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This paper is a contribution to the exploration of the parametric Kalman filter (PKF), which is an approximation of the Kalman
filter, where the error covariance are approximated by a covariance model. Here we focus on the covariance model parameterized
from the variance and the anisotropy of the local correlations, and whose parameters dynamics provides a proxy for the full
error-covariance dynamics. For this covariance mode, we aim to provide the boundary condition to specify in the prediction of
PKF for bounded domains, focusing on Dirichlet and Neumann conditions when they are prescribed for the physical dynamics.
An ensemble validation is proposed for the transport equation and for the heterogeneous diffusion equations over a bounded 1D
domain. This ensemble validation requires to specify the auto-correlation time-scale needed to populate boundary perturbation
that leads to prescribed uncertainty characteristics. The numerical simulations show that the PKF is able to reproduce the
uncertainty diagnosed from the ensemble of forecast appropriately perturbed on the boundaries, which show the ability of the
PKF to handle boundaries in the prediction of the uncertainties. It results that Dirichlet condition on the physical dynamics

implies Dirichlet condition on the variance and on the anisotropy.
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Abstract

This paper is a contribution to the exploration of the parametric Kalman filter (PKF),
which is an approximation of the Kalman filter, where the error covariance are approx-
imated by a covariance model. Here we focus on the covariance model parameterized from
the variance and the anisotropy of the local correlations, and whose parameters dynam-
ics provides a proxy for the full error-covariance dynamics. For this covariance mode, we
aim to provide the boundary condition to specify in the prediction of PKF for bounded
domains, focusing on Dirichlet and Neumann conditions when they are prescribed for

the physical dynamics. An ensemble validation is proposed for the transport equation
and for the heterogeneous diffusion equations over a bounded 1D domain. This ensem-

ble validation requires to specify the auto-correlation time-scale needed to populate bound-
ary perturbation that leads to prescribed uncertainty characteristics. The numerical sim-
ulations show that the PKF is able to reproduce the uncertainty diagnosed from the en-
semble of forecast appropriately perturbed on the boundaries, which show the ability of
the PKF to handle boundaries in the prediction of the uncertainties. It results that Dirich-
let condition on the physical dynamics implies Dirichlet condition on the variance and

on the anisotropy.

Plain Language Summary

This work addresses the question of the uncertainty prediction in bounded domains.
It contributes to explore a theoretical formulation of the uncertainty prediction that opens
the way to data assimilation in real applications where the boundaries are important as
in radiation belts predictions, air quality, atmosphere-ocean coupling, or wild-land fire
; while these applications are not discussed here.

1 Introduction

Uncertainty prediction is a challenging topic, important in data assimilation as well
as in probabilistic forecasting. One of the main theoretical backbone is given by the Kalman
filter equations that applies for linear dynamics, but that fails to apply for large system
where the numerical cost to predict the error covariance becomes prohibitive. Hence, ap-
proximations of the KF have been proposed, as the ensemble Kalman filter (EnKF) where
the error covariance matrices are approximated from ensemble estimation (Evensen, 2009)
; or recently the parametric Kalman filter (PKF) where the error covariance matrices
are approximated from a covariance model (Pannekoucke et al., 2016). In the PKF, the
dynamics of the parameters provides a proxy for the dynamics of the full covariance ma-
trix. For instance, covariance model parameterized from the variance and the anisotropy
of the local correlation functions are able to predict the dynamics of the covariance ma-
trix for transport equations (Cohn, 1993), but at a numerical cost equivalent to three
time the integration of the transport (Pannekoucke et al., 2018; Pannekoucke, 2021). In
addition, the PKF provides a view of the dynamics of the uncertainties that cannot be
understood from an ensemble estimate alone. And this has open new ways to tackle dif-
ficult topics e.g. the dynamics of the model-error covariance (Pannekoucke et al., 2021;
Ménard et al., 2021). Note that other insight in theoretical covariance dynamics have
been recently proposed (Gilpin et al., 2022).

The EnKF is widely used and has shown to perform well for many applications in
geosciences e.g. for the weather prediction (Houtekamer & Mitchell, 2001), or for the ra-
diation belts prediction (Bourdarie & Maget, 2012). Radiation belts dynamics model-
ing consist in estimating quantitatively the fluxes of high energetic electrons and protons
trapped in the Earth magnetic field using a typical advection-diffusion equation. This
region spans from 1 Earth Radius up to 8, thus encompassing all typical satellites orbits,
with which such particles can strongly interact and induced from minor to critical on-
board anomalies. Compared with global prediction, radiation belts predictions are per-
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formed on a limited and non-periodic domain where the boundary imposes conditions
to the dynamics of the electrons and protons. Indeed, on one side, the outer boundary
condition is considered as the prime access for fresh materials, coming from the so-called
magneto-tail, and is typically modeled as an imposed Dirichlet condition at this altitude
(8 Earth radii) that can evolve as a function of solar activity (e.g. energy spectrum re-
shaping from time to time) (Maget et al., 2015). On the other side, close to the Earth,
the atmosphere implies a necessary fixed Dirichlet condition too, as all radiation belts
particles coming down there are absorbed (e.g. distribution always equal to 0). Finally,
for low energy boundary we expect to rely on a Neumann condition to limit naturally
any escape of particles or artificial source. Nonetheless, when performed on limited area
models, atmospheric prediction also present such kind of boundaries.

