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Abstract

A novel quantum algorithm for solving the Boltzmann-Maxwell equations of the 6D collisionless plasma is proposed. The
equation describes the kinetic behavior of plasma particles in electromagnetic fields and is known for the classical first-principles
equations in various domains, from space to laboratory plasmas. We have constructed a quantum algorithm for a future fault-
tolerant large-scale quantum computer to accelerate its costly computation. This algorithm consists mainly of two routines:
the Boltzmann solver and the Maxwell solver. Quantum algorithms undertake these dual procedures, while classical algorithms
facilitate their interplay. Each solver has a similar structure consisting of three steps: Encoding, Propagation, and Integration.
We conducted a preliminary implementation of the quantum algorithm and performed a parallel validation against a comparable

classical approach. IBM Qiskit was used to implement all quantum circuits.
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Key Points:

« A future fault-tolerant large-scale quantum computer speeds up simulations of the
6D collisionless Boltzmann equation in nonlinear plasmas.

« Future first principles simulators will have a huge number of lattices, leading to
more advanced understanding and prediction of physics.

« To solve nonlinear PDEs using quantum computation, we used the method of am-
plitude embedding and quantum walk.
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Abstract

A novel quantum algorithm for solving the Boltzmann-Maxwell equations of the 6D col-
lisionless plasma is proposed. The equation describes the kinetic behavior of plasma par-
ticles in electromagnetic fields and is known for the classical first-principles equations

in various domains, from space to laboratory plasmas. We have constructed a quantum
algorithm for a future fault-tolerant large-scale quantum computer to accelerate its costly
computation. This algorithm consists mainly of two routines: the Boltzmann solver and
the Maxwell solver. Quantum algorithms undertake these dual procedures, while clas-
sical algorithms facilitate their interplay. Each solver has a similar structure consisting
of three steps: Encoding, Propagation, and Integration. We conducted a preliminary im-
plementation of the quantum algorithm and performed a parallel validation against a
comparable classical approach. IBM Qiskit was used to implement all quantum circuits.

1 Introduction

The space plasma environment, extending from the Sun to the magnetosphere-ion-
osphere-atmosphere, includes regions of frozen conditions, zones of anomalous resistance
caused by electromagnetic turbulence, interconnected regions characterized by weakly
ionized gas systems in strong magnetic fields, coupled neutral-atmosphere chemical pro-
cesses, and pure neutral-atmosphere collision systems. Owing to their complex interac-
tions, an inclusive understanding and forecasting of the space environment remains an
elusive goal, even with the advancements in high-performance instrumentation and in-
situ observation of satellites. Therefore, it is imperative to develop space plasma sim-
ulations capable of providing comprehensive insights, ranging from local spatial domains
to the global schematic.

Historically, the development of space plasma simulations has been constrained by
computational time, memory capacity, and data storage limitations, resolving complex
phenomena with restricted physics at local space scales. In light of these constraints, sp-
ace plasma simulations can be divided into two principal scale hierarchies. One approach
endeavors to reproduce Macroscopic phenomena using a coarse approximation, whereas
the other aims to recreate Microscopic phenomena derived from first principles. Exam-
ples of the former include magnetohydrodynamics (MHD), while the latter include tech-
niques such as particle-in-cell (PIC) or the Vlasov equation (hereafter referred to as the
collisionless Boltzmann equation). The choice between global simulation and compre-
hensive simulation of physical processes depends on the required space and time scales.
However, several thematic concerns have emerged that require simulation via coupling
between scale hierarchies. For example, we describe the plasma instability of the cur-
rent sheet and the initiation mechanism of magnetic reconnection. The importance of
kinetic effects resulting from ion-electron dynamics during the onset of magnetic recon-
nection has been demonstrated (Daughton, 2003; Moritaka & Horiuchi, 2008). To em-
ulate this, a multi-hierarchical simulation with inter-domain coupling of MHD and PIC
has been developed, which allows to analyze the influence of macroscopic dynamics on
the microscopic physics of magnetic reconnection (Usami et al., 2009, 2014).

In contrast, the collisionless Boltzmann equation requires advanced numerical com-
putations of the 6D distribution function in both space (3D) and velocity (3D) of the
particles, and has traditionally been limited to the analysis of low-dimensional, low-reso-
lution or microscopic phenomena. Given the susceptibility of direct methods to numer-
ical diffusion, the more accurate electromagnetic Vlasov method has been designed and
implemented(Umeda, 2008; Umeda et al., 2009; Minoshima et al., 2011; Umeda et al.,
2012). The considerable progress in its research has allowed the elucidation of numer-
ous authentic physical phenomena through the use of full electromagnetic Vlasov sim-
ulation, notwithstanding certain limitations regarding dimensionality and lattice num-
ber, which depend on the availability of computational resources(Umeda, Miwa, et al.,
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2010; Umeda, Togano, & Ogino, 2010; Umeda et al., 2011; Umeda, 2012; Umeda et al.,
2013, 2014). Theoretically, the integration of a collision term into the Boltzmann-Maxwell
equations provides a comprehensive representation of the collision effects present in the
complex coupled magnetosphere-ionosphere-atmosphere system of the Earth.

However, the current state of simulation technology is such that the fluid equations
incorporating these collision effects have not yet been successfully modeled. The effects
resulting from ionospheric collisions affect a variety of facets, ranging from auroras to
magnetospheric dynamics (e.g. Yoshikawa et al. (2013)), and further lead to the man-
ifestation of complex phenomena (e.g. Ohtani and Yoshikawa (2016)). Consequently, the
collisionality Boltzmann-Maxwell equations encompass a plethora of significant phenom-
ena within their domain of interest that are relevant to space-earth electromagnetics. In
an idealized scenario, the entirety of these phenomena could be computed using the col-
lisional Boltzmann-Maxwell equations, eliminating the need for scaling factorial coupled
simulations and the reliance on a variety of assumptions. However, performing high-order
numerical computations for the first-principles collisional Boltzmann-Maxwell equation
requires the establishment of extremely precise numerical methods, coupled with an enor-
mous computational burden O(LS) (where L is the number of lattices per spatial degree
of freedom), which is currently unattainable even with the computational power of to-
day’s supercomputers.

In recent years, advances in quantum computing, both software and hardware, have
demonstrated numerous advantages of quantum algorithms, such as those represented
by (Shor, 1994). Following Google’s achievement of quantum supremacy in 2019 (Arute
et al., 2019), the pragmatic implementation of quantum computing in plasma simula-
tion, weather forecasting, fluid simulation, and various fields is attracting interest. In nu-
merical computation, the first paper on solving linear equations with quantum computer,
the so-called the HHL algorithm (Harrow et al., 2009), was published. Subsequently, a
quantum algorithm for linear ordinary differential equations (ODE)(Berry et al., 2017)
and for partial differential equations(PDE)(Childs et al., 2021), and many for fluid sim-
ulations have been reported in recent years (Mezzacapo et al., 2015; Budinski, 2022; Steijl
& Barakos, 2018; Steijl, 2019, 2023; Arrazola et al., 2019; Cao et al., 2013; Wang et al.,
2020; Gaitan, 2020, 2021). The employed methodologies vary considerably. Some use quan-
tum computational versions of the lattice gas model (Yepez, 1998, 2001) or the lattice
Boltzmann method (Miller et al., 2001), some use quantum Fourier transforms to solve
the Poisson equation, some use HHL algorithms and Hamiltonian simulations and Some
combine it with the HHL algorithm and Hamiltonian simulations, others reduce from
PDEs to ODEs to solve nonlinear ODEs, and so on. Among them, the quantum lattice
Boltzmann method is constructed by considering the streaming operation as Quantum
Walk (Aharonov et al., 1993)(Succi et al., 2015). Similarly, a quantum algorithm for the
Dirac equation was proposed (Fillion-Gourdeau et al., 2017), using the similarity of a
sequence of time-evolving operations to Quantum Walk. And Todorova et al. developed
a quantum algorithm for the collisionless Boltzmann equation that performs discrete real
and discrete velocity space propagation by Quantum Walk using a discrete-velocity method
(Todorova & Steijl, 2020). We consider that this method has an advantage over other
quantum differential equation solving methods in that it is easier to introduce first-principles
collision terms.

« Collisionless Boltzmann-Maxwell equations with u(:velocity) constant and the elec-
tromagnetic field E, B under vacuum conditions acting one way:

of of a4 of _
8t +uconst : 32’12 + m(E+uconst X B) : 8'0 - 07
A& _liE -
E 2 Ot? =0,
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115 We developed a quantum algorithm for the 6D Boltzmann-Maxwell equations for
116 collisionless plasmas under the above conditions based on the efficient quantum walk cir-
17 cuit(Douglas & Wang, 2009). In this process, we calculated the time evolution problem
118 of the 6D distribution function with the addition of velocity space, referring to the quan-
119 tum algorithms for the the discrete velocity method in the the Boltzmann equation(Todorova
120 & Steijl, 2020) and the Macro step in the Navier-Stokes equations(Budinski, 2022). Thus,
121 the implementation of the collision term, which is the final goal of our project, is much
122 easier and can be developed step by step. Furthermore, according to our quantum al-
123 gorithm, it is simpler and computationally less expensive to solve all regions with the
124 collisionless Boltzmann-Maxwell equations than with Macro-Micro’s hierarchically cou-
125 pled simulators. The quantum computer’s most important advantage, the lattice infor-
126 mation in the spatial direction, is parallelized into a single state function by encoding
127 amplitude embedding. The results show that the order of the Quantum Volume as the
128 scale of the quantum circuit is O (Nt (logy (L))z)7 which is an improvement over the or-
120 der of the computational volume O (NtLG) of a similar classical algorithm.
130 In the future, we will develop a quantum algorithm for the collisional Boltzmann-
131 Maxwell equations and apply it to the plasma region from the sun to the Earth’s mag-
132 netosphere-ionosphere-atmosphere. Thus, this will provide a framework in order to un-
133 derstand and fully predict the space plasma environment. At that time, we expect the
134 device to be used is a future fault-tolerant large-scale quantum computer. This paper
135 develops the first quantum algorithm for this purpose and summarizes the methodology
136 and verification results.
137 This paper is organized as follows: Section 1.1 and 1.2 describe the model of nu-
138 merical computation, Section 2 describes our Quantum Algorithm of Boltzmann solver,
139 and Section 3 compares and verifies the results of the quantum algorithm with similar
140 classical algorithms. In Section 4, we discuss current issues and future solutions.
11 1.1 Governing equations
142 We employ the collisionless plasma Boltzmann and Maxwell equations within an
143 electromagnetic field as governing equations. Specifically, these equations are given by

¢ The collisionless plasma Boltzmann equation with an electromagnetic field:

of of « of
E+uconst'%+E(E+uconst XB)%:O, (1)
« Wave equation for the electric field F in vacuum:
1 0°FE
V?E - ——-=0, 2
2 ot? 2)
* Wave equation for the magnetic field B in vacuum:
1 9°B
V’B - ——— =0. 3
2 ot? 3)
144 Where f is the distribution function of the plasma particles, u is the fluid velocity of the
15 plasma, which we assume to be constant, ¢/m is the charge to mass ratio of the parti-
146 cles and FE and B are the electromagnetic fields. The Maxwell equations can be rewrit-
147 ten in the form of wave equations for the electric and magnetic fields respectively, as above,
148 to implement the quantum algorithms more efficiently.
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1.2 Numerical simulation method

For the execution of nonlinear partial differential equations (1,2,3) on quantum com-
puters, these equations require discretization by methods such as the finite difference tech-
nique or the finite element method. In the following discourse, the finite difference ap-
proach is adopted for the Boltzmann-Maxwell equation, resulting in difference equations
that are implementable on quantum circuits.

Proceeding with the application of the Forward Time Centered Space(FTCS) scheme,
we differentiate the Boltzmann equations for collisionless plasma and derive a discretized
representation. The differencing equation for the governing equation (1) is given by

uz At Uy AL
f(@,y, 2,05, 0, 05t + AL) = f— E(fwm Cha) zyAiy(fijAy .
u, AL
7E(fZ+AZ - fz—Az)
E + uconst x B)At
_Q( 2c;:Atv L (fortav, = fo.—av,)
q(E + Uconst X B)yAt
2mAv, (foy+av, = fo,—av,)
_q(E + Uconst X B)ZAt

Zmsz (fvz+sz - fvzfsz)7 (4)

where the value of f(x,vy, 2, vz, vy, v.;t), namely the distribution function at the refer-
ence point x,¥, 2, Vg, Uy, v, and time ¢, is simply denoted as f, and the same at the point
deviating by one unit distance in each direction is denoted with subscripts:

(e~g-) fac+Az = f(x + A(ﬂ, Y, 2, Vg, Uy, Uz; t)'

We simplify the difference Boltzmann equation with the following assumption:
ug At uy At u At

2Az  2Ay 2Az L (5)
Similarly, the difference equations for the electric and magnetic fields are given as
E(z,y, zt+At) = (2 - Zqui(A; + Alyz + Alzz)> E—FE,_n
/J[)iiwz (EByine +Eppng) + MoéAoin (Eyiny + Ey_ny)
Moiizg (Eexn:+E._az), (6)

B(z,y, z;t + At)

At? 1 1 1
2-2 B - B;_
( Ho€o (Axg * Ay? * Az? )> At

At? At?
B:r T + Bwf x + N
(Bora az) Ho€oAy?

