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Abstract

Wave- and current-supported turbidity currents (WCSTCs) are one of the sediment delivery mechanisms from the inner shelf
to the shelf break. Therefore, they play a significant role in the global cycles of geo-chemically important particulate matter.
Recent observations suggest that WCSTCs can transform into self-driven turbidity currents close to the continental margin.
However, little is known regarding the critical conditions that grow self-driven turbidity currents on WCSTCs. This is in
part due to the knowledge gaps in the dynamics of WCSTCs regarding the role of density stratification. Especially the effect
of sediment entrainment, and the parameters thereof, on density stratification and the amount of sediment suspension, has
been overlooked. To this end, this study revisits the existing theoretical framework for a simplified WCSTC, in which waves
are absent, i.e., alongshelf current-supported turbidity current (ACSTC). A depth-integrated advection model is developed for
suspended sediment concentration. The analyses of the model, which are verified by turbulence-resolving simulations, indicate
that the amount of suspended sediment load is regulated by the equilibrium among density stratification, positive feedback
between entrainment and cross-shelf gravity force, and settling flux dissociated with density stratification. It is also found that
critical density stratification is not a necessary condition for equilibrium. A quantitative relation is developed for the critical
conditions for self-driven turbidity currents, which is a function of bed shear stress, entrainment parameters, bed slope, and

sediment settling velocity. In addition, the suspended sediment load is analytically estimated from the model developed.
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Key Points:

e A time-dependent depth-integrated advection model for suspended sediment con-
centration is developed for ACSTCs.

« Parametric limits that delineate along-shelf current-supported turbidity currents
from self-driven turbidity currents are quantified.

 Settling flux, stratification, and the nonlinear interaction between entrainment and

cross-shelf gravity force govern the suspension amount.
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Abstract

Wave- and current-supported turbidity currents (WCSTCs) are one of the sediment de-
livery mechanisms from the inner shelf to the shelf break. Therefore, they play a signif-
icant role in the global cycles of geo-chemically important particulate matter. Recent
observations suggest that WCSTCs can transform into self-driven turbidity currents close
to the continental margin. However, little is known regarding the critical conditions that
grow self-driven turbidity currents on WCSTCs. This is in part due to the knowledge
gaps in the dynamics of WCSTCs regarding the role of density stratification. Especially
the effect of sediment entrainment, and the parameters thereof, on density stratification
and the amount of sediment suspension, has been overlooked. To this end, this study
revisits the existing theoretical framework for a simplified WCSTC, in which waves are
absent, i.e., alongshelf current-supported turbidity current (ACSTC). A depth-integrated
advection model is developed for suspended sediment concentration. The analyses of the
model, which are verified by turbulence-resolving simulations, indicate that the amount
of suspended sediment load is regulated by the equilibrium among density stratification,
positive feedback between entrainment and cross-shelf gravity force, and settling flux dis-
sociated with density stratification. It is also found that critical density stratification is
not a necessary condition for equilibrium. A quantitative relation is developed for the
critical conditions for self-driven turbidity currents, which is a function of bed shear stress,
entrainment parameters, bed slope, and sediment settling velocity. In addition, the sus-

pended sediment load is analytically estimated from the model developed.

Plain Language Summary

Turbidity currents are responsible for the rapid displacement of sediments to the
deep ocean. Their triggering mechanisms can be numerous, but recent observations sug-
gest that some of the turbidity currents originate from slowly moving turbidities driven
by currents and waves, also known as wave- and current-supported turbidity currents.

To identify the parametric limits of the transition mentioned, the existing theoretical frame-
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work for slowly moving turbidity currents is re-appraised, and the amount of sediments
that can be carried by currents parallel to the shore is analytically evaluated. A para-

metric limit for the occurrence of fast-moving self-driven turbidity currents is developed.

1 Introduction

1.1 Motivation

Transport of river-borne sediments across the continental shelves to the continen-
tal margin is key to sediment source-to-sink and thus the global cycles of geochemically
important particulate matter. Wave- and current-driven sediment transport across the
shelves, known as wave- and current-supported turbidity currents (WCSTCs), are one
of the sediment-routing processes. The studies in the last three decades suggest that WC-
STCs are/were ubiquitous in modern/ancient oceans (Bhattacharya et al., 2016; Denom-
mee et al., 2016; Fain et al., 2007; Hale & Ogston, 2015; Jaramillo et al., 2009; Ma et
al., 2008, 2010; Macquaker et al., 2010; Martin et al., 2008; Ogston et al., 2008; Traykovski
et al., 2000, 2007, 2015; Walsh et al., 2004; Zang et al., 2020; Zhang et al., 2016; Peng

et al., 2022; Ayranci et al., 2012).

Recent studies provide evidence to that these slowly moving sediment suspensions
can trigger self-driven turbidity currents toward the shelf break (Ma et al., 2008; Sequeiros
et al., 2019), which swiftly transport sediments to the deep ocean. Especially, the anal-
ysis of turbidity currents over the Malaylay Canyon in the Phillippines between 2006 and
2016 (Sequeiros et al., 2019) suggests that sediments suspended in the shallow parts of
the Malaylay Bay (~15 m) slowly move toward the shelf break and transition to a self-
driven turbidity current. Similarly, observations on the Waipou Shelf in New Zealand
showed that wave- and current-driven sediment suspension thickened towards the shelf
break (Ma et al., 2008), again suggesting a trigger of a turbidity current from slowly mov-

ing WCSTCs. However, little is known as to the critical conditions that transform WC-
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STCs to self-driven turbidity currents. To this end, there is a need to identify the phys-

ical processes that stabilize and destabilize WCSTCs and the parameters thereof.

The slow motion of WCSTCs across the continental shelf, thus their long sustenance
in time, suggests an equilibrium. The aforementioned equilibrium is the key assumption
of the existing conceptual framework for WCSTCs (Wright et al., 2001), which was rig-
orously analyzed and verified recently in Flores et al. (2018). The equilibrium mentioned
requires a steady velocity and concentration, which thus requires a balance between downs-
lope gravity force and the opposing shear force at the bed. Acceleration of the cross-shelf
turbidity current is the natural indicator of a slow-moving WCSTC to rapid self-driven
turbidity current. This acceleration is possible when downslope gravity force exceeds the
friction force due potentially to sharpening shelf slope, sediment entrainment in excess
of deposition, or both. Conceivably, all these conditions lead to nonlinear growth of ve-
locity and concentration. For example, sediment entrainment in excess of deposition aug-

ments the cross-shelf gravity force and augmented cross-shelf gravity force leads to fur-

ther sediment entrainment from the bed. As will be discussed in detail throughout, sediment-

induced density stratification works against the described positive feedback loop as an
equilibrium-restoring agent. Sediment-induced density stratification is also nonlinear be-
cause of its dissipative effect on turbulence, which thus reduces sediment suspension (see
the review in Winterwerp (2001) and the references therein). Therefore, the critical con-
ditions for the trigger of self-driven turbidity current must be based on the quantifica-
tion of the competition between these two nonlinear processes, namely the positive feed-
back loop between sediment entrainment and the downslope gravity force as well as the

sediment-induced density stratification.

Yet, as will be discussed in the following subsection, the nonlinear processes can-
not be implemented into the existing models for WCSTCs. To this end, we will first sum-
marize the available conceptual framework for WCSTCs in Section 1.2 and critically re-

view this framework in Section 1.3 in light of the studies that followed in the literature.
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Section 1.3 also summarizes the specific objectives and the hypotheses behind the ob-

jectives.

ze,

e e,

o e

Figure 1: Descriptive sketch of WCSTCs. In the three-dimensional Cartesian coordi-
nate system, r—, y—, and z—directions refer to the along-shelf, cross-shelf, and vertical
directions, respectively. e,, e,, and e, are the unit vectors in x—, y—, and z—directions.
Along-shelf current, indicated by the blue arrow, with velocity v and shore-normal waves,
indicated by undulated green arrow, with a root-mean-square wave velocity of v,, suspend
sediment from the bed, which is indicated by undulated red arrows. The concentration
profile of the sediment suspension is plotted in red illustrated on the panel at the bottom
left corner. Sediment suspension creates a downslope gravity force of (ps — pu)g{c)hsiné,
which also creates a downslope motion, whose velocity profile is shown in blue curve on
the panel in the lower left corner.