An appropriate specification of boundary uncertainties is crucial because it tells
how uncertainty will enter the domain, while the dynamics will transport and modify
it. Hence, appropriate specification of boundary condition for uncertainty prediction and
assimilation is a crucial issue.

In an astonishing way, it is relatively easy to introduce uncertainty at the bound-
ary in LAM for ensemble methods, by considering a forcing from an ensemble of global
forecast even if the consistency across multiple domains is difficult to handle (Houtekamer
& Zhang, 2016, sec. 6.a); while at a theoretical level, the Kalman forecast equation, in
its matrix algebra, is less appropriate to introduce such an uncertainty at boundaries.
Note that the difficulty to control the error at the boundary also exists for variational
data assimilation Gustafsson (2012).

Until now, the PKF has been explored on periodic 1D or 2D domains, where it has
been shown to reproduce interesting features of the uncertainty dynamics in linear prob-
lem e.g. for the transport (Pannekoucke, 2021), as well as for non-linear dynamics at the
second order e.g. for the non-linear advection-diffusion equation (Pannekoucke et al., 2018).

However, to go ahead toward real applications, and especially applications in bounded
domains, appropriate specification of boundary condition of the error statistics is needed
for the PKF dynamics. To do so, we propose to explore the specification of the bound-
ary conditions for the PKF when Dirichlet and Neumann conditions are considered in
the physical dynamics. This exploration is focus of two dynamics of interest for our ap-
plications: the transport equation e.g. for air quality or weather prediction ; and the dif-
fusion equation e.g. for radiation belts prediction or uncertainty dynamics in boundary
layer for air quality. The paper focuses on the forecast step, and the assimilation step
is not addressed here.

The paper is organized as follows. First, the background of the parametric Kalman
filter (PKF) is reminded in Section 2. Then, Section 3 details how to specify the PKF
conditions at the boundary for the forecast for the Dirichlet and the Neumann conditions.
The ensemble validation of the boundary conditions for the PKF needs to create an en-
semble of forecasts. To do so, an intermediate Section 4 will details how to specify bound-
ary conditions in an EnKF experiment that produces desired error statistics. This is an
important contribution of the paper so to validate the specification of the boundary con-
ditions of the PKF, where the numerical validation is presented in Section 5. Conclusions
and perspectives are given in the last Section 6.

2 Background on the PKF forecast step

This section gives a self-content introduction to the parametric Kalman filter, ap-
plied for a particular covariance model. First, the prediction step of the Kalman filter
applied on a linear dynamics is reminded. Then, the formalism of the PKF is introduced,
followed by the illustration on two dynamics: the transport equation, important in geo-
sciences, and the diffusion equation important in radiation belt dynamics community.
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2.1 Kalman filter forecast step

Here we consider the prediction of a univariate physical field x(¢,x) defined on a
domain €2 of dimension d and coordinate system x = (wi)ie[l’d], whose dynamics is
given by
where M stands for a function of the state x and of its spatial derivatives, 0, which
is a shorthand for the partial derivative with respect to the spatial coordinates at any
arbitrary orders. Thereafter, for the sake of simplicity, M is assumed linear but the for-
malism extends to the non-linear framework (Pannekoucke et al., 2018; Pannekoucke &
Arbogast, 2021). Note that y can be either continuous or discrete (the discretized ver-
sion of the continuous field): the discrete case leads to matrix algebra relations e.g. M
is replaced by its matrix formulation M.

In real applications, the spatio-temporal heterogeneity of the observation network,
as well as the model error, imply that x is not known exactly and is modeled as a ran-
dom field . The true state of the system is denoted by x?. The analysis state, that is
the estimation of the true state knowing the observations until a given time, is denoted
by x®. The deviation of the analysis state from the truth is the analysis error, e* =
x® — x!, and is often modeled as a random Gaussian vector of zero mean and covari-
ance matrix P* = E [e?(e®)T], where E [-] stands for the expectation operator and where
the upper script (-)T stands for the transpose operator (later the adjoin operator for ma-
trices). The forecast state at a time T, x/(T) = My, ox® provides an approximation
of the true state at time T', where My, ¢ denotes the propagator associated with the time
integration of Eq. (1) over the period [0,T]. For linear dynamics and Gaussian uncer-
tainty, the forecast error ef (T') = x/(T) —x*(T) is a Gaussian vector of zero mean and
covariance matrix P/(T) = E [/ (e/)T] (T), whose dynamics writes as

el = M(ef, 0e?). (2)

The forecast-error covariance matrix is related to the analysis-error covariance ma-
trix by
T
P/(T) = MroP* (Mr, o) . (3)

Equation (3) corresponds to the Kalman filter propagator of the error covariance matrix,
whose the particular dynamics is given by

dPf

dt
integrated over the period [0, T, starting from the initial condition Pf(0) = P?.

=MP/ + P/MT", (4)

While the KF forecast step Eq. (3) is a simple algebraic formula, its fails to apply
in large systems because of its numerical cost: if n denotes the dimension of the vector
representation of y, then the computational complexity of Eq. (3) scales between n? and
n? (Strassen, 1969). In term of integration cost, the KF requires 2n integrations of the
model Eq. (1).

