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Abstract

Let u be a finite Borel measure on [0 ,1). In this paper, we consider the generalized integral type Hilbert operator I u o + 1
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into another of the same kind. As consequences of our study, we get completely results for the boundedness of I y. o 4+ 1 acting

between Bloch type spaces, logarithmic Bloch spaces among others.
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ABSTRACT. Let p be a finite Borel measure on [0,1). In this paper, we consider
the generalized integral type Hilbert operator

1
Lo 06 = [ G au) (> -1,
a 0 (1 _ tz>oc+1
The operator Z,,, has been extensively studied recently. The aim of this paper
is to study the boundedness(resp. compactness) of Z,, .,
weight Bloch space into another of the same kind. As consequences of our study,

we get completely results for the boundedness of Z,, . ,

acting from the normal

acting between Bloch type
spaces, logarithmic Bloch spaces among others.

1. Introduction

Let D = {z € C: |z| < 1} denote the open unit disk of the complex plane C and
H (D) denote the space of all analytic functions in D.

A positive continuous function v on [0,1) is called normal if there exist 0 < a <
b < oo and 0 < sp < 1 such that - almost decreasing on [sg, 1) and %22)17
almost increasing on [sg, 1).

A function g is almost increasing if there exists C' > 0 such that r; < ry implies
g(r1) < Cg(re). Almost decreasing functions are defined in an analogous manner.

Functions such as

—1
o0 —
stk 2

€
V(S) = (1—52)t10g5 1_82<t>0,5€R> and V(S) = Zm
k=1

are normal functions.

In this paper, we use N to denote the set of all normal functions on [0,1) and
let so = 0. The letters a and b always represent the parameters in the definition of
normal function.
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Let v € N, the normal weight Bloch space B, consists of those functions f € H(D)
for which

[1£1ls, = 1f(0)] + sup v(|z])|£'(2)] < 0.

In particular, if v(|z|) = (1 — |2]?)7(y > 0), then B, is the Bloch type space B?. If
v(lz]) = (1 —|2[*)log ™" ; T (B8 € R), then B, is just the logarithmic Bloch space
B

log? -
Let p be a positive Borel measure on [0,1), 0 <y < o and 0 < s < c0. Then pu is

a v-logarithmic s-Carleson measure if there exists a positive constant C, such that
u([t, 1))

In particular, p is an s-Carleson measure if v = 0. See [1] for more about logarithmic
Carleson measure.

Let p be a finite Borel measure on [0,1) and n € N. We use p, to denote the
sequence of order n of u, that is, p, = 8[0,1) t"du(t). Let H, be the Hankel matrix

<C(l—1t)°, forall0<t<1.

(fn ke )n,k=0 With entries ju, x = fin4x. The matrix H,, induces an operator on H (D)
o0

by its action on the Taylor coefficients : a,, — Zun,kak, n=0,1,2---.
k=0

If f(z Zanz € H(D), the generalized Hilbert operator defined as follows:

o0 a0
= Z (Z ,un,kak> Zna
n=0

It’s known that the generalized Hilbert operator H,, is closely related to the integral
operator

2.0 = [ 5 dutt

If 41 is the Lebesgue measure on [0, 1), then H, and Z, reduce to the classic Hilbert
operator H and Z.

The action of the operators Z,, and H, on distinct spaces of analytic functions
have been studied in a number of articles (see, e.g., [2-8]). In this paper, we consider
the generalized integral type Hilbert operator

LaNG) = | L Sduto), (@ > -1,

If « = 0, the operator Z,

Ma+1

related to the Hilbert type operator

Fin+1+ )
Z I'(n+ 1)INa+1) (Z”nkak) o (a>=1),

n=0

is just Z,,. The integral type operator Z, is closely

Ha+1
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whenever the right hand side makes sense and defines an analytic function in D.
The operator Hj; can be regarded as the fractional derivative of H,. If a = 1, then
#H;, called the Derivative-Hilbert operator which has been studied in [9;/10].

