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Key Points:

* Ice flowing over rough basal topography may spontaneously develop an internal
shear band on topographic highs.

« Two competing mechanisms control the energy balance near the bedrock: verti-
cal advective cooling and internal shear heating.

« We summarize how basal topography and the rheological power-law exponent in-
fluence shear band formation in a regime diagram.
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Abstract

Ice surface speed increases dramatically from upstream to downstream in many ice streams
and glaciers. This speed-up is thought to be associated with a transition from internal,
distributed deformation to highly localized deformation at the ice-bedrock interface. The
physical processes governing this transition remain unclear. Here, we argue that basal
topography can give rise to internal shear localization. The power-law rheology expo-
nent n amplifies the feedback between shear heating and localization, leading to the spon-
taneous formation of an internal shear band that creates flow separation within the ice.
We model the thermo-mechanical ice flow over a sinusoidal basal topography by build-
ing on the high-resolution Stokes solver FastICE v1.0. To capture the interactions be-
tween ice and rock, we implement an Immersed Boundary Method and use a level-set
approach to represent the free surface of the ice. We compile a regime diagram summa-
rizing when a sinusoidal topography with a given amplitude and wavelength lead to shear
band formation for a given rheology. We compare our model results to borehole mea-
surements from Greenland and find evidence that supports the existence of a shear band.

Plain Language Summary

On its way towards the ocean, ice speeds up dramatically from less than one me-
ter per year inland to more than a kilometer per year downstream. In this paper, we in-
vestigate the physical processes controlling this speed-up. More specifically, we focus on
the role that the bedrock topography underneath the ice and the rheology might play
to facilitate this transition. We use a two-dimensional numerical model to simulate the
flow field within a slab of ice flowing down a ramp over a simplified topography. We find
that including basal topography can lead to a zone of highly localized deformation within
the ice above topographic highs. We compare our model results to borehole measure-
ments from Greenland and find evidence that supports the existence of a shear band.

1 Introduction

The world’s two largest ice sheets, Antarctica and Greenland, discharge most of
their ice mass through fast-moving ice stream and mountain glaciers (Joughin et al., 2010;
Rignot et al., 2011). On its path toward the ocean, ice initially moves at relatively low
speeds of about one meter per year (Rignot et al., 2011), but then speeds up dramat-
ically reaching surface speeds more than a kilometer per year in some ice stream and glaciers
(Rignot et al., 2002; Joughin et al., 2003; Mouginot et al., 2014). The speed-up is thought
to be associated with a transition from flow through internal, distributed deformation
to sliding, accommodated by highly localized deformation at the ice-bedrock interface
(Clarke, 1987; Whillans et al., 1987). This transition from slow flow inland to rapid slid-
ing in outlets is known as the flow-to-sliding transition.

One potential explanation for the flow-to-sliding transition is thawing of the bed,
since ice moving over a temperate bed can slide while ice frozen onto the bed must de-
form internally. The creep instability could facilitate thawing (Robin, 1955) because de-
formation is most pronounced in cold ice near the bed, leading to shear weakening and
intensified deformation until temperature reaches the pressure melting point (Clarke et
al., 1977; Yuen & Schubert, 1979). However, it remains unclear how viable this expla-
nation is, as first mentioned in Nye (1971) and later substantiated by Larson (1980) and
Fowler (2001) who showed that the local conservation of flux implies a reduction in shear-
ing, translating into less energy release and refreezing. Bueler (2009) identified the ad-
vection of cold ice to the warm bed as the main impediment for a sudden transition to
sliding; an argument further developed by Mantelli et al. (2019).

The work by Bueler (2009) and Mantelli et al. (2019) suggests that the flow-to-sliding
transition does not happen suddenly, but gradually over an extended distance in the flow
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direction. What are the physical processes governing this transition and the scale over
which it occurs? Clues come from borehole measurements (Liithi et al., 2002; Ryser et
al., 2014; Harrington et al., 2015; Hills et al., 2017; Doyle et al., 2018; Maier et al., 2019;
Law et al., 2023) suggest a complex, depth-dependent velocity field in the ice above a
topographicly variable bed. Many factors may contribute to this variability, including
the presence of sediments and sediment-freeze-on (Herron et al., 1979; Gow et al., 1979;
Goodwin, 1993; Carsey et al., 2002), subglacial hydrology (Doyle et al., 2018), seasonal
cycles (Ryser et al., 2014), paleo history (Liithi et al., 2002), and variable topography
(Law et al., 2023). Here, we focus specifically on the role of variable topography as a first
step towards a more complete understanding.

The goal of this paper is to understand the impact of topographically uneven hard
bedrock on ice flow acceleration by quantifying shear localization in the vicinity of the
bedrock using numerical simulations. Several prior studies have investigated the role of
topography on the thermo-mechanical deformation of sliding ice (e.g., Gudmundsson,
1997; Helanow et al., 2020, 2021). Our work complements these existing contributions
by focusing on flowing ice, prior to the onset of sliding. We hypothesize that the intense
deformation of cold ice flowing over sufficiently pronounced basal topography can lead
to the formation of an internal shear band connecting topographic highs that accounts
for most of the internal deformation within the ice. Similarly to flow separation in slid-
ing ice (Gudmundsson, 1997), we expect that the conditions for shear band formation
depend on both the topography imposed and the rheology imposed, most notably the
degree of non-linearity embedded into the rheology through the power-law exponent n.

We test our hypothesis through numerical simulations, building on recent advances
in simulating the thermo-mechanical deformation of ice at high resolution implemented
in FastICE v1.0 (Réss et al., 2020). We add to the original release of FastICE v1.0 by
incorporating a free surface and variable basal topography since both are critical for the
physical process that we aim to understand. We capture the free ice surface using a level-
set representation (Osher & Sethian, 1988; Sethian & Smereka, 2003) and the basal to-
pography through an Immersed-Boundary Method (Peskin, 1972, 2002). The deforma-
tion of ice depends sensitively on ice rheology, because different rheology formulations
can imply orders of magnitude differences in the response of ice deformation to stresses.
To gain insights into the influence of rheology on shear band formation, specifically the
rheological power-law exponent n, we also consider different values of exponent from n =
1 ton=4.

Recently, Law et al. (2023) provides compelling evidence for complex, depth-dependent

ice motion for three glaciers in Greenland, Sermeq Kujalleq/Store Glacier and Isunnguata
Sermia Glacier, consistent with the idea of flow separation by Gudmundsson (1997). By
linking field observations and numerical simulations, Law et al. (2023) show that both
the vertical extent of temperate ice near the bed and the portion of deformation accom-
modated by basal slip varies significantly at the field-site scale and call for an improved
parametrization of this variability in ice-sheet models. They also show that mostly used
bedrock topography such as BedMachine (Morlighem et al., 2017) is too coarse and smooth.
Thus using geostatistically more accurate realisation of bedrock topography results in
rougher bedrock and enhanced shear localization. Deriving an improved parameteriza-
tion requires an improved understanding of the physical processes governing the observed
complexities in depth-dependent ice motion. We intentionally focus on an idealized si-
nusoidal topography to advance this process-based understanding. We synthesize our sim-
ulation results into a regime diagram that summarizes how the formation of an inter-

nal shear band depends on both the amplitude and wavelength of the underlying topog-
raphy and on the assumed ice rheology.
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Figure 1. Model geometry of ice sheet flowing over rough hard bedrock. (a) The general case
of a slab of ice flowing over rough hard bedrock in three-dimensions with a free surface. (b) The

two-dimensonal model setup with a sinusoidal basal topography and a free surface.

