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is composed of a bce-like Fe-Si alloy.
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Abstract

Composition, chemical disorder, and magnetism significantly affect the volume and
bulk modulus of iron—silicon (Fe—Si) alloys at ambient pressure. Here, we computed
the equations of state for bcc-like (ordered B2 and disordered bec) Fe—Si alloys
available up to the inner-core pressure using the first-principles Korringa—Kohn—
Rostoker method. Ferromagnetic (FM) and nonmagnetic (NM) states over a wide
composition range, from Fe to FeSi, were investigated. The results revealed that
magnetism and chemical disorder increased the volume and decreased the bulk
modulus even at high pressures. Comparing the results with the preliminary reference
Earth model, we found that an unrealistically large temperature gradient is required if

the inner core is composed of a bee-like Fe—Si alloy.

Plain Language Summary

The center of the Earth is composed of a massive iron sphere known as the inner core,
with a radius of 1221 km. This inner core is subjected to high pressure (>330 GPa) and
temperature (approximately 5000 K). Under these extreme conditions, the density and
sound-wave propagation speed are very different from those of the materials on Earth’s
surface. Key unsolved problems pertaining to the inner core are its chemical
composition and crystal structure. To resolve this issue, computer simulations were
performed to determine the density and sound speed of Fe—Si alloys under temperature
and pressure conditions corresponding to the inner core. We investigated various
parameters of Fe—Si alloys while maintaining a crystal structure similar to that of iron
under ambient conditions. These parameters included the iron-to-silicon ratio, strength
of the magnetism of iron atoms, and the degree of ordering of atomic positions. These
parameters affected the density and sound speed; however, we found that no
combination of the parameters satisfied the seismic observations throughout the inner
core. Therefore, the inner core may have a different crystal structure or contain

impurities other than silicon.

Key Points:
® We conducted first-principles calculations to obtain the equations of state for B2

and body-centered-cubic Fe—Si alloys.
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® The presence of magnetism and chemical disorder increased the volume and
decreased the bulk modulus of the examined Fe—Si alloys.
® Single-phase bee-like Fe;.,Si, cannot satisfy the seismic observation of the Earth’s

Inner core.

1. Introduction

Earth’s inner core is thought to be composed of an iron alloy containing nickel and a
small percentage of light elements (Birch, 1952; Hirose et al., 2021). Silicon is one of
the most likely candidates for the hypothesized light elements. A large amount of
silicon may have been incorporated into core-forming metals, particularly under
reducing conditions, to form Fe—Si alloys (McDonough et al., 2003; Ricolleau et al.,
2011). Comparisons of the Mg/Si and Fe/Si ratios between Earth’s mantle and
chondrites also indicate a possibility of silicon enrichment in the core (Allegre et al.,
1995). If silicon is the major light element in the inner core, in addition to the
aforementioned geochemical constraints, the density and elastic wave velocity of Fe—
Si alloys should match seismic observations (Mao et al., 2012; Sakamaki et al., 2016;

Shibazaki et al., 2016).

The crystal structure strongly influences the density and elastic-wave velocity of
metals. Previous diamond anvil cell experiments have suggested that the stable
structure of pure iron is a hexagonal close-packed (hcp) structure under the
temperature and pressure conditions of the inner core (Tateno et al., 2010; Sakai et al.,
2011). However, previous first-principles studies proposed two conflicting crystal
structures: the hcp structure (Stixrude & Cohen, 1995), and the body-centered cubic
(bee) structure (Niu et al.,, 2015; Belonoshko et al., 2017). Furthermore, the bcc
structure can be stabilized by adding small amounts of impurities to iron (Vocadlo et
al., 2003; Kadas et al., 2009). Silicon is a bcc-stabilizer as Fe—Si alloys adopt bee and
bee-like structures such as B2 (Fischer et al., 2013; Tateno et al., 2015; Ozawa et al.,
2016; Edmund et al., 2019, 2022; Ikuta et al., 2021; Fu et al., 2022). B2 FeSi is an
ordered phase; iron and silicon atoms occupy the (0 0 0) and (1/2 1/2 1/2) sites,
respectively (Figure S1a). In contrast, bcc Fe—Si is a disordered phase in which the two

