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Abstract

Surface waves grow through a mechanism in which atmospheric pressure is offset in phase from the wavy surface. A pattern
of low atmospheric pressure over upward wave orbital motions and high pressure over downward wave orbital motions travels
with the water wave, leading to a pumping of kinetic energy from the atmospheric boundary layer into the waves. This
pressure pattern persists above the air/water interface, modifying the turbulent kinetic energy in the atmospheric wave-affected
boundary layer. Here, we present field measurements of the transfer of energy from wind to waves through wave-coherent
atmospheric pressure work. Measured pressure work cospectra are consistent with an existing model for atmospheric pressure
work. Measured pressure work energy fluxes reach 0.1-0.2 W m$"{-2}$ during the largest measured wind event (winds reaching
16.5 m s$°{-1}3). The implications for these measurements and their importance to the turbulent kinetic energy budget are

discussed.
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Key Points:

e Measurements of wave-coherent energy fluxes are reported via pressure vertical-
velocity cospectra

* Measured pressure work cospectra are consistent with an existing simple model
based on wave growth rate parameterizations

« Wave-coherent pressure work energy fluxes reached nearly 0.2 W m~2 during an

energetic wind event
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Abstract

Surface waves grow through a mechanism in which atmospheric pressure is offset in phase
from the wavy surface. A pattern of low atmospheric pressure over upward wave orbital
motions and high pressure over downward wave orbital motions travels with the water
wave, leading to a pumping of kinetic energy from the atmospheric boundary layer into
the waves. This pressure pattern persists above the air/water interface, modifying the
turbulent kinetic energy in the atmospheric wave-affected boundary layer. Here, we present
field measurements of the transfer of energy from wind to waves through wave-coherent
atmospheric pressure work. Measured pressure work cospectra are consistent with an ex-
isting model for atmospheric pressure work. Measured pressure work energy fluxes reach
0.1-0.2 W m~2 during the largest measured wind event (winds reaching 16.5 m s~1). The
implications for these measurements and their importance to the turbulent kinetic en-

ergy budget are discussed.

Plain Language Summary

Surface waves grow through a pattern of atmospheric pressure that travels with the
water wave, acting as a pump against the water surface. The pressure pumping, some-
times called pressure work, or the piston pressure, results in a transfer of kinetic energy
from the air to the water that makes waves grow larger. To conserve energy, it is thought
that the pressure work on the surface must extract energy from the wind speed or wind
turbulence that would otherwise be able to make the wind faster, or that sets the shape
of the wind profile with height. In this paper, we present direct measurements of pres-
sure work in the atmosphere above surface waves. We show that the energy extracted
by atmospheric pressure work fits existing models for how waves grow, and a simple model
for how waves reduce energy in the turbulent kinetic energy budget. To our knowledge,

these are the first reported field measurements of wave-coherent pressure work.

1 Introduction

The problem of airflow over surface gravity waves is old, with an ongoing record
of publications on the topic that started nearly 100 years ago (Jeffreys, 1924, 1925; Miles,
1957; Phillips, 1957; Janssen, 1991; Belcher & Hunt, 1993; Hristov et al., 2003; Ayet &
Chapron, 2022). A nuanced understanding of both the growth of waves, and the statis-

tics of atmospheric variables is continuing to evolve (Pizzo et al., 2021), which combines
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multiple existing theories over different regimes. A common central theme in wind-over-
wave theories is the role of out-of-phase atmospheric pressure on the sea surface, which
leads to the growth of surface waves. Surface wave growth requires a flux of energy, which

must be balanced by a loss of kinetic energy from the atmosphere.