The connection between Z,(or H,,) and Z,_ ,
operator Z,, ., in a unified manner. In [11](see also [5]), the authors have studied the

(or H;) motivates us to consider the

boundedness of Z,, acting on B. Li and Zhou studied the operator H, from Bloch
type spaces to the BMOA and the Bloch space in [12]. Ye and Zhou investigated
7,, acting on B in [9] and Z,

Ha+1

partial results were obtained for the boundedness of Z,, |

spaces. The aim of this article is to deal with the operator Z,, .,

weight Bloch space into another of the same kind. As consequences of our study,

acting between Bloch-type space in [13]. But only
acting between Bloch-type
acting from normal
we obtain complete results for the boundedness of Z,, ., acting between Bloch type
spaces, logarithmic Bloch spaces among others.

Throughout the paper, the letter C' will denote an absolute constant whose value
depends on the parameters indicated in the parenthesis, and may change from one
occurrence to another. We will use the notation “P < ()7 if there exists a constant
C = C() such that “P < CQ”, and “P 2 @” is understood in an analogous manner.
In particular, if “P < @” and “P Z ()7 , then we will write “P = Q”.

2. Preliminary Results

In [14], a sequence {V,} was constructed in the following way: Let i) be a C®-
function on R such that (1) ¢(s) = 1 for s < 1, (2) ¥(s) = 0 for s = 2, (3) ¥ is
decreasing and positive on the interval (1,2).

Let ©(s) = 9¥(5) —¥(s), and let vg = 1 + 2, for n > 1,

0 k 2n+1_1 k
V”<Z) - Z 90<2n—1)zk - Z 90<2n—1)zk-
k=0 k=2n—1

The polynomials V;, have the properties:
Q0
(1) f(z) = 3, Varg(2) , for [ e HD);

n=0
(2) Ve = fllp = |Iflp, for f & H?,p>0;
(3) [[Vall, = 2"(1=3) for all p > 0, where * denotes the Hadamard product and -1l
denotes the norm of Hardy space H?.

Lemma 2.1. Let ve N and f € H(D), then f € B, if and only if
supv(1 —27")2"|V,, = fl]eo < 0.

n=0
Moreover,
[1£]ls, = supw(1 = 27")2%||V2 « £l
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The proof of this Lemma is similar to that Theorem 3.1 in [15], we leave it to the
interested readers.

Lemma 2.2. Let ve N and
o0
g(Q) =1+ 2°¢"™ ((eD),
s=1

where ng is the integer part of (1 —ry)™, 1o =0, v(ry) = 27%(s = 1,2,---). Then
g(r) is strictly increasing on [0,1) and there exist two positive constants Ny and Ny
such that

inf v(r)g(r) = N > 0, Sglel]II)))V(ng(C)‘ =N, < +.

[0,1)
This result is originated from Theorem 1 in [16].
Lemma 2.3. Ifve N, then
v([2]) L2\, (=12
< I D.
e = () + (7ap) Jor ot e

This result comes from Lemma 2.2 in [17].

Lemma 2.4. Letve N, 0 <§ < %, then

JOO e~Otdt 1
< .
o tw(l—13) T v(1-9)

foo e~ Otdt F et dt JOO e~Otdt .
——— = ———+| ——=5L+L.
o tw(l—1) e tw(l—1) 1 otr(l - 3

By the definition of normal function, we have

Proof.

e F dt_ o Jé PR
PR w1 =0 T w1 -9, ~u(1-6)
Ift> %, then 1 — % > 1 —¢§. The definition of normal function shows that
v(l—9) - v(l—1)
-1 =0)) " [1-@1-7P

Hence, we have

I foo v(l1—6) e dt
y =
1 v(l— %) tr(l —9)
0 cheb—1 -6t 0
< f —5 e dt = —1 J e s ds
1 v(l1-9) v(l=9) )
1
S —-.
v(l—9)

The proof is complete. O



Lemma 2.5. Let p be a positive Borel measure on [0,1), 5 > 0, v > 0. Let T be
the Borel measure on [0, 1) defined by

Then, the following two conditions are equivalent.
(a) T is a p-Carleson measure.
(b) pis a g+ ~y-Carleson measure.

Proof. (a) = (b). Assume (a). Then there exists a positive constant C' > 0 such
that

! dp(r) B c
L—(l—r)7<0(1 t)°, tel0,1).

Using this and the fact that the function z — ﬁ is increasing in [0, 1), we obtain

,u([t,l))< " _du(r) < 18 e
(1—ty \L oy S ¢ telo).