<B2+AZ + BzfAz) ) (7)

locoBa? (By+ay + By—ay)

At?
,U,oE()AZZ
where quantities such as E and B are defined in the same manner as f above.

Furthermore, for simplicity of notation, we set hereafter as the Lorentz force term
as

F:=ux B. (8)

Also, the speed of light ¢ in equation (2,3) is rewritten here using the permittivity and
the permeability (ep and pg) in the vacuum. Similar to the Boltzmann equation exam-
ple, we make the following assumption:

At? At? At?

= = =1. 9
MoéoA.’E2 ﬂoEoAy2 ,U,()E()A,Zz ( )
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Under the postulates of this manuscript, no velocity is obtained from the first-order ve-
locity moment of the distribution function. Given the use of uniform velocities in both
the temporal and spatial domains, the discretized magnetic field equation transforms into
the propagation equation of the Lorentz force term.

As a result, we obtain the discretized Botzmann-Maxwell equation to be implemented
as follows:

f(xa Y, 2, Vg, Uy, Uz;t + At) = f - (fx—O—Am - fz—Am) - (fy+Ay - fy—Ay)
_(fZ-‘rAz - fz—Az)
q(E + F), At
_W(ﬂ}ﬁ-&uz - f’Um_AUm)
_Q(E + F),At _
ZmAvy (fvy+Avy fvyfAvy)
_(ZTTLTU)(L)ZJFAUZ - fvzfsz)y (10)
E(l‘, Y, z; t+ At) = —4F — Et—At + (Em+Az + Ez—Am)

+ (Ey+Ay + Ey_Ay) + (Ez+Az + Ez—AZ) ) (11)
—AF — Fy_at 4 (Fosne + Fooag)
+ (Fypny + Fy_ny) + (Fesnz+ Foonz). (12)

F(z,y,z;t+ At)

This allows us to evolve the values of f and , (E, B) independently. We call the quan-
tum routines that perform this evolution the Boltzmann solver and the Maxwell solver,
respectively. For the evolution of f (Boltzmann solver), we need the values of E and F
at each time step as they appear in the right-hand side of the equation (10), so we use

the values obtained by the Maxwell solver.

2 Quantum Algorithm

In this section, a quantum algorithm based on the discretized Boltzmann-Maxwell
equations (4,6,7) is constructed and implemented on quantum circuits. This quantum
algorithm can be divided into two independent routines: the Boltzmann solver and the
Maxwell solver. They take an initial function of f and (E, B) as input, respectively. Both
routines fix time and output physical quantities that evolve in one time step according
to difference equations (11,12). By iterating this one-step evolution many times, we can
obtain the value of a physical quantity that has evolved for an arbitrary time step.

The electric and magnetic fields derived by Maxwell solver are incorporated into
the Propagation circuit of the Boltzmann solver as shown in the FIG. 1, thereby cou-
pling each routine. The quantum calculations in this paper are carried out exactly in a
way that deals with state vectors using a classical simulator provided by IBM Qiskit. It
is straightforward to construct an authentic quantum algorithm based on measurements.

2.1 Boltzmann

Our Boltzmann solver can be segmented into three principal steps: Encoding, Prop-
agation and Integration.

2.1.1 FEncoding

First of all, it is necessary to encode the classical information of the physical quan-
tities into the amplitudes of quantum states. Fixing the number of lattice sites in all spa-
tial and velocity directions to be L, f will have V := L5 degrees of freedom. In the en-
coding step, we associate each of these degrees of freedom with one computational ba-
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Figure 1. A Schematic of the quantum circuit of our algorithm for solving the Boltzmann-

Maxwell equations. They consist of two routines that operate on the coin operator.

sis and encode the value of f in the amplitude of the corresponding quantum state. Thus,
a total of V' bases must be prepared in total, requiring [log, V'] qubits. This method of
encoding classical information into quantum information amplitudes is commonly referred
to as the amplitude embedding technique.

To elucidate the relationship between physical quantities and probability ampli-
tudes, the following conversion from a function f(x,v;t) to a vector f; , (0<i<V-—
1) is implemented. The subscripts @ specify a point in the 6D lattice space. For exam-
ple, i = 0 corresponds to the origin point (x,v) = (0,0,0,0,0,0), and i = 1 represents
the value of the distribution function moved by one lattice point in the x direction:

(z,v) = (Az,0,0,0,0,0). Namely, the amount of f; follows

(Eg) fO - f(Ov()vaOaOvO;t = tr)v (13)
fi = f(Az,0,0,0,0,0;t =t,). (14)

Note that the quantum state does not contain any information about time, since the prop-
agation takes place with fixed time. We will assume L = 2Vt in the following. As ev-
idenced in Section 3, our actual numerical calculations are executed with Ny =3 (L =

8).

The first important algorithm in the Encoding step is with a given distribution func-
tion at a fixed ¢ = t, to prepare a quantum state, which we name |¢o)phys, With these
values in its amplitudes:

V-1
[Go)pnys = D fili), (15)
i=0
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where f is the normalized distribution function as follows:

V-1 —1/2
een o (S0) ’
i=0

At the initial time step of ¢ = 0, an arbitrary distribution can be designated as an ini-
tial function. Post the second step, the distribution function generated by the Boltzmann
solver in the prior step ought to be provided as input. This iterative process allows for
the computation of the distribution function at any desired time step. This procedure

of state preparation can be executed in alignment with Appendix B.

It should be noted that, within the context of this manuscript, we have formulated
the algorithm in a manner that measures f post each step and re-encodes it in the sub-
sequent step, in order to circumvent excessive enlargement of the quantum circuit’s depth.
This design necessitates O(V) measurements at every time step, failing the advantage
of the quantum algorithm. However, it is straightforward to connect each time step seam-
lessly. Namely, any measurements are required between each time step, implying that
such a design will be beneficial when managing large-scale quantum apparatuses in the
future. Further discussion on quantum advantage will be given in later sections.

The qubits prepared within this context are termed as the physical qubits, denoted
as |phys). Looking more closely, |phys) is prepared by a total of 6 closed Hilbert spaces
corresponding to spatial and velocity degrees of freedom, each having N (= log, L) qubits.
Namely, we write it as

|phys) = |phys;z) |phys;y) |phys;z)|phys;v, )| phys;vy, ) [phys;v.) (17)

Subsequent to the Propagation step, the ensuing quantum algorithms necessitate an ad-
ditional qubit, which depending on their role, is identified as either subnode qubits |sub)
or ancilla qubits |ancilla). As will explaind later the number of subnode and ancilla qubits
are fixed to 4 and 1, respectively, regardless of the parameters and physical setup. Thus,
the numbers of qubits required by the Boltzmann solver are

NphiSZGNL s Nowp = 4 ) Nan0:17 (18)
and the following quantum state is prepared and output in after this Encoding step:

|¢)1> = |¢0 phys X |0>sub & |O>ancilla; (19)
—1
= fi|i>phys|0>sub|0>ancilla~ (20)

7=

<

[}

2.1.2 Propagation

In the Propagation step, we partially utilize the tequniques of quantum algorithm
method (Douglas & Wang, 2009) and implement an algorithm that multiplies each prob-
ability amplitude of ¢; by the coefficient of each term in the discretized equation.

The subnode bases and their corresponding physical quantities f, €, ando denote
the normalized distribution encoded as the amplitude of the associated state, the coef-
ficients to be incorporated via the coin operator, and the sign to be multiplied during
the integration step, respectively. To solve the evolution equation (10), we need to pre-
pare and add up all the terms that arise in the equation such as:

QmAUI f’U Vg

f7 $fwj:Aza"' , T

After passing through the encoding step, we are now in possession of a quantum state
|¢1), within which the data of the distribution function are encoded in the amplitude.
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Table 1. The subnode bases and their corresponding physical quantities. f, €, and o respec-
tively represent the (unnormalized) distribution function associated with each basis state, the
coefficients to be incorporated via the coin operator, and the sign to be multiplied during the
integration step. These are the quantities that appear on the right-hand side of the difference
equation (10).

il 1sw | fi | €j o
0 10000) f(@,y, 2,02, 0y, 0;) 1 +1
1 |0001) flo+ Az, y, 2,05, vy, 0;) 1 -1
2 |0010) fle — Az, y, 2,0, vy, 0.) 1 +1
3 |0011> f(l“ay'i‘Ay,Z,Ux,Uy,Uz) 1 -1
4 |0100> f(x’y_Ay7zavx7vyavz) 1 +1
5 [0101) f(z,y, 2+ Az, vz, 0y,0,) 1 -1
6 |0110) flz,y, 2 — Az, vy, 0y,0,) 1 +1
7 |0111> f(aj?ywzuvz + A’U:I/va?vz) qu(JJ,y;Z);‘IA?:)(%%Z)At -1
8 | 11000) | f(2,9,2,00 — Avg,vy,0,) | qZelewatEloaan |y
9 [1001) | f(z,y, 2, s, vy + Avy, v,) qu(z’y’ZQ)nti%G’y’z)At -1
10 [1010) | f(z,y, 2, Vs, vy — Avy,v,) qu(w’y’zQ)Zii(w’y’z)At +1
11| [1011) | f(z,y, 2, Vs, vy, v2 + Avy) qEZ(I’y’Z2)7J,Z§Z&’y’Z)At -1
B (2,y,2)+F. (2,y,2) At
12 [1100) | f(z,y,2,vg,vy,0. —Av;) | g STo¥.oD +1
13 | |1101) 0 0 -1
14 | |1110) 0 0 +1
15 | |1111) 0 0 -1

Therefore, by considering an algorithm that multiplies each coefficient such as %

by the corresponding state, the amplitudes of all states are updated to the state with
the appropriate coefficient appearing in equation (10). We will deal with the explicit sign
in the equation later. The values of E and F' at the certain time step are obtained from
Maxwell solver.

Subnodes serve to identify the terms that arise at a specific time step, namely

Iy fotnm, s fo,tAw, -+ In total, there are 13 (= 1+2x6) terms: one term f,
which precedes propagation, and terms propagated by each +1 unit for each of the six
directions in space and velocity. Hence, 4 (= [13]) qubits are necessitated as a subn-
ode. It should be noted that this number remains uninfluenced by physical quantities
like volume. For simplicity, we have associated them as depicted in TABLE 1. Here, ¢;
is the coefficient applied to each term, and o; is the sign explicitly attributed to each term
in TABLE 1. In fact, both €; and o; are coefficients in the difference equation (10), so
it is possible to define epsilon to include the sign of ;. However, we choose to distin-
guish between them because €; represents a quantity that depends on a specific assump-
tion as indicated by the assumption (5,9), while o; is a universally determined quantity.
By making this distinction, we think we can minimize the part that we need to be mod-
ified based on different assumptions.

As elucidated below, the coin operator is accountable for the multiplication of these
coefficients, and the shift operator assumes responsibility for correlating each term with
the basis of the subnode.

We can create the appropriate coefficients by first make the subnodes in superpoti-
tion using the H-gate. Then apply the diagonal matrix with {e} as components:

A := diag(eo, €1, -, €15). (21)
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The operation with this diagonal matrix is not a unitary and thus it must be embedded
in a unitary matrix of larger size. Since the coefficients are real, this procedure can be
done easily as explained in the Appendix Appendix B. Here, we use the ancilla qubit

lag) to create a unitary matrix of larger size. We call this whole operator acting on the
subnode (and the ancilla qubit) the “coin operator” according to the terminology of quan-
tum walk. As a result, we obtain the state after operating the coin operator as follows:

UCoin|¢1> = Z C01nfz| >phys‘0>sub|0>anc1llaa

.
Il
<

<

15

= ﬁgj |i>phys|j>sub|0>ancilla + |*> ‘ 1>ancilla7 (22)
0 j=0

3

where € represents a normalized quantity. |*) represents the computationally unneces-
sary states, which are identified by the ancilla qubit being |1)anciila-

Next, so-called increment/decrement gates are applied on both subnode and phys-
ical qubits to associate the basis of subnode and physical amount at different points. The
increment/decrement gates are operators that shift one computational basis, respectively.
Specifically, those operator satisfy

UIncr‘|i> = |7’ + 1>7
UDccr.|i> - |Z - 1> (23)

Suppose the periodic boundary condition on the N-qubits system:

UIncr4|2N - 1> = |O>7
Ubeer.|0) = |2V — 1), (24)

those operator follow the relation: UIncr Upecr.- The increment circuit can be specif-
ically configured as follows.

