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Abstract

The determination of buoyancy flux and its contribution to turbulence kinetic energy (TKE) is a fundamental problem in

planetary boundary layer (PBL). However, due to the complexity of turbulence, previous studies mainly adopted dimensional

analysis and empirical formula to determine TKE budget. This study introduces the endoreversible heat engine model concept

to the convective boundary layer (CBL) TKE analysis and establishes a theoretical model based on the first principles. We

found that the total contribution of buoyancy to TKE and heat engine efficiency in the boundary layer increase linearly with

the boundary layer height. The derived buoyancy flux from our theoretical model is consistent with the results from numerical

simulation and dimensional analysis. This heat engine-based theory reveals the physical mechanism of the power of TKE

generated by buoyancy. Our theoretical model can replace the empirical value and provide an ideal method for buoyancy flux

determination in PBL.
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Abstract23

The determination of buoyancy flux and its contribution to turbulence kinetic energy24

(TKE) is a fundamental problem in planetary boundary layer (PBL). However, due to25

the complexity of turbulence, previous studies mainly adopted dimensional analysis and26

empirical formula to determine TKE budget. This study introduces the endoreversible27

heat engine model concept to the convective boundary layer (CBL) TKE analysis and28

establishes a theoretical model based on the first principles. We found that the total con-29

tribution of buoyancy to TKE and heat engine efficiency in the boundary layer increase30

linearly with the boundary layer height. The derived buoyancy flux from our theoret-31

ical model is consistent with the results from numerical simulation and dimensional anal-32

ysis. This heat engine-based theory reveals the physical mechanism of the power of TKE33

generated by buoyancy. Our theoretical model can replace the empirical value and pro-34

vide an ideal method for buoyancy flux determination in PBL.35

Plain language summary36

The determination of the efficiency and power of kinetic energy from thermal energy is37

a fundamental problem in atmospheric science. We introduce the heat engine model con-38

cept to the turbulence kinetic energy in planetary boundary layer (PBL) and success-39

fully estimate the power of buoyancy work. The derived buoyancy flux from our theo-40

retical model is consistent with the results from numerical simulation and dimensional41

analysis. Our theoretical model can replace the empirical value and provide an ideal method42

for buoyancy flux determination in PBL.43

44

1 Introduction45

Planetary boundary layer (PBL) is the lowest part of the atmosphere closely re-46

lated to human life, and its formation is driven by the turbulence. The conversion from47

thermal energy to kinetic energy, i.e., buoyancy contribution, is one of the two major48

resources generating and maintaining the turbulence in PBL. While the complexities of49

turbulence makes it difficult to estimate buoyancy flux and its contribution to turbu-50

lence kinetic energy (TKE). Most PBL modules are based on dimensional analysis and51

empirical formula to estimate buoyancy contribution to turbulence (Cheng, Li, Li, & Gen-52
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tine, 2021; Li, Bou-Zeid, & De Bruin, 2012; Monin & Obukhov, 1954; Stull, 1988). Dif-53

ferent PBL parameterization schemes have been used in numerical models (Hong, Noh,54

& Dudhia, 2006; Hong & Pan, 1996; Janjic, 2003; Pleim, 2007). However, studies from55

the first principles are rare.56

To make a precise quantification of the effect of buoyancy on PBL, establishing proper57

thermodynamic models is a possible method since the physics of atmosphere is governed58

by the laws of the thermodynamics, especially in the convective boundary layer (CBL)59

where buoyancy is the main source of TKE (Stull, 1988). Several studies have explored60

atmospheric processes from the perspective of the efficiency of kinetic energy from ther-61

mal energy (Lorenz, 1967; Wulf & Davis, 1952), such as global circulation(L. Michaud,62

1995; L. M. Michaud, 2000) and hurricanes(Chavas, 2017; O. M. Pauluis & Zhang, 2017;63