This shows that u is a 3 + «y-Carleson measure.
(b) = (a). Assume (b). Then there exists a positive constant C' > 0 such that

p(t) < C(1 =)™ telo,1).

For 0 <z < 1, let h(x) = p([0,2)) — u([0,1)) = —u([z,1)). Integrating by parts
and using the inequality above , we obtain

o) - [ 15

- o)~ lm g fgj)vu([m)) HL %d
- g o [
<1 -0+ fl(l —2)? e < (1 —t)°.

t

Thus, 7 is an -Carleson measure. O

Lemma 2.6. Let w,v € N. If T is a bounded operator from B, into B,, then
T is compact operator from B, into B, if and only if for any bounded sequence
{hn} in B, which converges to 0 uniformly on every compact subset of D, we have

lim,, o ||T(hn)||5, = 0.

The proof is similar to that of Proposition 3.11 in [18], we omit the details.
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3. Nonnegative Coefficients of normal weight Bloch functions

First, we give a characterization of the functions f € H(D) whose sequence of
Taylor coefficients is non-negative which belongs to B,,.

Theorem 3.1. Let v e N and f e HD), f(z) = > anz", a, =0 for alln > 0.
Then f € B, if and only if

S(f) :=supv(l— l) Zn: kay < o0.

n=1 n =1

Moreover,
I flls, = S(f) + ao.
Proof. 1f f e B,, then for each n € N,

1/lls, = sup v(|2))If'(2)]

z=1—=
n

1 &
= l/<1 — ﬁ) Z k'(lk,

and hence S(f) < ||f||s,- Since ag = |f(0)| < ||f||s,, we may obtain
S(f) +ao < |Ifls.-

On the other hand, if S(f) < oo, then

29+l

v(1-27) Y kap <S(f), jeN.

k=21

For each z € D with § < |z| < 1, we have

oo 29t1_1 w [20t11
F(2) =D D) kaz < (Z kak]z\k_1>
J=0 k=27 j=0 \ k=27
o0 J
ks
<S8

<2 <1 (3.1)




For each % < |z] = r < 1, by choosing m > 2 such that r,,_; < r < r,, where
T = 1 — 27", Then

m a0
Zu L—27)p? < YA -27)+ Y v1-27)p" =8 + 5.
j=0 j=m+1

-2 et <1 -2,

=1
Since v™1(1 —27™) = v=1(r), it follows that (3.1) is valid for all 1 < |z] < 1.
Therefore,
7O+ sup (DI (2)] = a0 + 5(f).
s
The proof is complete. U

Corollary 3.2. Let v > 0 and f € HD), f(z) = > janz", a, =0 for alln > 0.
Then f € BY if and only if

supn 72 kaj < oo.
n>1 k=1

If f € B, has nonnegative and non-increasing coefficients, then the result of The-
orem 3.1 can be state as follows.

Theorem 3.3. Let f(z) = Y _, a,2" € H(D) with a, nonnegative and non-increasing.
Then f € B, if and only if

1
supn’v(l — =)a, < 0.
n>1 n

Moreover,

1
| flls, = ao + supn2v(1 — ﬁ)an.

n=1
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Proof. If a,, nonnegative and non-increasing, then Y, _, kay = n%a,. The proof of
the necessity follows from Theorem 3.1 immediately.
On the other hand, if M := sup,>, n*v(1 — )a, < o0, then

M

n2u(1— 1)

an < for all n > 1.

For every ze D and 1 < || < 1,

0 o0
/ n—1 ‘Z’n
Let
(=" we ()
hx t == IS 9 9
tv(l — %)

then h, is decreasing in ¢, for sufficiently large ¢ and each x € (0,1). So, by Lemma
2.4 we have

0 |Z‘n o0 eft lo§‘71| 1 1
2 — Y = 1 dt < N — .