Following many previous studies (e.g., Hara & Belcher, 2004, Equation 38 therein,
Cifuentes-Lorenzen, Edson, & Zappa, 2018, Equations 2-3 therein, Ayet & Chapron, 2022,
Equation 22 therein) the Turbulent Kinetic Energy (TKE) equation in the atmosphere

above growing surface waves can be posed as

d{u d
Ttot'%"’%nw_e:ov (1)

where buoyancy has been assumed neutral, the turbulent (wave-incoherent) pres-
sure and energy transport terms are assumed to cancel, T, = —pg (v/w’) is turbulent
stress, II,, is the wave-induced KE transport, and ¢ is the TKE dissipation rate. Here,
(-) represents a time average, v’ = u — (u) is the fluctuating horizontal velocity, and
w’ is the fluctuating vertical velocity. Turbulent fluctuations can be decomposed into the
into wave-coherent, and wave-incoherent components such that w’ = w+wj;. The wave-
induced KE transport is defined II,, = —(pw + p,auw) is comprised of the pressure
work, (p), and a triple velocity product!. When evaluated at the surface, the wave-coherent
pressure work, (pw)(z = 0), is largely responsible for the growth of surface waves (al-
though recent work by M. Buckley, Veron, & Yousefi, 2020 has shown the importance

of wave-coherent viscous stresses at lower energy conditions).

The energy equation is important for understanding how the wind-wave growth feeds
back to atmospheric turbulence, which can modify turbulent statistics and the mean wind
profile from classic rigid boundary layer results. As discussed in Ayet and Chapron (2022),
the choice of turbulent closure schemes in 2-equation turbulence models for airflow over
wind waves results in different profiles for € and (u) (Ayet & Chapron, 2022 Figure 5 therein).
While there are many existing field measurements of stress, mean winds, and TKE dis-

sipation rate over the open ocean, there are (to the authors’ knowlege) no reported field

1 We note there is some difference in how the triple velocity product is treated in previous work. Since
the focus of this work is the pressure term, not the triple velocity product, we opt for the definition used

in Ayet and Chapron (2022) and note the differences here



69 measurements of wave-coherent pressure work which serves as the mechanistic link be-

70 tween the downward flux of energy that makes waves grow, and the loss of energy from
n atmospheric turbulence.
72 1.1 Pressure work Model

Janssen (1999) developed a simple model for wave-coherent atmospheric pressure
work (pw)(z), which was posed as a function of the wave growth rate 8(f,0), the sur-

face wave energy spectrum, F(f, ), and a vertical decay rate, exp(—2kz),

G =~ [ [ Sulr o aoar = [ [ sopoeawy. @

73 where S;,, is the spectral wind to wave energy flux, k is the frequency-dependant wavenum-
7 ber assumed to follow the linear dispersion relation, f is the frequency, € is the relative
7 direction between wind and waves, and z is height above the mean water level.
7 Plant (1982) fit numerous existing wave growth data sets, finding a growth rate of
u2
B(f,0) = (0.04 £ 0.02) —-w cos(8), (3)
c
7 where u, is the atmospheric friction velocity, w = 27 f is the radian frequency, and

7 ¢ = w/k is the frequency-dependant wave phase. Janssen (1989, 1991) showed that the

79 drag over the water depends on sea state, which in turn modifies the growth rate. The
80 new proposed growth rate was,

2

u
B(f,0) = B2~ 2 cos?(6), (4)
Pw C

81 where B is the so-called Miles constant which is a function of the non-dimensional
82 critical height, and fraction of wave to total stress 7/7;,;. Computation of B is often achieved
83 through iteration as described in Komen et al., 1996.
8 In this work, we present direct covariance measurements of wave-coherent pressure
& work in the marine atmospheric boundary layer, and compare these measurements to

86 theories of wind wave growth (Equations 2-4). Section 2 describes the field site, the data
&7 collection, and the data processing. Section 3 presents the results, including comparisons

88 between measurements and the Janssen (1999) model. Section 4 discusses the implica-
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tions of these measurements for the atmospheric wave-affected boundary layer, and av-

enues for future work on the topic. A summary is presented in Section 5.