1.2 Wright et al. (2001)’s Conceptual Framework

The peculiar characteristic of WCSTCs, which makes WCSTCs different from self-
driven turbidity currents, is their requirement of wave and current boundary layer tur-
bulence for their sustenance. In other words, sediments are kept in suspension with the
aid of turbulence; if turbulence is removed, suspended sediments will deposit because the
slow cross-shelf motion cannot sustain itself. Due to the equilibrium mentioned in Sec-
tion 1.1, there is a balance between the cross-shelf gravity force and the friction force at

the bed, which is formulated as

(s = Dg{c)hsinf = Cqvgy/vZ + v2 + u?, (1)

where s is the specific gravity of suspended sediments, g is the gravitational accel-

eration, h is the thickness of the turbidity, 6 is the angle of cross-shelf bed slope, Cy is
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the drag coefficient, v, is the cross-shelf velocity of WCSTC, v,, is the wave velocity, and
u is the alongshelf current velocity. Note that Equation 1 is cast by using the reference
coordinate system in Figure 1. Volumetric sediment concentration is denoted as ¢, and
the concentration used in Equation 1 is the depth-averaged concentration, where depth-
averaged quantities are denoted as angled brackets. For the drag coefficient, Cy ~ 0.003—
0.006 was proposed as a proper range of drag coefficient by referring to Komar (1977)

and van Kessel & Kranenburg (1996).

Wright et al. (2001) also suggested that depth-averaged concentration is controlled

by the density stratification, which is quantified by the bulk Richardson number

. (s=1)g{c)h
Riy = 59\
& vg +v2 + u?

(2)

Bulk Richardson number was argued to be a close approximation of gradient Richard-

son number, where concentration gradient is approximated to d¢/dz = (c)/h, and the
square of the velocity gradient is approximated to (9v/9z)* ~ (v2 + v, 4+ u®)/h*. It
was proposed that sediment suspension in WCSTCs must be critically stratified, and the
bulk Richardson number must be Ri, = 0.25 for critical density stratification. If strat-
ification is weaker than critical density stratification (Ri, < 0.25), sediment deficit will
be compensated by sediment entrainment. If stratification is stronger than the critical
stratification (Ri, > 0.25), the excess suspension will deposit. For known vy, v, and

u, the suspended sediment load can be determined conveniently by imposing Ri, = 0.25.

By combining Equations 1 and 2, imposing v4 > uy,v for self-supporting tur-
bidity current, assuming Cy = 0.003 as the proper drag coefficient value, and using Ri, =
0.25 as the critical value for density stratification, Wright et al. (2001) obtained the crit-
ical slope to maintain a self-supporting turbidity current as sin @ = Cy/Ri, = 0.003/0.25 =

0.012.
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1.3 Objectives

The described conceptual framework is only applicable to steady-state conditions
because equilibrium is strictly enforced. The fact that there is no term associated with
the sediment concentration’s time rate of change —which would quantify the growth or
decay in time— disallows WCSTC’s growth into self-driven turbidity current. Equilib-
rium is enforced by imposing density stratification as the sole governing agent of sed-
iment entrainment and deposition. This imposition ignores the potential role of fine sed-
iment entrainment relations, which is well-established in the literature (see Sanford &
Maa (2001) for an in-depth review). Quantifying sediment entrainment through density
stratification cannot capture the positive feedback loop between sediment entrainment
and downslope gravity force, which potentially triggers self-driven turbidity currents. This
makes it impossible to calculate the triggering conditions from the available conceptual
framework. It must be noted that the critical slope of 0.012 in Wright et al. (2001) is
not the critical slope that triggers turbidity current but the minimum slope to maintain
a self-supported turbidity current. This is because the trigger refers to the initiation of
a rapidly moving transient turbidity current; whereas the self-supporting turbidity cur-
rent is the self-driven turbidity current that forms after the aforementioned transient tur-

bidity current reaches a steady state.

The disagreement in bulk Richardson numbers reported in the literature can per-
haps be explained by the role of sediment entrainment parameters on the total suspended
sediment load. Recent field observations close to the Rhine River mouth (Flores et al.,
2018), numerical simulations for wave-supported turbidity currents (Yue et al., 2020),
wave boundary layers (Cheng et al., 2015), alongshelf current supported turbidity cur-
rents (Haddadian et al., 2021), and laboratory experiments in oscillating water tunnel
(Hooshmand et al., 2015) reported Ri, as low as 0.01. To explain the reported discrep-
ancy in Ri, different arguments can be made. One can ascribe this discrepancy to win-

nowing (Parsons et al., 2007; Flores et al., 2018). For field and laboratory studies, win-
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nowing can perhaps be a plausible but unproven explanation. However, numerical ex-
periments (Yue et al., 2020; Cheng et al., 2015; Haddadian et al., 2021) were conducted
for uniform sediment size; therefore, winnowing is not a valid explanation for low Ri; in

numerical simulations.

In this study, a dynamic (time-dependent) depth-integrated concentration model
is developed. The model developed accounts for sediment entrainment from and depo-
sition to the bed as well as the density stratification. Non-linearities associated with the
positive feedback loop between the sediment entrainment and the downslope gravity force
as well as the density stratification are analytically approximated and incorporated into
the model. This model is used to determine the trigger conditions of self-driven turbid-
ity current that grows out of alongshelf current-supported turbidity currents (ACSTCs)
and the amount of total suspended sediment load in ACSTCs. The motivation behind
developing this model is to test the following hypotheses. First, the total suspended sed-
iment load is regulated by the equilibrium among sediment entrainment, deposition, and
the density stratification created by the sediment suspension. Second, because sediment
deposition is governed mainly by settling velocity, and the sediment entrainment is gov-
erned by the erosion parameters, both the total suspended sediment amount and the crit-
ical conditions for the self-driven turbidity current trigger are functions of settling ve-
locity, entrainment parameters, and the parameters that quantify density stratification.
Testing these hypotheses will therefore test the validity of whether the critical density

stratification is a required condition in ACSTCs.

The reason behind choosing ACSTCs in this study is twofold. First, toward the
shelf break waves lose intensity or vanish because of the increasing depth, making along-
shelf currents the dominant, perhaps the only, hydrodynamic driver. Second, ACSTCs
have relatively simpler hydrodynamics. In the presence of waves, nonlinear interactions
among waves, alongshelf currents, and cross-shelf propagation of the turbidity current

will make the problem more complicated, making it hard to draw conclusions as to the
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role of density stratification. For example, the augmented drag coefficient when waves
and the cross-shelf propagation aligns (Yue et al., 2020) is a result of the nonlinearity
mentioned. In this regard, a systematic reductive approach —starting with a simplified
case that will step-by-step include further complexities— will be more appropriate to un-

derstand the respective role of each mechanism in WCSTCs.

The rest of the paper is structured as follows. In Section 2, numerical methods and
the terminology will be described. Section 3 will present the overall results. In Section
4, the development of a depth-integrated suspended sediment concentration model will
be described, and the validation of the model against the simulation results will be pre-

sented. Section 5 will summarize the findings with discussions.

2 Methods
2.1 Problem Setup and Governing Equations

Direct numerical simulations (DNSs) are conducted over a smooth channel with
a mild spanwise slope, in which sediment entrainment is allowed at the bottom bound-
ary. The spanwise slope creates a gravity force similar to those that drive the cross-shelf
propagation of ACSTCs. Sediment velocity (u®) is obtained after the vectorial sum of

the fluid (seawater) velocity (uf) and the settling velocity of sediments (w,):

uw' =ul + wseg, (3)

where e, is the unit vector in the gravitational direction with respect to the bed,
that is e, = (0,sinfe,, —cosfe.) with e,, e,, and e, being the unit vectors point-
ing in the along-shelf, cross-shelf, and the bed-normal directions, respectively (see Fig-

ure 1). Sediment settling velocity is calculated as

e 2

Ws =

—10-



215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

following the Stokes law, which is valid for fine spherical sediments. In Equation 4,
d is the sediment diameter and v is the kinematic viscosity of the seawater. The diam-
eter range of sediments used in he simulations (d = [6 x 107¢,20 x 1076] m) is suffi-

ciently small to use the Stokes Law for the sediment settling velocity.