JanY
A\

UIncr. = ) UDecr. =

Jany
%

JanY
'

By performing controlled-Increment /Decrement gates on the subnode as control
registers and the physical qubits as target registers, we can map the subnode to a phys-
ical quantity on each lattice point. We call this sequential operations as the ”shift op-
erator”. The circuit of the shift operator is shown in FIG.2.

As a result, after applying both the coin operator and the shift operator, we ob-
tain the following state as a final output of this propagation step:

V-1 15

|¢2 = Z Zij’L,j| phys|.7>sub|0>ancﬂla +| >|1>ancilla- (26)

=0 j=0

We can articulate the exact correlation between fz and fz} 7 as outlined herein. Initially,
we had the capacity to signify the index i asi = sL+¢t, (0 < s < 6,0 <t < L),
which, for instance, correlates with the direction = when s = 0, y when s = 1, and so
forth, and the coordinates of the corresponding directions are symbolized by t. The shift
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Figure 2. A Quantum circuit for the shift operators. Increment and Decrement operators

controlled by subnodes are aligned according to the order of TABLE 1.

operator moves computational bases in each subspace by +1, respecting periodic bound-
ary conditions in each orientation. This 41 direction is specified by the index j as shown
in TABLE 1. Therefore, f; ; can be represented as follows:

fi,j = st+(t+(71)j)modL7 (27)

when i =sL+t (0<s<6, 0<t<0L).

2.1.3 Integration

Passing through the encoding and propagation steps so far, we obtain a state in
which the all 13 terms arising in the right-hand side of the equation (10) for a fixed time
step under are encoded in the amplitude of each basis state. In this step, we perform a
superposition of subnode states to compute the sum of all terms and collect them into
the amplitude of a single state|0000)s,,. However, As a preprocessing step, we need to
invert the phases of certain states as explained below.

The amplitude of each basis are multiplied by the coefficients in the difference equa-
tion 10, excluding the explicit sign, which is denoted by sigma in TABLE 1. Therefore,
we need to inverse the phase of corresponding state for the terms with a minus sign. This
process is also very simple and only requires one application of Z gate as shown in cir-
cuit 28 before applying H gates.

Finally, we superimpose all sunode states by applying H as shown in circuit(28).
jsub)
|sub)
[sub) (28)
)

|sub

—11-
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As a result, the amplitudes of the states from |0000)s,5t0[1111)5y, are summed and gath-
ered as the amplitude of [0000)s,1, state with equal weighting of 1/4. Therefore, we fi-
nally obtain the following state

V12

1 -
lgs) = 4 Z ZOjejfi,j|Z>phys|0000>sub|0>an0illa + [). (29)

i=0 j=0

With more clear form, we can write:

12
foﬁjfm ~ f- (fa:+Ax - fx—Ax) - (fy+Ay - fy—Ay) - (fz+Az - fz—Az)
j=0

_q(E + F),At q(E + F),At
2mAwv,, 2mAv,
= f(%y,z’va:,vy’vz;t-i-ﬁt% (30)

(fvw+Avw - f'uwavx) - (fvy+Avy - fvyfAvy)y

where the distribution function is at the corresponding point of (z,y, z, vz, Ty, V) to the
index 4. Since the normalizing factors of f and e are involved here, the relation is denoted
as “N” .

According to the resultant state |¢3), we can measure the physical and subnode
qubits and focus on the |0)gy, to obtain a distribution function that is one time step evo-
Ived according to the Boltzmann-Maxwell equation. For further time steps, we can use
this distribution function as an initial value to input to the first encoding step, and fur-
ther time evolution can be implemented by performing similar steps.

Here are remarks on this algorithm, most of what is touched on here will be dis-
cussed more comprehensively in the Section 4. First, we asserted that the measurement
of the state delivers the value of the distribution function; however, what is specifically
attained is the square of the absolute value of the distribution function. Nevertheless,
given that the value of the distribution function f is consistently real and non-negative,
the precise value of f can be accurately recovered from the measurements. On the other
hand, FE and B handled by Maxwell solver in Appendix Appendix A are real but also
have negative values, so not exactly the same algorithm can be used. However, during
computation with real quantum algorithms, there isn’t a genuine necessity to measure
the values of E and B. The primary function of the Maxwell solver is simply to convey
these values to the Boltzmann solver within the quantum circuit, hence this does not pre-
sent a significant issue. If one want to measure E and B values as well, a further an-
cilla node that identifies the sign must be prepared, and an additional quantum oracle
is also needed.

Next, Actually measuring f does not lead to quantum advantage. This is because
f still has O(V = L®) degrees of freedom, and it is inevitable to measure it O(V') times
in order to obtain full information. However, this problem can be avoided because what
we are physically interested in is not f itself, but the velocity moment quantity obtained
by integrating f with respect to velocity v. If we could implement this integral, i.e., just
a sum in the discrete system, in an efficient quantum algorithm, the computational com-
plexity would be superior to that of a naive classical algorithm. Furthermore, we believe
that it is possible to reduce the Hilbert space to be measured based on physical condi-
tions such as uniformity with respect to a certain spatial direction, limiting the measure-
ment to the physical space of interest, etc.

3 Comparison

In this paper, all quantum circuits were exactly simulated by dealing directly with
statevectors. Thus it is expected that the results will be in exact agreement with numer-
ical calculations using conventional classical algorithms. We prepared L = 8 lattice sites
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in each spatial and velocity direction and calculated with the volume V' = 85. As for
the quantum algorithm 6 x [log, L] = 18 qubits were used as |phys).

And we set Ar = Ay = Az = 30m, At = 10~ 7s, satisfying the assumption (9).
Thereby, v, = v, = v, = 3 x 10%m/s is constant at the speed of light. The plasma
particles are assumed to be positrons and set e = 1.6x10719C, m, = 9.1x1073'kg, so
we put Avr = Av, = Av, = 10°m/s. In this section, for simplicity, we re-scale vari-
ables x,y, -+ dividing by the unit Az, Ay, -- and denote them as coordinates on a lat-
tice space. That is, x = n denotes the point where x = nAx physically.

3.1 Initial condition

As the initial distribution function, we employed a simple setup: we set 0 for (x =
l,y=1)or (vy; =1,v, = 1), and set 1 for the other spaces. Namely,

f(xa Y, 2, Vg, Uy, Uyt = 0)|w:10y:1 = 0,
f(xa Y, 2y Vg, Uy, vt = 0)|vz:10vy:1 = 0,
f(x’ya Z,UI,Uy,’UZ;t = 0) =1 (Otherwise).

This is a simple setup to compare the agreement with the classical algorithm, and in prac-
tice it is necessary to give a suitable initial condition corresponding to considering phys-
ical phenomena such as plasma.

Distribution function of Quantum algorithm Plot
at Z=Vx=Vy=Vz=0,mesh = 8,time step = 0

Distribution function of Quantum algorithm Plot
at X=Y=Z=Vz=0,mesh = 8,time step =

||

(a) (b)

Figure 3. The initial distribution function in the space for (a) the x - y subplane with

z = vy = vy = v, = 0, and (b) the vy - vy subplane with z = y = 2z = v, = 0. This makes
it possible to check the influence of electromagnetic fields on propagation in velocity space as well

as in real space.

Since we implemented the Increment/Decrement circuits periodic (24), the simu-
lation results are also periodic so that the 0-th and L-th lattice points are identical for
all directions.

3.2 Simulation result

We implemented our quantum algorithm with the input conditions and advanced
time evolution from time step = 0 to time step = 3.

—13—



379

380

381

382

383

384

386

387

388

Distribution function of Quantum algorithm Plot Distribution function of Quantum algorithm Plot
at Z=Vx=Vy=Vz=0,mesh = 8,time step = 3 at X=Y=Z=Vz=0,mesh = 8,time step = 3

7 125 7 0.8
6 10.0 6 0.0
7.5 -0.8
5 5
5.0 -16
4 4
> 25 §~ —24
3 3
0.0 -32
2 2
-2.5 -4.0
B -5.0 B <o —48
0 -75 0 -5.6
4 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
X Vx

(a) (b)

Figure 4. The results show (a) real space propagation at z = v, = vy = v, = 0 and (b) ve-
locity space propagation at * = y = z = v, = 0 with time evolution to time step = 3 using our

quantum algorithm.

Distribution function of Classical algorithm Plot Distribution function of Classical algorithm Plot
at Z=Vx=Vy=Vz=0,time step = 3 at X=Y=Z=Vz=0,time step = 3

7 125 7 0.8
6 10.0 6 0.0
7.5 -0.8
5 5
5.0 -16
) )
> 25 §~ -2.4
3 3
0.0 -3.2
2 2
-25 -4.0
1 -5.0 1 -4.8
0 -75 0 -5.6
0 1 2 3 ) 5 6 7 0 1 2 3 4 5 6 7
X Vx

(a) (b)

Figure 5. The results are based on a classical algorithm of the time evolution of the difference

equations (4,6,7) using the same FTCS scheme as in this paper, with similar initial and boundary
conditions. (a) shows real space propagation at z = v, = vy, = v, = 0 and (b) shows velocity

space propagation at x =y = z = v, = 0 with time evolution to time step = 3

Comparing FIG. 4 and FIG. 5, the simulation results of the quantum algorithm
perfectly match those of the classical algorithm with similar conditions and methods. This
is because we are simulating exactly with statevector in this case, and the actual results
based on measurements will have statistical errors depending on the number of shots.

Although f should take values between 0 and 1, this is not the case in FIG. 4 and
FIG. 5. This is a consequence of numerical diffusion due to discretization using the FTCS
scheme, which occurs universally in classical algorithms. As noted in the discussion, the
numerical diffusion is reduced by O(At) in the time direction and O (Am)? in the space
direction , so it is guaranteed to give correct results if the calculation is per
a sufficiently large system.

ormed on
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The propagation in real space and velocity space is different, showing that it is acted
upon by the electromagnetic field solved with the Maxwell solver. We achieved one of
our goals in this paper, that is, the coupling of the Boltzmann equation and the Maxwell
equation. However, note that this is a unilateral interaction from the Maxwell equation,
since the assumption of uniform velocity and vacuum condition is used.

4 Discussion

Our plasma simulator is not yet able to cover generic phenomena according to the
governing equations (1,2,3). This paper is in the middle stage of our project. This means
that our plasma simulator does not yet account for velocity inhomogeneity in the con-
vective term of the distribution function, the interaction between electromagnetic fields
and plasma particles, and the collisional effects. To add these physical effects, new quan-
tum algorithms must be developed.

* Self-consistent collisionless Boltzmann-Maxwell equations interacting with the elec-
tromagnetic field by calculating p charge density, velocity, and j current density
in moment quantities of the distribution function:

of of | 4 of _
E‘FU 87:B+E(E+UXB> 87’0—0,
18°E 1 dj
2t L2 9)
B 2 Ot2 €0 Vot o ot’
9 1 0°B )
VEB — 5y = i (V%)

The next stage will be to improve the current quantum algorithm to the quantum al-
gorithm for the collisionless Boltzmann-Maxwell equation described above. To do this,
a quantum algorithm that calculates the amount of velocity moments in the distribu-
tion function should be developed. Thereby, the electromagnetic field and plasma par-
ticles can interact with each other via velocity inhomogeneity, charge density, and cur-
rent density. This stage can simulate all the complex kinetic effects of collisionless plasma
in an electromagnetic field; it simulates macroscopic MHD phenomena that reflect ki-
netic effects as Micro phenomena. In other words, even macroscopic phenomena can fall
back to microscopic phenomena, thus contributing to the complete understanding of the
physical process and to the prediction. The domain covers space plasmas in space plan-
etary science, such as the solar surface, and the earth’s magnetosphere and astrophysics,
such as black hole accretion disks and interstellar winds.