-0 ") w@- D" S vt ) " w(lE)
This means that

1 fll5, < a0+ su11)n2y(1 — ﬁ)a”'

nz

The proof is complete. O

Corollary 3.4. Let v > 0 and f(z) = >, anz" € H(D) with a, nonnegative and
non-increasing. Then f € BY if and only if

supn®a, < ©.
n=1

4. Generalized integral type Hilbert operator acting on weighted Bloch
space

Let w € N, we write @(t) = Sé ﬁs)ds. We begin with characterizing those measure
o for which the operator Z,, ., is well defined on B,,.

a+1

Proposition 4.1. Let pu be a positive Borel measure on [0,1) and o > —1. For any

gwen f e By, L,,.,(f) uniformly converges on any compact subset of D if and only
if

f (@(t) + 1)du(t) < . (4.1)

0
Proof. Let f € B,, it is easy to verify that

IF )]s @(2) + 1)L\f\|&, for all z e D. (4.2)



If (4.1) holds, then for each 0 < r < 1 and z € D with |z| < r, we have

quwnsf—ﬂﬂ—w@

0 |1 _ tZ|Oé+1

< e e + o
- Ul

(1= )l

This implies that Z, ., (f) uniformly converges on any compact subset of D and
hence analytic in D.

Suppose that the operator Z,, ., is well defined in B,,. Considering the function

a+1

£:) = | gts)ds+1
0
where ¢ is the function in Lemma 2.2 with respect to w. Then Lemma 2.2 implies

that f € B,,. Since Z,,,,,(f)(2) is well defined for every z € D, we have

Lf@ww

Since p is a positive measure and g(s) > 0 for all s € [0, 1), it follows from Lemma
2.2 that

[ Loia (F)(0)] =

< 00.

f(t) = fg(s)ds +1=0o(t) + 1. (4.3)
Therefore, 0
fl(@(t) + 1)du(t) < oo.
The proof is complete. i O
The sublinear generalized integral type Hilbert operator fua ., defined by

5 O]

Iua+1(f>(2') = J(; mdu(ﬂ, (Oé > —1).

e 18 Teplaced by i’ua .- By
mean of Lemma 2.1, Theorem 3.1 and the sublinear integral type Hilbert operator

Z

Ha+1)

It is obvious that Proposition 4.1 is remain valid if Z,

we have the following results.

Theorem 4.2. Let w,v € N and o > —1. Suppose u is a positive Borel measure
on [0,1) and satisfies (4.1). Then the following statements are equivalent.
(a) I, : B, — B, is bounded;
(b) ZMH : B, — B, is bounded;
1
(¢) supn®2u(1 — l)f £ (@(8) + Ddp(t) < oo,
n=1 n-Jo
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Proof. (a) = (¢): It Z,,., : B, — B, is bounded. For each f € B,, Proposition 4.1
implies that Z,_,,(f) converges absolutely for every z € D and

Ty Z ( nﬁjl Z?DJO t”f(t)du(t)> M zeD.

Take

)= | Cg(s)ds + 1,

0
where g is the function in Lemma 2.2 with respect to w. Then f € B, and

L)) = [ st = 5 bos

0 n=0

by — F(E(Z 1)11*(2031) Ll = U;g(s)ds + 1> du(t).

It is clear that {b,}’_, is a nonnegative sequence. Using Theorem 3.1, (4.3) and
Stirling’s formula we have

where

1 n
1 Zuein (Dl z supr(L - Z
1 n
2 1— =) | t"(@(t) + 1) du(t) Y Kk
(1= ) (0@ + D autt) Y

k=1

1
= supn®ty(l — —)J t"(@(t) + 1)du(t).
nz=1 nJo
Therefore,
1
supn® (1 — —)J t"(O(t) + 1)du(t) < oo
0

n>1 n

(¢) = (b) : Assume (c). Then for each n € N, we have

0

1
o~ 1

J t (w(t) + 1)d,u(t) < m. (4.4)

For a given 0 #£ f € B,

iﬂa+1(f)<z) = J (1 |_fiz)a+1 2

where
I'(n+1+a)

I'(n+ 1D« _|_ 1) J " f(t)|dpu(t).