Hence, approximations for the KF are needed. For instance, in the Ensemble Kalman
filter (EnKF), the forecast error-covariance matrix is approximated by its ensemble es-
timation.

PI(1) = 3 exel (5)
k

with ey, = xx(t) — X(t) where X(£) = = >, xx(t) denotes the empirical mean and
(X&(t))1ep1,n) is an ensemble of NV forecasts (Evensen, 2009). This time, the numerical
complexity scales with the number of ensemble members N and the size of the problem
n: the numerical cost of an ensemble of forecast is the cost of IV integrations of the model

Eq. (1).
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Note that the normalization by N in Eq. (5) leads to a bias that decreases as 1/N.
In EnKF framework, the normalization by N — 1 is preferred, however since we latter
consider estimation from very large ensemble size, the corrections of the estimators are
not considered here, and we only consider empirical mean estimations - >, (---) as in

Eq. (5).

The next section presents another approximation for the error-covariance matri-
ces.

2.2 Parametric formulation for the Kalman filter forecast step based on
VLATcov models

In the parametric approach, a covariance model is introduced, P(P) where P de-
notes the set of parameters of the covariance model, so to approximate the error covari-
ance matrices. For instance, the forecast-error covariance matrix P/, is approximated
as P(P/) ~ P/, where P/ is a particular set of values for the parameters. The para-
metric Kalman filter (PKF) dynamics remains to mimic the dynamics of Eq. (4) rely-
ing on the dynamics of the parameters P7,

o = o), (6)

where G has to be determined from the particular dynamics of Eq. (1), so that at any
time ¢, P(P7(t)) approximates P7(t) i.e. P(P/(t)) ~ P/(t). As for the EnKF, the
numerical complexity of the PKF prediction Eq. (6) scales as number of parameters and
the dimension of the problem n: the numerical cost of the PKF represent the cost of few
numerical integrations of the dynamics Eq. (1), depending on the number of parameters
needed for the covariance approximation.

Thereafter, since we deal with the forecast step of the PKF, the upper-script 7 is
dropped in the notation that concerns the forecast-error statistics.

This contribution will focus on the particular class of covariance model, so-called
VLATcov models, parameterized from two fields, defined below: the variance field, V/,
and the local anisotropy tensor of the correlation functions, g or s. Hence, the set of pa-
rameters is given by the couple P = (V,g) or P = (V,s), so that a VLATcov model
writes as P(V,g) or P(V,s). For an error field e, the variance field is defined as

V=E[], (7)

and is used to introduce the normalized error € = ﬁ When the error field is a dif-
ferential random field, that is assumed from now, the correlation function p(x,y) =
E [e(x)e(y)] is flat for y = x. Then, the local anisotropy at x is defined as the local
metric tensor g(x) (also denoted by gx) which appears in the second-order Taylor’s ex-

pansion

1
p(x,x + 6x) ~ 1 — §|I5XH§X, (8)

where ||5X||§x = 6xTg,0x denotes the norm associated with the metric tensor gy that
is the symmetric definite positive matrice [gx]i; = —0% ; px Where px(0x) stands for
the local correlation function. In a 1D domain of coordinate x, the metric tensor field
is the scalar field g = [g4]-

In practice, the geometry of the local metric tensor is contravariant: the direction
of largest correlation anisotropy corresponds to the principal axes of smallest eigenvalue
for the metric tensor. Thus, it is useful to introduce the local aspect tensor (Derber et

al., 2003)
s(x) = (g(x)) ", 9)

where the superscript (-)~! denotes the matrix inverse, and whose the geometry goes as
the correlation.
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What makes the local metric tensor attractive is that this tensor is related to the
normalized error by (see e.g. Pannekoucke (2021))

[gx]ij =K [8m“€azJ 5] . (10)

Hence, the variance Eq. (7) and the anisotropy Eq. (10) can be computed from an en-
semble estimation: the variance field is estimated by

V= ), (1)

with ey (t) = xx(t)—X(t), from which derivatives of the normalized error ej = ﬁ (xx(t) — X(1))
leads to the estimation of the upper triangular components of the metric

- 1
gij = NZ@yfkamj&k, (12)
k

for i < j (since gj; = g¢i;). While the PKF approach does not relies on any ensem-
bles, the ensemble estimations Eq. (11) and Eq. (12) can be used to set the initial con-
ditions for the parameters to ignite the assimilation cycles, or to validate the PKF from
the diagnosis of an EnKF.

An example VLATcov model is given by the heterogeneous Gaussian-like covari-
ance model (Paciorek & Schervish, 2006)

|Sx|1/4|sy‘1/4 1 2
P(V9)(06,¥) = /Iy i exp (ol = ¥R, oy (13)

3(8x +5y)[1/2
where | - | denotes the matrix determinant.

When VLATcov models are used for the parametric approach, the dynamics of the
parameters Eq. (6) is deduced from the time derivative of Eq. (7) and Eq. (10), and the
dynamics of the error Eq. (2). For instance, the dynamics of V' is deduced from

8tV =2E [66te] s (143.)
where replacing the trend of the error Eq. (2), will leads to the dynamics of V'
0V = 2E [eM(e, De)] . (14b)

This expression can be simplified e.g. by considering the commutation between the ex-
pectation and partial derivatives (Pannekoucke & Arbogast, 2021).