atoms are randomly aligned (Figure S1b). In this study, we focused on bcc and B2 Fe;.
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In addition to crystal structure, magnetism also affects the density and elastic-wave
velocity. Several researchers have investigated the relationship between magnetism and
the physical properties of bce-like (bee, B2, and DOs;) Fe;.,Si, at ambient pressures
(Elsukov et al., 1992; Kudrnovsky et al., 1991; Kulikov et al., 2002). Elsukov et al.
(1992) performed Mossbauer measurements on disordered crystalline and amorphous
Fe,.,Si, alloys with variable silicon concentrations. Kudmovsky et al. (1991)
performed first-principles calculations for DO3 Fes+,Si;., with partial disordering using
the linear muffin-tin orbital method combined with the coherent potential
approximation (CPA) with fixed lattice parameters. These two studies (Elsukov et al.,
1992; Kudrnovsky et al., 1991) showed that the local magnetic moment of iron
increases as the number of nearest-neighbor (NN) iron atoms increases (Kulikov et al.,
2002). Kulikov et al. (2002) used the Korringa—Kohn—Rostoker (KKR) method in
combination with CPA to calculate bcc Fe.,Si, with varying lattice parameters. Their
results demonstrated that the magnetic moment decreases with increasing silicon
concentrations, which causes a decrease in volume and an increase in the bulk
modulus. In summary, the magnetic moment varies with the number of NN iron atoms,
which is determined by the composition and chemical disorder, resulting in a volume

increase and a decrease in the bulk modulus.

In this study, we computed the equations of state (EoS) for Fe,.Si, under pressure
conditions matching the Earth’s inner core based on the KKR-CPA method (with and
without considering magnetism), regardless of its thermodynamic stability. We
considered the bece and B2 structures, which maximize and minimize the number of
NN iron atoms, respectively. Using the present EoS, we calculated the density and bulk
sound velocity of Fe;,Si, alloys and compared them with the inner-core observations
provided by the Preliminary Reference Earth Model (PREM) (Dziewonski &
Anderson, 1981).

2. Methods
We obtained the equations of state of the Fe;.,Si, alloys (x =0, 0.1, 0.2, 0.3, 0.4, and
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0.5) based on static first-principles calculations. Figure S1a shows the crystal structure
of fully ordered B2 FeSi (x = 0.5). Figure S1b shows the bcc FeSi, in which the
number of NN iron atoms and the degree of disordering are maximized. For non-
stoichiometric compositions (0 < x < 0.5), the structure with the highest degree of
ordering was B2, and the lowest was bcc. In the fully ordered B2 structure, the Fe sites
were completely occupied by iron atoms, whereas Si sites were occupied by both iron
and silicon atoms. Figure S1c shows the most ordered structure of the B2 FegSig 4. In
this structure, iron atoms occupy all the (0 0 0) sites (Fe sites) and 20% of the (1/2 1/2
1/2) sites (Si sites). On the other hand, Fe and Si sites were not distinguished; thus,
iron and silicon atoms were randomly positioned in the bec structure (Figures Sla, d).
In this study, we considered the structures with the highest and lowest degrees of

ordering among the B2 and bcc structures.

The Kohn—Sham equation (Kohn & Sham, 1965) was solved using the KKR method
(Akai, 1989). We used the CPA to simulate chemical disorder. We considered the
ferromagnetic (FM) and non-magnetic (NM) states, which can be obtained by spin-
polarized and non-spin-polarized calculations. The volume range was 75-200 Bohr’®
(11.11-29.64 A*). The Perdew—Burke—Ernzerhof (PBE) type of generalized gradient
approximation (GGA) was used as the exchange-correlation functional (Perdew et al.,
1996). We treated relativistic effects within the scalar relativistic approximation. We
calculated the wavefunction up to / = 2, where / is the angular momentum quantum
number. This method has been used for the FeH, system, with results consistent with
those of previous experiments (Gomi et al., 2018; Tagawa et al., 2022; Gomi & Hirose,
2022). We used a simple cubic lattice for a computational cell containing two atoms for
all calculations. A k-point mesh of 20 x 20 x 20 was used, corresponding to 1771

points in the irreducible Brillouin zone.