As it will be shown in Section 3.2, sediment concentration does not exceed 2 kg m™2,
suggesting that sediment suspension is dilute. Dilute sediment suspension allows us to
impose the continuity equation for the seawater:

V.-ul =0 (5)

The momentum equation of the seawater is given as

ou' u? 1 \
W—Fuf-V'u,f:#"ew—i—pr’—l—(s—l)gc e, +vIViul. (6)
p

Here, the friction velocity due to alongshelf current is denoted as u,, = \/W ,
where 7, and p/ are the bed shear stress due to alongshelf current and the density of
the seawater, respectively. The alongshelf current is driven by a uniform pressure gra-
dient equal to u2,/h, where h is the flow depth and is the first term on the right-hand
side of Equation 6. When integrated along the bed-normal direction, this term will counter
the bed shear stress created by the along-shelf current normalized by the density of the
seawater per unit mass, that is 7,,/p/. The second term on the right-hand side will both
force the cross-shelf flow through (s —1)gc sinfe, and accounts for the density strat-

ification due to vertical buoyancy force —(s — 1)gc cosfe, .

The governing equation for the suspended sediment concentration is the advection-
diffusion equation, valid for fine sediment suspension (Cantero et al., 2008). The advection-

diffusion equation is given as

—11—
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% +u® - Ve=DV?, (7)

where D is the effective diffusivity of the sediment concentration, which is selected

to be equal to the kinematic viscosity of the seawater.

2.2 Computational Domain and Boundary Conditions

The governing equations are solved for a planar computational domain. The size
of the domain in z—, y—, and z—directions is 4whx2mwhxh. The number of grid points
in the corresponding directions is 256 x 128 x 257. The selected domain size is suffi-
cient to capture the largest eddies, and the resolution is sufficient to resolve the small-
est eddy size formed. A detailed discussion regarding the domain size selection will fol-

low in Section 2.3.

Periodic boundary conditions in z— and y—directions are specified for concentra-
tion and velocity. Given that the equilibrium conditions are established in ACSTCs, choos-
ing periodic boundary conditions in x— and y—directions is proper. At the bed, a no-
slip boundary condition is imposed for the fluid velocity. The top boundary for the fluid
phase is defined as a rigid lid, wherein the fluid can slip in x— and y—directions, but the

vertical motion is not allowed, that is duf /92 = dv/ /92 = 0, and wf =0 at z = h.

The bottom boundary condition for sediment entrainment is specified following the

previous studies (Cheng et al., 2015; Yue et al., 2020; Haddadian et al., 2021):

oc
—Da —w;s ¢ e E—9, (8)

where & and 2 respectively refer to the erosion and deposition fluxes. For the ero-

sion flux, Partheniades-Arthurai-type formulation is adopted (Sanford & Maa, 2001)

—12—
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me (1220 1) it |fn)| > 7.
éa = 9 (9)

0, if ||| < 7e

where m, is the erosion rate, and 7. is the critical shear stress for erosion. ||7;-s||
is the magnitude of the tractive (or shear) force over a unit area with s being the unit
vector pointing in the shear force direction at the bed. Magnitude-wise, bed shear stress
and the shear force over a unit area are the same. Because shear stress is a tensor, it has
to be vectorized to account for the along- and cross-shelf shear force components, lead-
ing to the notation in Equation 9 and the equations that follow. The deposition flux is

calculated as

P =wsc| . (10)
z=0

2.3 Parameter Selection

As it will be clearer in Section 3, the analytical model developed for the depth-integrated

concentration is significantly affected by the sediment-induced density stratification. There-
fore, the scales associated with turbulence and density stratification must be resolved.
Resolving the scales mentioned arguably requires using DNS. On the other hand, sim-
ulating ACSTCs at a realistic scale by DNS is almost impossible due to computational
requirements. To this end, a downscaled ACSTC, which will be referred to as miniature
ACSTC (Haddadian et al., 2021), will be used. For the miniature ACSTC, the flow depth
is selected as h = 0.10 m, the initial bed shear stress is 7, = 0.013 Pa, the critical
shear stress is selected as 7. = 0.01 Pa. The bed shear stress imposed corresponds to

a friction velocity of u;, = 0.0036 m s~!. The importance of friction velocity arises
because it scales the velocity profile, which affects the Reynolds number. For developed
turbulence to occur, the Reynolds number must be sufficiently high so that scale change

will minimally impact the turbulent features. With the imposed friction velocity, one can

—13—
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obtain the Reynolds number as Re = 7 x 10* (see Haddadian et al., 2021), where the

Reynolds number is defined as

In Equation 11, (u) is the depth-averaged along-shelf velocity.

Downscaling ACSTCs will especially require the idealization of the critical shear
stress and the scales associated with sediment transport. Although the turbulent flow
is developed, the bed shear stress, which is 7, = 0.013 Pa, can only erode loose fine
sediments at the bed (Curran et al., 2007). Increasing the bed shear stress, even slightly,
will add significant computational expense due to the increasing Reynolds number. There-
fore, we selected the critical bed shear stress as 7. = 0.010 Pa and the entrainment rate
me = 3.6 x 107" m s™!, which are close to what has been used in previous studies for
wave boundary layers (Cheng et al., 2015; Yue et al., 2020) and ACSTCs (Haddadian

et al., 2021).

As it will be described in Section 3.2, settling velocity is the key parameter to change
the density stratification and the sediment mass exchange at the bed. Therefore, sed-
iment settling velocity normalized by the friction velocity is varied from ws/u,, = 0.01
to ws/uro = 0.1 (see Table 1 for wg/u,, values used in each simulation). Because the
nonlinearity associated with the sediment entrainment and the cross-shelf gravity force
in part depends on the cross-shelf bed slope, that is sin 6, specifying two different val-
ues for sin § will provide us with a wide range of cross-shelf gravity force to assess the

nonlinearity mentioned.

—14—
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Table 1: Simulated cases and input parameters.

Case ws/turo SN0  Me/Uro  Too/Te

Al 0.10 001 1x107* 0.25
A2 0.08 001 1x107* 0.25
A3 0.06 001 1x10~* 0.25
A4 0.04 001 1x10* 0.25
A5 0.02 001 1x10~* 0.25
A6 0.01 001 1x107* 0.25
B1 0.10 0.005 1x10~* 0.25
B2 0.08 0.005 1x107* 0.25
B3 0.06 0.005 1x10"* 025
B4 0.04 0.005 1x10"* 025

Although idealized, the simulations will guide the development of the depth-integrated
concentration model and validate the model results. Especially, sediment turbulence in-
teraction, significantly altering the suspended sediment load, is resolved through DNS.

The fidelity of the simulations to capture the fluid-sediment interaction will be presented

in Section 3.2.

2.4 Numerical Methods

The governing equations are integrated in time by a third-order low-storage Runge-
Kutta scheme (Williamson, 1980) with a maximum Courant-Friedrichs-Lewy number of
0.5. Applying the pseudospectral scheme following Cortese & Balachandar (1995), the
carrier flow phase is numerically solved with the corresponding boundary conditions (Equa-
tion 8). During each of the three time levels in a computational step, the standard two-
stage (predictor and corrector) projection method (Chorin, 1968) is utilized to enforce
a divergence-free velocity field of the carrier flow. Right after the velocity projection, that
is Equation 7, the sediment volumetric concentration is computed by solving the advection-
diffusion equation in a way similar to the predictor stage of carrier flow with the corre-
sponding boundary conditions. For further details, the reader is referred to Yue et al.

(2019).