Cp =



Obviously, {c,}¥_; is a nonnegative sequence. Using (4.2), (4.4), and the definition
of normal weight, we deduce that

1
+ 1- = § k
|co| + sup v/( - Cre

n=1 k=1

1 n
< 1l + 1l supo(1 = ) Dok + 1 f @) + 1)du(t)
k=1 0
<117l + 117 by
supv(l — —
B. B nzp n ~ k:y
<||f!|zsw+||f||zswsup aZ (k+1)"
k=1
< [fls.-
Hence Iu ..+ B, — B, is bounded by Theorem 3.1.
(b) = (a) : If Iua+1 B, — B, is bounded, then for each f € B,, by Lemma 2.1
we have
sup (1 —27)2"[Va » Les (Dlloo = T (D15, < 111180 eI
Since the coeflicients of Iua ., (f) are non-negative, it is easy to check that
Moy (r, Vi # Ty () < Moo (r, Vi + 2, (f)) forall 0 <r < 1.
Therefore,
Vi # Ty (Dlloe = sup Moc (1, Vi # Ty () < 1V # s (5 oo
O<r<1
Consequently,
[ Zei (DI, = supw(1 = 2728 [Va x T (F)lloo = 11181 |-
This implies that Z,, ., : B, — B, is bounded. g

Theorem 4.3. Let w,v € N and o > —1. Suppose 1 is a finite positive Borel
measure on [0,1) and &(1) < co. Then the following statements are equivalent.

(a) Z,. ., : B, — B, is bounded;

(b) fuaﬂ : B, — B, is bounded;

(¢c) I,,., :B,— B, is compact;

(4) 1

viar1 - Bo — B, is compact;

1

(e) supn® (1l — =), < .
n>1 n

Proof. The equivalence of (a) < (b) < (e) follows from Theorem 4.2 immediately

and the implications of (d) = (¢) = (a) are obvious. Therefore, we only need to

prove that (e) = (d).
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Let {fx}{_; be a bounded sequence in B, which converges to 0 uniformly on every
compact subset of . Since @(1) < o0, arguing as the proof of Lemma 2.5 in [19],
we have that

lim sup | fy(2)] = 0.

k=0 ep

For each k£ € N, we have

Fa9000) = [ A sat) = 5 e

where

Fn+1+a)
I'(n+1DI'(a+1)

JO ] ful0) dis(t).

Cnk =

It is obvious that {c,};_; is a nonnegative sequence for each k € N. To prove that

fﬂa ., : B, — B, is compact, it is sufficient to prove that

i + 1—— =0
m (COk sup v( n ZJCJk>

n=>1 j=1

1
by using Theorem 3.1 and Lemma 2.6. If supn®*?v(1 — =)u, < oo, then
n

n=1

1
,LLnSmforallneN.

By Stirling’s formula and the above inequality, we have

1 n
+ 1— )Y e
ol +supw(1 = =) 3 jess

n=1

< L [Fe®)|dp(t) + supw(1 - %) Zj““fo ] fi ()| dpu(t)

=1

1.« o
< sup |fi(®)] + sup [fe()|supw(l— =) > 5% py
t[0,1) te[0,1) n>=1 n

1
< sup [fi(t)] + sup |fe(t)|supr(1l - —)

t€[0,1) te[0,1) n>1 n
< sup [fx(t)] =0, (k— ).

te[0,1)

Hence (d) holds. O
12



5. Some Applications

As a direct application of the above results, we first consider the operator Z,
acting from B? to BY. If v > a + 2, then it is easy to see that Lyoir - B — B is
always a bounded operator under the condition (4.1). Therefore, we only need to

consider the case 0 < v < a + 2.

Corollary 5.1. Let pu be a positive Borel measure on [0, 1) and satisfies Sé log 15 du(t) <
0, a>—1. If0 <y < a+2, then the following statements are equivalent.

(a) Z,,.,, : B— B is bounded;

(b) w is a 1-logarithmic a + 2 — v-Carleson measure;

© [ r1os - ann = 0
c . Ogl_tﬂ = W

Proof. Let dA(t) = logt%du(t), then Lemma 2.5 in [11] shows that p is a 1-
logarithmic « + 2 — v-Carleson measure if and only if A\ is an « + 2 — ~-Carleson

measure. By Theorem 2.1 in [20], A is an « + 2 — 7-Carleson measure if and only if

f A = O,

0
The desired result follows from Theorem 4.2 immediately. O

Remark 5.2. If v = 1 and o = 0, the result of Theorem 5.1 have been obtained
in [11](or (5]). In addition, if v =1 and a = 1, the result have been given in [9].

du(t
0

Corollary 5.3. Let i be a positive Borel measure on [0,1) and satisfies Sé i)
w0, a>—-1. If0<y<a+2and 3>1, thenZ,, , : B® — B is bounded if and

only if p is an o + 1 + B — y-Carleson measure.