Trabing, Bell, & Brown, 2019). Previous studies normally treat the atmosphere as a Carnot64

heat engine, which is reversible. However, O. Pauluis (2011) pointed out that the effi-65

ciency of a heat engine is not as high as that of a Carnot engine due to the irreversible66

process, such as evaporation and condensation processes of water. In addition to the ef-67

fect of water vapor, previous research on heat engines (Callen, 1985) also found that Carnot68

heat engines have zero power because all processes are quasi-static and reversible. Due69

to the heat transfer, the actual heat engine must involve irreversible processes, result-70

ing in a decrease in the efficiency of the heat engine. Studies which take irreversible pro-71

cess of heat transfer into account in PBL meteorology are still lacking.72

In order to explore the physical mechanism of CBL maintenance, this study intro-73

duces the endoreversible heat engine model to calculate the power and efficiency of the74

conversion from sensible heat flux to TKE. We found that PBL can be treated as a heat75

engine operating between the surface temperature and the temperature at the top of the76

boundary layer. A physical process-based theoretical model are established in this study77

to estimate the contribution of buoyancy to the TKE in the boundary layer and the ver-78

tical profile of the buoyancy flux.79

2 The endoreversible heat engine80

The contribution of buoyancy to TKE in PBL can be transformed into a heat en-81

gine power problem. The CBL can be treated as a heat engine operating between the82

surface and the top of the boundary layer. For a system that cannot do work on the ex-83
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ternal system (when there is no large-scale circulation and it is homogeneous in horizon-84

tal scale), it results in internal motion, which means the conversion of work into TKE.85

As mentioned in the previous section, this heat engine is not completely reversible due86

to the heat transfer process. Therefore, the endoreversible heat engine model is intro-87

duced into the analysis of the TKE budget estimation in CBL.88

To determine the conversion efficiency, vertical temperature profile is needed at first.

CBL is divided into the near-surface layer, the mixed layer, and the entrained layer, which

accounts for 5-10%, 35-80%, 10-60% of the CBL thickness (zi) along the vertical direc-

tion, respectively(Stull, 1988). The mixed layer thickness is assumed to be a fraction of

k of PBL height, which means,

lML = k · zi (1)

There is a large temperature difference in the near-surface layer and entrainment layer.89

Therefore, the heat transfer in the near-surface layer and the entrainment layer should90

be irreversible process. While, the air mass in the mixed layer can move freely due to91

the constant potential temperature and is always in thermal equilibrium. Thus, the heat92

process in the mixed layer could be treated as reversible process. As shown in Fig. 1, we93

assume that the temperature at the top of boundary layer is Tc (cold), the temperature94

at the top of mixed layer is Tt (tepid), the temperature at the bottom of mixed layer is95

Tw (warm), and the surface temperature is Th (hot), which can also be written as Ts (sur-96

face). These four types of temperature follow the relationship Th > Tw > Tt > Tc.97

The work of the endoreversible heat engine is shown in Fig. 1 (a).98

Figure 1. (a) The schematic figure of heat engine of the CBL; (b) The vertical profile of

potential temperature; (c) The vertical profile of temperature.

99

100
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The derivation of heat engine power in CBL follows the basic mechanism of endore-

versible heat engine in pioneer studies(Callen, 1985, Curzon and Ahlborn (1975) and Hoff-

mann (2008)). To link the heat engine to TKE budget, the estimation of the power of

heat engine is needed. We assume that the time required for the ascent and descent of

air mass is negligible. Therefore, the time needed for the cycle of the heat engine is equal

to the sum of the two heat transfer processes (Callen, 1985; Hoffmann, 2008) in the sur-

face layer and the entrainment layer .

t = tin + tout (2)

where, tin is the time needed for the heat transferring from surface to the mixed layer

and tout is the time needed for the heat transferring out from the mixed layer. The heat

transfers from surface into the CBL. The input heat per unit time (Pin) can be presented

as,

Pin =
Qin

tin
(3)

To be noted that, the heat fluxes are driven by the external forces, such as solar radi-

ation. Therefore, Pin could be treated as a fixed value in analysis. Similarly, the heat

exhaust per unit time (Pout) from CBL is,

Pout =
Qout

tout
(4)