—15—
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2.5 Notation and Terminology

Because different averaging techniques will be used, defining the averaging tech-
niques in this subsection will provide convenience to the reader. Mean velocity and con-
centration, discerned by an overbar, are obtained after averaging them over each hor-

izontal plane at every vertical point and the sampling time T

1 to+T y=L, =L,
@z———/ L/ /" () da dy dt, (12)
Lw L’l} T to y=0 =0

where t, is the initial time of equilibrium. Note that mean quantities vary in depth.
Whether the flow reached equilibrium was identified as the instant when the time series
of the depth-averaged quantities’, such as velocity and Reynolds shear stress, moving av-
erage becomes constant. The moving average is calculated over a period of 5.44 seconds.
For reliable turbulence statistics, T is ensured to be long enough so that the averaged
quantities become insensitive to increasing T'. Depth-averaged quantities, indicated by

angled brackets, are computed from
z=h
=3[ G (13)

3 Results and Discussions
3.1 Overview

The conducted simulations resulted in two unstable cases wherein the depth-averaged
sediment concentration grew substantially, which is presented in Figure 2. The two cases
mentioned correspond to the lowest settling velocity, namely wy/u,, = 0.01 and 0.02
for sinf = 0.01. In these two cases, there is no sign of equilibrium, but instead, the con-
centration started accelerating past a certain time step, which is 360 s and ¢ = 840 s
for ws/u,o = 0.01 and 0.02, respectively. It is concluded that a self-driven turbidity cur-

rent formed, and the simulations were terminated shortly after those instants. The rea-
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Figure 2: Time series of depth-averaged volumetric sediment concentration of the two
unstable cases with ws/ur, = 0.01 and ws/u;, = 0.02 in which the cross-shelf slope is
sinf = 0.01. In both cases, suspended sediment concentration substantially grows with-

out showing a sign of equilibrium, and the growth rate increases past a critical instance
marked by a hollow circle, which is inferred from the time series of 9{c)/90t (not shown).

son for termination is that the small domain size can only capture the very early stage
of self-driven turbidity current growth. As sediments get finer, they can be easily sus-
pended to elevations higher than the domain height. In the current setup, however, they
are entrapped in a small domain due to no sediment outflux at the top. As such, sed-
iment concentration will grow in a bounded domain, a physical situation irrelevant to
the growth of self-driven turbidity currents after its very early stage. In this regard, the
small domain for the miniature representation of ACSTCs is not sufficient to capture the
whole process of self-driven turbidity current growth but its early stages. Indeed, these
two simulations fall into the unstable region in the parametric space, that is, the region
of ACSTCs’ transition to self-driven turbidity currents, which will be discussed in de-

tail in Section 4.3.1.

For stable cases, the time series of the bulk Richardson number is plotted in Fig-
ure 3a instead of depth-averaged concentration. Doing so will serve to assess whether
the bulk Richardson number reaches a global constant value, which was suggested in the
previous studies (Wright et al., 2001; Wright & Friedrichs, 2006). Because conclusions
from the Ri, time series are similar for both slopes, Figure 3a plots Ri, time series for
only sin# = 0.01 for brevity. Figure 3a suggests that Ri, equilibrates at different val-

ues for different sediment settling velocities, and its order of magnitude is almost a decade
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smaller than 0.25. Another observation is that the bulk Richardson number gets larger
with decreasing settling velocity. From the definition of Rij, one may conjecture that ve-
locity and the density gradients may not be accurately captured in Ri, to measure the
density stratification. In Figure 3b, we, therefore, plot the gradient Richardson number
profiles, which is a stronger measure of density stratification. The gradient Richardson

number, Rig, is defined as

—1)g2c
Ri, = _M_ (14)

Uy 2 7l 2
(52) + (%)

Profiles of Ri, from the simulations do not collapse onto a single curve. Especially
outside the near-bed region, the values of Ri, decrease with increasing settling velocity.
The magnitude range of Ri, is almost three times that of Riy, especially outside the near-
bed region. Our first conclusion from the time series of Ri;, and profiles of Ri, is that
the bulk Richardson number does not adequately capture the sediment-induced density
stratification because there is a significant mismatch between the magnitudes of Ri, and
Ri,. Because the gradient Richardson number profiles differ in magnitude despite the
equilibrium, our second conclusion is that critical density stratification does not occur
in the current simulations. This strengthens our hypothesis on the regulatory role of sed-
iment entrainment and deposition on the total suspended sediment load. In the follow-
ing subsection, eddy diffusivity and suspended sediment concentration profiles will be
presented and analyzed regarding the respective roles of density stratification and the

sediment mass exchange at the bed.
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Figure 3: (a) Time series of bulk Richardson number for cases with sinf = 0.01. The
arrow indicates the reduction of Rij, in magnitude with increasing ws. Time series of Riy
for sind = 0.005 also shows a similar trend and is therefore not shown for brevity. (b)

Gradient Richardson number profiles for the same cases in panel (a). In both subfigures,
red, blue, black, and green curves indicate ws/u,,=0.04, 0.06, 0.08, and 0.10, respectively.

3.2 Concentration and Eddy Diffusivity Profiles

To facilitate an informed discussion on the role of sediment entrainment, deposi-
tion, and density stratification on the amount of suspended sediment concentration, let
us momentarily ignore the effects of density stratification. In the absence of density strat-
ification, the amount of sediment suspension depends on the sediment entrainment at
the bed and the shape of the concentration profile, which are tightly linked to the set-
tling velocity, ws. The shape of the concentration profile is important because the rate
of deposition will increase as the concentration profile is skewed towards the bed. The
role of ws on the shape of the concentration profile can be realized through the balance
between the settling flux, ws¢(z), and the turbulent suspension ¢’w’, which can also be

quantified as —D, d¢/dz:

dc _
_Dt£ = wsc(2). (15)

The concentration gradient, which can be considered as a proxy for the shape of
the concentration profile, becomes —ws¢/D;. This suggests that decreasing wy or increas-
ing D; makes the concentration profile’s shape more uniform; whereas increasing w; or

decreasing D; skews the sediment concentration towards the bed. It is clear that sed-
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iment settling velocity is one of the governing parameters of the concentration profile’s
shape, even in the absence of density stratification. Sediment settling velocity is also a
governing parameter of sediment mass exchange at the bed, which can be realized af-

ter rearranging the bottom boundary condition for sediment concentration at the bed,

that is, ¢y = me/ws(Tp/7c — 1).

It is worth noting that Equation 15 also provides us with the required resolution
to quantify the density, or concentration, gradient, which is D;/ws. The eddy diffusiv-
ity varies with depth and approaches zero towards the bed. As such, there is a high res-
olution requirement, especially near the bed, which cannot be captured by the bulk Richard-

son number.

When density stratification is present, the role of settling velocity on the shape of
the concentration profile becomes convoluted. This is because settling velocity is also
a governing parameter of sediment-induced density stratification and the turbulence dis-
sipation thereof (Winterwerp, 2001; Cantero et al., 2012; Winterwerp et al., 2009; Ozdemir
et al., 2011; Haddadian et al., 2021). With turbulence is dissipated, sediment mixing re-
duces, and so does the eddy diffusivity. The shape of the concentration profile, there-
fore, changes in concert with the shape of the eddy diffusivity profile. In this regard, through-
out this section, simulated concentration profiles are mostly presented in the context of
their shape, the balance between deposition and sediment entrainment, and the govern-

ing parameters thereof.