2 Methods
2.1 Site Description and Measurement Overview

Measurements were made from an open-lattice steel tower (Figure 1) deployed in
roughly 13 m water depth in Buzzards Bay, MA. Buzzards Bay is a 48 km by 12 km basin
open on the SW side to Rhode Island Sound. The average depth is 11 m, with a tide range
of 1 to 1.5 m, depending on the neap/spring cycles. Winds in Buzzards Bay are frequently
aligned on the long-axis (from the NE or SW), and are commonly strong, particularly
in the fall and winter. The tower was deployed near the center of the bay at 41.577638
N, 70.745555 W for a spring deployment lasting from 12 April 2022 to 13 June 2022. Wind
speeds were measured up to 16 m s~!, and were large and sustained during a 3-day event
in early May that will be the primary focus here (Figure 2, red box). A second deploy-
ment followed in the fall, extending from 22 September 2022 to 22 November 2022, which

will not be discussed here.

Atmospheric measurements included three primary instrument booms that housed
paired sonic anemometers (RM Young 81000RE) and high-resolution pressure sensors
(Paros Scientific). The pressure sensor intakes were terminated with static pressure heads
(Nishiyama & Bedard Jr, 1991), which reduce the dynamic pressure contribution to the
measured (static) pressure. The tower booms were aligned at 280° such that the NE and
SW winds would be unobstructed by the tower’s main body. A fourth sonic anemome-
ter (Gill R3) was extended above the tower such that it was open to all wind directions
and clear of wake by the tower structure. A single point lidar (Riegl LD90-3i) was mounted
to the highest boom, such that the lidar measured the water surface elevation underneath
the anemometer and pressure sensors to within a few centimeters horizontally. All in-
struments were time synchronized with a custom "miniNode” flux logger, that aggregated
the data streams from each instrument. The heights of each instrument above the de-
ployment mean water level are shown alongside a photograph of the tower during the

spring deployment in Figure 1.

Additional atmospheric and wave measurements on the tower included short-wave

and long-wave radiometers (Kipp & Zonen) a stereo camera pair (IO 5MP Victorem),
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two RH/T sensors (Vaisala), and a standard lower-resolution barometer (Setra). Addi-
tional water-side measurements were made (including temperature, conductivity, cur-
rents, turbulence, acoustic backscatter, and more) which will be described in a subse-

quent manuscript, and will not be used in the analysis here.

Data sampling schemes for each instrument are briefly described here. The sonic
anemometers and pressure sensors were sampled continuously, with sampling frequen-
cies 20 Hz (GIl R3) 32 Hz (RM Young, booms 1-3), 16 Hz (Paros pressure). The Lidar
was nominally sampled at 20 Hz (see Appendix B for more) and sampled for 40 minutes
starting at the top of each hour. Data were recorded in 20-minute long files, and tim-
ing was synchronized such that the start and end of each instrument’s 20-minute files
were aligned to within a few ms. The resulting time alignment between instruments was
estimated to be accurate to within one instrument sample (roughly 50 ms). For short,

1 Hz waves, this timing offset would result in roughly 1 degree error in phase, with lower

phase error for longer waves.

2.2 Spectral and Cross-spectral Analysis

Instruments were linearly interpolated to a 20-Hz time grid for spectral and cospec-
tral processing. Power spectra and cross-spectra were estimated using the overlapping-
segmented averaging method as implemented by MATLAB’s pwelch and ¢psd functions.
Each time series was linearly detrended, and processed with 2048-sample windows (1.69
minutes) tapered with a Hamming window with 50% overlap between segments. The in-
terpolation resulted in some high-frequency deviation from spectra made from the orig-
inal (not interpolated) time series, although this was confined to frequencies larger than

1 Hz, above the wave-band frequencies of interest to this study. For example, interpo-

lated sonic anemometer spectra were observed to be roughly 10-20% lower than non-interpolated

spectra at 5 Hz, with no noticeable deviation at 1 Hz.