« Self-consistent collisional Boltzmann-Maxwell equations interacting with an elec-
tromagnetic field, with the addition of a first-principles collision term:

of .9 a4 of _ /
8t+v 8$+m(E+UXB) 8U_COl(fvf)v
1 0°FE 1 oX]
2pm L _* g9
VIE = G = VP TG
1 0°B .
V2B_C*2W:—M0(VXJ)-

Furthermore, in the final stage, this quantum algorithm will be improved to a quantum
algorithm for computing the collision term from the distribution function. By adding a
first-principles collision term, the domain of coverage is further extended. It covers the
highly complex collisional effects of space plasma versus neutral atmospheres, simulat-
ing the ionospheric dynamics of various planetary systems; except for Maxwell solver,

it calculates non-equilibrium states of rarefied gases first principles; apply Boltzmann so-
Iver and it solves problems of neutrinos and bubble structure in the universe.
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We used a finite difference FTCS scheme as our numerical model; the FTCS scheme
has numerical errors on the order of O(At), O(Az?) and O(AvZ,) per time evolution.
Previously, 6D Vlasov simulation research using classical computers has been able to al-
locate only L ~ 100 (L: lattices per spatial degree of freedom), even using supercom-
puters. Therefore, simple numerical methods such as the FTCS scheme are not very ap-
propriate for classical algorithms because of the large numerical errors. However, in the
case of quantum computation with a large-scale quantum computer in a domain that is
impossible with a classical computer, the number of lattices per spatial degree of free-
dom (>> 100 lattices) is a very large quantity, and thus the numerical error is inevitably
very small. For example, we estimate that L > 10% is needed to simulate the auroral elec-
tron acceleration problem in the magnetosphere-ionosphere. For that very large L, the
numerical error from the FTCS scheme is small enough. Moreover, since L increases ex-
ponentially with the line increase in hardware logical qubits, the speed of expansion and
growth of the computational domain and the speed of improvement in accuracy become
exponential.

The greatest advantage of quantum algorithms over classical algorithms is massively
parallelization. We estimate the Quantum Volume of our quantum algorithm and de-
scribe the quantum advantage of the Boltzmann-Maxwell equation. Simply, we will call
Quantum Volume=width(number of qubits)x depth(number of gates) in our quantum
algorithm. The width of this quantum algorithm is 6log,(L)+ 6 where L denotes the
number of lattice points in each direction. Comparing to the classical algorithm O(L)
computational complexity of the classical algorithm, the fact that it can be expressed
in log, (L) qubits is a quantum advantage. On the other hand, the measured quantum
circuits for L = 2, L = 4, and L = 8, were found to be approximately 600 x log,(L)
per time evolution. In case of time evolution to Time step = Ny, the approximated Quan-
tum Volume would be 3600x Ny log, (L) (logy(L) + 1). This is of the order of of the scale:

0 (Nt (logQ(L))2). Compared to the computational volume of a similar classical algo-

rithm O (NtL6)7 the order is improved by compression of 6D spatial information. Thus,
the larger L is, the higher the quantum superiority.

Our quantum algorithms are intended for a future large-scale quantum computer,
but there remain several issues in terms of efficient algorithms. There is a problem of
the efficient preparation of the initial distribution function on quantum circuits. The En-
coding step Appendix B method has the exponential complexity O (2N ) of preparing ar-
bitrary quantum states in a 2¥-dimensional Hilbert space with an N qubit(Zalka, 1998;
Georgescu et al., 2014). This problem is an important topic in quantum computation,
and various efficient methods have been proposed. For example, Georgescu et al. devel-
oped an efficient method to prepare quantum states with polynomial complexity in a num-
ber of qubits(Georgescu et al., 2014), and other efficient quantum state initialization meth-
ods such as log-concave. Other efficient methods for specific cases, such as log-concave
probability distribution functions, have been reported as well(Grover & Rudolph, 2002).
Although the initial distribution function varies depending on the physical phenomenon
to be simulated, the Maxwell velocity distribution function, for example, is a log-concave
probability distribution function and may be efficiently prepared(Todorova & Steijl, 2020).

Our quantum algorithm is more efficient than the classical algorithm in spatial in-
formation, but not in the time direction. The reason for this is that the finite difference
method of a numerical computation does not allow time information to enter the width
of quantum circuits. The finite difference method is a time-marching-based method for
classical numerical calculations using the forward term on the left side of the difference
equation. Due to its nature, one of the degrees of freedom must always be in the depth
when implemented in a quantum computer. Variables that are not set to width are not
accelerated, so there are restrictions on the number of lattices with respect to the num-
ber of degrees of freedom that can be set to depth, even for large-scale quantum com-
putation. One simple way to improve this is to rewrite the difference equation of the fi-
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nite difference method so that the smallest number of lattice degrees of freedom is the
evolution parameter instead of time. Although only one degree of freedom is restricted,
this method can keep the depth relatively small.

A common problem in quantum differential equation solving is the problem of van-
ishing time-marching-based measurement probabilities. In general terms, quantum lin-
ear system algorithms have an exponentially decreasing measurement probability with
respect to the time step, depending on the number of time steps. The quantum algorithm
in this study suffers from the same problem. The first possible solution to this problem
is the application of the compression gadget proposed by Fang et al(Fang et al., 2023).
This is a time-marching-based quantum differential equation solving method that is in-
dependent of time steps by repeating uniform singular value amplification.They verified
their implementation on linear ODEs, but it may be applicable to our PDEs. Next, we
also consider the use of different quantum differential equation solving methods as a so-
lution. Hamiltonian simulations are a common method for solving quantum differential
equations, and the Vlasov-poisson and Vlasov-Maxwell equations have already been used
(Toyoizumi et al., 2023; Engel et al., 2019). While it is easy to implement the compres-
sion gadget (Fang et al., 2023) within a Hamiltonian simulation, we consider that it is
difficult to implement the nonlinear Boltzmann-Maxwell equations with first-principles
collision terms in a Hamiltonian simulation.

5 Summary

In this paper, a novel quantum algorithm for solving the Boltzmann-Maxwell equa-
tion for collisionless plasmas has been formulated; both the Boltzmann and Maxwell equa-
tion solvers were structured with a similar quantum circuit. To confirm the validity of
our quantum algorithm, we performed simulations of the distribution function propa-
gation process under the background electromagnetic field propagation using the Qiskit
platform. We compared the results of the quantum calculation with the results of the
parallel classical calculation and found perfect agreement between them. This completes
the framework for efficiently solving nonlinear problems in various plasmas, such as space
plasmas. Prospective endeavors may cultivate the development of a more generalized quan-
tum algorithm for the Boltzmann-Maxwell equation for collisional plasmas, wherein the
vacuum condition is eliminated and first-principles collision terms are incorporated.
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Appendix A Maxwell solver

The basic structure of the Maxwell solver is almost identical to that of the Boltz-
mann solver. Similar to the Boltzmann solver, the Maxwell solver consists of three steps:
encoding, propagation, and integration. The algorithm is briefly described, with special
emphasis on the differences to the Boltzmann solver.
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Al Encoding

In Maxwell solver, the physical quantities E and B are written together as g, and
develop them simultaneously according to the equations (11,12). Since there are no ve-
locity degrees of freedom, only Npnys = 3[logy L] qubit are prepared for |phys), and
one additional qubit representing time is also prepared. [sub) requires Ng,, = 6 qubit
in this case. This is because we need Ngpecies = 1 qubit to distinguish the difference of
the physical quantity, namely E or B, Ngirection = 2(= [logs 3]) qubits to specify the
elements of the vector for them as they are vector, and Nierm = 3(= [log, 8]) qubits
to indicate 8 terms appearing the equations (11,12). Collectively, these are called subn-
odes, but their roles are actually divided as follows:

|sub) — |species)|direction)|sub). (A1)

These correspondences are shown in Table Al where € and o represent the the coefficient
and explicit sign of each term in the equations (11,12). Therefore, using exactly the same
algorithm as the Boltzmann solver, we obtain the following state as the outcome of this
encoding step:

V-1 1 2
|¢1 ZZ z,t,d| phys|0>t1me‘ >§pec1e§|d>d1rect10n|O>term|0>anc1lla7 (Az)

=0 s=0d

,_\

where the subscript i indicates a lattice point using the same rules as in the Boltzmann
solver, g; ¢4 are given in TABLE A1, and g is normalized g. At the first time step we
need to specify the initial values for g.

A2 Propagation

The structure of the Propagation step in Maxwell solver is fundamentally a Quan-
tum Walk, similar to the Propagation in Boltzmann solver. Thus we need to construct
the coin operator and the shift operator. However, the elements of the Coin operator,
the time qubits, and the type of subnodes are different. Furthermore, the time increment
circuit is used only with respect to the state |111)g,p to use the physical quantity of one
previous time. Therefore, in this section, Propagation step generate the states correspond-
ing to the terms propagated in space-time by using the increment and decrement circuits.

The coin operator acts on the subnodes.

Ucoin|5>species|d>direction|j>sub = gs,d,j |5>species|d>direction|j>suba (A’?))
where you can also find €, 4 ; in TABLE Al and € is normalized e.

One difference from the Boltzmann solver is that the right-hand side of the expres-
sion (11,12) contains a term g; 11 5,4 that also evolves in the time direction. This effect
can be easily implemented by treating time as part of the spatial direction and apply-
ing the shift operator in the same way, but note that only the increment circuit is op-
erated since the direction is only negative. After operating the coin and the shift oper-
ator, we obtain the following state as the outcome of this propagation step:

V-1 1 1 2 7
‘¢2> = Z Z Z gs,d,jgi,t,s,d|i>phys|t>time|5>species|d>direction|j>sub|O>ancilla
=0 t=0 s=0d=0 j=0
|*> |]->ancilla7 (A4)

where §; 1+ s 4 represents the shift of +1 unit in each spatial and the temporal. As for the
time direction, |1)time|111)sub and the initial amplitude at |0)4ime|000)sup are exchanged
by the increment circuit (25).The reason for this exchange is because one previous time
state is needed to generate a term that propagates in the time direction.
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559 A3 Integration

In contrast to the Boltzmann equation, the Maxwell equation is a second-order dif-
ferential equation. As a result, the signs o; that appear in the corresponding difference
equation (10) differ from those in the Boltzmann equation (as shown in Table Al). In
such cases, an controlled-inverse gate, which is shown as follows, should be applied prior
to the superposition by the H gate:

|sub) —e—

UInv. = |SUb> T

|[sub) —e—

560 The rest of the integration step can use the same method as the Boltzmann solver,
561 but this time we are dealing with different physical quantities,EE and B, in the same cir-
562 cuit, so we need to sum each of them and not confuse them. As a result, we can spec-
563 ify the spatial lattice point (7) and the species, and obtain the time-evolved quantities

E, B developed in the amplitude of |000)g,1p.

Table A1l. The subnode bases and their corresponding physical quantities. g, €, and o respec-
tively represent the (unnormalized) electromagnetic fields associated with each basis state, the
coefficients to be incorporated via the coin operator, and the sign to be multiplied during the
integration step. These are the quantities that appear on the right side of the difference equa-
tions (11,12). Here we write only for |direction) = |00)direction as an example; |01)direction and

|10) direction correspond to the y- and z- components of E and F', respectively.

|s>species|d >d1rect10n|]>s b ‘ gs,d:(),j ‘ €s,d=0,j ‘ gj

|O species|00 direction|000 sub E;c (177 Y, z; t) —4 +1
|0 spccicleO dircction'OO]- sub E ) +1
|0 speciesloo direction'O]-O sub Ea: T — A.’K, Y,z t) +1
)
)

1

1

|O speciesloo direction|011 sub E 1 +1
|0 speciesIOO direction'loo sub E 1 +1
|O species|00 direction|101 sub E 1 +1
|O specieslOO direction'llo sub E ;y7 AZ,t 1
|0 specieleO direction'l]-]- sub z(x» Y, zZ; t— At 1 -1

) ) )
) ) )
) ) )
) ) )
) ) )
) ) )
) ) ) +1
) ) )
|1>species |00>direction|000>sub Fz ({E, Y, z; t) —4 +1
) ) )
) ) )
) ) )
) ) )
) ) )
) ) )
) ) )

tljb?
N —

o

|1 speciesloo direction|001 su ($ + A.Z‘, Y,z t +1
|1 speciesIOO direction'OIO su
|1 species|00 direction|011 su
|]- spccicleO dircction|100 sub
|]- speciesloo direction|101 sub
|1 speciesloo direction|110 sub
|1 speciesloo direction|111 sub

)
(r — Ax,y, z;t) +1
Ex Y+ Ay, z; t;

x,y — Ay, z;t

o

1

1

1 +1
1 +1
1

1

1

o

x,y,z+ Azt

( ) +1
(x,y,2 — Az;t)
( )

+1
—1

mmmmE

&

x,y, 2zt — At

x

564

565 Appendix B Construction of our coin operator
566 In this section we consider an algorithm to multiply a vector to each quantum ba-
567 sis. Let A denote the multiplying vector:
A= (Nos A2y - Am—1) s (B1)
568 where we suppose that {\} take real values and A be normalized: ), \? =
569 To implement this algorithm, we need operate a diagonal matrix A having entries
570 corresponding to A but this cannot be done directly because it is not unitary operator
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in general. Thus we realized this non-unitary operation by using one ancilla qubit and
embedding the matrix A in a unitary matrix with larger size, which is known as the block
encoding method. As {A} are always real, this procedure can easily be implemented as

follows:
A B
v-(a %) (©2)
with
A = diag(A, Mg, -1), (B3)
diag <\/ )\%, \/1—=A3,-- ) ) (B4)

After performing this unitary operation on an arbitrary state:

o]
[

= Z |1 phys|0) anc, (B5)

we obtain the following state:
W) = Ul), (B6)
= Z /\iai‘i>phys|0>ancilla + ‘*>|1>ancilla7 (B7)

which we can distinguish desired /unnecessary states with |0/1)ancilla-
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Key Points:

« A future fault-tolerant large-scale quantum computer speeds up simulations of the
6D collisionless Boltzmann equation in nonlinear plasmas.