Proof. 1t follows from Theorem 4.2 that Z, : B® — B” is bounded if and only if

Ha+1
o (1—t)pT notz—/"
This is equivalent to saying that (1d_’z)(?,1 is an a + 2 — y-Carleson measure. The
proof can be done by using Lemma 2.5. U

Corollary 5.4. Let pu be a finite positive Borel measure on [0,1) and o« > —1. If
0<vy<a+2and0 < B <1, then the following statements are equivalent.

(a) Z,.., : B — B is bounded;

(b) Z,... : B — B is compact;

(c) pis an o + 2 — ~y-Carleson measure.

Proof. This is a direct consequence of Theorem 4.3. O

Remark 5.5. It should be mentioned that Ye and Zhou [13] have obtained some
results of Corollary 5.1-5.4 by using the duality theorem. In fact, they dealt with

vy=a and a > 1.
13



In what follows, we consider the operator Z,, ., acting between logarithmic Bloch

a+1
spaces.

Corollary 5.6. Let @ > —1, ﬁ > —1 v € R. Suppose p is a positive Borel
log” 155 [
1—t

measure on [0,1) and satisfies So
are equivalent.
(a) I, : 10g5 — Biogr 15 bounded;

1
(b) supn®log™7(n + 1) f " log’ ™ IL
n=1 -

t
p([t, 1)) (log 1)+
(c) tS[l(l),Ii) 1= pe < 0.

du(t) < co. Then the following statements

dp(t) < o;

Proof. 1t follows from Theorem 4.2 that (a) < (b). We only need to show that
(b) < (¢). The implication (b) = (c) follows from the inequalities

1 1
;L([1--31))1og5+1@z+40 g‘[ " log”* — S du(t) <
n 1-1 1—-t

(¢) = (b). Assume (c). Then there exists a positive constant C' such that

ulle ) (1os

Integrating by parts, we obtain

log”(n + 1)
notl ’

B+1
) <Ol -t 0<t<l.

rl
t"log’ %du(t)
JO -

o . € ! e dt
=n | " ([t 1)) log’t ——dt + (5 + 1)J t"u([t, 1)) log” —
J, 1t . 1-t1
' I 1 € ' 1 ¢
< "1 =) og? ——dt + | t"(1—1t)*log" " ——dt.
") og' T ‘L (1 —1)%log™ T—

Note that

Bu(t) = (L= log” ——. 6(t) = (1) log" " =

are regular in the sense of [21]. Then, using Lemma 1.3 and (1.1) in [21], we have

1 9
n—1 a+1 € - IOg (TL + 1)
nfo " (1 —1t) logvl_tdtﬁ o

and

! log" *(n + 1)
(1 — )% log" ! ——dt = .
| e 15 e

These two estimates imply that

1
2 log”(n + 1)

t"log" ™ —“—du(t) < ————>.
fo % 1T (t) notl

Thus, (b) holds. O
14



Arguing as the proof of previous theorem, one can obtain the following theorems.

Corollary 5.7. Let a« > —1, f = —1, v € R. Suppose i is a positive Borel measure
on [0,1) and satisfies Sé loglog %du(t) < . Then the following statements are
equivalent.

(a) Ly, s Biog—1 — Biogr is bounded;
1

(b) supn®log 7 (n + 1)J t" log log
0

n=1
) el ) oglon £
tefo) (1 —t)>+log” 1%

e
1—-1

du(t) < oo;

Corollary 5.8. Let a > —1, f < —1, v € R. Suppose u is a finite positive Borel
measure on [0,1), then the following statements are equivalent.
(@) Lyyoiy * Biogs — Biogr is bounded;
(b) Loy = Biogs — Buogr is compact;
(c) supn®tlog ™" (n + 1), < o;

n=1

t,1))1log™ 7 =

(d) sup plt, 1)) los - =t < 0.

te[0,1) (1 - t)aJr

It is known that H maps B,,s into Bs+ for all § € R(see e.g., [22]). If u

is Lebesgue measure on [0, 1), then Corollary 5.6-5.8 show that the integral type
Hilbert operator Z : By, ,s — B ,s+1 is bounded if and only if § > —1.

log?
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