Separation of the pressure work cospectrum into wave-coherent and wave-incoherent
terms for the atmospheric measurements is described in detail in Appendix A, which gen-
erally follows from previous studies and textbooks (e.g., Bendat & Piersol, 2011; Veron,
Melville, & Lenain, 2008; Grare, Lenain, & Melville, 2013a). In brief, the real part of the

wave-coherent cross-spectrum of p and w, Re{Gpu(f)}, can be estimated using the power
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Figure 1. A schematic showing a subset of the air-side instrumentation used in this study,
shown with a photograph of the tower (courtesy of S. Whelan). Heights are referenced to the
tower, but represent the approximate distance to mean water level over the two month deploy-

ment. Each boom held instruments 1.2 m from the nearest tower vertical strut.
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Figure 2. 20-minute mean windspeeds measured from the four vertical levels on BBASIT are
shown above. A red box highlights the multi-day high winds seen in early May that are the focus

of much of the analysis here.

spectrum of sea surface elevations, Gy, (f), and the cross-spectra and phase of p and w

with the sea surface respectively,

Re(Gya (1)} = 2255 cos (2, ~ 8, )

The total wave-coherent pressure work at measurement height can be found by in-
tegrating the above equation in frequency, (pw) = [Re{Gps(f)}df, with the integral
evaluated in the wave band (between 0.1 Hz < f < 2 Hz). Although somewhat arbi-
trary frequency bounds, it was found that choosing a lower low-frequency limit added
noise in the integrated pw estimates. Increasing the high-frequency limit resulted in mi-
nor changes, but was set to where there were minimal differences between interpolated
and non-interpolated spectra. Visual inspection of the magnitude squared coherence (Fig-
ure 4b) shows the most coherence at frequencies 0.2 Hz < f < 0.8 Hz, well inside the

chosen integration bounds.

2.3 Estimation of S;,, and 3

Wind-wave input S;,, was estimated using the measured elevation spectrum E(f),
and the measured wind friction velocity u. following Equation 4 for computation of
using the procedure described in Komen et al. (1996). Wave directions were assumed to
be aligned with the local wind. This assumption is justified by the local quality of waves
due to the fetch-limited environment; however we recognize that the unidirectional as-

sumption may cause an over-estimate of S;n due to directional spreading expected in

06/19
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a true spectrum. We expect ongoing analysis of subsurface data to examine this assump-
tion in future work. Wavenumber k(f) was estimated using the finite-depth linear dis-
persion relation, (27 f)? = gk\/m, where d is the local water depth, and g is the
acceleration due to gravity. Due to the relatively short fetch-limited waves measured at
this location, most wave frequencies were unaffected by water depth via the dispersion
relation. For example, at 0.2 Hz (where there is a sharp change in coherence, Figure 4b),
the finite-depth wavelength is 97% of its deep-water equivalent. Surface currents were
typically less than 20 cm s~!, and dispersion corrections were not considered since they

are relatively small for waves at frequency f < 1 Hz.

3 Results
3.1 Phase-offset Pressure

During high-winds, the atmospheric pressure was found to be highly correlated and
out of phase with the sea surface elevations, consistent with wind-wave growth theories
(Miles, 1957; Janssen, 1991) and past measurements of wave-coherent pressure (Snyder
et al., 1981; Hare et al., 1997; Donelan et al., 2005). During these events, low atmospheric
pressure perturbations were seen slightly downwind of wave crests, and high atmospheric
pressure perturbations were measured over wave troughs. An example is shown in Fig-
ure 3, during a high wind event that took place in early May where the lowest boomed
instruments were particularly close to the wave crests. Wave-induced pressure pertur-
bations are visible from all three booms with the pressure deviating 50-100 times the wind
stress over the wave crests. Pressure perturbations were generally larger at the booms
closer to the surface. Perturbations were not seen over every wave crest/trough, but were
seen sporadically over groups of 5-10 sequential wave crests, particularly during high wind

events.