2 Methods

To approximate the thermo-mechanical deformation within a slab of ice flowing over
a rough hard bedrock in the downstream direction z (Figure 1, a), we neglect variabil-

ity in the transverse direction y. This choice reduces our modeling domain to a two-dimensional,

along-flow cut through the three-dimensional ice slab along the thick black line (Figure
1, a). The depth direction z is oriented vertically upwards from the bedrock. The ori-
gin of the axes (x = 0,z = 0) locates at the bedrock of the flow inlet. The size of the
model domain is (0, L) x (0, H), and it is tilted at an angle a.. To represent basal to-
pography, we adopt an idealized sinusoidal contour z = Asin (kx) with an amplitude
A and a wavenumber k. We include a thin layer of low-viscosity phase on top of the ice
to mimic the presence of air, which allows ice thickness to change spatially and tempo-
rally.

We capture the depth-dependent thermo-mechanical ice deformation implement-
ing an incompressible viscous Stokes solver using the time-dependent implicit pseudo-
transient methods and the finite difference discretization (Réss et al., 2020; Réss et al.,
2022). To prescribe the basal ice-bedrock boundary condition, we implement the Immersed
Boundary Method, a fictitious domain method that allows to treat fluid and structural
domains separately (Peskin, 1972, 2002). To incorporate the free surface boundary con-
dition, we use the level-set Methods, an implicit description for moving fronts further
advected with the local fluid velocity (Sethian & Smereka, 2003; Osher et al., 2004). The
implementations of ice-bedrock and ice-air boundary condition are discussed in Section
2.2.

2.1 Thermo-mechanical Model

We describe ice as an incompressible, non-linear, viscous fluid with a temperature-
dependent rheology. The momentum equations are

ar, ij 8}?

8$j 6.%1

+F; =0, Tij = 2méj , (1)

where F; = pg(sin «, cos a) is the gravitational body force at a tilted angle «, p is isotropic
pressure, 7;; is the deviatoric stress tensor, é;; is the shear strain rate tensor, and 7 is

the ice viscosity. Reducing the model to two dimensions implies that all components in
the transverse direction y are zero. The only non-zero shear strain rate and shear stress
are €, and 7., respectively.
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Ice flows into the domain from the left boundary over an undeforming hard bedrock,
and exits at the right boundary. We calculate the analytical inflow field by solving the
momentum balance along the flow at steady state

MG = pg(H — 2)sina, n(z) =+ (e —m) . )

where we assume a linear viscosity profile between the viscosity at the bed, 7, and the
viscosity at the surface, n,. Integrating equation (2), we have the analytical inflow ve-

locity )
pg sin o

K2
where K = (ns — m)/H, and C' is the integration constant such that the velocity at
bed is zero. When viscosity is constant throughout the domain, ns = n, = ng, the an-
alytical inflow velocity simplifies to a parabolic velocity profile uiner = psina/no(Hz—
0.522).

(e log (y + Kz) + KHlog (my + Kz) — Kz| + C, (3)

Uinlet =

At the outlet, we adapt the outflow boundary condition from Orlanski (1976)

ou ou
—+U—=0 4
ot "o @
where U is the propagation velocity. Following the approach by Kreiss (1968), we esti-
mate it numerically by calculating the propagation velocity between neighboring grid points
U = Az/At, where Az and At are the spatial and temporal grid sizes, respectively.
The extrapolated velocity at the outlet boundary is then

nt

Uy

=2u," T —u, %, (5)
where n, is the boundary point and n; is the current time step.

At the ice surface, we assume that the atmospheric pressure is negligible relative
to the pressure in the ice column, implying a stress-free surface

035N = 0. (6)

where n; is the normal vector to the ice surface, o;; is the Cauchy stress tensor, obtained
by combining the isotropic pressure p and the deviatoric stress 7;;. In addition, we im-
pose a constant atmospheric temperature at ice surface Ty, = —26°C.

At the ice-bedrock interface, we assume ice is frozen to bed and impose a no-slip
boundary condition. We implement this boundary condition using the Immersed Bound-
ary Methods. In addition, we impose a constant geothermal heat flux of 0.05W /m” (Wright
et al., 2012; Shapiro & Ritzwoller, 2004; Maule et al., 2005). The details are discussed
in Section 2.2.

The thermal model takes into account the effects of diffusion, advection, shear heat-
ing, and melt water weakening. We curtail the temperature at 7;,, = —0.1 °C and es-
timate the melt rate with the latent heat. The energy equation is given by

oT oT 0 oT . .
PCp (at + u; 8:51-) = oz, (“ém) + 27pép — Lm, (7)

where ¢, is the specific heat of ice, x is the thermal conductivity, 7 and ég are effec-
tive shear stress and effective shear strain rate, respectively. The term 27gég represents
shear heating, L captures the energy required for melting where L = 0.366x10°J /kg
is the latent heat, and 7 is the generated melt water flux.

In the temperate zone where temperature is around the melting point, as defined
by the logistic function

f(T - Tm) =1—tanh (_05(T - Tm)) ) (8)
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we assume that the shear heating 27gég is absorbed for the phase change from ice to
water (Suckale et al., 2014; Réss et al., 2020). The temperature in the temperate zone
can hence not exceed the pressure melting point, leading to the simplified energy equa-

tion
or or 0 or )
pCp (8t +ui5xi) (Kaxz) + 21gép f(T — T)). (9)

6%—
The logistic function (8) serves as an indicator of how close the ice temperature is to the
melting point T,,. When the temperature has reached the melting point, i.e., f(T—T,,) =
0, all shear heating is absorbed to for the phase change from ice to water, and no net heat
source is added to energy equation.

The time dependence of the problem comes from the free surface evolution and from
the energy equation because the shear heating, diffusion and advection terms are tran-
sient. At each physical time step, we use the pseudo-transient method (Réss et al., 2022)
to solve the system of coupled momentum equation (1) and energy equation (9) itera-
tively until the continuity residual, Op/07,, momentum residual, du;/07,, and temper-
ature residual, 9T /J7,., are minimized, achieving an implicit solution of the equations.
Thus, the governing equations in a residual form are

i (10)
E)ui aTij ap

_ _ ) 1
6’7’u an 6562 + F“ ( 1)
oT oT oT 1 0 oT i
a = —E — ulﬁiz, + E (6% (Féazl> + 2TE6Ef(T — Tm)) s (12)

where 7 presents the pseudo time step, and ¢ represents physical time step.

The key limiting factor of the convergence rates of equations (10) to (12) is the con-
vergence rate of the ice viscosity. During iterations in pseudo time, we do not evolve the
ice surface. After the residuals fall below the defined thresholds indicating that the nu-
merical solution has reached steady state, we advect the free surface with the local ice
velocity. The details of the advection of the free surface is presented in Section 2.2.

We adopt a power-law relationship for the rheology model and specifically inves-
tigate the power-law with different values of the exponent n
. _ Q
=ar e —— | T 13
€ij Tr1 Xp < R(Ts T T) Tij > ( )
where a is pre-factor, Q) the activation energy, R the universal gas constant, and T the
surface temperature.

One challenge in implementing the power-law rheology is that the pre- factor a is
difficult to constrain experimentally or observationally, partly because it captures sev-
eral different physical processes, such as grain size, temperature, fabrics, and other vari-
ables (Paterson, 1994).