The total energy was fitted to the third-order Birch—-Murnaghan equation of state:

2 7P 2 92 2
pr = 2228 1] o [ o] o2} 50 )

where E is the total energy, V' is the volume, K7 is the isothermal bulk modulus, and K’

is the pressure derivative. The subscript ‘0’ refers to the value at zero pressure. In the
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spin-polarized calculations, we fitted the volume range in which the local magnetic
moment of the iron atom in the Fe site exists. The pressure P = -dE/d} and isothermal

bulk modulus Kt = V(d*E/dV?)r were obtained from the analytical derivative.

3. Results

Figure 1 shows the results of the present equations of state for Fe,«Six compared with
those of previous experiments (Dewaele et al., 2006; Edmund et al., 2019; Sata et al.,
2010). The fitting parameters are summarized in Table S1-4. The magnetic moment
(My), volume (Vp), and isothermal bulk modulus (Kto) were plotted at ambient
pressure (Figure 2). The combination of the crystal structure (B2 and bcc) and
magnetism (FM and NM) significantly changed these quantities.

Figure la shows FM B2 Fe;,Si;, which best explains the previous experiments
(Dewaele et al., 2006; Edmund et al., 2019; Sata et al., 2010) for the combination of
magnetism and crystal structure investigated in this study. The volume was largest for
pure iron and decreased with increasing silicon concentrations (Figure 2b). This
volume change is related to the bulk magnetic moment (Kulikov et al., 2002). The bulk
magnetic moment at 0 GPa decreases with increasing silicon concentrations and
becomes zero for FeSi (Figure 2a). This is consistent with previous Mossbauer
measurements (Elsukov et al., 1992) and first-principles calculations (Kudrnovsky et

al., 1991; Kulikov et al., 2002).

Figure 1b compares the NM B2 Fe; ,Si, with previous experiments. Except for FeSi (x
= 0.5), where spin-polarized calculations yielded NM results, the volume of NM was
smaller than those calculated in previous experiments (Dewaele et al., 2006; Edmund
et al., 2019). This indicates the importance of magnetism in the equations of state for

Fel.xSix.

Figure 1c illustrates FM bcc Fe,Si,. Pure iron was reproduced in a previous
experiment (Dewaele et al., 2006). However, the difference between the present
calculation and previous experiments (Edmund et al., 2019; Sata et al., 2010) increased
with increasing silicon concentrations. Ferromagnetic bcc Fe;,Si, also showed a

decreasing bulk magnetic moment with increasing silicon concentrations, similar to



156
157
158
159
160
161
162

163
164
165
166
167
168

169

170
171
172
173
174
175
176
177

178
179
180
181
182
183
184

FM B2. However, at the maximum silicon concentration of FeSi (x = 0.5), B2 FeSi
became NM, whereas bcc FeSi remained FM. This difference in the compositional
dependence of the magnetic moment between B2 and bcc is consistent with previous
studies at 1 bar (Khmelevska et al., 2006; Rinaldi et al., 2021). This behavior can be
understood within the model, which suggests that the magnetic moment is proportional
to the number of NN iron atoms (Elsukov et al., 1992; Kudrnovsky et al., 1991); all
bonds in B2 FeSi are Fe-Si, whereas 25% of the bonds in bece FeSi are Fe-Fe.

Figure 1d shows the volume of NM bcc Fe;.,Si, as a function of the pressure. The iron
volume was underestimated because of the absence of magnetism. Interestingly, the
equation of state of NM bcc FeSi differs from that of NM B2 FeSi. In the above
discussion, the relationship between the chemical disorder and volume was interpreted
as the effect of magnetism. However, the NM bcc Fe,_,Si, results suggest that chemical

disorder also affects the volume and bulk modulus.