« Future first principles simulators will have a huge number of lattices, leading to
more advanced understanding and prediction of physics.

« To solve nonlinear PDEs using quantum computation, we used the method of am-
plitude embedding and quantum walk.
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Abstract

A novel quantum algorithm for solving the Boltzmann-Maxwell equations of the 6D col-
lisionless plasma is proposed. The equation describes the kinetic behavior of plasma par-
ticles in electromagnetic fields and is known for the classical first-principles equations

in various domains, from space to laboratory plasmas. We have constructed a quantum
algorithm for a future fault-tolerant large-scale quantum computer to accelerate its costly
computation. This algorithm consists mainly of two routines: the Boltzmann solver and
the Maxwell solver. Quantum algorithms undertake these dual procedures, while clas-
sical algorithms facilitate their interplay. Each solver has a similar structure consisting
of three steps: Encoding, Propagation, and Integration. We conducted a preliminary im-
plementation of the quantum algorithm and performed a parallel validation against a
comparable classical approach. IBM Qiskit was used to implement all quantum circuits.

1 Introduction

The space plasma environment, extending from the Sun to the magnetosphere-ion-
osphere-atmosphere, includes regions of frozen conditions, zones of anomalous resistance
caused by electromagnetic turbulence, interconnected regions characterized by weakly
ionized gas systems in strong magnetic fields, coupled neutral-atmosphere chemical pro-
cesses, and pure neutral-atmosphere collision systems. Owing to their complex interac-
tions, an inclusive understanding and forecasting of the space environment remains an
elusive goal, even with the advancements in high-performance instrumentation and in-
situ observation of satellites. Therefore, it is imperative to develop space plasma sim-
ulations capable of providing comprehensive insights, ranging from local spatial domains
to the global schematic.

Historically, the development of space plasma simulations has been constrained by
computational time, memory capacity, and data storage limitations, resolving complex
phenomena with restricted physics at local space scales. In light of these constraints, sp-
ace plasma simulations can be divided into two principal scale hierarchies. One approach
endeavors to reproduce Macroscopic phenomena using a coarse approximation, whereas
the other aims to recreate Microscopic phenomena derived from first principles. Exam-
ples of the former include magnetohydrodynamics (MHD), while the latter include tech-
niques such as particle-in-cell (PIC) or the Vlasov equation (hereafter referred to as the
collisionless Boltzmann equation). The choice between global simulation and compre-
hensive simulation of physical processes depends on the required space and time scales.
However, several thematic concerns have emerged that require simulation via coupling
between scale hierarchies. For example, we describe the plasma instability of the cur-
rent sheet and the initiation mechanism of magnetic reconnection. The importance of
kinetic effects resulting from ion-electron dynamics during the onset of magnetic recon-
nection has been demonstrated (Daughton, 2003; Moritaka & Horiuchi, 2008). To em-
ulate this, a multi-hierarchical simulation with inter-domain coupling of MHD and PIC
has been developed, which allows to analyze the influence of macroscopic dynamics on
the microscopic physics of magnetic reconnection (Usami et al., 2009, 2014).

In contrast, the collisionless Boltzmann equation requires advanced numerical com-
putations of the 6D distribution function in both space (3D) and velocity (3D) of the
particles, and has traditionally been limited to the analysis of low-dimensional, low-reso-
lution or microscopic phenomena. Given the susceptibility of direct methods to numer-
ical diffusion, the more accurate electromagnetic Vlasov method has been designed and
implemented(Umeda, 2008; Umeda et al., 2009; Minoshima et al., 2011; Umeda et al.,
2012). The considerable progress in its research has allowed the elucidation of numer-
ous authentic physical phenomena through the use of full electromagnetic Vlasov sim-
ulation, notwithstanding certain limitations regarding dimensionality and lattice num-
ber, which depend on the availability of computational resources(Umeda, Miwa, et al.,
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2010; Umeda, Togano, & Ogino, 2010; Umeda et al., 2011; Umeda, 2012; Umeda et al.,
2013, 2014). Theoretically, the integration of a collision term into the Boltzmann-Maxwell
equations provides a comprehensive representation of the collision effects present in the
complex coupled magnetosphere-ionosphere-atmosphere system of the Earth.

However, the current state of simulation technology is such that the fluid equations
incorporating these collision effects have not yet been successfully modeled. The effects
resulting from ionospheric collisions affect a variety of facets, ranging from auroras to
magnetospheric dynamics (e.g. Yoshikawa et al. (2013)), and further lead to the man-
ifestation of complex phenomena (e.g. Ohtani and Yoshikawa (2016)). Consequently, the
collisionality Boltzmann-Maxwell equations encompass a plethora of significant phenom-
ena within their domain of interest that are relevant to space-earth electromagnetics. In
an idealized scenario, the entirety of these phenomena could be computed using the col-
lisional Boltzmann-Maxwell equations, eliminating the need for scaling factorial coupled
simulations and the reliance on a variety of assumptions. However, performing high-order
numerical computations for the first-principles collisional Boltzmann-Maxwell equation
requires the establishment of extremely precise numerical methods, coupled with an enor-
mous computational burden O(LS) (where L is the number of lattices per spatial degree
of freedom), which is currently unattainable even with the computational power of to-
day’s supercomputers.

In recent years, advances in quantum computing, both software and hardware, have
demonstrated numerous advantages of quantum algorithms, such as those represented
by (Shor, 1994). Following Google’s achievement of quantum supremacy in 2019 (Arute
et al., 2019), the pragmatic implementation of quantum computing in plasma simula-
tion, weather forecasting, fluid simulation, and various fields is attracting interest. In nu-
merical computation, the first paper on solving linear equations with quantum computer,
the so-called the HHL algorithm (Harrow et al., 2009), was published. Subsequently, a
quantum algorithm for linear ordinary differential equations (ODE)(Berry et al., 2017)
and for partial differential equations(PDE)(Childs et al., 2021), and many for fluid sim-
ulations have been reported in recent years (Mezzacapo et al., 2015; Budinski, 2022; Steijl
& Barakos, 2018; Steijl, 2019, 2023; Arrazola et al., 2019; Cao et al., 2013; Wang et al.,
2020; Gaitan, 2020, 2021). The employed methodologies vary considerably. Some use quan-
tum computational versions of the lattice gas model (Yepez, 1998, 2001) or the lattice
Boltzmann method (Miller et al., 2001), some use quantum Fourier transforms to solve
the Poisson equation, some use HHL algorithms and Hamiltonian simulations and Some
combine it with the HHL algorithm and Hamiltonian simulations, others reduce from
PDEs to ODEs to solve nonlinear ODEs, and so on. Among them, the quantum lattice
Boltzmann method is constructed by considering the streaming operation as Quantum
Walk (Aharonov et al., 1993)(Succi et al., 2015). Similarly, a quantum algorithm for the
Dirac equation was proposed (Fillion-Gourdeau et al., 2017), using the similarity of a
sequence of time-evolving operations to Quantum Walk. And Todorova et al. developed
a quantum algorithm for the collisionless Boltzmann equation that performs discrete real
and discrete velocity space propagation by Quantum Walk using a discrete-velocity method
(Todorova & Steijl, 2020). We consider that this method has an advantage over other
quantum differential equation solving methods in that it is easier to introduce first-principles
collision terms.

« Collisionless Boltzmann-Maxwell equations with u(:velocity) constant and the elec-
tromagnetic field E, B under vacuum conditions acting one way:

of of a4 of _
8t +uconst : 32’12 + m(E+uconst X B) : 8'0 - 07
A& _liE -
E 2 Ot? =0,



9 1 0°B

VB 2z 0.
115 We developed a quantum algorithm for the 6D Boltzmann-Maxwell equations for
116 collisionless plasmas under the above conditions based on the efficient quantum walk cir-
17 cuit(Douglas & Wang, 2009). In this process, we calculated the time evolution problem
118 of the 6D distribution function with the addition of velocity space, referring to the quan-
119 tum algorithms for the the discrete velocity method in the the Boltzmann equation(Todorova
120 & Steijl, 2020) and the Macro step in the Navier-Stokes equations(Budinski, 2022). Thus,
121 the implementation of the collision term, which is the final goal of our project, is much
122 easier and can be developed step by step. Furthermore, according to our quantum al-
123 gorithm, it is simpler and computationally less expensive to solve all regions with the
124 collisionless Boltzmann-Maxwell equations than with Macro-Micro’s hierarchically cou-
125 pled simulators. The quantum computer’s most important advantage, the lattice infor-
126 mation in the spatial direction, is parallelized into a single state function by encoding
127 amplitude embedding. The results show that the order of the Quantum Volume as the
128 scale of the quantum circuit is O (Nt (logy (L))z)7 which is an improvement over the or-
120 der of the computational volume O (NtLG) of a similar classical algorithm.
130 In the future, we will develop a quantum algorithm for the collisional Boltzmann-
131 Maxwell equations and apply it to the plasma region from the sun to the Earth’s mag-
132 netosphere-ionosphere-atmosphere. Thus, this will provide a framework in order to un-
133 derstand and fully predict the space plasma environment. At that time, we expect the
134 device to be used is a future fault-tolerant large-scale quantum computer. This paper
135 develops the first quantum algorithm for this purpose and summarizes the methodology
136 and verification results.
137 This paper is organized as follows: Section 1.1 and 1.2 describe the model of nu-
138 merical computation, Section 2 describes our Quantum Algorithm of Boltzmann solver,
139 and Section 3 compares and verifies the results of the quantum algorithm with similar
140 classical algorithms. In Section 4, we discuss current issues and future solutions.
11 1.1 Governing equations
142 We employ the collisionless plasma Boltzmann and Maxwell equations within an
143 electromagnetic field as governing equations. Specifically, these equations are given by

¢ The collisionless plasma Boltzmann equation with an electromagnetic field:

of of « of
E+uconst'%+E(E+uconst XB)%:O, (1)
« Wave equation for the electric field F in vacuum:
1 0°FE
V?E - ——-=0, 2
2 ot? 2)
* Wave equation for the magnetic field B in vacuum:
1 9°B
V’B - ——— =0. 3
2 ot? 3)
144 Where f is the distribution function of the plasma particles, u is the fluid velocity of the
15 plasma, which we assume to be constant, ¢/m is the charge to mass ratio of the parti-
146 cles and FE and B are the electromagnetic fields. The Maxwell equations can be rewrit-
147 ten in the form of wave equations for the electric and magnetic fields respectively, as above,
148 to implement the quantum algorithms more efficiently.
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1.2 Numerical simulation method

For the execution of nonlinear partial differential equations (1,2,3) on quantum com-
puters, these equations require discretization by methods such as the finite difference tech-
nique or the finite element method. In the following discourse, the finite difference ap-
proach is adopted for the Boltzmann-Maxwell equation, resulting in difference equations
that are implementable on quantum circuits.

Proceeding with the application of the Forward Time Centered Space(FTCS) scheme,
we differentiate the Boltzmann equations for collisionless plasma and derive a discretized
representation. The differencing equation for the governing equation (1) is given by

uz At Uy AL
f(@,y, 2,05, 0, 05t + AL) = f— E(fwm Cha) zyAiy(fijAy .
u, AL
7E(fZ+AZ - fz—Az)
E + uconst x B)At
_Q( 2c;:Atv L (fortav, = fo.—av,)
q(E + Uconst X B)yAt
2mAv, (foy+av, = fo,—av,)
_q(E + Uconst X B)ZAt

Zmsz (fvz+sz - fvzfsz)7 (4)

where the value of f(x,vy, 2, vz, vy, v.;t), namely the distribution function at the refer-
ence point x,¥, 2, Vg, Uy, v, and time ¢, is simply denoted as f, and the same at the point
deviating by one unit distance in each direction is denoted with subscripts:

(e~g-) fac+Az = f(x + A(ﬂ, Y, 2, Vg, Uy, Uz; t)'

We simplify the difference Boltzmann equation with the following assumption:
ug At uy At u At

2Az  2Ay 2Az L (5)
Similarly, the difference equations for the electric and magnetic fields are given as
E(z,y, zt+At) = (2 - Zqui(A; + Alyz + Alzz)> E—FE,_n
/J[)iiwz (EByine +Eppng) + MoéAoin (Eyiny + Ey_ny)
Moiizg (Eexn:+E._az), (6)

B(z,y, z;t + At)

At? 1 1 1
2-2 B - B;_
( Ho€o (Axg * Ay? * Az? )> At

At? At?
B:r T + Bwf x + N
(Bora az) Ho€oAy?