In our model, a depends only on temperature and interstitial water content, and
we neglect other dependencies mostly because limited data exists to constrain these. The
temperature dependency is described as Arrhenius relationship in equation (13). To cap-
ture the viscosity-weakening effect of interstitial water, we define an additional param-
eter a,,. In our model, we use the same logistic function from equation (8) that reads
ay = (1= f(T—T,,)) in the energy equation to capture viscous weakening in the pres-
ence of water for the power-law (Suckale et al., 2014). Thus, our implementation of the
pre-factor is a = aga,,, where ag is treated as constant and comes from other depen-
dencies such as grain size and fabrics.

It is important to note that interstitial water can impact not only the pre-factor
a, but also the exponent n. Recent research by Adams et al. (2021) suggests that the
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Figure 2. [Illustration of Immersed Boundary Method and level-set Method. (a): Treatment of
the ice-bedrock interface. The spatial discretization of the ice domain, €2;, and bed shape, I'. ;
is discretized in a Cartesian grid x. The ice-bedrock interface, I', is discretized using Lagrangian
points X;. (b): Treatment of the ice-air interface. The domain is divided into ice (blue) and air
(white) domains using a level-set function with a finite but very small free surface thickness (light

grey) of 3Ax.

exponent for temperate ice with sufficient interstitial water is close to 1.1. Other stud-
ies have also found similar enhancements in creep rates as ice approaches pressure melt-
ing point (e.g., Mellor & Testa, 1969; Barnes, Tabor, & Walker, 1971). However, due to
limited data to accurately constrain the effect of interstitial water on the value of n, our
model does not consider this impact.

2.2 Implementation of the Basal Interface and Free Surface

To simulate the mechanical and thermal interactions along the ice-bedrock inter-
face T', we integrate the Immersed Boundary Method (IBM) (Peskin, 1972, 2002) into
the Stokes solver. IBM is a fictitious domain method that discretizes the ice and rock
phases with Eulerian and Lagrangian approaches, respectively. The discretization pro-
cess for each phase is independent of each other and does not require body-fitted meshes.
As illustrated in Figure 2 (a), two sets of discretizations are used: The Lagrangian points
are attached to and stay on the outline of bed shape I'. In contrast, the Eulerian mesh
spans the whole domain, €2;, including the area occupied by the solid structure.

The general idea of IBM is to solve the ice governing equation (1) and (9) on a Eu-
lerian grid imposed on the ice domain, €2;, with a correction on the ice-bedrock inter-
face I" at each intermediate time step to impose the boundary condition. Here, we use
the direct forcing implementation of IBM (Uhlmann, 2005). The implementation is de-
composed into four steps. First, advance the governing equations (10) to (12) for one pseudo
time step forward without considering the submerged bedrock. We refer to this solution
as the intermediate fields u"*1/2 and 77 t1/2

n+1/2 n n n
u: — U, 871-]- 8]?
=t = — Fi, 14
AT, (333j> <<9x1) " "
T2 e or ar\" 1 (d [ oT , "
Tt = ()t (o (e ) pmeissr ) 09
T i D 7 7

where the superscript n represents the current pseudo time step and A7 represents the
pseudo time step size.

Second, we use a regularized delta ¢ function (Peskin, 2002) to translate the inter-
mediate quantities u”t1/2, T"+1/2 from the Eulerain points x to that on the Lagrangian
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points X;. Dropping the superscript for simplicity, we have
UX)) =Y u(z)d(z— X;)dxdz, Q(X)) =) q(x)d(z — X;)dxdz, (16)

where ¢ = 9T /0x; denotes the heat flux, dr and dz are the horizontal and vertical grid
size, and the lower case and upper letters represent Eulerian and Lagrangian quantities,
respectively. The delta function is a continuous differentiable function that takes 1 if the
Eulerian grid point is on the Lagrangian point and 0 if far away, thus allowing a smooth
transfer between the grids.

Third, we compute the volume forces F; and F required to achieve the desired
boundary condition, in this case, the no-slip condition U? = 0 and constant geother-
mal heating condition Q¢

ynti/2 _pyd _ 12 Q2 — _ 12
At v At Qe

Finally, we use the computed volume force to correct the intermediate fields w and 7' and
obtain the velocity and temperature fields at the next pseudo time step

(17)

Fn+1/2 Fn+1/2
nt+l _ , nt+1/2 U nt+l _ n+1/2 Q 18
u u + Av‘iag s q q + AWag ) ( )

where AV}, is control volume of one Lagrangian points. In our model, we select the num-
ber of Lagrangian points such that AVj,, ~ dxdz.

The other interface that requires careful numerical treatment is the upper surface
of the ice. Ice thins as it speeds up and the free surface moves downwards towards the
bed. While the movement itself is relatively slow and gradual, its thermal implications
could be very important (e.g., Mantelli et al., 2019). To capture ice thinning, we rep-
resent the free surface as the level-set of a higher dimensional distance function, as il-
lustrated in Figure 2 (b), allowing us to handle the moving front implicitly as discussed
in the books by Sethian (1999) and Osher et al. (2004). More specifically, the ice-air in-
terface is defined as the zero-contour of a signed distance function ¢

—d if z € air,
¢(z) = +d if z € ice. (19)
0 ifeel,

where d is the distance from the grid point to the interface. Across ¢(x) = 0, the den-
sity p, viscosity n, and thermal conductivity x change

p(d) = pat(pi—pa)H(P), (20)
77(‘1’) = Ta + (771 - TIG)H(¢)7 (21)
k() = Ko+ (Ki— Ka)H (D), (22)

where the subscript ¢ denotes the material properties in the ice domain, subscript a de-
notes those in the air domain, and H is the Heaviside function defined as

0 ¢<_6a
H@) =3+ L +Lsin™ —e<p<e, (23)
1 ¢ >

with a smoothing length of € = 3Ax (Sethian, 1999; Sethian & Smereka, 2003).

To evolve the location of the interface, we advect the level field using the general
advection equation, also known as the level-set equation:
o¢
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where u,, is the physical velocity in the normal direction of the ice surface. This equa-
tion moves the implicit front with the ice velocity field determined by the mechanical
equation (1) at each physical time step. The spatial discretizations use first-order up-
wind, and the temporal discretizations use the second-order accurate Total Variation Di-
minishing Runge-Kutta schemes. Since the ice-air interface remains smooth at all times
and thins only slightly as compared to the overall thickness of the ice sheet, sophisticated
advection schemes such as extension velocities (Adalsteinsson & Sethian, 1999), topology-
preservation techniques (Qin et al., 2015) or reinitialization (Osher et al., 2004) are not
necessary in our case.

2.3 Verification

To verify the accuracy of our numerical method, we compare our numerical results
to two analytical solutions: the circular inclusion test (Schmid & Podladchikov, 2003)
and the classic Nye solution for the velocity field in ice flowing over a wavy surface (Nye,
1969). These two benchmarks are complementary, because the circular-inclusion test is
better suited for identifying spurious oscillations in the pressure field while the Nye so-
lution represents a flow configuration more closely related to the dynamic problem we
aim to understand.