3.2 Wave-Coherent Pressure Work

Time series of atmospheric vertical velocity showed much larger turbulence fluc-
tuations, which make direct inspection of the relative phase with the sea surface eleva-
tions (as done for pressure in Figure 3) less clear. However cospectra of pressure work
show clear negative pw in the wave band, counter to the background turbulent fluctu-

ations which are positive (Figure 4a). Both p and w show strong coherence with waves,
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Figure 3. (a) A time series of normalized pressure perturbations measured from the three
paros pressure sensors. (b) A time series of sea surface elevation measured by the single point
lidar (solid blue) and the boom-1 wind and pressure sample height (dashed orange). Heights in
(b) are referenced to the 20-minute mean water level. Pressure in (a) is normalized by the wind
stress, estimated using a 20-minute averaging window. The pressure perturbation is the deviation
from a 30-second moving average filter. Large negative atmospheric-pressure perturbations are
aligned with the passage of wave crests. Waves and wind can be imagined as moving right to left

in the time series, such that lidar measures the leeward (downwind) face of the wave first.
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Figure 4. (a) Six 20-minute pw co-spectra from 9 May 2022 are averaged (blue) and shown
alongside the decomposed turbulent (black, also shown in ¢) and wave-coherent (orange, also
shown in d) components. The magnitude squared coherence, 4> between 1 and p, as well as be-
tween n and w are shown in b. There is strong coherence for pressure and vertical velocity in the
wave band (0.1 Hz < f < 1 Hz), which allows the decomposition shown in ¢ and d. The Janssen
(1999) model for atmospheric pw is shown in purple in d, which aligns well in both magnitude

and shape to the measured cospectrum.

7, in the wind wave frequency band (0.05 Hz < f < 1 Hz, Figure 4b), suggesting the
negative pw is due to surface waves. A wave-turbulence decomposition (described in Ap-
pendix A) shows that the pw cospectrum is similar in magnitude and shape to the Janssen
(1999) model (Equation 2). The spectral decay term, exp(—2kz) is essential in this fit,
and the estimated surface pw would be both larger, and have a different spectral shape

with a shift to larger values at higher frequencies.

3.3 Energy Flux Time Series

The time series of the frequency-integrated wave-coherent pw cospectrum is con-
sistent with the Janssen (1999) model at the lowest boomed level over the entire high
wind event, which lasted roughly 7 May 2022 to 11 May 2022. Figure 5 shows the frequency-

integrated measured pw cospectrum against the energy fluxes estimated from the Janssen

—11—
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Figure 5. A comparison of the time series of wave-coherent energy fluxes estimated from
measurements made from the lowest elevation boom (blue) and from the Janssen (1999) model
using the Plant (1982) growth rate (orange with shaded error bars, Equation 3), and the Janssen
(1991) growth rate (purple, Equation 4) over the 3-day high-wind event in early May, 2022. Error

bars are derived from the reported coefficient uncertainty in Plant (1982).

(1999) model. There is good agreement in both magnitude and shape between the mea-
surements and model, with the model slightly over-predicting energy fluxes. These re-
sults are fairly consistent if the wave growth rate § is taken from either Plant (1982) or
Janssen (1991). Worse, but moderate agreement was seen at booms 2 and 3 (not shown),
with much lower energy levels (0.06 W m~2 and 0.02 W m~2 respectively during the high-
est winds on 9 May). Curiously, the sign of the measured pressure work fluxes from the
second boom was upwards on 7 May and 8 May, but not on 9 May; the cause of this sign

reversal remains unexplained, and will be left to future analysis.
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4 Discussion

While there is compelling consistency between the Janssen (1999) pw model and
the pressure work measurements during this event, it is perhaps not generalizeable with-
out more events. As noted by several authors, there is still considerable spread in ex-
isting data for growth rate, 3, resulting in 50% uncertainty in the coefficient reported
by Plant (1982) (as seen in Equation 3). Including this uncertainty would put the ma-
jority of measured pw within the uncertainty bounds in wind-wave energy flux. How-
ever, close inspection of Figure 4d shows the largest difference between the theory and
measured wave-coherent pressure work occur near 0.25 Hz, just before the measured cospec-
trum falls off towards zero. This effect is fairly consistent across the May high-wind event,
suggesting that there may be a functional difference that leads to a bias. However, it is
unclear if the mismatch is due to the growth rate, the vertical decay function, the as-

sumption of unidirectional waves, or another unidentified mechanism.