In terms of numerical cost, the PKF based on the VLATcov model scales as the
number of independent components in g (the number of coefficients in the upper trian-
gle) plus one for the variance field: in a univariate over a 1D (3D) domain, this repre-
sents 2 (7) times the cost of one model forecast (which scales itself with the dimension

Note that the computation of dynamical equations for V' and g (or s) can be per-
formed using a computed algebra system. To do so, the open source Python toolbox SymPKF!
has been introduced (Pannekoucke & Arbogast, 2021), which computes the dynamics of
the parameters and renders a numerical code to facilitate the numerical exploration of
the PKF approach. Another way to simplify the computation of the parameters dynam-
ics is to identify the contribution of each physical process present in Eq. (1) following
a splitting strategy (Pannekoucke et al., 2018; Pannekoucke & Arbogast, 2021). There-
after, the dynamics of the VLATcov parameters is computed by using SymPKF and the

I https://github.com/opannekoucke/sympkf
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interested reader is referred to the Jupyter notebooks that are provided as a supplemen-
tary material to this contribution 2.

The PKF based on the VLATcov model is illustrated in the next sections for two
dynamics which give an explicit form for M in Eq. (1).

2.3 Illustration of the PKF for simple dynamics

The transport and the diffusion equations are considered so to detail the dynam-
ics of the variance and the anisotropy for the PKF applied for VLATcov models. Both
dynamics play over a 1D periodical domain of coordinate z, so that the dynamics is an
evolution equation without boundary conditions.

2.3.1 PKF prediction applied on a transport equation

The transport equation of a scalar field ¢(¢,x) by a stationary velocity field u(x)
writes as
Orc + udyc = 0. (15)

In this example, and by identification with Eq. (1), ¢ stands for x while M(c, d¢c) =
—udc. This kind of equation appears for instance in the prediction of the concentration
of a chemical specie as in chemical transport models.

The computation of the PKF dynamics for Eq. (15) using SymPKF leads to the
system

Orc = —ud,c, (16a)
Ve = —ud, Ve, (16b)
atsc,zz = *uaxsc,xz + 230,mm8mu7 (16C)

where the anisotropy is represented by the aspect tensor s = s, in 1D domain. The
PKF dynamics Eq. (16) is a system of three uncoupled partial derivative equation sim-

ilar to the one first found by Cohn (1993). This system represents the dynamics of the
mean state E [c], Eq. (16a), where the expectation operator has been removed for the sake
of simplicity ; the transport of the variance, Eq. (16b) ; and the transport of the anisotropy
Eq. (16b), where an additional a source term of anisotropy appears, that is due to the
shear by the flow. Compared with an ensemble approach, the PKF approach opens to

an understanding of the dynamics and the physics of the uncertainty.

Note that the lower script notation . for V. and 4, for s¢ . corresponds to the
notation automatically rendered by SymPKF when processing the dynamics Eq. (15) at
a symbolic level. This labelling for the parameters has been introduced when multiple
fields are present e.g. in multivariate dynamics. While this contribution only address uni-
variate dynamics, the notation is kept here so to facilitate the comparison with the out-
put of SymPKF and also because another important dynamics is discussed: the diffu-
sion equation, which is now presented.

2.3.2 PKF prediction applied on a diffusion equation
The diffusion equation of a scalar field f(¢,z) and of diffusion coefficient D(x),
Orf = 0, (DOLf), (17)

is now considered. This kind of equation appears for instance in the prediction of elec-
tron density f of the Earth radiation belts and results from a Hamiltonian formalism

2 https://github.com/opannekoucke/pkf-boundary
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applied on a typical Boltzmann equation, where a Fokker-Planck operator is introduced

to evaluate physical interactions responsible for changing particles trapping state (Dah-

men et al., 2020). In the radiation belts, the typical spatial coordinates system x in Eq. (17)
stands in this case for a combined spatial and physical quantities e.g. the energy of the
electrons. The diffusion equation is also important in the modeling of atmospheric bound-
ary layer where it represents the effect of the turbulence (Stull, 1988). In this example,

and by identification with Eq. (1), f stands for x while M(f,0f) = 0, (DO.f).

The computation of the PKF dynamics for Eq. (17) can be performed using SymPKF.
However, because of the second order derivative, the dynamical system makes appear
an unknown term E [e;9%e ], not determined from f, Vy and sy, (see Appendix A).
An analytical closure has been proposed for 1D domains which states as (Pannekoucke
et al., 2018)

E [Efaifff] = 39?"x9: - 2aggf’m (18a)
when written in metric tensor or
28%5]0@,0 3 4 (aggSfﬂm)2

Elef0pes] = =575 + 5— — — (18b)
Sf,ma: Sf,xa: sf,xx
in aspect tensor, which leads to the PKF dynamics
Oif = DO f + 0, DO, f, (19a)
2DV, D (9,Vy)?
8Vy = ——L 4 D2V} — D(0:Vy)” + 0, DO, Vy, (19b)
Sf,xx 2Vf

048 faw = DO25f 4y + 4D
2D (0554.00)”  2Ds1.4202Vy N

5f.ax Vs
2
DOy V055,00 + 2Dsf .20 (0: V) —2sy 2202 D+
7 V7 S
20, D05 f.00 — % (19¢)
i

where in this dynamical systems, the expected value E [f] in Eq. (19a) is replaced by f

for the sake of simplicity. The dynamics Eq. (19) makes appear the effect of the trans-

port due the heterogeneity of the diffusion coefficient which implies a flow of velocity —0, D,
and leads to the same PKF transport dynamics Eq. (16) as discussed for Eq. (15) in the
particular case where u = —0, D. The other terms in Eq. (19) are related to the second-
order derivative term D92 f, which couples the dynamics of the variance and of the anisotropy.