Following Schmid and Podladchikov (2003), we consider a circular solid inclusion
immersed in a square domain with homogeneous fluid. We apply a pure shear bound-
ary condition to the fluid domain and a no-slip to inclusion-fluid boundary. To evalu-
ate the accuracy of the numerical scheme, we compare our numerical results to the an-
alytical solutions of the pressure and velocity fields

) 1 28 23 r?
Uz‘i‘ZUy = €R2(—;—T*4+R2T*G)+€;, (25)
R2
P = d4necos (20)T—2, (26)

where z = x+iy = re'?, € is the shear strain rate, 7 is the fluid viscosity and R is the

radius of the inclusion. The boundary conditions applied are the pure shear strain rate
Uy = €T,V = —€Y. (27)

Figure 3 depicts the spatial convergences for the inclusion case, where (b) and (c) com-
pare the results of numerical and analytical vertical velocity fields, (d) and (e) compare
the results of pressure fields, and (a) shows that the combination of the Stokes solver and
IBM leads to the spatial accuracy around order 1.5.

We further test our model with Nye’s analysis of the flow over wavy bed with a New-
tonian fluid. We followed Nye (1969)’s model setting, and considered the bed shape in
the form of a sine wave zy = easin (kz). The boundary condition is simple shear on the
surface (7., 7.) = (1,0), periodic in the flow direction. Here, we limit our reference an-
alytical solution to only first order O(e)

u = U (1+ zeaBk® exp (—kz)sin (kz)) + O(€?), (28)
v = UeaBk(1l+ kz)exp (—kz)cos (kzx) + O(e?), (29)
p = 2enUafBk? exp (—kz)cos (kx) + O(e?), (30)

where U is the far field horizontal velocity, 3 = k2/(k2 + k?), and k. stands for the
characteristic wavenumber of regelation. The full solution can be found in Nye (1969).

Figures 4 (b-c) show the comparison between the numerical and analytical verti-
cal velocity fields. In (d), we show the pressure comparison along the z = 2.2 m hori-
zontal line. It should be noted here that the analytical solutions we compare to is only
to the first order. This is the reason for the observed slight discrepancies between the
two solutions in the peak and low regions in panel (c). Panel (a) shows that the spatial
accuracy of IBM and spatial solver together is around order of 1.5.
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3 Results

We set our simulation domain size to 4800 m by 800 m across all simulations in this
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section. The surface temperature used in the simulations is prescribed as —26°C as a rep-
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Figure 5. Ice surface evolution over 80 years on a flat bed. The sub-panel shows a zoom-in

view of the ice surface evolution.

resentative value for the surface temperature in Antarctica. Additionally, we apply a geother-
mal heat flux of 0.05W/ m? (Wright et al., 2012; Shapiro & Ritzwoller, 2004; Maule et

al., 2005). The basal topography is modeled as z, = Asin (kx), with an amplitude of

A =100 m and a wavenumber k ranging from 0.52 to 6.28.

For all simulations, we assume no-slip at the bed and a free surface. One example
of the ice surface evolving over time is shown in Figure 5. At the scale of the model do-
main, the ice-surface change is not immediately apparent, but a close-up view of the up-
per tens of meters of the domain clarifies that the surface is evolving if only by a few me-
ters or less than 1% of the ice thickness. Given this small change and our focus on shear
localization near the bed, we only plot the bottom part of our model domain in the re-
maining figures of this section.

3.1 Ice Flowing over Topography May Form an Internal Shear Band

To identify how basal topography affects internal deformation, we compare the thermo-
mechanical deformation of ice flowing over an idealized sinusoidal topography to ice flow-
ing without topographic control (Figure 6). All other parameters and boundary condi-
tions are identical for the two cases. Here we use the the power-law rheology with the
exponent n = 3 (Glen, 1952, 1955) and include water weakening in the effective vis-
cosity as discussed in Section 2.1.

Figure 6 (a) shows the case of ice (light blue) flowing over a sinusoidal topography
(dark grey) for the lower portion of our model domain. The ice speeds up from left to
right as indicated by the green velocity profiles at four different along-flow locations of
r = 536,1854,3162,4235 m, where we compare the local velocity in dark green with
inflow velocity in light green. This speed-up is facilitated by shear localizing dudz in-
creasingly on top of the topography as indicated in blue. The highest shear values oc-
cur on the topographic highs, effectively linking these up into a continuous zone of el-
evated shear strain rate. The control simulation of ice flowing over a flat topography is
shown in Figure 6 (b). Similarly to Figure 6 (a), ice speeds up as it flows downstream,
aided by shear strain rate in the immediate vicinity of the flat topography.

The main difference between the two simulations is how shear strain rate is distributed
with depth (Figure 6, ¢). For the flat bed (Figure 6, b), the shear strain rate is highest
nearest to the bed, whereas topography shifts the shear-rate maximum into the ice col-
umn to a depth that is corresponds roughly to the height of the topographic peaks (Fig-
ure 6, a). Both modes of deformation are capable of generating approximately compa-
rable surface speeds of around 70 m/yr, with the ice flowing over rough topography mov-
ing slightly faster at equal driving stress and basal resistance. Since the speed-up of the
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ice is gradual and not instantaneous, the cooling effect associated with ice thinning is
not sufficient to prevent viscosity weakening in either of the simulations.

To quantify the share of total deformation accommodated within the ice as ice flows
over the basal topography, we define Ry as the percentage of the internal deformation
in the ice column to be the ratio of the integral of the shear strain rate from the bed up
to some elevation z and the integral of the total shear strain rate in the entire ice col-
umn

Z Ou

~ 2 Uy

Rq = Zéiu = i’ (31)
b 9z S

where subscripts d, b and s represent deformation, bed and surface, respectively. The
tilde denotes a non-dimensional parameter. This parameter can also be interpreted as
the velocity ratio: local = velocity divided by the surface x velocity in the same ice col-
umn.

We use the term “shear band” to be a basal zone that accommodates the major-
ity (> 50%) of the total deformation in the ice column. We set the lower and upper bound
of the internal shear band Ry and Rgy, to 20% and 70%, respectively. Finally, we de-
fine the bandwidth B,, as the vertical distance between these two bounds

Bw = Z(Rdu) — Z(Rdl) . (32)

Figure 7 shows how the shear band evolves within the model domain. Towards the left
boundary, deformation is distributed relatively evenly as indicated by the 20% and 70%

contour differing by several hundred meters in depth (Figure 7, a). As ice flows down-

stream, the lower limit of the shear band, Ry = 20%, stays on top of the basal topog-

raphy shape and does not change depth much. This result highlights that the depth-distribution
of deformation below the topographic highs remains relatively unaffected by the shear
localization and ice speeds up mainly at and above the topographic highs. The upper

—12—
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limit Ry, = 70% descends sharply, and then stabilizes around z = 200 m. For the case
shown, the shear band has a width that is close to the amplitude of the sinusoidal bed
shape, and accommodates approximately half of the total shear strain rate.

In the control case without topography, deformation also localizes due to viscos-
ity weakening, but the shear band is located at the bed instead of within the ice column.
The shear strain rate is maximal at the ice-bedrock interface with the Rdl = 20% con-
tour remaining very close to and almost at the bed (Figure 7, b). Figure 7 (c) shows the
ratio of the shear band bandwidth B,, to the ice thickness H. Initially, the shear band
width constitutes about 30% of the ice thickness for both cases. It decreases rapidly in
the downstream direction, and finally stabilizes at a width of approximately 10% of the
ice thickness.