The Janssen (1999) model for atmospheric pressure work was developed as a sim-
ple way to show the drawbacks of inertial dissipation estimates of wind stress, rather than
as a self-consistent theory for wind-over waves. For example, Janssen (1999) assumes po-
tential flow for the sake of the vertical decay function which yields the exp(—2kz) term
in Equation 2. However, potential flow theory is incompatible with the pressure-phase
offset that leads to growth in the first place. It is somewhat remarkable then that the
potential flow decay works so well and results in fairly good agreement for short waves
(larger kz) at frequencies strongly modified by this decay (roughly 0.3 Hz < f < 1 Hz,
Figure 4d). Previous studies have shown variable decay rates for wave-induced pressure
p(z) = p(0)exp(—akz) with a = 1 for lower winds, and reaching & = 2 for higher
winds (Donelan et al., 2006). The decay in magnitude of w should be roughly equiva-
lent to that of the pressure, such that applying the Donelan et al. (2006) pressure de-
cay rates for piw would result in a range between exp(—2kz) and exp(—4kz). However,
these larger decay rates would not explain the over-estimated pressure work by the model
near the wave peak, which occurs for longer waves that are less sensitive to choice of de-

cay rate, a.

Several recent studies have also suggested variability in the wave growth rate with
wave steepness as well as wave age (e.g., M. Buckley et al., 2020; Wu, Popinet, & Deike,

2022). Therefore, it could be that the spectral growth rate decreases near the peak in

—13—



249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

relation to a roll-off in spectral steepness. Lastly, this roll-off could be due to unaccounted-
for directional effects, or finite depth effects. Plant (1982) integrated a directional spread-
ing function, which modified the unidirectional growth rate by roughly 20% (Plant, 1982
Equations 10-12 therein). Finite depth effects that modify the wave phase speed and shape
of the wave orbital motions were not expected to be large, since at 5 s (the frequency
where wave-coherent pressure work approaches zero in Figure 4a and d) the finite depth

phase speed is still 97% that of the deep water limit.

As noted in Ayet and Chapron (2022), there is some disagreement over the expected
shape of the wave-induced transport term, II,,, which depends heavily on wave-coherent
pressure work and which could impact mean wind profiles and turbulent statistics in the
atmospheric boundary layer (Figure 5 therein). Very recent work from Janssen and Bid-
lot (2022) investigated the feedback between wave-supported energy fluxes and changes
to the mean wind profile (the curvature of which sets the wave growth rate). Janssen
and Bidlot (2022) found a non-linear effect was visible but relatively small at (u) > 15
m s—1, with a large reduction of growth rate at (u) = 50 m s~ which may explain the
elusive drag-coeflicient roll-off at high winds. We suspect continued work to understand
the magnitude and decay rate of (pw) and its relation to the mean wind profile, partic-

ularly at high winds, to be a fruitful future direction of study.

4.1 Flow separation

Recent numerical and laboratory work has suggested the importance of flow sep-
aration in airflow over surface waves (Sullivan et al., 2018; M. P. Buckley & Veron, 2016;
M. Buckley et al., 2020; Wu et al., 2022). In particular, Wu et al. (2022) has suggested
simulations agree with the sheltering theory of Jeffreys (1924) at high winds, a theory
which has largely been ignored in favor of those stemming from Miles critical layer the-
ory. Here, we make no distinction as to the mechanism for the pressure perturbations
in Figure 3, however the phase offsets were often closer to 180 degrees than to the 90 de-
gree offset reported in Wu et al. (2022) which was used to justify sheltering theory. Still,
the measurements here are made at a finite height above the surface, and there could

be a change in pressure/sea-surface phase with height.
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5 Conclusions

We have presented observations of wave-coherent pressure work in the wave-affected
atmospheric boundary layer. Observations are qualitatively consistent with existing wind-
wave growth rate parameterizations, and a vertical decay that depends on height and
surface wavenumber. The vertical decay is roughly consistent with potential flow the-
ory, which gives a vertical decay rate of exp(—2kz). The agreement between measured
pressure work and existing models is seen in cospectra, and in a frequency-integrated time
series over a 3-day high wind event. The simple model for atmospheric work tends to
over-predict the measured pressure work by a factor of 20-50%, however this is gener-
ally within the reported error bounds of a coefficient for the wave growth parameteri-

zations.