<B2+AZ + BzfAz) ) (7)

locoBa? (By+ay + By—ay)

At?
,U,oE()AZZ
where quantities such as E and B are defined in the same manner as f above.

Furthermore, for simplicity of notation, we set hereafter as the Lorentz force term
as

F:=ux B. (8)

Also, the speed of light ¢ in equation (2,3) is rewritten here using the permittivity and
the permeability (ep and pg) in the vacuum. Similar to the Boltzmann equation exam-
ple, we make the following assumption:

At? At? At?

= = =1. 9
MoéoA.’E2 ﬂoEoAy2 ,U,()E()A,Zz ( )
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Under the postulates of this manuscript, no velocity is obtained from the first-order ve-
locity moment of the distribution function. Given the use of uniform velocities in both
the temporal and spatial domains, the discretized magnetic field equation transforms into
the propagation equation of the Lorentz force term.

As a result, we obtain the discretized Botzmann-Maxwell equation to be implemented
as follows:

f(xa Y, 2, Vg, Uy, Uz;t + At) = f - (fx—O—Am - fz—Am) - (fy+Ay - fy—Ay)
_(fZ-‘rAz - fz—Az)
q(E + F), At
_W(ﬂ}ﬁ-&uz - f’Um_AUm)
_Q(E + F),At _
ZmAvy (fvy+Avy fvyfAvy)
_(ZTTLTU)(L)ZJFAUZ - fvzfsz)y (10)
E(l‘, Y, z; t+ At) = —4F — Et—At + (Em+Az + Ez—Am)

+ (Ey+Ay + Ey_Ay) + (Ez+Az + Ez—AZ) ) (11)
—AF — Fy_at 4 (Fosne + Fooag)
+ (Fypny + Fy_ny) + (Fesnz+ Foonz). (12)

F(z,y,z;t+ At)

This allows us to evolve the values of f and , (E, B) independently. We call the quan-
tum routines that perform this evolution the Boltzmann solver and the Maxwell solver,
respectively. For the evolution of f (Boltzmann solver), we need the values of E and F
at each time step as they appear in the right-hand side of the equation (10), so we use

the values obtained by the Maxwell solver.

2 Quantum Algorithm

In this section, a quantum algorithm based on the discretized Boltzmann-Maxwell
equations (4,6,7) is constructed and implemented on quantum circuits. This quantum
algorithm can be divided into two independent routines: the Boltzmann solver and the
Maxwell solver. They take an initial function of f and (E, B) as input, respectively. Both
routines fix time and output physical quantities that evolve in one time step according
to difference equations (11,12). By iterating this one-step evolution many times, we can
obtain the value of a physical quantity that has evolved for an arbitrary time step.

The electric and magnetic fields derived by Maxwell solver are incorporated into
the Propagation circuit of the Boltzmann solver as shown in the FIG. 1, thereby cou-
pling each routine. The quantum calculations in this paper are carried out exactly in a
way that deals with state vectors using a classical simulator provided by IBM Qiskit. It
is straightforward to construct an authentic quantum algorithm based on measurements.

2.1 Boltzmann

Our Boltzmann solver can be segmented into three principal steps: Encoding, Prop-
agation and Integration.

2.1.1 FEncoding

First of all, it is necessary to encode the classical information of the physical quan-
tities into the amplitudes of quantum states. Fixing the number of lattice sites in all spa-
tial and velocity directions to be L, f will have V := L5 degrees of freedom. In the en-
coding step, we associate each of these degrees of freedom with one computational ba-
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Figure 1. A Schematic of the quantum circuit of our algorithm for solving the Boltzmann-

Maxwell equations. They consist of two routines that operate on the coin operator.

sis and encode the value of f in the amplitude of the corresponding quantum state. Thus,
a total of V' bases must be prepared in total, requiring [log, V'] qubits. This method of
encoding classical information into quantum information amplitudes is commonly referred
to as the amplitude embedding technique.

To elucidate the relationship between physical quantities and probability ampli-
tudes, the following conversion from a function f(x,v;t) to a vector f; , (0<i<V-—
1) is implemented. The subscripts @ specify a point in the 6D lattice space. For exam-
ple, i = 0 corresponds to the origin point (x,v) = (0,0,0,0,0,0), and i = 1 represents
the value of the distribution function moved by one lattice point in the x direction:

(z,v) = (Az,0,0,0,0,0). Namely, the amount of f; follows

(Eg) fO - f(Ov()vaOaOvO;t = tr)v (13)
fi = f(Az,0,0,0,0,0;t =t,). (14)

Note that the quantum state does not contain any information about time, since the prop-
agation takes place with fixed time. We will assume L = 2Vt in the following. As ev-
idenced in Section 3, our actual numerical calculations are executed with Ny =3 (L =

8).

The first important algorithm in the Encoding step is with a given distribution func-
tion at a fixed ¢ = t, to prepare a quantum state, which we name |¢o)phys, With these
values in its amplitudes:

V-1
[Go)pnys = D fili), (15)
i=0
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where f is the normalized distribution function as follows:

V-1 —1/2
een o (S0) ’
i=0

At the initial time step of ¢ = 0, an arbitrary distribution can be designated as an ini-
tial function. Post the second step, the distribution function generated by the Boltzmann
solver in the prior step ought to be provided as input. This iterative process allows for
the computation of the distribution function at any desired time step. This procedure

of state preparation can be executed in alignment with Appendix B.

It should be noted that, within the context of this manuscript, we have formulated
the algorithm in a manner that measures f post each step and re-encodes it in the sub-
sequent step, in order to circumvent excessive enlargement of the quantum circuit’s depth.
This design necessitates O(V) measurements at every time step, failing the advantage
of the quantum algorithm. However, it is straightforward to connect each time step seam-
lessly. Namely, any measurements are required between each time step, implying that
such a design will be beneficial when managing large-scale quantum apparatuses in the
future. Further discussion on quantum advantage will be given in later sections.

The qubits prepared within this context are termed as the physical qubits, denoted
as |phys). Looking more closely, |phys) is prepared by a total of 6 closed Hilbert spaces
corresponding to spatial and velocity degrees of freedom, each having N (= log, L) qubits.
Namely, we write it as

|phys) = |phys;z) |phys;y) |phys;z)|phys;v, )| phys;vy, ) [phys;v.) (17)

Subsequent to the Propagation step, the ensuing quantum algorithms necessitate an ad-
ditional qubit, which depending on their role, is identified as either subnode qubits |sub)
or ancilla qubits |ancilla). As will explaind later the number of subnode and ancilla qubits
are fixed to 4 and 1, respectively, regardless of the parameters and physical setup. Thus,
the numbers of qubits required by the Boltzmann solver are

NphiSZGNL s Nowp = 4 ) Nan0:17 (18)
and the following quantum state is prepared and output in after this Encoding step:

|¢)1> = |¢0 phys X |0>sub & |O>ancilla; (19)
—1
= fi|i>phys|0>sub|0>ancilla~ (20)

7=

<

[}

2.1.2 Propagation

In the Propagation step, we partially utilize the tequniques of quantum algorithm
method (Douglas & Wang, 2009) and implement an algorithm that multiplies each prob-
ability amplitude of ¢; by the coefficient of each term in the discretized equation.

The subnode bases and their corresponding physical quantities f, €, ando denote
the normalized distribution encoded as the amplitude of the associated state, the coef-
ficients to be incorporated via the coin operator, and the sign to be multiplied during
the integration step, respectively. To solve the evolution equation (10), we need to pre-
pare and add up all the terms that arise in the equation such as:

QmAUI f’U Vg

f7 $fwj:Aza"' , T

After passing through the encoding step, we are now in possession of a quantum state
|¢1), within which the data of the distribution function are encoded in the amplitude.
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Table 1. The subnode bases and their corresponding physical quantities. f, €, and o respec-
tively represent the (unnormalized) distribution function associated with each basis state, the
coefficients to be incorporated via the coin operator, and the sign to be multiplied during the
integration step. These are the quantities that appear on the right-hand side of the difference
equation (10).

il 1sw | fi | €j o
0 10000) f(@,y, 2,02, 0y, 0;) 1 +1
1 |0001) flo+ Az, y, 2,05, vy, 0;) 1 -1
2 |0010) fle — Az, y, 2,0, vy, 0.) 1 +1
3 |0011> f(l“ay'i‘Ay,Z,Ux,Uy,Uz) 1 -1
4 |0100> f(x’y_Ay7zavx7vyavz) 1 +1
5 [0101) f(z,y, 2+ Az, vz, 0y,0,) 1 -1
6 |0110) flz,y, 2 — Az, vy, 0y,0,) 1 +1
7 |0111> f(aj?ywzuvz + A’U:I/va?vz) qu(JJ,y;Z);‘IA?:)(%%Z)At -1
8 | 11000) | f(2,9,2,00 — Avg,vy,0,) | qZelewatEloaan |y
9 [1001) | f(z,y, 2, s, vy + Avy, v,) qu(z’y’ZQ)nti%G’y’z)At -1
10 [1010) | f(z,y, 2, Vs, vy — Avy,v,) qu(w’y’zQ)Zii(w’y’z)At +1
11| [1011) | f(z,y, 2, Vs, vy, v2 + Avy) qEZ(I’y’Z2)7J,Z§Z&’y’Z)At -1
B (2,y,2)+F. (2,y,2) At
12 [1100) | f(z,y,2,vg,vy,0. —Av;) | g STo¥.oD +1
13 | |1101) 0 0 -1
14 | |1110) 0 0 +1
15 | |1111) 0 0 -1

Therefore, by considering an algorithm that multiplies each coefficient such as %

by the corresponding state, the amplitudes of all states are updated to the state with
the appropriate coefficient appearing in equation (10). We will deal with the explicit sign
in the equation later. The values of E and F' at the certain time step are obtained from
Maxwell solver.

Subnodes serve to identify the terms that arise at a specific time step, namely

Iy fotnm, s fo,tAw, -+ In total, there are 13 (= 1+2x6) terms: one term f,
which precedes propagation, and terms propagated by each +1 unit for each of the six
directions in space and velocity. Hence, 4 (= [13]) qubits are necessitated as a subn-
ode. It should be noted that this number remains uninfluenced by physical quantities
like volume. For simplicity, we have associated them as depicted in TABLE 1. Here, ¢;
is the coefficient applied to each term, and o; is the sign explicitly attributed to each term
in TABLE 1. In fact, both €; and o; are coefficients in the difference equation (10), so
it is possible to define epsilon to include the sign of ;. However, we choose to distin-
guish between them because €; represents a quantity that depends on a specific assump-
tion as indicated by the assumption (5,9), while o; is a universally determined quantity.
By making this distinction, we think we can minimize the part that we need to be mod-
ified based on different assumptions.

As elucidated below, the coin operator is accountable for the multiplication of these
coefficients, and the shift operator assumes responsibility for correlating each term with
the basis of the subnode.

We can create the appropriate coefficients by first make the subnodes in superpoti-
tion using the H-gate. Then apply the diagonal matrix with {e} as components:

A := diag(eo, €1, -, €15). (21)
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The operation with this diagonal matrix is not a unitary and thus it must be embedded
in a unitary matrix of larger size. Since the coefficients are real, this procedure can be
done easily as explained in the Appendix Appendix B. Here, we use the ancilla qubit

lag) to create a unitary matrix of larger size. We call this whole operator acting on the
subnode (and the ancilla qubit) the “coin operator” according to the terminology of quan-
tum walk. As a result, we obtain the state after operating the coin operator as follows:

UCoin|¢1> = Z C01nfz| >phys‘0>sub|0>anc1llaa

.
Il
<

<

15

= ﬁgj |i>phys|j>sub|0>ancilla + |*> ‘ 1>ancilla7 (22)
0 j=0

3

where € represents a normalized quantity. |*) represents the computationally unneces-
sary states, which are identified by the ancilla qubit being |1)anciila-

Next, so-called increment/decrement gates are applied on both subnode and phys-
ical qubits to associate the basis of subnode and physical amount at different points. The
increment/decrement gates are operators that shift one computational basis, respectively.
Specifically, those operator satisfy

UIncr‘|i> = |7’ + 1>7
UDccr.|i> - |Z - 1> (23)

Suppose the periodic boundary condition on the N-qubits system:

UIncr4|2N - 1> = |O>7
Ubeer.|0) = |2V — 1), (24)

those operator follow the relation: UIncr Upecr.- The increment circuit can be specif-
ically configured as follows.

JanY
A\

UIncr. = ) UDecr. =

Jany
%

JanY
'

By performing controlled-Increment /Decrement gates on the subnode as control
registers and the physical qubits as target registers, we can map the subnode to a phys-
ical quantity on each lattice point. We call this sequential operations as the ”shift op-
erator”. The circuit of the shift operator is shown in FIG.2.