In term of metric, the closed Eq. (19) reads as
Ouf = DO2f + 0, DO, f, (20a)

D (8.Vy)?

OV = —2DV}ygj 40 + DOZVy — Vi
!

+8,D0,V}, (20b)
0t Gfza = —4Dg]2cym + D@igﬁm—&—
2Dgf7$3682vf + Daﬂcvfawgf,xx . 2Dgf,xw (8xvf)2
7 Vi V?

+

2gf7m8$D8$Vf

Vi '
Until now, PKF dynamics for the heterogeneous diffusion equation has been evaluated
on periodic domain only, while bounded domains are often needed, e.g. in radiation belts
predictions where the energy of electrons are limited, or in atmospheric boundary layer
where the ground is a limit of the domain. The next section addresses how to specify the
boundary conditions for the PKF dynamics.
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3 Specification of the PKF boundary conditions

This section challenges the specification of the boundary conditions for the PKF
by considering two usual kind of conditions: the Dirichlet and the Neumann conditions.
We consider the particular case of the semi-bounded 1D domain [0, c0), and focus on the
boundary x = 0. Then we extend to boundary conditions of an arbitrary domain (2
of frontier 0.

3.1 Dirichlet BCs

A Dirichlet condition at the boundary consists in specifying the value of the fields
at x = 0, that is x(¢t,z = 0) = xo(?).

This conditions is used for the dynamics of the mean in the PKF, but it remains
to specify the variance and the anisotropy for the boundary conditions.

Therefore the Dirichlet condition implies that the error field must also verifies a
Dirichlet condition i.e. e(t,z = 0) = eo(t). The expectation of the error field at x =
0 is zero by definition, and of variance Vo(t) = E [eo(t)?]. Hence, the variance field
must also verify a Dirichlet condition i.e. V(t,z = 0) = Vj(t).

So for a 1D bounded domain, the Dirichlet condition on the dynamics implies to
specify a Dirichlet condition on the variance and on the anisotropy. This result extends
for an arbitrary domain 2 where this time, the boundary conditions for the variance and
the anisotropy are Dirichlet conditions on the frontier 0€2.

In case where the bounded domain is nested within a larger domain where uncer-
tainty is known from a PKF dynamics, then the variance and the anisotropy at the bound-
ary can be set from the variance and the anisotropy known in the larger domain. When
the uncertainty at large scale is featured from an ensemble of forecasts, the statistics at
the boundary should be set as the statistics estimated from the ensemble of large scale
forecasts at the boundary points e.g. for VLATcov models, the variance and the anisotropy
can be estimated from the ensemble of large scale forecasts from Eq. (11) and Eq. (12)
respectively.

Hence, Dirichlet condition in case of nested models easily extends in 2D and 3D
domains where it remains to specify the variance and the anisotropy of the local area
model from the variance and the anisotropy of the coupling model.

3.2 Neumann BCs

Neumann conditions at the boundaries write as null fluxes i.e. 9, x(t,z =0) =
0. This implies that the error field must also verifies a Neumann condition i.e. d e(t,x =
0) = 0. Again, we are looking for the boundary conditions for the variance and the
anisotropy.

The condition on the variance is deduced from the Taylor expansion of the error
at the vicinity of = 0 as follows. The expectation of the square of the second order
expansion of the error

1
e(t,ox) = e(t,0) + 5836(1&, 0)6x? + O(6z%),
leads to the local expansion of the variance V (t,z) = E [¢?] (¢, z),
V(t,6z) = V(t,0) + E [edZe] (t,0)02* + O (6z*).

As the local Taylor expansion of the variance field at x = 0, this implies that the first
order derivative is null, i.e.
9V (t,0) =0, (21a)
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which means that the condition in variance at the boundary = = 0 follows a Neumann
condition.

For the anisotropy, the Neumann condition on the variance,Eq. (21a), implies that
the metric tensor g(t,z) = E {(815)2] (t,x) simplifies as g(t,0) = ﬁE (8xe(t70))2]
Then the Neumann condition on e, dze(t,0) = 0 i.e. implies that the condition for
the metric is a Dirichlet condition,

g(t,z=0)=0. (21b)

Note that the later Dirichlet condition for the metric translates as the singular condition
in aspect tensor, s(¢t,0) = o0, which makes appears that forecast step of the PKF
written in aspect tensor is not well defined, and that is is preferable to consider the PKF
as written in variance/metric tensors.

