnetic field during the lock-in process. We choose the coordinate
system in such a way, that the mean vector eg points to the North Pole of the unit sphere.
For each t € [r,7 4 7p.,), we project the three-dimensional vectors em(t) € R? and
ep(t) € R? perpendicular onto the tangent plane. This projection is given by P: §? —

R3 with

T
P Y =
z

—e 8

Alternatively, one can derive the projection as follows. For each t € [, 7+r, ;] we project
em(t) via

Pem(t)) = em(t) + Xes

with A € R. We know that the projected vector on the tangent plane is orthogonal to
eg. Hence,

(eB,em(t) + deg) = 0 < (em,em(t)) + A(eg,e) =0

1°8l™ (e, em(t)) + A = 0
A= —(éB,em(t)>

Therefore the projection is given by

P(em(t)) = em(t) — (€, em(t))en
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By applying this projection to the vectors ey, (t) and eg(t) we get for each t € [r, 7+

Tp,r]

my (t) B.(t)
m(t) b(t)
Plem(®) = [ my (1) | = and  Ples(t) = [ B, (1) | =
1 ( 1 ) B 1 ( 1 )

where m, b € R? are vectors on the tangent plane. By construction of the tangent plane,
the choice of the coordinate system and under the assumption that the geomagnetic field
only changes its direction by a few degrees in the time period [r,7 + rp ;], the z- and
y-components of the vectors eg(t) are close to zero and the z-components are close to
one. The same holds true for each vector en,(t). Therefore, the approximation by the
projection on the tangent plane is justified. After the projection, the differential equa-
tion (4) becomes

d /m m,(m;B, —m,B;) — (B, — m,)

(7). (0 e
m, (B, —my) —my(m, — By)

m,m,B, — m?B, — B, + m,

= Yy, | My — By —miBy +mym,B,

m,B, — mi — mz +m,B,

m, — B,

R —Yrr,, | My — By

0

_ m-—Db
- "Yr,rpy,. 0

where the approximation follows from the fact that the - and y-coordinates of the vec-
tors eg(t) and e (t) are close to zero. Therefore, we can approximate products of them
by zero.

For t > 74, we have v(t) = 0 and the right-hand side of the differential equa-
tion in (4) is zero. The same holds true for the differential equation in (5) and the ap-
proximation is valid.

Appendix B

By using the age depth model in (7) we derive a new function defined over depth
as follows

my(t) = my(T+71p;)

= e_FT”‘p,T(T—H‘p’T) (b(’T) + /
T Ty
= eI A ) (bm o ek ”**"P**‘”)d”ww<f’>b<t’)dt')

T+Tp,

ol mrp,r (t/)'y‘r,rp,,- (t/)b(tl)dt/>

W(Z’:)::f/ o f:+rp,-r Yrorp.r (P)dp (b(T)

o () fsa(z’)»y (p)dp / / 1t ’
+ - el e PP (o(2')b(e(2) ¢ (2')dz
[~ T

. o Hrtrp,T) ,
Lp(%—p 67 f@—l(T) Yr.rp, T (p(O))¥'(Q)dC (b(T)

W71(7+Tp=7') ’

i T, T "(¢)d

_|_/ o ef%’ () Yrorp, 7 (P(O))#"(O) C'Yr,rp,(@(2/))]3(90(2/))@/(Zl)d2/>
[~ T
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Now we define a new function -1 () = v:((z))¢’(z) and get

e M) &
mp(t) f —1(7.) ol —1(7—+7‘p,7.)(<)d< <b(T)

(t+rp,r) o
+/ o et Tt O%y (e ’)b(ap(z’))dz’)
(T

e T DN _
C::Vf:l(‘r)—C ef(f (M= (s, )’ng—l(,JrerT)(%’ Y1) =¢)d¢ (b(T)

“(rtrp,r) o= 1(r)—2 - _
/ y _f() 7%*1(T+rp7r)(90 1("')‘{)‘1(1%_1(7&"_7‘?17)(Z/)b(go(z/))dzl>
%)

@ Jo” %qﬁrw)(w*l(ﬂ—c)dc (b(T)

(T+7p,7) I Co L - -~
+/ . © Is VoL rtry, (07 (D) <>d<%_1(T+Tw)(z/)b(@(z/))dz’>
(T

2= 71(7 —7 Jo R T C N COROLS (b(T)

- / T et OO0 (07 ) = (e () — z'>>dz’>
I ) 7y 0 () [ e T O (ol ) - )
Frp (@)= —Fmry (=) o= Jo7 Ay (Q)dc (b( " /Tp efoz, '?rp(C)dC&T.p(z’)b(gp(go_l(T) -~ z’))dz”)

0
=) (i) [, (el ) - )i )
P@s=B(e@) P, () <b(T) + / e, (Yo (r) - z’)dz')
0
By setting ¢(z) = 7 we get a function m,: R — R? with

my,(z) = my((2)) )
— o Trp(rp) (b((p(z)) +/0 ' efrp(z/)%p(z’)f)(z - z’)dz')

N - Tp . , "
= e Lrp(7p) <b(z) + / el (2 )%p (z")b(z — z')dz’)
0
454 Appendix C

In this section we present the derivations of the formulas used in the section 2.4.