As a result, after applying both the coin operator and the shift operator, we ob-
tain the following state as a final output of this propagation step:

V-1 15

|¢2 = Z Zij’L,j| phys|.7>sub|0>ancﬂla +| >|1>ancilla- (26)

=0 j=0

We can articulate the exact correlation between fz and fz} 7 as outlined herein. Initially,
we had the capacity to signify the index i asi = sL+¢t, (0 < s < 6,0 <t < L),
which, for instance, correlates with the direction = when s = 0, y when s = 1, and so
forth, and the coordinates of the corresponding directions are symbolized by t. The shift

—10—
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Figure 2. A Quantum circuit for the shift operators. Increment and Decrement operators

controlled by subnodes are aligned according to the order of TABLE 1.

operator moves computational bases in each subspace by +1, respecting periodic bound-
ary conditions in each orientation. This 41 direction is specified by the index j as shown
in TABLE 1. Therefore, f; ; can be represented as follows:

fi,j = st+(t+(71)j)modL7 (27)

when i =sL+t (0<s<6, 0<t<0L).

2.1.3 Integration

Passing through the encoding and propagation steps so far, we obtain a state in
which the all 13 terms arising in the right-hand side of the equation (10) for a fixed time
step under are encoded in the amplitude of each basis state. In this step, we perform a
superposition of subnode states to compute the sum of all terms and collect them into
the amplitude of a single state|0000)s,,. However, As a preprocessing step, we need to
invert the phases of certain states as explained below.

The amplitude of each basis are multiplied by the coefficients in the difference equa-
tion 10, excluding the explicit sign, which is denoted by sigma in TABLE 1. Therefore,
we need to inverse the phase of corresponding state for the terms with a minus sign. This
process is also very simple and only requires one application of Z gate as shown in cir-
cuit 28 before applying H gates.

Finally, we superimpose all sunode states by applying H as shown in circuit(28).
jsub)
|sub)
[sub) (28)
)

|sub

—11-
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As a result, the amplitudes of the states from |0000)s,5t0[1111)5y, are summed and gath-
ered as the amplitude of [0000)s,1, state with equal weighting of 1/4. Therefore, we fi-
nally obtain the following state

V12

1 -
lgs) = 4 Z ZOjejfi,j|Z>phys|0000>sub|0>an0illa + [). (29)

i=0 j=0

With more clear form, we can write:

12
foﬁjfm ~ f- (fa:+Ax - fx—Ax) - (fy+Ay - fy—Ay) - (fz+Az - fz—Az)
j=0

_q(E + F),At q(E + F),At
2mAwv,, 2mAv,
= f(%y,z’va:,vy’vz;t-i-ﬁt% (30)

(fvw+Avw - f'uwavx) - (fvy+Avy - fvyfAvy)y

where the distribution function is at the corresponding point of (z,y, z, vz, Ty, V) to the
index 4. Since the normalizing factors of f and e are involved here, the relation is denoted
as “N” .

According to the resultant state |¢3), we can measure the physical and subnode
qubits and focus on the |0)gy, to obtain a distribution function that is one time step evo-
Ived according to the Boltzmann-Maxwell equation. For further time steps, we can use
this distribution function as an initial value to input to the first encoding step, and fur-
ther time evolution can be implemented by performing similar steps.

Here are remarks on this algorithm, most of what is touched on here will be dis-
cussed more comprehensively in the Section 4. First, we asserted that the measurement
of the state delivers the value of the distribution function; however, what is specifically
attained is the square of the absolute value of the distribution function. Nevertheless,
given that the value of the distribution function f is consistently real and non-negative,
the precise value of f can be accurately recovered from the measurements. On the other
hand, FE and B handled by Maxwell solver in Appendix Appendix A are real but also
have negative values, so not exactly the same algorithm can be used. However, during
computation with real quantum algorithms, there isn’t a genuine necessity to measure
the values of E and B. The primary function of the Maxwell solver is simply to convey
these values to the Boltzmann solver within the quantum circuit, hence this does not pre-
sent a significant issue. If one want to measure E and B values as well, a further an-
cilla node that identifies the sign must be prepared, and an additional quantum oracle
is also needed.

Next, Actually measuring f does not lead to quantum advantage. This is because
f still has O(V = L®) degrees of freedom, and it is inevitable to measure it O(V') times
in order to obtain full information. However, this problem can be avoided because what
we are physically interested in is not f itself, but the velocity moment quantity obtained
by integrating f with respect to velocity v. If we could implement this integral, i.e., just
a sum in the discrete system, in an efficient quantum algorithm, the computational com-
plexity would be superior to that of a naive classical algorithm. Furthermore, we believe
that it is possible to reduce the Hilbert space to be measured based on physical condi-
tions such as uniformity with respect to a certain spatial direction, limiting the measure-
ment to the physical space of interest, etc.

3 Comparison

In this paper, all quantum circuits were exactly simulated by dealing directly with
statevectors. Thus it is expected that the results will be in exact agreement with numer-
ical calculations using conventional classical algorithms. We prepared L = 8 lattice sites
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in each spatial and velocity direction and calculated with the volume V' = 85. As for
the quantum algorithm 6 x [log, L] = 18 qubits were used as |phys).

And we set Ar = Ay = Az = 30m, At = 10~ 7s, satisfying the assumption (9).
Thereby, v, = v, = v, = 3 x 10%m/s is constant at the speed of light. The plasma
particles are assumed to be positrons and set e = 1.6x10719C, m, = 9.1x1073'kg, so
we put Avr = Av, = Av, = 10°m/s. In this section, for simplicity, we re-scale vari-
ables x,y, -+ dividing by the unit Az, Ay, -- and denote them as coordinates on a lat-
tice space. That is, x = n denotes the point where x = nAx physically.

3.1 Initial condition

As the initial distribution function, we employed a simple setup: we set 0 for (x =
l,y=1)or (vy; =1,v, = 1), and set 1 for the other spaces. Namely,

f(xa Y, 2, Vg, Uy, Uyt = 0)|w:10y:1 = 0,
f(xa Y, 2y Vg, Uy, vt = 0)|vz:10vy:1 = 0,
f(x’ya Z,UI,Uy,’UZ;t = 0) =1 (Otherwise).

This is a simple setup to compare the agreement with the classical algorithm, and in prac-
tice it is necessary to give a suitable initial condition corresponding to considering phys-
ical phenomena such as plasma.

Distribution function of Quantum algorithm Plot
at Z=Vx=Vy=Vz=0,mesh = 8,time step = 0

Distribution function of Quantum algorithm Plot
at X=Y=Z=Vz=0,mesh = 8,time step =

||

(a) (b)

Figure 3. The initial distribution function in the space for (a) the x - y subplane with

z = vy = vy = v, = 0, and (b) the vy - vy subplane with z = y = 2z = v, = 0. This makes
it possible to check the influence of electromagnetic fields on propagation in velocity space as well

as in real space.

Since we implemented the Increment/Decrement circuits periodic (24), the simu-
lation results are also periodic so that the 0-th and L-th lattice points are identical for
all directions.

3.2 Simulation result

We implemented our quantum algorithm with the input conditions and advanced
time evolution from time step = 0 to time step = 3.
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Distribution function of Quantum algorithm Plot Distribution function of Quantum algorithm Plot
at Z=Vx=Vy=Vz=0,mesh = 8,time step = 3 at X=Y=Z=Vz=0,mesh = 8,time step = 3

7 125 7 0.8
6 10.0 6 0.0
7.5 -0.8
5 5
5.0 -16
4 4
> 25 §~ —24
3 3
0.0 -32
2 2
-2.5 -4.0
B -5.0 B <o —48
0 -75 0 -5.6
4 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
X Vx

(a) (b)

Figure 4. The results show (a) real space propagation at z = v, = vy = v, = 0 and (b) ve-
locity space propagation at * = y = z = v, = 0 with time evolution to time step = 3 using our

quantum algorithm.

Distribution function of Classical algorithm Plot Distribution function of Classical algorithm Plot
at Z=Vx=Vy=Vz=0,time step = 3 at X=Y=Z=Vz=0,time step = 3

7 125 7 0.8
6 10.0 6 0.0
7.5 -0.8
5 5
5.0 -16
) )
> 25 §~ -2.4
3 3
0.0 -3.2
2 2
-25 -4.0
1 -5.0 1 -4.8
0 -75 0 -5.6
0 1 2 3 ) 5 6 7 0 1 2 3 4 5 6 7
X Vx

(a) (b)

Figure 5. The results are based on a classical algorithm of the time evolution of the difference

equations (4,6,7) using the same FTCS scheme as in this paper, with similar initial and boundary
conditions. (a) shows real space propagation at z = v, = vy, = v, = 0 and (b) shows velocity

space propagation at x =y = z = v, = 0 with time evolution to time step = 3

Comparing FIG. 4 and FIG. 5, the simulation results of the quantum algorithm
perfectly match those of the classical algorithm with similar conditions and methods. This
is because we are simulating exactly with statevector in this case, and the actual results
based on measurements will have statistical errors depending on the number of shots.

Although f should take values between 0 and 1, this is not the case in FIG. 4 and
FIG. 5. This is a consequence of numerical diffusion due to discretization using the FTCS
scheme, which occurs universally in classical algorithms. As noted in the discussion, the
numerical diffusion is reduced by O(At) in the time direction and O (Am)? in the space
direction , so it is guaranteed to give correct results if the calculation is per
a sufficiently large system.

ormed on
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The propagation in real space and velocity space is different, showing that it is acted
upon by the electromagnetic field solved with the Maxwell solver. We achieved one of
our goals in this paper, that is, the coupling of the Boltzmann equation and the Maxwell
equation. However, note that this is a unilateral interaction from the Maxwell equation,
since the assumption of uniform velocity and vacuum condition is used.

4 Discussion

Our plasma simulator is not yet able to cover generic phenomena according to the
governing equations (1,2,3). This paper is in the middle stage of our project. This means
that our plasma simulator does not yet account for velocity inhomogeneity in the con-
vective term of the distribution function, the interaction between electromagnetic fields
and plasma particles, and the collisional effects. To add these physical effects, new quan-
tum algorithms must be developed.

* Self-consistent collisionless Boltzmann-Maxwell equations interacting with the elec-
tromagnetic field by calculating p charge density, velocity, and j current density
in moment quantities of the distribution function:

of of | 4 of _
E‘FU 87:B+E(E+UXB> 87’0—0,
18°E 1 dj
2t L2 9)
B 2 Ot2 €0 Vot o ot’
9 1 0°B )
VEB — 5y = i (V%)

The next stage will be to improve the current quantum algorithm to the quantum al-
gorithm for the collisionless Boltzmann-Maxwell equation described above. To do this,
a quantum algorithm that calculates the amount of velocity moments in the distribu-
tion function should be developed. Thereby, the electromagnetic field and plasma par-
ticles can interact with each other via velocity inhomogeneity, charge density, and cur-
rent density. This stage can simulate all the complex kinetic effects of collisionless plasma
in an electromagnetic field; it simulates macroscopic MHD phenomena that reflect ki-
netic effects as Micro phenomena. In other words, even macroscopic phenomena can fall
back to microscopic phenomena, thus contributing to the complete understanding of the
physical process and to the prediction. The domain covers space plasmas in space plan-
etary science, such as the solar surface, and the earth’s magnetosphere and astrophysics,
such as black hole accretion disks and interstellar winds.

« Self-consistent collisional Boltzmann-Maxwell equations interacting with an elec-
tromagnetic field, with the addition of a first-principles collision term:

of .9 a4 of _ /
8t+v 8$+m(E+UXB) 8U_COl(fvf)v
1 0°FE 1 oX]
2pm L _* g9
VIE = G = VP TG
1 0°B .
V2B_C*2W:—M0(VXJ)-

Furthermore, in the final stage, this quantum algorithm will be improved to a quantum
algorithm for computing the collision term from the distribution function. By adding a
first-principles collision term, the domain of coverage is further extended. It covers the
highly complex collisional effects of space plasma versus neutral atmospheres, simulat-
ing the ionospheric dynamics of various planetary systems; except for Maxwell solver,

it calculates non-equilibrium states of rarefied gases first principles; apply Boltzmann so-
Iver and it solves problems of neutrinos and bubble structure in the universe.