3.2 Shear Band Formation is The Consequence of a Positive Energy Bud-
get Near Topographic Peaks

Similar to the creep instability, shear band formation is driven by the positive feed-
back that localized deformation reduces ice viscosity that further localizes deformation.
This feedback depends on the degree to which ice in the vicinity of topographic highs
warms up during flow, as captured in the energy equation (9). Three terms contribute
to the thermal evolution: advection, diffusion, and shear heating. Through a simple scal-
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ing analysis (see Appendix A), we find that vertical advection and shear heating are the
two primary competing terms in our case. In comparison, diffusion is roughly two or-
ders of magnitude smaller than these two terms. Therefore, we approximate the total
energy as the combined contributions of only vertical advection and shear heating.

To meaningfully compare the magnitude of advection and shear heating for differ-
ent n from 1 to 4, we first divide the shear heating term 27gé by pc, to ensure that both
terms have the same units of K/s. We then normalize both terms using the character-
istic shear heating pgUj sin o, which represents the magnitude of shear heating at the
bed, assuming that the x velocity varies linearly with depth. The non-dimensional ad-
vection and shear heating terms can be then expressed as

~ 2TEé ~ 0T u.cy

H, (33)

~ pgUgsina’ ~ " 0z gUgsina’
where Hy is shear heating, A, is vertical advection, Uy is the surface speed, u, is the ver-
tical velocity, and tilde represent non-dimensional quantities. Figure 8 compares the rate
of normalized energy change attributed only to shear heating (first row), vertical advec-
tion (second row), and the approximated total energy (third row) for values of n rang-
ing from 1 to 4 (column 1 to 4). We plot the energy change over time on the same color
scale for the first three rows for easier comparison.

In Figures 8 (a-d), the black contour lines highlight half of the maximum shear heat-
ing value (Hg = 3.15). The heating is positive throughout the domain and concentrates
within the internal shear band extending on top of topographic highs. The rate of heat-
ing tends to increase in the downstream direction. Notably, for n = 1, shear heating
on topographic highs is minimal. As the value of n increases, these localized shear heat-
ing regions begin to connect and form a band situated above the topography. For ex-
ample, in Figure 8, zones of elevated shear heating begin to bridge when n > 3.

The primary effect of vertical advection is cooling (Figures 8, e-h). Particularly in
the left third of the domain where cold ice is drawn down from the surface. This cool-
ing effect is also reflected in the dipping of the iso-velocity-ratio lines in Figures C1 and
C2. In the immediate vicinity of topographic highs, however, vertical advection is pos-
itive in the windward side of the obstacle and negative on the lee side, as evidenced by
the alternating blue and red regions.

Summing shear heating and vertical advection produces the approximate total en-
ergy, indicative of the energy budget of the basal ice (Figures 8, i-1). The impact of shear
heating is primarily confined to the vicinity of the basal topography, as deformation is
predominantly concentrated near the bed. However, upon closer examination, it becomes
evident that the lee side of the bumps, characterized by negative advection, is partially
balanced by shear heating. The windward side of the bumps, dominated by positive ad-
vection, experiences reinforcement.

We calculate the depth-averaged accumulative quantities for total energy and ver-
tical advection within the specified range from z; to zo, as indicated by the black box

in (i)
PNIS(:U):/ ! / H,dzdz, gu(x):/ ! / A,dzdz. (34)
0 21 21

22 — 21 0 %2 — %21

This cumulative measure serves as an indicator of the energy carried by the ice as it flows
downstream. To focus on the basal region of interest, we select a depth-averaged range
of 80-180 m, setting the interval to align with the amplitude of the sinusoidal bed.

Figures 8 (m-p) depict the cumulative energy profiles, where the green curves rep-
resent A, considering only vertical advection, and the red curves represent F, consid-

ering both vertical advection and shear heating. A, consistently exhibits negative val-
ues for all values of n, indicating that the ice within the basal region does not experi-
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Figure 9. Role of basal topography shape in flow separation for n = 3. Each panel presents
the vertical velocity contours and velocity vectors corresponding to a specific value of Ak, namely
0.52 (a), 1.83 (b), 3.14 (c), and 4.19 (d). (e) shows a zoomed-in perspective of the bottom of
trough of (d).

ence positive energy gain. However, upon incorporating shear heating alongside verti-

cal advection, E gradually becomes positive in the downstream direction. This trend holds
true across all values of n, although higher values of n tend to amplify the extent of cu-
mulative total energy.

One important implication of shear band formation as shown in Figures 8 (e-h) is
a separation of the flow in the ice: The ice above the shear-bank moves relatively fast
and is characterized by a simple flow field dominated by speed-up in the flow direction.
In contrast, basal ice slows down as the shear band accommodates the majority of the
deformation. The flow field in the basal ice underneath the shear band is more complex.
Figure 9 shows how the degree of flow separation varies for four different topographies
defined by the shape factor Ak that represents the product of amplitude and wavelength
of the bed. We show the flow field only for a single trough with shape factors Ak of 0.52,
1.83, 3.14, and 4.19 for a rheological power-law exponent of n = 3.

For a relatively low value of Ak (Figure 9, a), ice follows the downhill and uphill
contours of the topography, maintaining a smooth flow. As Ak increases to 1.83 (Fig-
ure 9, b), at the bottom of the trough there is a slight upward flow near the bed on the
downhill side and a downward flow on the uphill side, indicating the onset of separation.
As Ak continues to rise (Figures 9, c-e), this trend becomes more pronounced. Between
the bumps, four distinct regions emerge: Above the peak of topography, the flow still
exhibits the characteristic down-up motion. Below the peak, the flow in the trough re-
verses its direction, moving back from the uphill side of the next bump to the downhill
side of the previous bump (Figure 9, e).

The separation line, which marks the division of flow, is positioned slightly below
the peak of the topography. In the case of A = 100 m, the separation line is approx-
imately located at z = 80 m. The occurrence of flow separation is important because
it leads to a division of the flow in the vertical direction. The presence of flow separa-
tion could hence be an indicator for the existence of an internal shear band. The lower
portion experiences relatively slow, re-circulatory motion (u <~ 0.2 m/yr). In contrast,
the upper portion flows over a bed that “appears smoother” than its actual shape. Con-
sequently, when flow separation occurs, the ice situated above the basal topography may
not feel the complete underlying bed shape.
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3.3 Scaling of Internal Shear Band Formation Using Topography and
Rheology parameters

In Sections 3.1 and 3.2, we found that shear heating can dominate over advection
near topographic peaks, leading to a net increase in energy budget in basal ice. The in-
ternal shear band development depends not only on power-law-exponent n, but also on
the shape of the sinusoidal topography Ak. In this section, we aim to understand the
dual effect of these two parameters and quantify their role in inducing shear localization
through scaling analysis and numerical simulations.

For our scaling analysis, we consider a steady state internal shear band under a spe-
cific sinusoidal shape characterized by Ak and rheology exponent n. We assume that the
ice flow is fully developed in z direction, thus all 9/0x becomes zero. The momentum
equation in = direction can then be simplified to

Ox 0z

We impose a generic power-law rheology without temperature dependence and assume
the main stress component is the shear stress, i.e., 7Tg = 7,,. The viscosity has the fol-

lowing form
1 1 /0u B
n= 2oyt (82) . (36)

For the sinusoidal topography, we choose the characteristic horizontal length [ to be ~
A=1p ALl=(n=1)p where p is some constant and n is the power-low exponent. We choose
this the exponent such that the characteristic horizontal length scale have the same unit
as length, and we choose (n—1) to avoid zero denominator in the later derivation. Af-
ter substituting all of these into the momentum equation and with the relationship Ak =
2w A/ X, we have

= —pgsina. (35)

B, o< (Ak)=2%Pm, (37)
For a more detailed derivation, please refer to Appendix B.