For informed interpretation, it is worth discussing the application of the Monin-
Obukhov theory in stratified sediment-laden flows, on which we will construct our model.
The eddy diffusivity and suspended sediment concentration profiles in stratified sediment-
laden flows can be obtained by using the Monin-Obukhov theory (Monin & Obukhov,

1954). From the Monin-Obukhov theory, the eddy diffusivity profile is obtained as
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Urokz [ 1 —
Dy = ——— 16
K S, (1—1—0[2)’ (16)

where £ is the Monin-Obukhov length scale, and « is the von Karmén constant.
The Schmidt number, S, is the ratio between the eddy viscosity (v;) and the sediment
diffusivity (D;), that is S, = v1/D;. « is an empirical coefficient, which was proposed
to be 5 in (Monin & Obukhov, 1954). It is worth noting that the Monin-Obukhov length
scale (£) measures the turbulence production relative to the buoyancy dissipation. As
such, increasing £~ suggests strengthening buoyancy dissipation relative to turbulence
production (see Winterwerp et al., 2009; Haddadian et al., 2021, for further discussion).
As was shown in Winterwerp et al. (2009) and Haddadian et al. (2021) the ratio between
the depth (h) and the Monin-Obukhov length scale (£), which will be denoted as the
Monin-Obukhov parameter (M) henceforth, can be expressed in terms of the settling

velocity (wyg), friction velocity (ur,), and the depth-averaged concentration ({c)):

h_ (= 1gloh ws
L u2, Uro

By using the Monin-Obukhov parameter, eddy diffusivity profile can also be ex-

pressed as

UrokZ 1-£
D — TO h . 18
TS, <1+M;) (18)

From Equation 17 and Equation 18, it is clear that both increasing concentration
and settling velocity dissipate eddy diffusivity and are the governing parameters of den-
sity stratification. Eddy diffusivity profile in Equation 18 allows for an analytical solu-

tion of the sediment concentration profile (Itakura & Kishi, 1980):
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z h— 2z, h— 2z,
= _— . 1
¢ cO(zoh—z> (h—z) (19)

430 where z, is the reference height, ¢, is the reference concentration, and R = ws/(Scktro)
31 is the Rouse number. Note that the definition of the Rouse number here includes the Schmidt
32 number (S.) to make the following equations concise. Without the last term on the right-

433 hand side, the concentration profile becomes identical to the Rouse profile, which is

c=co (Zh_z">_R. (20)

434 The concentration profile in Equation 19 will therefore be referred to as the mod-

a3 ified Rouse profile henceforth.

436 The eddy diffusivity and concentration profiles obtained from the simulations are

237 presented in Figure 4. In Figure 4a, the close match between the observed eddy diffu-

438 sivity profiles from the simulations and those estimated by Equation 16 is obtained by
239 treating «, the empirical coefficient in Monin-Obukhov’s self-similarity function, as a free
440 variable. o ranges between a = 3.8 and a = 4.7 (see Table 1), which is similar to those

a1 reported in Haddadian et al. (2021). It is worth mentioning that « approaches 5 with

a2 strengthening density stratification. This point deserves further investigation but not within
a3 the scope of this study. The Schmidt number S, used to obtain the eddy diffusivity pro-

444 files are the depth-averaged values of S, between z/h = 0.1 and z/h = 0.9 because

us turbulence becomes prevalent in the range selected (see Figure 4b for the profiles of S.).

446 The range of Schmidt number is S, = [0.89, 1], which falls onto its suggested values (Cellino

a7 & Graf, 1999). Eddy diffusivity profiles are also compared with their parabolic counter-

a8 part that develops in non-stratified media (dashed black curve in Figure 4a). This com-
449 parison suggests a reduction in the magnitude of the eddy diffusivity with decreasing set-
450 tling velocity, which clearly indicates enhanced turbulence dissipation with decreasing

451 settling velocity. This is mainly because sediment suspension increases with the reduc-
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Table 2: Observed parameters from the simulations that reached equilibrium. Cases A5

and A6, which are excluded from the table, are the unstable cases; therefore, a quasi-

steady depth-averaged concentration and velocity cannot be obtained.

Case S, a  {)x10° M (v,) (mst) (u) (m st) (Umaz) (m s Rip
Al  0.89 4.00 4.04 2.02 29x10~% 71.40x 1073 71.50 x 10~3  0.013
A2 090 4.10 6.83 2.80 54x107% 7480 x 1073  75.00 x 1073  0.020
A3 1.00 4.10 1240 3.81 10.3x1073 80.40x 103  81.00 x 1073  0.031
A4 1.00 440 29.14 641 27.4x107% 91.10x 1073  95.10 x 1073  0.052
Bl 0.89 0.89 4.04 1.97 14x1073% 71.30 x 1073 71.30 x 1073 0.013
B2 092 0.92 6.67 253 28x107% 75.00x 1073  75.00 x 10~3  0.019
B3 100 100 1231 3.69 52x10~% 80.10x 1073, 80.20x 10~3  0.031
B4 100 100 2568 590 12.0x1073 89.30x 102 90.10x 10=3  0.051

tion in the settling velocity, which will be discussed shortly in this section. The peak of

the eddy diffusivity is lowered in height as density stratification intensifies.

The comparison of the modified Rouse profile with those obtained from the sim-
ulations in Figure 4(b,c) suggests a good agreement, which serves as a validation for the
numerical model’s fidelity to resolve turbulence and density stratification. It is worth not-
ing that the concentration profiles in Figure 4b are normalized by the bed concentration
to assess its shape. The modified Rouse profiles were obtained by choosing the reference
height as z, = 0.01 m, above which turbulence becomes prevalent. The modified Rouse
profiles bend towards zero in the upper half of the depth when compared with the Rouse
profile (compare the dashed curve with the solid curves in Figure 4c), which is consis-
tent with the reduction in the eddy diffusivity. Reduction in concentration in modified
Rouse profiles suggests a decline in total suspended sediment load with density strat-
ification. Referring to the definition of the Monin-Obukhov parameter (M) in Equation 17,
one can conclude that the shape of the concentration profile is affected by both the set-

tling velocity and the amount of sediment suspension.

Another observation from Figure 4c is that near-bed sediment concentration in-

creases with decreasing wg. This observation is closely related to the role of wg on sed-
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Figure 4: : (a) Eddy diffusivity profiles normalized by the kinematic viscosity. (b)
Schmidt number profiles. (¢) Suspended sediment concentration profiles normalized by
the concentration at the bed. (d) Volumetric suspended sediment concentration pro-
files. The first and the second rows plots the profiles of cases with sin 6 = 0.005 and
sinf® = 0.01, respectively. In all subfigures, red, blue, black, and green respectively identi-
fies wg/uro = 0.04,0.06,0.08, and 0.10. Solid curves on the left column indicate the eddy
diffusivity estimated by the Monin-Obukhov theory (Equation 16), and the symbols of
the same color as the curves indicate those obtained from the simulations. Solid curves on
the second and the third columns estimate the modified Rouse profile from Equation 20,
and symbols of the same color correspond to those obtained from the simulations. The
dashed curves in (a) indicate the parabolic eddy diffusivity profile that occurs in unstrat-
ified media, and the dashed curves in (c¢) indicate the Rouse profile for w,/u;, = 0.04 to
emphasize the reduction in sediment concentration due to density stratification.
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iment mass exchange at the bed. Noting that the critical shear stress for erosion is the
same in all the simulations, near-bed concentration is inversely proportional to wg, that

is ¢ me/ws(?b/Tc - 1)

The results presented in this section suggest that the total suspended load is gov-
erned by sediment mass exchange at the bed and density stratification. The respective
contributions of each mechanism to the total suspended load will be addressed by the
dynamic depth-integrated concentration model, which will be discussed in the section

that follows.

4 Dynamic Depth-integrated Concentration Model

To obtain the critical conditions for self-supported turbidity current trigger, a dy-
namic (time-dependent) depth-integrated sediment concentration model is developed.
Because equilibrium requires a statistically steady depth-integrated concentration, an
equation that quantifies the depth-integrated concentration’s variation in time will be
a convenient tool to assess equilibrium. Upon integrating the advection-diffusion equa-
tion for the sediment concentration and neglecting the diffusive term due to its negli-

gible magnitude as opposed to the advective terms, we obtain the following equation

dgh = agh +uf 62}1 + vsaf;;h = m, (”T”TS' = 1) — waco. (21)
The left-hand side of Equation 21 is the total derivative of the depth-integrated con-

centration, that is (c)h. The first and the second terms on the right-hand side respec-

tively represent the sediment entrainment and settling fluxes at the bed, which are the

source and sink terms, respectively. ||7,-8|| is the magnitude of the shear force at the

bed over a unit area, which is the vector sum of those created in along- and cross-shelf

directions. It must be noted that Equation 21 is dimensional, and all additive terms has

a unit of m s™'. Yet, keeping Equation 21 dimensional will make the equations that fol-

low lengthy, creating inconvenience to the reader. Therefore, Equation 21 is nondimen-
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493 sionalized by normalizing each term by w,,, and expressing ws/u,, as kS.R. In its non-

a0 dimensional form, Equation 21 reads

1 d{c)h  me (||Tb'S|
_— — (I 70 _
Uro dt Uro Te

) — (8SR)co. (22)

495 The dynamic depth-integrated concentration model will enable us to determine whether
496 ACSTCs can remain in equilibrium or will grow to a self-driven turbidity current. For

a07 equilibrium, the right-hand side of Equation 22 must be zero. In other words, if erosion

408 is countered by deposition, depth-integrated concentration will be in equilibrium; if not,

499 there will be a growth in sediment suspension amount. The roles of density stratifica-

500 tion and the positive feedback loop between the sediment suspension and sediment en-

501 trainment are implicit in the erosion and deposition flux terms, respectively. As it will

502 be shown in the following two subsections, these two mechanisms nonlinearly augment

503 or reduce the suspended sediment amount. The following two subsections describe how

504 nonlinearity in entrainment and deposition fluxes are obtained as explicit functions of

505 <C> .