Combining Eqs. (2), (3) and (4), we can obtain

t = tin + tout

=
Qin

Pin
+

Qout

Pout

(5)

The output power of the heat engine, which also denote the contribution of buoy-

ancy to TKE, is

Pw =
W

t
(6)

W is the work of heat engine. The inner part of the endoreversible Carnot heat engine

(in the mixed layer) is reversible, which is equivalent to Carnot heat engine working be-

tween Tw and Tt. According to the Carnot heat engine theory, we can obtain that this

efficiency is

εc =
W

Qin
=

Tw − Tt

Tw
(7)

and the ratio between W and Qout is

W

Qout
=

Tw − Tt

Tt
(8)
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Combining Eqs. (5), (7) and (8), the time needed for a cycle of endoreversible Carnot

heat engine can be expressed as

t =

[
1

Pin

Tw

Tw − Tt
+

1

Pout

Tt

Tw − Tt

]
W (9)

Therefore, the power of this heat engine is,

Pw =
W

t

=

[
1

Pin

Tw

Tw − Tt
+

1

Pout

Tt

Tw − Tt

]−1 (10)

Because the CBL is substantially thinner than the troposphere, the temperature differ-

ence in the boundary layer is small compared to the surface temperature (Th − Tc ≪

Th). Therefore, the output power is small compared to the input heat or the heat ex-

haust, i.e., Pin ≈ Pout. Also, for the denominator term, it can be approximated as (Th ≈

Tw ≈ Tt ≈ Tc). Thus, Eq. (10) could be rewritten as,

Pw ≈ Pin · Tw − Tt

Tw + Tt

≈ Pin · Tw − Tt

2Th

(11)

Due to the intense turbulent mixing in the mixed layer, the temperature approx-

imately decreases adiabatically. Assuming no water phase transition, the vertical tem-

perature change conforms to the dry adiabatic lapse rate,

Rd =
∂T

∂z
=

g

Cp
= Const (12)

where, g is the gravitational acceleration and Cp is the isobaric specific heat capacity.

Therefore, the temperature difference between top and bottom of the mixed layer is

Tw − Tt = lML ·Rd =
g

Cp
· lML (13)

where, lML is the height of the mixed layer, which is assumed as kzi. Combining Eqs.

(12) and (13), Eq. (11) can be represented as

Pw = Pin · g

Cp
· k

2Th
zi (14)

We can draw a conclusion that the total efficiency of the endoreversible heat en-101

gine is proportional to the height of CBL. This system has a similar concept of a wooden102

block being pressed against the bottom of a glass of water. The potential energy of buoy-103

ancy is proportional to the depth of the water, which is similar to the CBL thickness.104

The increase in TKE is approximately equal to the decrease in buoyant potential energy105

in CBL.106
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3 Vertical profile of buoyancy flux107

With above theoretical derivation, we have determined the total contribution of

buoyancy in CBL. The next question is to estimate the vertical profile of buoyancy flux.

The quasi-steady-state approximation implies that the vertical profile of the θ is constant

over time, that is,
∂

∂t

(
∂θ

∂z

)
= 0 (15)

By interchanging the order of derivation, we obtain,

∂

∂z

(
∂θ

∂t

)
= 0 (16)

Also, the equation of TKE balance (Stull, 1988) is written as,

∂θ̄

∂t
+ Uj

∂θ̄

∂xj
=

vθ∂
2θ̄

∂x2
j

− LvE

ρ̄Cp
−

∂
(
u′
jθ

′
)

∂xj
(17)

where the first and second terms represent the mean storage of heat and the advection

of heat by mean wind, respectively. The third term is the mean molecular conduction

of heat. The fourth term is the source associated with latent heat release. The last term

represents the divergence of turbulent heat flux(Stull, 1988). After ignoring the advec-

tion of heat, the mean molecular conduction of heat, and the latent heat release, the sec-

ond to fourth terms turn to zero. By deriving with respect to z on both sides of Eq. (17),

we can get
∂

∂z

∂θ

∂t
+

∂

∂z

∂w′θ′

∂z
= 0 (18)