To test the derived scaling relationship against our simulations, we conduct four
sets of numerical experiments with n = 1,2,3,4. We include a range of shape factor
Ak values spanning from 0.52 to 6.28. Shape factor Ak = 0.52 corresponds to wave-
length is 16 times larger than amplitude, and Ak = 6.28 corresponds to the scenario
where the amplitude of the bump matches the wavelength. Figure 10 shows dudz vari-
ations with different exponent n and shape factor Ak. Here, we normalize the absolute
value dudz by Us/H where U is the surface speed and H is the ice thickness for bet-
ter comparison across different Ak and n.

The influence of Ak on shear localization and shear band forming is similar across
all n. When Ak is low (Figures 10, a-d), shear deformation dudz is concentrated around
the topographic peaks. As Ak increases, dudz localization on the peaks begins to con-
nect and bridges as anticipated, e.g. Figures 10 (c,g,k). When Ak is approximately 2 or
larger, the shape of the 70 %U, and 20 %U; contour lines, depicted in solid orange lines
in all panels, become less wiggle and no longer align with the underlying shape of the
basal topography (Figures 10, j-1). Accordingly, the bandwidth stabilizes with fewer os-
cillations (Figures 10, n-p).

The relationship between B,,/H, Ak and n is depicted in Figure 11. Each marker
represents a normalized bandwidth value corresponding to a specific shape factor and
exponent from the simulations. To determine the stabilized bandwidth, we compute the
average bandwidth value across three consecutive bumps in the downstream region of
the domain. We exclude the upstream part from the averaging process due to the on-
going rapid thinning of the ice, which could lead to an overestimation of the bandwidth.
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Figure 11. The regime diagram of the internal shear bandwidth B,,/H, power-law exponent
n, and shape factor Ak of the sinusoidal bed. Each marker shape corresponds to a distinct simu-

lation set sharing the same n value, and each individual marker represents a single simulation.

In cases where the Ak value is too small to achieve three consecutive stable bumps, we
adjust the number of averaged bumps accordingly. The selection of the averaging area
is outlined in Figures C1 and C2.

Observing the gradual increase in Ak, we note a corresponding decrease trend in
the width of the internal shear band for all n. The rate of this decrease varies, with a
slope of the logscaled relationship approximately following a pattern of —0.02n. This sug-
gests that for larger values of n, the width of the shear band reduce at a faster rate, thus
localizing the deformation significantly more. It is evident that when Ak continues to
increase, the averaged bandwidth eventually stabilizes around a certain value (Figure
11 down-triangle, cross, and up-triangle markers). This critical Ak value at which the
width stabilizes decreases as n increases. Specifically, we observe that the widths sta-
bilize around Ak = 4.45, 3.14, 2.62 for n = 2, 3,4 respectively. However, this trend
is less pronounced for n = 1. Even at the most rugged topography considered, where
the amplitude equals the wavelength, a stable width of the shear band is still not observed
(Figure 11 circle markers).

By varying the basal topography shape factor Ak and exponent n, we can conclude
from the numerical experiments that for each exponent n, there exist a steady state shear
band width as Ak — oo (Figure 11). When Ak is high, the velocity ratio contours tend
to concentrate at a consistent elevation and do not align with the shape of the basal to-
pography (Figures C1 and C2). This suggests that the perturbations originating from
the basal topography propagate upwards from the bed to the surface only over distances
spanning tens to a few hundred meters, depending on the value of n. Thus, the influ-
ence of the actual basal topography shape on the internal ice above this level is likely
reduced, and the internal ice progressively “perceives less” of the specific shapes of the
basal topography.
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576 The scaling relationship between the bandwidth and non-dimensional shape fac-

577 tor Ak raised to the power of —2pn is shown as the solid lines in Figure 11. From the

578 simulation results, we infer that the value of p takes around 0.01. Before the width of

579 the shear band stabilizes, thescaling of —2pn captures the decreasing rate very well. Yet
580 it is important to acknowledge that this scaling relationship does not account for the in-
581 fluence of temperature-dependent rheology and flow variations in the = direction (i.e.,

582 assume fully developed flow). Consequently, the aforementioned relationship tends to

583 slightly underestimate the actual degree of localization.

584 As the spacing between two bumps approaches infinitesimally small values (Ak —
585 00), scaling suggests B,, tends towards zero, which is physically unrealistic. A zero thick-
586 ness for the internal shear band implies the presence of internal “slip” where velocity be-
587 comes discontinuous. Since our model focuses on understanding flow localization, it does
588 not permit a discontinuities in velocity anywhere in the computational domain. Hence,

589 as Ak — oo, we anticipate that B,, will stabilize after surpassing a specific Ak value,

590 indicating that the thickness of the internal shear band has reached its minimum pos-

501 sible value for a given n.

502 4 Discussion

503 The fast speed of many glaciers and ice streams are thought to be accommodated
504 by basal sliding with internal deformation contributing only minimally (Echelmeyer &

505 Zhongxiang, 1987; Hermann & Barclay, 1998; Rignot et al., 2011; Rignot & Mouginot,

596 2012). However, recent advances in our understanding of the different deformational regime
597 of ice particularly at high stresses (Goldsby & Kohlstedt, 2001), a growing appreciation
508 for the sharp weakening of ice near pre-melting conditions (Krabbendam, 2016), and field
500 evidence of complex, depth-dependent deformation in fast-moving ice (Law et al., 2023;
600 Maier et al., 2019; Hills et al., 2017) merit a re-evaluation of the degree to which inter-

601 nal deformation may contribute to fast ice motion.

602 In the presence of complex basal topography, internal deformation may actually

603 have more localization than usually expected when most glacier models tend to use a

604 smooth bed due to the bed resolution limitation (Law et al., 2023). While Law et al. (2023)
605 focuses more on descriptive aspects of ice motion at specific field sites, our study com-

606 plements the finding of spatially variable deformation along depth by bringing in an in-
607 depth analysis of two physical processes that contribute to this spontaneously formed

608 localization: vertical advection and shear heating. We show that vertical advection is

600 proportional to the rate of thinning and therefore the rate of glacier acceleration. When
610 shear heating dominates over the vertical advection, the net energy gain in the shear band
611 region becomes positive and provides a necessary condition for an internal shear band

612 to form. Otherwise, when net energy gain is negative or oscillates around a very small

613 value, and shear band formation is suppressed. The accumulative approximated total

614 energy, defined as the sum of shear heating and vertical advection, grows with increas-

615 ing nonlinearity in ice rheology, captured by the power-law exponent n, for a given to-

616 pography.

617 Basal topography amplifies shear heating, because it causes additional deforma-

618 tion within the ice. Importantly, this deformation is not reduced but instead amplified

619 by speed-up as ice is forced to wrap around topographic highs at increasing speed. We

620 emphasize that the high-degree of shear localization occurring within an internal shear

621 band does not represent sliding. In our simulations, ice is frozen to the bed while an in-
622 ternal shear band forms above it, creating flow separation between the slow-moving ice

623 trapped in topographic troughs and the fast-moving ice above the internal shear band.