506 4.1 Nonlinear Effect of Alongshelf Turbidity Currents on Entrainment
507 In the problem specified, the critical bed shear stress for erosion and bed shear stress
508 due to along-shelf current are assumed to be known a priori. The augmented bed shear
500 stress due to sediment suspension can simply be inferred from the bed shear stress, which
510 is

17y - sl = /72, + (s — D)g(c)hsin 0] (23)
511 which is a function of the depth-averaged sediment concentration. To have a con-
512 venient mathematical handle on the bed shear stress magnitude, we first rearrange Equa-
513 tion 23 by normalizing it by Tp:
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Figure 5: Variation of bed shear increase against the non-dimensional across-shelf grav-

ity force % sinf. The data shown is obtained from the simulations wherein hollow
/rO
circles indicate the simulated results for sinf = 0.005, and the hollow triangles indicate

those for sin 6 = 0.01.

I sl _ % , [s=glephsing” =

2
Tho Tho

Equation 24 can further be simplified by defining a densimetric Froude number F'r,

Fro—= ——210 (25)

which will help express Equation 24 as

Il fi (G0 ()

Tho FT(%

As will be evident later in this section, expressing Equation 26 as a serial sum will
help quantify the excess entrainment due to alongshelf current. The right-hand side of

Equation 26 is therefore expanded as a binomial series sum:
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Under equilibrium conditions or at the early stages of transition to self-driven tur-
bidity currents, a weak nonlinearity is expected because of the dilute sediment concen-

tration. The serial sum can hence be approximated to its first order:

. 1 ing\>
||Tb S|| z1+<<c>512 ) ) (28)

Tho 2 Fr

Subtracting 74, from ||7-s|| will isolate the bed shear stress increase, which is de-
noted as ATy, as a function of the depth-integrated sediment concentration and is given
as

. 2
sy o1 ((05n0)” )

Tho Tho F 7’3

This relation is compared with those obtained from the simulations in Figure 5.
The estimated and observed values of A7, agree well with a coefficient of determination
of r2 = 0.996, confirming the dilute suspended sediment assumption. The increase in
the bed shear stress due to cross-shelf propagation of ACSTCs can therefore be isolated

as

e ° e o A
m(lfbsll>m[(%1>+ Tb} (30)
Uro Te Uro Te Te

Denoting the normalized excess shear stress due to alongshelf current 7, /7. — 1
as ¢ and noting that A7, /7. = (ATh/Tbo) (Tho/7e), Equation 30 can be expressed as an

explicit function of (c) as follows:
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Nonlinearity in sediment entrainment due to cross-shelf gravity force, which is the

rightmost term within the brackets, is a quadratic function of the depth-averaged sus-
pended sediment concentration. This term represents the positive feedback loop between
the suspended sediment load and the bed shear stress magnitude. The nonlinearity men-
tioned will be the main driver of the sediment suspension growth that will lead to self-

driven turbidity currents.

4.2 Nonlinear Density Stratification Effect on Suspended Sediment Load

In Equation 22, the deposition flux is not an explicit function of {c) but expressed
in terms of the bed concentration c,. Therefore, we define a shape factor S that links

bed concentration to depth-averaged concentration:

S=-2. (32)

We term S as the shape factor because it provides information as to the shape of
the suspended sediment concentration profile (a similar definition for the shape factor
is also given in Parker et al. (1986) for self-supporting turbidity currents). For example,
S becomes unity for uniform sediment concentration, whereas S enlarges when concen-
tration becomes skewed towards the bed. Strengthening density stratification will dampen
eddy diffusivity, modulate the shape of the eddy diffusivity profile, and hence skew the
concentration profile towards the bed. It follows that the shape factor must increase with
strengthening stratification. In Section 3.2, density stratification is quantified by M, and
M is a function of depth-averaged concentration and settling velocity (see Equation 17).
Therefore, the shape factor must be a function of both {¢) and ws. In the limit of van-

ishing density stratification, the shape factor S must approach the shape factor of the
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Rouse profile, Sk, which is independent of (c), or M. As stratification strengthens, the
shape factor must reflect the effect of density stratification. To this end, we impose the

following functional form for S:

S(R’ M) = SR(R) f(Ra M)? (33)

where f quantifies the amplification of S due to density stratification. In the limit
of vanishing density stratification, f must approach unity to ensure the concentration
profile is Rousean. When density stratification strengthens, f must increase. The given
mathematical form in Equation 33 requires the quantification of Sz and f. To deter-
mine Sk the Rouse profile was integrated by approximating it as a series sum, which is

discussed in Appendix A in detail. The resultant shape factor reads

R
h—z R? — 3R +2
Sr = ° : (34)
Zo RZ —2R +2
One can infer from the above equation that when R — 0, the shape factor recov-
ers to 1, which is the shape factor for uniform sediment concentration. Increasing Rouse
number will increase the shape factor mainly because of the first multiplicative term in

parenthesis on the right-hand side of Equation 34. For discussion on the accuracy of the

second-order approximation, the reader is referred to Appendix A.

Similarly, the shape factor of the modified Rouse profile in the following equation
is obtained after integrating the modified Rouse profile by approximating the concen-

tration profile as a series sum (see Appendix B for detailed derivation):

o\ M R2 — 3R +2
5= (h—zo> [(M+1)R2—(M+2)R+2 ' (35)
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The ratio between the shape factors of the modified and non-modified Rouse pro-

files, that is, S/Sg, finds f after straightforward algebraic steps:

o\ M RE-R \
f(R’M):<h—zo> <1_MR2—2R+2>' (36)

The reference height can be considered negligibly small relative to the flow depth,
so that h — 2z, = h, making the first multiplicative term on the right-hand side one.
With this simplification, Equation 36 is further reduced to

f(R,M) = <1—M R2Z-R >—1

R2—2R +2 (37)

In the low settling velocity limit, the second term within the parenthesis approaches

zero, that is

R?Z-R
Mzz—or 2 7" (38)
In this limit, f(R, M) can be approximated to
f(R M)—1+Mﬁ (39)
B R2 —2R +2°

Referring to the definition of M (see Equation 17) and after a few algebraic steps,

we obtained the following as the shape factor

S =S8r +G(R){(c), (40)

where
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Figure 6: Comparison of the shape factors obtained from the simulations (hollow cir-
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6(R) - | "1 s, (41)

TO

The shape factor obtained from Equation 40 is compared with those obtained from
the simulations in Figure 6. We used the depth-averaged concentration to obtain the Monin-
Obukhov parameter in the simulations. Equations 40 and 41 estimate the shape factor
of the simulated cases, suggesting that the assumption to obtain the shape factor are rea-
sonable and can be faithfully used. Referring to Equation 22 and the definition of the
densimetric Froude number (see Equation 25), one can obtain the deposition flux as fol-

lows

< Ws ) S(¢) = (kS.R) Sr

Uro

() +a ( F7i>2 <c>21 : (42)

From the quadratic dependence of settling flux on depth-averaged sediment con-
centration, the nonlinearity in the settling flux induced by density stratification can clearly
be inferred. With the settling and erosion fluxes at hand, the depth-integrated dynamic

equation of sediment concentration becomes
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1 die)h (me

uTO

in 0\ 3
(i) (5°) (Fg) -0 (57)

) f—(I{SCR)SR <C>+

The rightmost term in Equation 43 accounts for the nonlinear effects of density strat-
ification and the cross-shelf gravity force as an explicit function of the depth-integrated
concentration (c). The implications of Equation 43 will be discussed in the following sub-

section.