Hence, the Neumann condition for a 1D domain translates for the PKF as a Neu-
mann condition in variance and a Dirichlet condition in metric. This extends to a 2D
or 3D domain 2 where this time the Neumann condition for the variance states as a null
flux along the normal direction of the frontier 92 of the domain. The Dirichlet condi-
tion for the metric reads equivalently g(¢,x) = 0 for x € 912, but a weaker condition
could be introduced where the tangential components of the metric at the boundary are
not zero (not addressed here).

Now that the boundary conditions for the PKF have been theoretically specified
for the Dirichlet and the Neumann conditions, a numerical validation as well as a com-
parison with the usual EnKF approach is introduced. But to do so, it is necessary to spec-
ify an appropriate setting for the boundary of the EnKF, as discussed in the next sec-
tion.

4 Specification of the BCs for EnKF simulations

The numerical validation of the PKF prediction, applied for bounded domains, is
performed by considering an ensemble of forecasts approach. Compared to the PKF sim-
ulation, an ensemble approach relies on the computation of an ensemble of forecasts which
requires an appropriate specification of the initial and boundary perturbation. In the realm
of data assimilation applied to limited area models, the perturbation at the boundary
often comes from an ensemble of global forecast e.g. forecast computed on the sphere
for weather forecasting.

In the validation framework considered here, an appropriate specification of the bound-

ary perturbation is needed so to compare to the PKF. This constraint of validation im-
plies to introduce a way to specify the variance and the time-scale of the perturbation
at the boundary in 1D domain in such a way that the perturbation of the initial condi-
tion (in space) are smoothly connected to the perturbation at the boundaries (in time).
Indeed, to be representative to radiation belts dynamics, the boundary conditions have
to be strongly dynamic over time. This is a constrain we take great care to analyze in
order to test the PKF robustness to such an environment.

Generating a set of perturbations with such properties is achieved by sampling a
multivariate normal distribution. The covariance matrix associated with the multivari-
ate distribution contains the variance and the length-scales for the perturbation of the
initial condition as well as for the perturbation of the boundary conditions.

Note that ensemble forecasting under Neumann boundary conditions, corresponds
to an initial value problem where each member is integrated from an initial condition
that verifies the Neumann conditions. Hence, the main difficulty encountered is how to
specify the auto-correlation time scale of the perturbation at the boundaries for Dirich-
let conditions.

—10-
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In what follows, the specification of the time auto-correlation is first presented for
an arbitrary evolution equation, then it is applied for the transport and for the diffusion
equation.

4.1 Specification of the auto-correlation time-scale of the BC perturba-
tions for ensemble of forecast

The problem faced here is that, with boundary conditions being time-series, the
scale in the covariance matrix used to generate the set of perturbations is a time-scale.
However, the metric tensor g, is related to the spatial length-scale of the perturbation
as denoted by the index ... In order to specify the boundary condition of the metric ten-
sor field, we need to find an equation linking, on the boundaries, the spatial metric ten-
sor g, with the time-scale used to generate the perturbation.

Similarly to the spatial metric tensor Eq. (10), the temporal metric tensor g4 that
characterize the auto-correlation of a smooth centered random field, 7(t), depending on
the time, and of variance V, () = E [n(t)?], is defined by

st =2 [0 (705 ) o () #

This temporal metric tensor is directly related with the time-scale of the perturbation.

In 1D g4 = # with L; the auto-correlation time-scale.
t

Without loss of generality, the boundary = 0 is considered, and the goal is to
characterize the temporal metric tensor g«(t,x = 0). If n(¢t) denotes the random er-
ror at = 0, then by continuity, the error and the random forcing verify e(t,x = 0) =
n(t). Then, it results that the variances verify V,,(t) = V(t,2 = 0), and the temporal
metric tensor reads as

8t »=0(t) = E[Oie(t,x = 0)0ee(t,x = 0)], (23a)

where e = ¢/+/V is the normalized error associated with the spatial error e. While
Eq. (23a) only holds at the boundary = = 0, the spatio-temporal smoothness of ¢ im-
plies a link between the temporal metric at the boundary and the spatial metric within
the domain, which results from the dynamics of the error Eq. (2) at z = 0: dse(t,x =
0) = M(e, de)(t,z = 0). In particular, the temporal metric reads as (see Appendix
B)

gn = < {(M(Eﬁ, 5(5\/;)))1 V), (23h)

_ 1
0V vz

2
where the terms E {(/\/1 (eVV, 8(6W))> } and 0;V can make appear the spatial met-
ric field g,, at z = 0.

One pitfall is that equation Eq. (23b) may be complicated, and can contain unknown
terms such as E [z—: fﬁis f] encountered for the heterogeneous diffusion dynamics in sec-
tion 2.3.2. The next two sub-sections will detail the link between the temporal and the
spatial metrics for the transport and for the diffusion.

4.2 Dirichlet BC for ensemble forecasting of the positive velocity trans-
port equation

To illustrate the relation between the temporal and the spatial metric tensor, the
transport equation Eq. (15) is now considered.