624 As speed-up continues, it is possible that the ice underneath the internal shear band grad-
625 ually warms and becomes temperate. The existence of temperate zones with variable ver-
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Figure 12. Basal topography and surface speed at NEGIS. (a): basal topography contour
from BedMachine 3 (Morlighem et al., 2017). (b): surface speed contour from MEaSUREs
NSIDC (Joughin et al., 2015). (c): surface speed (dashed line) change with the basal topog-
raphy (black solid line) along flight path, indicated as the white lines in (a) and (b). The ice
surface is shown as a grey solid line. The basal topography and ice thickness in (c) is obtained
from Franke et al. (2021).

tical extent depending on topography is supported by borehole data (Harrington et al.,
2015; Hills et al., 2017; Law et al., 2023).

Our simulations demonstrate that the speed-up associated with the formation of
an internal shear band is gradual in the sense that it develops over spatial scales larger
than the ice-thickness. In field settings where an increase in ice surface speed appears
to correlate with a change in basal roughness, speed-up tends to occur on a similar scale
of multiple ice thickness, such as the Northeast Greenland Ice Stream (NEGIS) (Bamber
et al., 2001), the Siple Coast Ice Streams (Siegert et al., 2004), and the Institute Ice Stream
(Bingham & Siegert, 2007). For example, Figure 12 shows that the basal topography at
NEGIS becomes more pronounced in the flow direction (Figure 12, a) and that the sur-
face speed increases as the ice stream broadens (Figure 12, b).

We show the NEGIS example here merely to demonstrate that the type of dynam-
ics identifies in our idealized simulations could have ramifications for understanding ice
dynamics in specific field settings. It is an interesting example for shedding light on the
relevant scales contributing to ice speed-up: The spatial scale over which topographic
peaks vary prior to 170 km downstream is tens of meters (Figure 12, a). This scale is
small as compared to the ice thickness of several hundred meters, but larger than the
small-scale roughness of a few meters considered in existing sliding laws (e.g., Weertman,
1957; Nye, 1959; Lliboutry, 1968; Fowler, 2010; Schoof, 2005; Bindschadler, 2006; Petrat
et al., 2012). As a consequence, these intermediate scales are challenging to capture in
large ice-sheet models. One contribution of our work is to advance our understanding
and ability to capture the ice-dynamics implications of these intermediate-scale topo-
graphic variations in ice-sheet models, for example by smearing out the transition from
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flow-to-sliding over this scale (Bueler, 2009). Figure 12 exemplifies an interesting cor-
relation between basal topography and surface speed, but it would be challenging to our
model results against this data alone, because it does not constrain the potentially com-
plex, depth-dependence of deformation within the ice.

A more direct comparison are borehole measurements of ice properties with depth.
For example, Maier et al. (2019) drilled a network of eight boreholes at a slowly mov-
ing ridge located 33 km from the terminus of Issunguata Sermia within the ablation zone
of the western margin of the Greenland Ice Sheet. Their measurements show a high shear
strain rate concentrated within around 10 — 50 m above the bedrock, but nearly zero
shear strain rate is observed at bedrock. Such a high localization of shear strain rate in
the interior of the ice evinces the possibility of internal sliding interface. The data in-
dicates a pronounced increase in shear strain rate at an elevation of tens of meters above
the bed followed by a rapid decrease in shear strain rate in the immediate vicinity of the
bed. In Figure 13 (b), we use our model to match the height where rapid decrease of shear
strain rate occurs in the borehole data (A = 5.5 m) and a typical Greenland atmospheric
temperature (T = —12°C). Figure 13 (c) shows the vertical strain rate profile for a con-
trol run without basal topography. Only Figure 13 (b) is able to exhibit the observed
drop in shear strain rate near the bed.

An important disconnect between Figures 13 (a) and (b-c) is the magnitude of the
shear strain rate. Both of our model results show a shear strain rate that is about an
order of magnitude higher than observed value in order to match the surface velocity of
approximately 70 m/yr. Figures 13 (d-f) show the velocity profile with depth as inferred
by Maier et al. (2019) from measurements (d), obtained from our simulations with basal
topography (e), and without (f). Together, the panels demonstrate that our current model
setup can either match the surface speed or the measured strain rates, but not both. The
most likely explanation for this disconnect is that the observed surface speed is largely
facilitated by basal sliding as sketched in Figure 13 (d), while the peak in shear strain
rate may constitute the remnant of an internal shear band that may formed upstream
when ice was still flowing over a topographicly variable bed.

In addition to borehole measurements of shear strain rate, our model could have
important implication for depth-variability of ice fabric. For example, borehole data of
grain size and cone angles collected at Siple Dome Antarctica by DiPrinzio et al. (2005)
and reanalyzed by Pettit et al. (2011) reveals a localized band of small ice crystals and
highly oriented fabric, located several hundred meters above the bed. Several processes
could contribute to the development of this ice fabric with stress being a prominent fac-
tor, as supported by strain rate data. However, the observed shift in fabric occurs around
the depth of the Holocene transition, highlighting that climate history may also play a
role (Pettit et al., 2011). Despite its age, this ice fabric continues to control ice flow by
partially decoupling of the flow field above and below the shear band. The flow field be-
comes three-dimensional, potentially to the degree of eddies forming (Meyer & Creyts,
2017).

We emphasize that our model only considers a simplified, hard-rock basal topog-
raphy. In reality, subglacial beds are significantly more complex and dynamic. For ex-
ample, a sharper topography is capable of generating more localization compared to a
smooth sinusoidal shape. Nonetheless, the development of an internal shear band would
still rely on similar physical processes, most importantly a positive accumulative energy
gain.

The presence of tills or other sediments underneath the ice introduces further com-
plexity, both from a dynamic and from a mechanical point of view (e.g., MacAyeal, 1989;
King et al., 2009; Hoffman & Price, 2014; Minchew & Meyer, 2020) and a thermal point
of view (e.g., Rempel, 2008; Christoffersen & Tulaczyk, 2003). One potentially interest-
ing implication of the flow separation we are identifying is that basal ice might interact
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Figure 13. Comparison of model results to field measurements. The first column (a,d) shows
the measurements at West Margin Greenland (Maier et al., 2019). Second (b,e) and third (c,f)
columns show the simulation results with and without topography, respectively. The first row
(a-c) shows the shear strain rates du/dz distribution in the depth direction. The second row (d-f)
show the corresponding velocity profile for each case. In (d), the velocity profile is inferred by
integrating the shear strain rate Ju/9z in (a) assuming there is basal sliding (Maier et al., 2019).
Both simulations use the power-law rheology with exponent n = 3. The domain extend is set
as 4800 m by 650 m. Bed height is set as 5.5 m and surface temperature is set as —12°C. In the

second and third columns, the shear strain rates and velocity profiles are obtained at x = 4235 m.

in at least two distinct ways with a soft bad. One possibility is that fast ice motion and
intense shear localization could lead to warm basal ice, generating interstitial water that
drains to the bed. A thick layer of temperate can then form in topographical lows(Law

et al., 2023) and create basal melt (Karlsson et al., 2021). Alternatively, basal ice in troughs
may slow down because the shear band above it accommodates most of the deformation
and cool down, potentially to the degree that underlying sediments freeze into the ice,

as observed by Andreassen and Winsborrow (2009).