4. Discussion

The volume and bulk modulus are crucial in the examination of bee-like Fey ,Si, alloys
as a predominant mineral in the inner core based on comparing their densities and bulk
sound velocities with seismic observations. Our important findings are as follows: 1)
The magnetic moment depends on the number of NN iron atoms, which changes with
silicon concentration and chemical disorder; 2) The higher the magnetic moment, the
larger the volume, and the smaller the bulk modulus; 3) Without considering
magnetism, the bcc alloy has a larger volume and lower bulk modulus than the B2

alloy.

While these findings are consistent with those of previous studies at ambient pressure
(Elsukov et al., 1992; Kudrmovsky et al., 1991; Kulikov et al., 2002), they are not
consistent with the earlier high-pressure/room-temperature experiments performed by
Edmund et al. (2018), which identified the Fe;.,Si, samples with x > 0.21 to be in the
metastable bce phase. In contrast, our calculations for bec Fey.,Si, did not reproduce
their equations of state (Figures lc and 1d). There are two possibilities that may

explain this discrepancy. First, Edmund et al. (2018) misidentified the B2 and DOs;
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structures as bce. Body-centered cubic phase identification was based on the absence
of the diffraction line, which is characteristic of the ordered phase. However, the
intensity of this characteristic B2 line was weak and difficult to observe. Another
possibility is that the present calculations overestimated the effects of FM. In general,
GGA tends to overestimate the volume and magnetic moment. Indeed, the magnetic
moment obtained in this study was higher than that reported in the literature (Figure
2a). Furthermore, at finite temperatures, the bulk magnetic moment decreases owing to

the spin fluctuations.

The finite temperature effect on the magnetic disorder in magnetic phases becomes
more critical at the high temperatures corresponding to the inner core. The same is true
for the chemical disorder in the B2 phase. It is highly challenging to optimize the
thermodynamic properties of the chemical and magnetic order parameters, which may
vary continuously at finite temperatures. Alternatively, this study considers four
different combinations of crystal structure (B2 or bcc) and magnetism (FM or NM) as

end components to discuss the inner-core density and bulk sound velocity.

5. Implications

Figure 3 shows the density and bulk sound velocity as functions of pressure at 0 K for
B2 and bec Fe;.,Si,. For FM, we plotted data only within the pressure range where
spin-polarized calculations provided a finite magnetic moment at the Fe site. In the
case of pure iron, it is possible to have local magnetic moments up to the inner-core
pressures. For bce Fei.,Si,, the pressure range with finite magnetic moments became
narrower as the silicon concentration increased. However, this pressure range becomes
wider for B2 Fe;,Si, than for bce. Ferromagnetic material has a lower density and
slower bulk sound velocity than NM. However, these differences were smaller at
higher pressures. For all calculations, with increasing silicon concentrations, the
density decreased, and the bulk sound velocity increased. This finding is consistent

with those of Hirao et al. (2004) and Fischer et al. (2014).

For Fe;,Si, to be the sole constituent of the inner core, its density and bulk sound

velocity must be consistent with the seismic observations. Ferromagnetic and NM iron
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have higher densities and slower bulk sound velocities than PREM values (Dziewonski
& Anderson, 1981) at the inner-core-boundary (ICB) pressure and 0 K (Figure 4a).
Alloying silicon causes a decrease in density and an increase in bulk sound velocity. At
0 K, both the density and bulk sound volume of NM Fe,_,Si, do not match the PREM
simultaneously at any silicon concentration. In contrast, FM bcc Fe;.,Si, with x ~ 0.15
is closely consistent with the PREM. If the inner-core temperature is 0 K, NM Fe;.,Si,
is no longer a candidate for the inner core, whereas FM bcc Fegs5Sip s is a strong
candidate. However, the inner core is in a high-temperature state (7 ~5000 K), which
reduces the density and bulk sound velocity. Therefore, we need to examine the effects

of temperature on NM Fe,_,Si,.