Following the theoretical derivation of the temporal metric Eq. (23b), the compu-
tation using SymPKF leads to the relation between the auto-correlation time-scale of
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the boundary perturbation and the spatial error anisotropy tensor that reads as

u? (0, V,)? IRLAAY CASS

42 212 42 (24)

Ge,tt mjo uzgc,zm +
This spatio-temporal consistency for the temporal and spatial statistics is difficult to in-
terpret physically without approximations. However, under the assumptions of local ho-
mogeneity (9,V. = 0) and of stationarity for the variance 9;V, = 0), Eq. (24) reads
as
u290,zx7 (25)

which is physically interpretable since Eq. (25), written in time-scale and length-scale,
reads as Ly = %: the usual rule relating time and space in a transport. Later, the
numerical investigation will consider Eq. (25) as an approximation of the true time-scale
even when assumptions leading to Eq. (25) are not verified.

tt =
Ye, z=0

Note that Eq. (25) can be obtained when considering that the dynamics of the vari-
ance Eq. (16b) applies at the boundary, leading to replace the trend of the variance by
0¢Ve = —u0; Ve in Eq. (24) so to obtain Eq. (25).

To conclude this paragraph, the ensemble forecasting under Dirichlet boundary con-
ditions and applied to the transport equation, remains to populate an ensemble of bound-
ary perturbations with a prescribed temporal variance and an auto-correlation time scale
given by Eq. (25).

We proceed in the same way for the diffusion equation.

4.3 Dirichlet BCs for ensemble forecasting of the diffusion equation

To continue going towards more and more realistic modeling, the heterogeneous
diffusion equation Eq. (17) is now considered to compute the spatio-temporal link Eq. (23b)
in the diffusion case.

Form a derivation detailed in Appendix C, the auto-correlation time scale of bound-
ary perturbation can be related to the spatial error correlation length-scale by the proxy

gru(t,x) =~ 3D(x)2gf,m(t,x). (26)

Note that Eq. (26) is an equality when the variance and the diffusion fields are homo-
geneous, and when the variance is stationary at the boundary.

To conclude this paragraph, the ensemble forecasting under Dirichlet boundary con-
ditions, and applied to the diffusion equation, remains to populate an ensemble of bound-
ary perturbations with a prescribed temporal variance and an auto-correlation time scale
given by Eq. (26).

We are now ready to validate the PKF approach from an ensemble validation de-
signed to produce desired error statistics.

5 Numerical investigation

The goal of the numerical investigation is to validate the PKF on a bounded do-
main as well as the equations developed in Section 4, by comparing the PKF dynamics
with an ensemble simulation.

5.1 Setting for the numerical experiments

For this investigation three different settings are considered. All experiments take
place on a 1D bounded domain z € [0, A]. For the first one, the transport equation
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Figure 1: Heterogeneous velocity field considered for the numerical simulation of the
transport dynamics.

Eq. (15) is considered with Dirichlet boundary condition at = 0 and free boundary
at x = A. For the second setting, the heterogeneous diffusion equation Eq. (17) is con-
sidered with Dirichlet boundary conditions at both boundaries x = 0 and x = A. For
the third setting, the same diffusion equation is considered but this time with Neumann
boundary conditions at x = 0 and x = A.

The transport and the diffusion being linear, the dynamics of the mean is the same
for the PKF and for the EnKF. Hence, without loss of generality, to focus on the vali-
dation of the error statistics, the mean state is not considered in the following (the reader
can consider the mean state as constant). Then, the ensemble of forecast is equivalent
to the forecasts of an ensemble of perturbations (ex)rep,n.], With appropriate boundary
conditions.

Each time the variance, Eq. (16b) and Eq. (19b), and anisotropy tensor, Eq. (16¢)

and Eq. (19¢), produced by the PKF dynamics are compared with the variance and anisotropy

tensor diagnosed from an ensemble of N, = 6400 forecasts.

The domain is discretized in n = 241 grid points and the spatial derivative op-
erator 0, is discretized with a centered finite difference scheme leading to a second or-
der of consistency. The temporal discretization scheme varies with each experiment and
is detailed in each sections.

5.2 Application to the transport equation

In this experiment setting, the transport equation Eq. (15) is considered. The ve-
locity wind for the simulation is set as the heterogeneous stationary field u(z) =1+
1 sin(2z) shown in Fig. 1.

The temporal discretization scheme used for the ensemble simulation as well as the
PKF dynamics is a Runge-Kutta scheme of order 4 with a fixed time-step dt ~ 4.1072.
The simulation is conducted from time ¢ = 0 until t.,,q = 27,4, with the advection
time scale T4, = A

Umazx

In order to generate a coherent set of perturbations for the ensemble simulation
i.e. an initial condition and a boundary condition that are smoothly connected, an ex-
tended domain [—u(0)tenq, A] is created from the union of the physical domain [0, A] and
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Figure 2: Sample of a generated perturbation
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Figure 3: Comparison of the forecast-error variance (left column) and normalized length-
scale (right column) fields dynamics for the heterogeneous advection equation on a 1D
bounded domain with Dirichlet boundary conditions at * = 0 and open boundary condi-
tion at x = A. The results are shown for times ¢t = 0, ¢t = 0.25T,qy and ¢ = 1.5T 4y
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Figure 4: Time evolution of the forecast-error variance (a) and normalized length-scale
(b) at = 0.5A, for the advection equation with Dirichlet boundary conditions.

the time window [0, t.pq4] brought back to a virtual physical extension of the domain by
multiplying with —u(0).