An important limitation of our study is the assumption of a two-dimensional model
along the centerline (z, z) plane of an ice stream. This assumption neglects any varia-
tions in the transverse y direction, both in the ice flow and the shape of the basal topog-
raphy. In reality, the transverse inflow could have a significant impact on temperature
and hence shear band formation. Near the shear margin, for instance, the presence of
cold ice supplied from ice ridges leads to advective cooling, which counteracts viscous
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heating effects (Suckale et al., 2014; Meyer & Minchew, 2018; Hunter et al., 2021; Schoof
& Mantelli, 2021). Basal topography is also three-dimensional, allowing the ice not only
to move up and down of obstacles but also to flow around them. This lateral motion can
mitigate some of the concentration of deformation that would occur exclusively at the
peaks of the topography in the two-dimensional case we consider.

5 Conclusion

This study aims to investigate the influence of basal topography on the formation
of internal shear band in ice flows using a thermo-mechanical Stokes flow model. By in-
corporating sinusoidal basal topography and comparing it with a flat topography con-
trol case, we observe extensive shear localization on topographic highs, resulting in the
development of internal shear band. We analyze the impact of a power-law rheology with
different exponents n = 1,2, 3,4 and find that non-linear rheology enhances shear heat-
ing, tilting the energy balance towards heating in the basal region of the ice. Moreover,
we discover that the width of the internal shear band scales with the shape factor Ak
raised to the power of —2pn, indicating that the development of the shear band is in-
fluenced by the topography shape. Specifically, higher values of Ak facilitate the con-
nection and bridging of shear heating and shear deformation localization, increasing the
likelihood of internal shear band formation. These findings contribute to the understand-
ing of ice-sheet dynamics and provide insights for incorporating the spatial scale of the
flow-to-sliding transition into ice-sheet models, such as Bueler (2009) .

6 Open Research

The current version of the numerical thermo-mechanical model with a build-in non-
linear rheology model is available from DOI repository (Zenodo) at: https://doi.org/
10.5281/zenodo.7392224. This model is developed based on the FastICE that can be
found at: https://doi.org/10.5281/zenodo.3461171 (Réss et al., 2020). The bore-
hole data of shear deformation in Figure 13 (a) to compare against simulation results
can be found from Maier et al. (2019). The basal topography data in Figure 12 (a) can
be found at: https://nsidc.org/data/idbmg4/versions/5 (Morlighem et al., 2017).

The ice surface speed data in Figure 12 (b) can be found at: 10.5067/MEASURES/CRYOSPHERE/

nsidc-0478.001 (Joughin et al., 2015). The basal topography data in Figure 12 (c) can
be found at: https://doi.pangaea.de/10.1594/PANGAEA.907918 (Franke et al., 2021).
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Appendix A Scaling of energy equation

To identify the relative magnitude of the terms in energy equation (9), we carry
out a scaling analysis. We choose the characteristic parameters to be

- - U
z=H, T=pglL.a, u=U,, T =Ty, é:ﬁs, (A1)
where H = 1000 m is the characteristic ice thickness, U; = 100 m/yr is the charac-
teristic surface speed, Ty = —26°C is a typical atmospheric temperature in Antarctica,

a = 2° is the characteristic bed slope. Other relevant constants are: specific heat of

ice ¢, =2096.9 J/(kg - K), ice density p; = 900 kg/m?, thermal conductivity £ = 2.51W/(m -

As a characteristic vertical speed (or thinning speed), we assume the Uy ~ U, x 1072,
Substitute in the characteristic values and the constants, we have the scalings of the spa-
tial terms

oT 0 oT

im— | ~O(107°
Pep <U 8.’L‘l> O( 0 )’ al‘i (Hax,
Note that in our problem setting of a slab of ice flowing down a slope, the dom-

inant shear strain rate is the shear strain rate ¢é,, and the dominant advection is the ver-
tical advection U (0T/0z).

> ~ 0107%), Tpép ~ O(1073). (A2)

Appendix B Scaling of momentum equation

Assume a generic power-law rheology without temperature dependence, and also
assume that the dominant strain rate in the basal region is the shear strain rate. The
viscosity can be then expressed as

1 1 fou\
n= 500" <E)z) : (B1)
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Substitute in the viscosity, the x momentum equation 35 is

u 1 0%
Uy + aas = P9 (B2)
u  190%u 1/ 0u 1=
922 t g T 20 (a) pger (B3)

Assume the characteristic horizontal length . For the sinusoidal topography, we
consider [ to be ~ A"~ DPEA1=("=1r_where p is some constant and n is the power-low
exponent. We choose (n—1) to avoid zero denominator in the later derivation. Finally
the £ momentum equation can be expressed as

1 11 1
4= =C— B4
<l2 +TLB§}> Bqlu_%7 ( )

1
where C' = 2pgaa5’u_%. Simplify the equation, we have the following relationship

1 2
B2 —ciBit ~ =0 (B5)
BQ
s (B6)
CnBg ' —1

Substitute representative numbers of p = 900 kg/mg,g = 9.8 m/sQ,ao ~ 10710 —
1

10713, 4 ~ 100 m/yr, By, ~ 50 — 500 m, we have C’nB,LfJrl ~ 102 — 103, thus the rela-
tionship between [ and B,, can be further simplified to

BQ

P e (BT)
CnBg

B, x = (B8)

We further substitute Ak = 2w A/, the above relationship can be alternatively
expressed as

By, o (Ak)~2Pm (B9)

Appendix C Velocity ratio distribution for different n and topogra-
phies

Figures C1 and C2 depict contour lines ranging from 15% to 95% of the surface
speed Uy, with each contour line spaced by 5% of U,. When Ak is low, the velocity ra-
tio contours exhibit higher concentration around the peak region and a relatively more
evenly spaced distribution around the trough. This behavior indicates that the ice ex-
periences vertical compression and extension as it flows over basal topography. Further-
more, this observation suggests that the perturbations originating from the basal topog-
raphy propagate upwards from the bed to the surface over distances spanning tens to
several hundred meters. In contrast, when Ak is high, the velocity ratio contours tend
to concentrate at a consistent elevation and do not align with the shape of the basal to-
pography. Thus ice no longer experiences the alternation between vertical compression
and extension as flows downstream. This outcome implies that the actual form of the
basal topography exerts significantly less influence on the internal ice, and the flow be-
comes detached to a considerable extent from the true shape of the basal topography.

—30—



(a) n=1 (b) n=2
500
—
400 I ————
g —
£ 300
T
Ak =0.52 3 200
=)
100
© 1000 1500 2000 2500 3000 3500 4000
500
g
g
£
Ak =105 £
=)
1000 1500 2000 2500 3000 3500 4000 1000 1500 2000 2500 3000 3500 4000 4500
Ak =1.83
1000 1500 2000 2500 3000 3500 4000 4500
Ak = 5.24
Ak > (flaty

Elevation, m

1000 1500 2000 2500 3000 3500 4000 4500 1000 1500 2000 2500 3000 3500 4000 4500
Along Flow Distance, m Along Flow Distance, m

Figure C1. The velocity ratio (local z velocity divided by the surface x velocity in the same
ice column) contours for n = 1,2 and differnet Ak. Each row corresponds to a different shape
factor: Ak = 0.52,1.05,1.83,5.24, and oo (representing a flat bed). The first and second column
represente the case where n = 1 and n = 2, respectively. In each panel, the purple lines show the
contour lines from 95%U; to 15%Us, with a separation of 3%Us. The two green dashed lines rep-
resent the contour lines of 70% Us and 20% U, which define the internal shear band upper and
lower bounds. Grey vertical lines indicate the spatial = locations where we calculate the average

internal shear bandwidth.
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Figure C2. The velocity ratio contours for different n = 3,4 and different Ak. The layout of

this figure follows the same as Figure C1
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