We calculated the Helmholtz energies of NM B2 and bcc Fe;.,Si, under inner-core
conditions following Gomi and Hirose (2022). The contributions of the electrons were
determined based on the density of states (DOS) of the system. The lattice vibration
terms were examined using a quasi-harmonic approximation with the Debye model. To
obtain the Debye temperature, we assumed that the Poisson’s ratio of Fe;.Si, was
identical to the PREM value; note that this assumption is valid when the inner core
consists of Fe;,Si,. Under this assumption, the high-temperature density and bulk
sound velocity of bce-like NM Fe;.,Si, at ICB pressure and 7= 0 K and 5000 K are
compared with those of PREM in Figure 4b. We found that NM B2 Fe;_,Si, (x = 0.074)
explained both the PREM density and bulk sound velocity at 7= 4820 K. With such a
low silicon concentration, the values for bee were similar to those for B2 at any depth
of the inner core. Figure 5 shows the variations in the silicon content and temperature
for NM bcce-like Fe;,Si, to simultaneously satisfy the PREM density and bulk sound
velocity as a function of the radial position inside the inner core. This indicates that
large gradients in both silicon concentration and temperature are required. However, if
this is the case, the temperature difference between the ICB and the center of the Earth
is 2300 K. For thermal stratification, the temperature gradient must be smaller than the
adiabatic temperature gradient. However, AT = 2300 K is much greater than the
temperature difference of ~200 K along the adiabatic temperature gradient (Figure 5b)
that is expressed as 7(r) = Tics(o(r)/pice)’, where r is radial position in the inner core,

p is density, and y = 1.45 is the Griineisen parameter for B2 Fe,_,Si, at ICB conditions
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(Equation S17). Therefore, the thermal stratification required for the B2 Fe-Si alloy to
be the inner-core material is not feasible. The effect of magnetism is weaker at higher
temperatures and pressures toward the center of the inner core, which further increases
the temperature gradient required. Therefore, the bee-like Fe, ,Si, binary alloy did not
explain the seismic observations of the inner core. Indeed, the eutectic liquid
composition in the Fe—FeSi system was estimated to be Fe + 8 wt.% Si (Feos5Sio.15) at
330 GPa (Hasegawa et al., 2021), suggesting that B2 Fe—Si alloy contains silicon
volumes that exceed the eutectic composition (>15 at.% Si) under inner-core
conditions. Since only 3—7 at.% silicon is required to explain the inner-core seismic
observations (Figure 5b), Si-rich B2 Fe—Si cannot be the predominant constituent of

the inner core.
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421  Figure 1. Present equations of state for: (a) ferromagnetic (FM) B2, (b) non-magnetic
422 (NM) B2, (c¢) FM bcc, and (d) NM bee Fe.,Siy. The solid lines indicate the present
423 calculations, and the cross symbols correspond to previous experiments for B2 and bcc
424  Fey,Si, (Dewaele et al., 2006; Edmund et al., 2019; Sata et al., 2010).
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Figure 2. (a) The bulk magnetic moment of ferromagnetic (FM) B2 (purple circles)
and bcec (green squares) Fe.,Si, at 0 GPa. Earlier theoretical (¢, Kulikov et al., 2002)
and experimental (+, Shyni and Alagarsamy, 2014; x, Elsukov et al., 1992 and
references therein) studies are also plotted. (b) Ambient pressure volume of FM B2
(open purple circles), non-magnetic (NM) B2 (filled purple circles), FM bcc (open
green squares), and NM bcc (filled green squares) Fe;,Si,. Previous theoretical (¢,
Kulikov et al., 2002) and experimental (A, Sata et al., 2010; x, Edmund et al., 2019
and references therein) data is shown for comparison. (¢) Zero-pressure bulk modulus.

The symbols are the same as those for the volume.
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438  Figure 3. The density and bulk sound velocity as a function of pressure. Trends for B2
439  Fe.,Siy (a, ¢) and bee Fe.,Si, (b, d) with x = 0 (red), 0.1, 0.2, 0.3, 0.4, and 0.5 (blue).
440  Solid and broken lines indicate ferromagnetic (FM) and non-magnetic (NM) states,
441  respectively. The cross symbols indicate the PREM values at the inner core

442  (Dziewonski and Anderson, 1981).
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Anderson, 1981). Note that the calculated temperature gradients (solid lines) are
steeper than the adiabatic temperature gradients (broken lines), implying that bcc-like
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