Similar to the derivation in Vilà-Guerau de Arellano (2015), by combining Eq. (15)

and (18), we can get,
∂2w′θ′

∂z2
= 0 (19)

It means the kinematic flux is linear in CBL, that is,

w′θ′(z) = A+Bz (20)

Plus, we have the input heat power at surface (z = 0),

Pin = Cpw′θ′s (21)

where, w′θ′s is the kinetic flux at surface. Then, we can get,

A = w′θ′s =
Pin

Cp
(22)

–7–
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With the restriction that the work power equals to the sum of buoyancy work in

vertical direction,

Pw =

∫ zi

0

g

θ(z)
w′θ′dz (23)

As mentioned above, Th ≈ Tw ≈ Tt ≈ Tc, Eq. (23) can be approximated as

Pw ≈ g

Th

∫ zi

0

(A+Bz)dz (24)

combining Eq. (14) and (23), we can get,

Pw = Pin · g

Cp
· k

2Th
zi =

g

Th

∫ zi

0

(A+Bz)dz (25)

Combining Eqs. (22) and (25), we can derive,

B = (k − 2)
1

zi
w′θ′s (26)

Combining Eqs. (20), (22) and (26), we can obtain,

w′θ′(z)

w′θ′s
= (1 + (k − 2)

z

zi
) (27)

Above equation determines the vertical profile of contribution of buoyancy on TKE. To108

be noted that w′θ′(z) ̸= w′θ′s is not contradictory to the heat balance assumption. In109

addition to turbulent transport, there are other pathways of heat transfer, such as ad-110

vection and radiation.111

4 Model validation112

To validate our analysis, we compared the results from endoreversible heat engine

model with the traditional dimensional analysis method and simulation data (Fig. 2).

Following(Stull, 1988), we can assume mixed layer height is 0.8 of zi. Thus, (27) turns

to be
w′θ′(z)

w′θ′s
= 1− 1.2

z

zi
(28)

which means the ratio of buoyancy flux at the top and at the bottom (AR) is 0.2, which113

is consistent with previous study(Stull, 1976). Fig. 2 shows that our analysis perfectly114

fit the simulation data that indicates that the endoreversible heat engine is applicable115

in the CBL development.116

The estimation of buoyancy flux based on the Carnot heat engine assumption is,

PwCarnot
= Pin · g

Cp
· 1

Th
zi (29)

–8–
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Figure 2. Heat flux data from a simulation of Wangara Day 33 (Clarke et al., 1971) and

re-plot from Stull (1988)

117

118

The comparison between Eqs. (14) and (29) shows the results based on Carnot engine119

are more than twice the results using endoreversible engine. It implies that the Carnot120

engine assumption leads to a significant overestimation of the buoyant power, due to the121

neglect of the increase in entropy caused by the irreversible process of heat transfer.122

5 Conclusions and Implications123

The determination of the efficiency and power of kinetic energy from thermal en-124

ergy is crucial to quantify the TKE in CBL. However, due to the complexity of turbu-125

lence, current knowledge is insufficient to derive laws based on first principles. There-126

fore, previous studies adopted the similarity theory and dimensional analysis method to127

determine the TKE budget, which needs to introduce an assumption of a constant ra-128

tio of buoyancy flux at the top and at the bottom of 0.2 for CBL TKE budget function129

closure. In this study, we introduce an endoreversible heat engine concept into the CBL130

TKE analysis and established a theoretical model based on first principles. We found131

that the total contribution of buoyancy to TKE in the boundary layer and heat engine132

efficiency increase linearly with the boundary layer height zi. Moreover, our theoreti-133

–9–
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cal framework proves the linear decrease of buoyancy flux in vertical direction. The de-134

rived buoyancy flux from our theoretical model is consistent with the results from nu-135

merical simulation and dimensional analysis. This heat engine-based theory reveals the136

physical mechanism of the power of TKE generated by buoyancy. It may offer novel in-137

sights in dynamics under more complex situations in PBL.138
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