—15—



425

426

427

428

430

431

433

434

435

436

437

438

448

449

450

451

452

453

454

458

459

460

461

463

464

466

467

468

469

470

471

472

473

474

476

477

We used a finite difference FTCS scheme as our numerical model; the FTCS scheme
has numerical errors on the order of O(At), O(Az?) and O(AvZ,) per time evolution.
Previously, 6D Vlasov simulation research using classical computers has been able to al-
locate only L ~ 100 (L: lattices per spatial degree of freedom), even using supercom-
puters. Therefore, simple numerical methods such as the FTCS scheme are not very ap-
propriate for classical algorithms because of the large numerical errors. However, in the
case of quantum computation with a large-scale quantum computer in a domain that is
impossible with a classical computer, the number of lattices per spatial degree of free-
dom (>> 100 lattices) is a very large quantity, and thus the numerical error is inevitably
very small. For example, we estimate that L > 10% is needed to simulate the auroral elec-
tron acceleration problem in the magnetosphere-ionosphere. For that very large L, the
numerical error from the FTCS scheme is small enough. Moreover, since L increases ex-
ponentially with the line increase in hardware logical qubits, the speed of expansion and
growth of the computational domain and the speed of improvement in accuracy become
exponential.

The greatest advantage of quantum algorithms over classical algorithms is massively
parallelization. We estimate the Quantum Volume of our quantum algorithm and de-
scribe the quantum advantage of the Boltzmann-Maxwell equation. Simply, we will call
Quantum Volume=width(number of qubits)x depth(number of gates) in our quantum
algorithm. The width of this quantum algorithm is 6log,(L)+ 6 where L denotes the
number of lattice points in each direction. Comparing to the classical algorithm O(L)
computational complexity of the classical algorithm, the fact that it can be expressed
in log, (L) qubits is a quantum advantage. On the other hand, the measured quantum
circuits for L = 2, L = 4, and L = 8, were found to be approximately 600 x log,(L)
per time evolution. In case of time evolution to Time step = Ny, the approximated Quan-
tum Volume would be 3600x Ny log, (L) (logy(L) + 1). This is of the order of of the scale:

0 (Nt (logQ(L))2). Compared to the computational volume of a similar classical algo-

rithm O (NtL6)7 the order is improved by compression of 6D spatial information. Thus,
the larger L is, the higher the quantum superiority.

Our quantum algorithms are intended for a future large-scale quantum computer,
but there remain several issues in terms of efficient algorithms. There is a problem of
the efficient preparation of the initial distribution function on quantum circuits. The En-
coding step Appendix B method has the exponential complexity O (2N ) of preparing ar-
bitrary quantum states in a 2¥-dimensional Hilbert space with an N qubit(Zalka, 1998;
Georgescu et al., 2014). This problem is an important topic in quantum computation,
and various efficient methods have been proposed. For example, Georgescu et al. devel-
oped an efficient method to prepare quantum states with polynomial complexity in a num-
ber of qubits(Georgescu et al., 2014), and other efficient quantum state initialization meth-
ods such as log-concave. Other efficient methods for specific cases, such as log-concave
probability distribution functions, have been reported as well(Grover & Rudolph, 2002).
Although the initial distribution function varies depending on the physical phenomenon
to be simulated, the Maxwell velocity distribution function, for example, is a log-concave
probability distribution function and may be efficiently prepared(Todorova & Steijl, 2020).

Our quantum algorithm is more efficient than the classical algorithm in spatial in-
formation, but not in the time direction. The reason for this is that the finite difference
method of a numerical computation does not allow time information to enter the width
of quantum circuits. The finite difference method is a time-marching-based method for
classical numerical calculations using the forward term on the left side of the difference
equation. Due to its nature, one of the degrees of freedom must always be in the depth
when implemented in a quantum computer. Variables that are not set to width are not
accelerated, so there are restrictions on the number of lattices with respect to the num-
ber of degrees of freedom that can be set to depth, even for large-scale quantum com-
putation. One simple way to improve this is to rewrite the difference equation of the fi-

—16—



478

479

480

481

482

483

484

486

487

488

489

490

491

492

493

494

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

nite difference method so that the smallest number of lattice degrees of freedom is the
evolution parameter instead of time. Although only one degree of freedom is restricted,
this method can keep the depth relatively small.

A common problem in quantum differential equation solving is the problem of van-
ishing time-marching-based measurement probabilities. In general terms, quantum lin-
ear system algorithms have an exponentially decreasing measurement probability with
respect to the time step, depending on the number of time steps. The quantum algorithm
in this study suffers from the same problem. The first possible solution to this problem
is the application of the compression gadget proposed by Fang et al(Fang et al., 2023).
This is a time-marching-based quantum differential equation solving method that is in-
dependent of time steps by repeating uniform singular value amplification.They verified
their implementation on linear ODEs, but it may be applicable to our PDEs. Next, we
also consider the use of different quantum differential equation solving methods as a so-
lution. Hamiltonian simulations are a common method for solving quantum differential
equations, and the Vlasov-poisson and Vlasov-Maxwell equations have already been used
(Toyoizumi et al., 2023; Engel et al., 2019). While it is easy to implement the compres-
sion gadget (Fang et al., 2023) within a Hamiltonian simulation, we consider that it is
difficult to implement the nonlinear Boltzmann-Maxwell equations with first-principles
collision terms in a Hamiltonian simulation.

5 Summary

In this paper, a novel quantum algorithm for solving the Boltzmann-Maxwell equa-
tion for collisionless plasmas has been formulated; both the Boltzmann and Maxwell equa-
tion solvers were structured with a similar quantum circuit. To confirm the validity of
our quantum algorithm, we performed simulations of the distribution function propa-
gation process under the background electromagnetic field propagation using the Qiskit
platform. We compared the results of the quantum calculation with the results of the
parallel classical calculation and found perfect agreement between them. This completes
the framework for efficiently solving nonlinear problems in various plasmas, such as space
plasmas. Prospective endeavors may cultivate the development of a more generalized quan-
tum algorithm for the Boltzmann-Maxwell equation for collisional plasmas, wherein the
vacuum condition is eliminated and first-principles collision terms are incorporated.
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Appendix A Maxwell solver

The basic structure of the Maxwell solver is almost identical to that of the Boltz-
mann solver. Similar to the Boltzmann solver, the Maxwell solver consists of three steps:
encoding, propagation, and integration. The algorithm is briefly described, with special
emphasis on the differences to the Boltzmann solver.
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Al Encoding

In Maxwell solver, the physical quantities E and B are written together as g, and
develop them simultaneously according to the equations (11,12). Since there are no ve-
locity degrees of freedom, only Npnys = 3[logy L] qubit are prepared for |phys), and
one additional qubit representing time is also prepared. [sub) requires Ng,, = 6 qubit
in this case. This is because we need Ngpecies = 1 qubit to distinguish the difference of
the physical quantity, namely E or B, Ngirection = 2(= [logs 3]) qubits to specify the
elements of the vector for them as they are vector, and Nierm = 3(= [log, 8]) qubits
to indicate 8 terms appearing the equations (11,12). Collectively, these are called subn-
odes, but their roles are actually divided as follows:

|sub) — |species)|direction)|sub). (A1)

These correspondences are shown in Table Al where € and o represent the the coefficient
and explicit sign of each term in the equations (11,12). Therefore, using exactly the same
algorithm as the Boltzmann solver, we obtain the following state as the outcome of this
encoding step:

V-1 1 2
|¢1 ZZ z,t,d| phys|0>t1me‘ >§pec1e§|d>d1rect10n|O>term|0>anc1lla7 (Az)

=0 s=0d

,_\

where the subscript i indicates a lattice point using the same rules as in the Boltzmann
solver, g; ¢4 are given in TABLE A1, and g is normalized g. At the first time step we
need to specify the initial values for g.

A2 Propagation

The structure of the Propagation step in Maxwell solver is fundamentally a Quan-
tum Walk, similar to the Propagation in Boltzmann solver. Thus we need to construct
the coin operator and the shift operator. However, the elements of the Coin operator,
the time qubits, and the type of subnodes are different. Furthermore, the time increment
circuit is used only with respect to the state |111)g,p to use the physical quantity of one
previous time. Therefore, in this section, Propagation step generate the states correspond-
ing to the terms propagated in space-time by using the increment and decrement circuits.

The coin operator acts on the subnodes.

Ucoin|5>species|d>direction|j>sub = gs,d,j |5>species|d>direction|j>suba (A’?))
where you can also find €, 4 ; in TABLE Al and € is normalized e.

One difference from the Boltzmann solver is that the right-hand side of the expres-
sion (11,12) contains a term g; 11 5,4 that also evolves in the time direction. This effect
can be easily implemented by treating time as part of the spatial direction and apply-
ing the shift operator in the same way, but note that only the increment circuit is op-
erated since the direction is only negative. After operating the coin and the shift oper-
ator, we obtain the following state as the outcome of this propagation step:

V-1 1 1 2 7
‘¢2> = Z Z Z gs,d,jgi,t,s,d|i>phys|t>time|5>species|d>direction|j>sub|O>ancilla
=0 t=0 s=0d=0 j=0
|*> |]->ancilla7 (A4)

where §; 1+ s 4 represents the shift of +1 unit in each spatial and the temporal. As for the
time direction, |1)time|111)sub and the initial amplitude at |0)4ime|000)sup are exchanged
by the increment circuit (25).The reason for this exchange is because one previous time
state is needed to generate a term that propagates in the time direction.
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559 A3 Integration

In contrast to the Boltzmann equation, the Maxwell equation is a second-order dif-
ferential equation. As a result, the signs o; that appear in the corresponding difference
equation (10) differ from those in the Boltzmann equation (as shown in Table Al). In
such cases, an controlled-inverse gate, which is shown as follows, should be applied prior
to the superposition by the H gate:

|sub) —e—

UInv. = |SUb> T

|[sub) —e—

560 The rest of the integration step can use the same method as the Boltzmann solver,
561 but this time we are dealing with different physical quantities,EE and B, in the same cir-
562 cuit, so we need to sum each of them and not confuse them. As a result, we can spec-
563 ify the spatial lattice point (7) and the species, and obtain the time-evolved quantities

E, B developed in the amplitude of |000)g,1p.

Table A1l. The subnode bases and their corresponding physical quantities. g, €, and o respec-
tively represent the (unnormalized) electromagnetic fields associated with each basis state, the
coefficients to be incorporated via the coin operator, and the sign to be multiplied during the
integration step. These are the quantities that appear on the right side of the difference equa-
tions (11,12). Here we write only for |direction) = |00)direction as an example; |01)direction and

|10) direction correspond to the y- and z- components of E and F', respectively.

|s>species|d >d1rect10n|]>s b ‘ gs,d:(),j ‘ €s,d=0,j ‘ gj

|O species|00 direction|000 sub E;c (177 Y, z; t) —4 +1
|0 spccicleO dircction'OO]- sub E ) +1
|0 speciesloo direction'O]-O sub Ea: T — A.’K, Y,z t) +1
)
)

1

1

|O speciesloo direction|011 sub E 1 +1
|0 speciesIOO direction'loo sub E 1 +1
|O species|00 direction|101 sub E 1 +1
|O specieslOO direction'llo sub E ;y7 AZ,t 1
|0 specieleO direction'l]-]- sub z(x» Y, zZ; t— At 1 -1

) ) )
) ) )
) ) )
) ) )
) ) )
) ) )
) ) ) +1
) ) )
|1>species |00>direction|000>sub Fz ({E, Y, z; t) —4 +1
) ) )
) ) )
) ) )
) ) )
) ) )
) ) )
) ) )

tljb?
N —

o

|1 speciesloo direction|001 su ($ + A.Z‘, Y,z t +1
|1 speciesIOO direction'OIO su
|1 species|00 direction|011 su
|]- spccicleO dircction|100 sub
|]- speciesloo direction|101 sub
|1 speciesloo direction|110 sub
|1 speciesloo direction|111 sub

)
(r — Ax,y, z;t) +1
Ex Y+ Ay, z; t;

x,y — Ay, z;t

o

1

1

1 +1
1 +1
1

1

1

o

x,y,z+ Azt

( ) +1
(x,y,2 — Az;t)
( )

+1
—1

mmmmE

&

x,y, 2zt — At

x

564

565 Appendix B Construction of our coin operator
566 In this section we consider an algorithm to multiply a vector to each quantum ba-
567 sis. Let A denote the multiplying vector:
A= (Nos A2y - Am—1) s (B1)
568 where we suppose that {\} take real values and A be normalized: ), \? =
569 To implement this algorithm, we need operate a diagonal matrix A having entries
570 corresponding to A but this cannot be done directly because it is not unitary operator
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in general. Thus we realized this non-unitary operation by using one ancilla qubit and
embedding the matrix A in a unitary matrix with larger size, which is known as the block
encoding method. As {A} are always real, this procedure can easily be implemented as

follows:
A B
v-(a %) (©2)
with
A = diag(A, Mg, -1), (B3)
diag <\/ )\%, \/1—=A3,-- ) ) (B4)

After performing this unitary operation on an arbitrary state:

o]
[

= Z |1 phys|0) anc, (B5)

we obtain the following state:
W) = Ul), (B6)
= Z /\iai‘i>phys|0>ancilla + ‘*>|1>ancilla7 (B7)

which we can distinguish desired /unnecessary states with |0/1)ancilla-
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