Y. =F%, ,F +3%

_ F Ol,nfl Ellfiillfll.ylznlfl EIIC::L;L” FT 1n71,n71 +2~:
1n71,n71 Onfl,l Elen— EZTl On—l,l 01 n—1
_ F 01,n-1 2116:111_171FT Ellngl_l_)l;n_l n > 01 n—1
1n—17n—1 0n—171 EZleT EZfln_l On 1,1 0,— 1,n—1
B (Fz}leT +%  Fxpt >
= Tm—1,10T Lne1,1m—1
zkfl F Ekfl "
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The backward recursion equations are derived as follows

1LIpT | &
k+1:szFT+2:(FEk F+3%

Gy = EkFT(EI;H)_l
i_l

1,1:n—1
Fx,ptn
1:n—1,1 1:n—1,1:n—1
I OLED S

<—271F 01,,—2)

T
_, ( F lnl,nl) _FTy1 D '4F'S'F 0y, ,
Op—1,1  O1n1 '

0p—2,1
On—l,l 1n—1,n—1
-1
n,lin—1 1in—1,1:n—1
0,1 X (Ek )

—A,cRlxn-1
Ky =y + Gg (IJ’Z+1 - ll’l;+1)

s,1 _F 1

mk+21 nllk
S,

Opn—11 1lp—1n-1 M1 — B
— + k] 9
o ( 01’1 Ay .

n—1

Bt — My
5,2:m—1 n—
N G — "
- /J’k Ak (Hzﬁln _ “i:n—l)

s,2im—1
_ Hpi1
i+ Ay (ui’fi” - u%;"‘l)

2 =2k + Gr (T — Z5py) G,

s,1,1 1,1~T N
s (Ot i) (Thy S FEFT -8
23,2.71,1 _ zi.n—l,lFT 23,2.n,2.n _ lec.n—l,l.n—l

01,1 Ay At

Zzi:fl,l _ Ellf:n_l’lFT

0p—2,1 0p—2n—2

5,1,2:n 1,1:n—1
257 s —Fx
k+1 k T
Gk
k+1
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_x, . k+ " ( 01,01 01#)
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Where the inverse of the matrix ZI;H is derived as follows. We define

L <F§:;711FT +3
k+1 —

21—

Pyl
In—1,1T In—1,1:n—1
Ek71 F Zkfl

)= (& o)



The inverse of X, | is then given by

(S = ( (A-BD"'C)~ ~(A-BD"'C) 'BD" )

-D'C(A-BD'C)”’ D'+D'C(A-BD'C) 'BD!

) i -~'BD™!
“\-D'cx! D!'+Dcx'BD!

¥t ~27HF 01,-2)
il FT Vet oty [ F7 \eo
_<0n_271>2 D +<0n_2,1>2 (F 015-2)
»-1 (-Z71F 01,,2)
= <—FTS—1> <D—1+FT2—1F ol)n_Q)
0p—21 0p—21 0n—2,n—2

where (x) follows since

(A-BD'C)”"

-1
FE,lc’lFT + 5 F2}16,1:71—1 (Ellc:n—l,l:n—l)_l E}lczn—l,lFT)

-~ —1
FE'FT 43 -FEp'FT)
i—l

and (%) follows since

-1 T
A [lin—1,1n—1 tn-117 _ ( F
b C= (2’“ ) alt F= <0n2,1>

s

-1
BD ! = lelc,lzn—1 (Ellc:n—l,lzn—1> _ (F 0, n—2)
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Figure D1. Spatial and temporal distribution of synthetic data

456 Open Research Section

457 All data used in this study as well as a python implementation of the method can
458 be found in the GitLab repository (Bohsung & Schanner, 2023). On our website (https://sec23.git-
450 pages.gfz-potsdam.de/korte/pdrm/) jupyter notebooks have been published that can be
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Figure D2. Results of modeling the pDRM for sed_sweden (left) and sed_rapa (right). Syn-

thetic data are created from a reference process (green, (B) and (E) declination, (C) and (F)

inclination) and distorted with the lock-in function (orange function in A and D) to form an

input data series with uncertainties (orange points). Application of our lock-in model gives the

posterior mean and 100 samples (blue in B, C, E, F) and estimated lock-in functions (blue in A,

B). The mean and 100 samples of the posterior curves modified by the estimated lock-in function

are also shown (purple in B, C, E, F).

used to generate more synthetic data or investigate cases which where not discussed in
this paper. The raw data (KLK and GYL) for the two lakes in Sweden can be found on

GEOMAGIA (Brown et al., 2015).
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Figure D4. Results of modeling the pDRM for sed_sweden (left) and sed_rapa (right). Syn-
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