The pressure work energy fluxes are most easily seen at moderate to high wind speeds
({(u10) > 12 m s71), with pressure work fluxes (pw) ~ 0.1 W m~2. Future work is needed
to determine how these measured fluxes impact the energy budget of the wave-affected
atmospheric boundary layer, and their implications for air/sea fluxes and flux measure-

ments in energetic conditions.

Appendix A Estimation of wave-coherent and -incoherent spectra

The measured pw cospectra are decomposed using the assumption of a linear spec-
tral model which is described here. This method closely follows Bendat and Piersol (2011)
Section 6.2.2 ”Single-Input/Multiple-Output Model” as well as Veron et al. (2008), and
Grare et al. (2013b), in which the authors use a similar decomposition. Here, we assume
that the time series of p’ and w’ each have a wave-coherent component, p, and w, that
have a linear relationship with sea surface elevation, 7, such that the Fourier Transform,

F{-}, of each measured time series can be expressed,

F{v'} = Fip, + pt = F{vi} + HyF {n} (A1)

Fw'}y = Flw; + @} = F{wi} + Ho F{n} (A2)

where F{p} = H,F{n}, and F{w} = H,F{n} define the wave-coherent com-
ponents, p; and w; are the wave-incoherent components, and H,, and H,, are complex

transfer functions that depend of frequency. Here we use notation consistent with the
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measured time series, but note that the notation of Bendat and Piersol (2011) would equate
ton =ax(t), p = 11(t), and w’ = ya(t), and use G, to denote the power spectrum of
z, and Gy, to denote the complex cross-spectrum of z and y;. Following Bendat and
Piersol (2011)’s Equation 6.77, the complex transfer functions are defined using cross-

spectra and autospectra,

pn(f) Hw Gwn(f) (A3)

G
H, =
G ()

p

where G, (f) is the complex cross-spectrum of p’ and 1, G, (f) is the complex cross-

spectrum of w’ and 7, and Gy, (f) is the real-valued power spectrum of 7.

The cross-spectrum between p’ and w’, assuming no wave-turbulent correlations

(e.g., (ppy) = 0, (pw}) = 0, etc.), is then,

Gpu(f) = Hy(f)Huw(f)Gnn(f) + Gpuw,(f) - (Ad)
——r —_——
Total pw W ave—Coherent pw Turbulent pw

Since only the real component of pw correlations contribute to the TKE equation,

the wave-coherent pw spectrum is estimated combining Equations A3 and A4,

_ [CpullGunl

Re{Gpa(f)} = Re{H (f) Hu (f) Gy (1)} G

cos (Dpy — Pun) , (A5)

where ®,,, = atan (Im{G ., } /Re{Gpw}) is the spectral phase. The wave-incoherent
part, Gy (f), is found using equations A4 and A5. Here, we followed from Bendat and
Piersol (2011), however Equation A5 can also be seen as analogous to Grare et al. (2013b)’s
Equation 17, which was formed for wave-coherent stress. We also note that Equation A5
can be reformed using magnitude squared coherence and auto-spectra, with magnitude

squared coherence defined 'ygy = |Guy|?/(GrxGyy).

The above formulation (Equation A5) is consistent with previous efforts to mea-
sure the surface wave growth rate, 8, from out-of-phase pressure, Im {G,,,} (Hare et al.,
1997; Donelan et al., 2006). Assuming a boundary condition where the atmospheric ve-
locity equals the wave orbital motion at z = 0, we have |Gy, (2 = 0)] = wG,, and

O,y (2z = 0) = 90. Combining with Equation A5,
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348

_ |Gpn|WGfm

Re{Gpa(f,2=0)} G

cos (®p, —90), (A6)

which can be reduced to,
Re{Gpa(f, 2 =0)} = w|Gpy|sin (D) . (A7)
Using trig identities for phase, |G|sin(®) = Im{G}, such that,

Re{Gpa(f. 2 = 0)} = wIm{G,,}. (A8)
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