4.3 Applications

From the dynamic depth-integrated sediment concentration equation, one can in-
fer that the right-hand side of Equation 43 must have real root(s) for equilibrium to es-
tablish. When the coefficient in front of the second-order term on the right-hand side
is positive and there is no sediment suspension initially, the growth in sediment suspen-
sion will cease when (c) reaches the smaller root (see Figure 7a for graphical description).
If the coefficient in front of the second-order term on the right-hand side of Equation 43
is negative, equilibrium will be established around the only positive root (see Figure 7b).
Note that the lower root is inherently negative in the latter case. Around the equilib-
rium concentration, any small change in concentration will be forced to return back to

the equilibrium concentration.

Equation 43 allows us to determine the parametric relation that marks the tran-
sition of ACSTCs to self-driven turbidity currents. In addition, the depth-averaged con-
centration of ACSTCs under equilibrium conditions can also be determined by using Equa-
tion 43. In the following two subsections, we will respectively discuss the relations for

stability and suspended sediment load.
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2 N\ (1 AW 2
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1 in o)\ 2
(;ne) (;§> (;1;;2 ) . Condition in (a) makes the right-hand side of Equation 43

a convex curve, which may or may not have a real root. The condition in (b) makes the
flow stable because the right-hand side of Equation 43 is a concave curve, which has a
positive root.

—
<

4.3.1 Stability Conditions for ACSTCs and Turbidity Current Trigger

For the right-hand side of Equation 43 to have real roots, its discriminant must be

positive, which leads to the following inequality after straightforward algebraic steps

2 . 2
(,-;SCRSR)2+4%SC§<W> R'Sp 2(1 + €) <m) (Sma) . (44)

ro) Fr2 Uro Fr2

For a better physical interpretation, Equation 44 is divided by (ws/u.)?, or (kS.R)?,

which reads

2 Mme R?Sr me > /sinf\?
&—Hlaf <ws > Fr2 > 26(1+€) (ws ) Fr2 (45)
! I 1

Equation 45 has three terms, denoted as I, II, and III, which are associated with
different physical mechanisms. The first term solely depends on the Rouse profile’s shape

factor, that is Sg. Because increasing sediment size or w, reduces sediment suspension
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in a Rousean profile, term I can be considered as resistance to suspension due to a stronger
settling effect. With increasing w, sediments tend to deposit, creating a favorable con-
dition for stability. It must be noted that this term is dissociated from density strati-
fication because it would be present even in the absence of density stratification. Dis-
sociation of term I from density stratification can be inferred from its dependence on the
shape factor of the Rouse profile because the Rouse profile does not consider any tur-

bulence dissipation due to density stratification.

The second term, that is term II, is associated with the stabilizing effect of den-

sity stratification. Although it has a stabilizing effect on ACSTCs, this term includes m,
and &, which govern the entrainment from the bed, which also creates a higher downs-
lope gravity force. This may appear counter-intuitive at first, but the following offers an
explanation. The amount of sediments entrained, which is quantified through m. &, will
enhance the density stratification -quantified by the product of m.£ and Fr, 2- changes
the shape of the concentration profile through aR3Sz F'r; 2, and thus resist suspension.
Finally, the third term mathematically describes the potential of entrainment growth due

to cross-shelf gravity force.

The stability condition in Equation 45 is compared with the simulation results. In
the numerical simulations, w, and sin 8 were varied while the other terms were kept con-
stant. Therefore, we plot I+1I-I1T against ws/u,, in Figure 7, where its intercept locates
the critical settling velocity for (in)stability. The critical settling velocity is found as w/u,, =
0.024 for sinf = 0.01. The critical settling velocity falls between w;/u,, = 0.02 and
ws/uro = 0.04, which are respectively the unstable and stable cases in the simulations
conducted for sinf = 0.01. Albeit limited in number, the simulations support Equa-

tion 45’s capability to delineate the stable and unstable conditions for ACSTCs.

The magnitudes of each term provide information as to the dominant mechanisms
that (de)stabilize ACSTCs. To this end, Figure 9 plots the absolute values of terms I,

I1, and IIT against ws/u,. From figure 9, one can observe that especially when ws/ur, —
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Table 2

0, term IIT becomes dominant and results in instability. In this limit, the magnitude of
terms I and IT are substantially lower than that of term III (see Figure 9a), and the mag-
nitude of term I is larger than that of term II for ws/u,, < 0.002 (see Figure 3b). How-
ever, the growth rate of term II with respect to ws/u,, is significantly larger than that
of term I, and its magnitude becomes an order of term I’s magnitude, suggesting that
density stratification becomes the dominant mechanism to maintaining ACSTCs, espe-
cially for wg/ur, > 0.01. It is worth reiterating that density stratification is a function
of the entrainment parameters because the amount of entrained sediments controls the
amount of sediment suspension, and the amount of sediment suspension governs the den-
sity stratification. Referring to the gradient Richardson number profiles, one should note
that the dominant role of sediment-induced density stratification does not warrant a crit-
ically stratified condition. Density stratification may impose control on the sediment sus-

pension even under subsaturated conditions.

4.3.2 Estimation of Depth-averaged Sediment Concentration

For the specified problem herein, in which there is no initial sediment suspension,
depth-averaged concentration will equilibrate at the smaller root of Equation 43’s right-

hand side. Equilibrium concentration will therefore read
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(c) = 5 (46)
(1+6) (s2) (s22) - 20R2

Depth-averaged concentration estimate from Equation 46 is plotted in Figure 10
with respect to ws/ur, and compared with the amount of sediment suspension obtained
from the simulations. The solid and the dashed curves plotted in the same figure respec-
tively indicate the depth-averaged sediment concentration obtained by using the S, and
M combinations that gives the smallest and the largest sediment concentration. There
is a close match between the sediment suspension amount estimated by Equation 46 and
those obtained from the simulations. Noting that the depth-averaged sediment concen-
tration depends on entrainment parameters, sediment settling velocity (or the Rouse num-
ber), cross-shelf bed gradient, and «, the amount of sediment suspension cannot simply

be estimated by a critical Richardson number. This is true even though the amount of
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suspension in ACSTCs is controlled by density stratification, which can be inferred from
the stability condition in Equation 45 in that density stratification is controlled by both
the settling velocity and the amount of suspension. And the amount of sediment sus-
pension is governed by the erosion parameters along with the settling velocity and the
strength of the bed shear stress. On the other hand, the bulk Richardson number con-
siders only the amount of sediment suspension, the velocity of the alongshelf current, and

the cross-shelf velocity of ACSTCs.

5 Conclusions

In this study, an analytical dynamic depth-integrated concentration equation was
developed for ACSTCs. The model developed accounts for the non-linearity associated
with the positive feedback loop between the sediment entrainment and the cross-shelf

gravity force, as well as the sediment-induced density stratification. These non-linear mech-
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anisms are approximated as explicit quadratic functions of depth-averaged suspended
sediment concentration ({c)). From the model developed, a quantitative relation for the
critical conditions for the trigger of a self-driven turbidity current that grows out of an
ACSTC is developed. It is found that the critical condition for self-driven turbidity cur-
rent trigger depends on the parameters that help grow the amount of sediment suspen-
sion. These parameters include the cross-shelf bed gradient, sediment entrainment pa-
rameters, m. and ¢, settling velocity, or the shape factor for the Rouse profile (Sg), and

the parameters associated with sediment-induced density stratification.

The two stabilizing terms and one destabilizing term in Equation 45, which finds
the critical conditions for the trigger, provide information regarding the governing phys-
ical processes in ACSTCs. The destabilizing term, namely term III, quantifies the pos-
itive feedback loop between the sediment entrainment and the cross-shelf gravity force
and is a function of the cross-shelf bed slope, ease of entrainment m, /w,; and normal-
ized excess shear stress due to alongshelf current . The first stabilizing term, that is term
I, is the sediment settling flux, independent of sediment-induced density stratification.
The second stabilizing term quantifies sediment-induced density stratification effect on
the amount of sediment suspension, which is a function of «, sediment settling velocity,
and entrainment parameters, which are sediment entrainment rate m. and normalized
excess shear stress due to alongshelf current £&. The magnitude of term II, which quan-
tifies density stratification, relative to that of term I, which quantifies mere settling, is
substantially larger for the most part except when ws; — 0. In this limit, density strat-
ification almost vanishes, making the mere settling term the only stabilizing mechanism.
However, with increasing w;/u,,, term II sharply increases and outgrows term I. There-
fore, it is concluded that density stratification is the dominant mechanism to maintain

ACSTCs.

The amount of depth-averaged sediment concentration found in Equation 46 is a

function of settling velocity, excess shear stress, and sediment entrainment parameters.
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714 This finding suggests that the depth-averaged concentration is governed by the balance
15 of sediment entrainment, density stratification, and mere settling. Bulk Richardson num-
716 ber showed a five-fold change in the simulations without reaching a global constant value.
7 Furthermore, in all the simulated ACSTCs, the gradient Richardson number profiles do
718 not collapse onto a single curve, suggesting that critical density stratification does not

719 regulate sediment entrainment and deposition, and critical density stratification is not

720 a necessary condition for ACSTCs.All the findings suggest that depth-integrated suspended

1 sediment concentration and the critical conditions for the turbidity current generation

e out of ACSTCs are regulated by the density stratification, sediment entrainment, includ-
723 ing its nonlinear interaction with the downslope gravity force, and deposition. All these
724 findings provide evidence to our hypotheses in Section 1.3.

725 Appendix A Derivation of the Rouse Profile’s Shape Factor

726 The shape factor for the Rouse profile Si is the ratio between the sediment con-
721 centration at the bed and the depth-averaged concentration. To integrate the Rouse pro-
728 file conveniently, it will be expressed in dimensionless form, where the distance from the

729 bed is normalized by the depth, that is Z = z/h. The dimensionless Rouse profile reads

730 where 2, = z,/h. The integration of the dimensionless Rouse profile yields the

e depth-averaged concentration (c)

/:_1 c(2)dz =h~! /;_h c(z)dz (A2)

732 because dz = hdz. To analytically obtain the shape factor, (1—2)® is expanded

733 as a binomial series
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(1—2)R:1—R5+R(R—1)§—R(R—l)(R—Z)%g—F.... (A3)

734 Thus,

22—7?, 23—7?,
FRA-HR =R _RIARLRMR-1) ~RR=1(R=2)=—+ (A4)
735 By utilizing Equation A4, the Rouse profile can be written as
3z, R 72-R 33-R
c(g):c,J(l_g) [zR—R51R+R(R—1) ~R(R—1)(R—2) + ...
(A5)
736 First-, second-, and third-order approximations are compared with the actual Rouse

737 profiles for ws/u,, = 0.04 and 0.10 in Figure Al. Past the first order, approximated

738 concentration profiles are close to one another. For the settling velocities selected, se-

739 rial approximation follows the actual Rouse profile. The error mainly occurs close to the
740 top boundary where there is a sharp concentration gradient. Integration of Equation A5
a1 will result in

- R
N Zo I ar_ R or RR-D.3r_
/c(z)dzco<1_20> L_ z 5 R” + 2(3—R)Z .| +A (A6)

42 where A is the constant of integration. Since z,/h = Z & 0, the lower bound of
3 the integral can be neglected. Approximating the term within the brackets up to the second-

o order, that is O(22), the integral of the Rouse profile is obtained as
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Figure Al: Comparison of the first- (red), second- (green), and third-order (blue) ap-
proximations of the Rouse profile with the actual Rouse profile (dashed curve) for (a)
ws/uro = 0.10 and (b) ws/ur, = 0.04. Note that the concentration profiles are normalized
by the reference concentration ¢, and becomes unity at the reference height z,.

z=1 . R 2
Z R+ —2R + 2
2)dZ = ¢, A
/HO c(2)dz = (1—20) (R2—3R+2> (A7)
75 By approximating the sediment concentration at the bed to the reference concen-
746 tration, that is ¢, = ¢,, the shape factor for the Rouse profile will be obtained as
R
Co h—z, RZ—-3R+2
o () () w
fg:z c(2)dz Zo R —=2R +2

7 Appendix B Derivation of the Modified Rouse Profile’s Shape Fac-

748 tor
749 The shape factor for the modified Rouse profile S is determined similar to that for
750 the Rouse profile. The dimensionless modified Rouse profile reads
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Figure B1: Comparison of the first- (red), second- (green), and third-order (blue) ap-
proximations of the modified Rouse profile with the actual modified Rouse profile (dashed
curve) for ws/ur, = 0.04. The Monin-Obukhov parameter M = 25. Various values of M
are also tested and similar results are obtained; therefore, only the profiles from M 25
is shown for brevity. Note that the concentration profiles are normalized by the reference

concentration ¢, and becomes unity at the reference height z,.

751

752

z

753

file, Z

772(1 _ 2)RM+R

R
2

C = Co l:(l—éo)R(/\/H'l) (Bl)

:| g—R(l _ Z)R(M-i-l)

RM+R

After expanding (1—2) as binomial series similar to that for the Rouse pro-

“R(1 — 2)RMHR is obtained as

22773

FRORMARETR A (RM+R—1)(RM+R)
(B2)

23—73

“(RM+R-2)(RM+R—-1)(RM+R) + ...

Using Equation B2, the modified Rouse profile is then obtained as
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Ne—e 0 |3-R_ s1-R _ z
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(B3)

Approximated concentration profiles are shown for the first, second, and the third
orders in Figure B1. From the same figure, one can observe that increasing order of ap-
proximation improves the accuracy, but the difference between the second- and the third-
order approximations is small. Therefore, we will use the second-order approximation
henceforth. For the second-order approximation, the integral of the concentration pro-

file becomes

ZR 1 RM+R (RM+R)(RM+TR—1)
V3 = ¢, o s—R s 52 53 _
/c(z)z 0(1720)72/\/12 T R: 5 R 2+ 33-R) z
+B
(B4)
where B is the constant of integration. Since z,/h & 0, the lower bound of the
integral can be neglected. Keeping the terms up to the second-order, that is O(z?), the
integral of the Rouse profile is obtained as
=t P 3R (M+1)R? — (M +2)R+2 B
- c(2) 2= Col{ 5, RATR RZ 3R 12 (B5)

From the depth-averaged concentration, the shape factor for the modified Rouse

profile will be obtained as

o J 5:102(2)@ N (h ioz())R <h—hzo>RM {(M + 1)7%7%22_—3(7/%4122)7% T3 (PO
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Figure B2: Comparison of the the modified Rouse profile’s first, second, and third-order
approximations with those obtained from the numerical integration of the modified Rouse

profile. The Monin-Obukhov paramater is M = 25 in (a), M = 90 in (b), and M = 150
in (c).

The shape factor obtained is also compared with its first- and third-order order coun-
terpart as well as the shape factor obtained after numerically integrating the modified
Rouse profile (see Figure B2). The second- and the third-order approximations are close
to the numerically integrated shape factor from wg/u;, = 0 to ws/uro = 0.80, ws/tro =
0.45, and ws/ur, = 0.34 for M = 25, M = 90, and M = 150, respectively. There-
fore, the settling velocity range where second-order approximation holds narrows with
increasing M. This is also true for the third-order approximation, but the range of ap-
plicability for the third-order approximation is slightly larger than the second-order ap-
proximation. However, it must be noted that the given analysis is conducted for a pri-
ori M value. On the other hand, the suspended sediment load, hence the Monin-Obukhov
parameter M, decreases with increasing settling velocity where sediments are sourced
from the bed. As such, second- and third-order approximations still remain applicable

for increasing settling velocity.
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Data Availability

The source code and case setup to reproduce the results and the mean quantities
that produced the figures are publicly available in open science framework at

https://doi.org/10.17605/OSF.I0/8BKXR.
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