Then on this extended domain a variance field, V; and a length-scale field L are
defined which will be used to generate the perturbations. For this experiment the fields
Vo and Ly, that constitute the PKF initial and boundary conditions, are set as follows.
The initial variance is set homogeneous and equal to 1 over the physical domain Vp(t =
0,2) = 1 and the boundary variance is set to the periodical function Vy(¢t,x = 0) =
g — icos(TQ—’Tvt). Like for the variance, the initial length-scale is set homogeneous and
equal to 10% of the domain length Lo(t =0,2) = L, = 0.1A and the boundary length-
scale is set to the periodical function Lo (¢, z = 0) = 0.1A(2 + %cos(%t)).

This setting for the variance and the length-scale is chosen so to represent a typ-
ical behaviour encountered in numerical weather forecasting, where large scale are more
predictable than small scales, which is also the case in radiation belts dynamics forecast-
ing.

Using Eq. (13) and the relation between the length-scale and the anisotropy ten-
sor in 1D, sg = L3, the covariance matrix, Py = P(Vp, s0), is defined from which the
spatio-temporal perturbations are sampled for each k as e, = P(l)/ QCk, where (j is a
sample of a centered and normalized Gaussian random vector, and where P(l) ? stands
(1)/2 P(l)/2 T. The square root P(l)/2 has
been computed from the singular value decomposition of the matrix Py.

for the square root matrix of Py, i.e. Po =P

An example of a perturbation sample is presented in Fig. 2 where the temporal evo-
lution e(t,z = 0) is shown in panel (a) while the initial condition within the domain,
e(t = 0,x) is given in panel (b). Note that the time axis in panel (a) has been inverted
so to facilitate the understanding. The blue dots corresponds to the value of the sam-
pled error field e at t = 0 and z = 0.

The figure Fig. 3 shows both variance and length-scale fields that are computed from
the PKF and the ensemble simulations and compared at three different timestamps. The
first panels (a) and (b) respectively show the variance and the length-scale normalized
by Ly at initial time. As prescribed, the initial variance is homogeneous and equal to
1. The initial length-scale is also homogeneous and equal to Lj. The panels (c) and (d)
present the evolution at time ¢ = 0.25T,4,. As expected the variance (the length-scale)
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increases (decreases) according to the specified boundary condition close to z = 0 (red
dot). The length-scale is also modified over the whole domain, this is the effect of the
velocity gradient of the term 2s, ,,0,u in Eq. (16¢). Since the velocity field is positive,
the variance and the length-scale are transported to the right of the domain. Finally, pan-
els (e) and (f) show the fields at time ¢ = 1.5¢44,. The information injected by the
boundary condition at x = 0 has reached the other side of the domain unscathed for
the variance and length-scale fields.

In order to strengthen these results, we show in Fig. 4 the evolution through time
of the fields for the middle point in the domain x = 0.5A. As expected, the variance
in panel (a) remains constant until the information from the boundary condition arrives,
where oscillations start, following the prescribed sine shape of the boundary condition
shifted in time. In panel (b), the length-scale follows the same kind of dynamic except
that the length-scale varies from ¢t = 0 to t = 0.57,4,, a variation that is not due to
the boundary condition but to the heterogeneity of the wind field. Note that ensemble
estimation of the variance and of the length-scale are subject to some sampling noise even
with the large ensemble size N, = 6400.

Overall, this simulation shows no numerical artifact and the PKF and EnKF fore-
casts overlap perfectly. Moreover, the continuous and differentiable error statistics of the
EnKF statistics shows that the generated duets of errors for the initial condition and bound-
ary condition have been appropriately specified.

These results validate that the specification of the PKF boundaries proposed in Sec-
tion 3.1 is correct when applying Dirichlet condition in a transport dynamics. Moreover
it also validates the specification of the perturbations Eq. (25), introduced in Section 4,
for the ensemble validation to build prescribed error statistics.

Note that, this example has also shown the ability of the PKF to apply for open
boundary condition.

Now, we validate the PKF boundary conditions applied for a diffusion equation.

5.3 Application to the diffusion equation

In this experiment setting, the heterogeneous diffusion Eq. (17) is considered. The
temporal discretization scheme used for the ensemble simulation is a backward Euler scheme
(implicit Euler method) with a fixed time-step dtpg ~ 2.10~%. For the PKF dynam-
ics we used a Runge-Kutta scheme of order 4 with a fixed time-step dtrx4 ~ 5.102_6.

The simulation is performed from time ¢ = 0 to tepg = 1.2Tq;¢ with Tgig =
the time scale of the diffusion of a half-domain.

A
4Dmax

The diffusion coefficient for the simulation is set as the heterogeneous stationary
field D(z) =1+ ﬁ with A(x) = sin(rx)(1 + 1)® where Ay = Max, A(zx), and is
shown in Fig. 5. This diffusion field reproduces the kind of diffusion encountered in the
dynamics of radiation belts in order to evaluate the ability of PKF to solve this prob-
lem.

5.3.1 Dirichlet boundary conditions

To generate a coherent set of perturbations for the ensemble simulation, the same
technique described in Section 5.2 is considered except that both boundaries at x =
0 and = = A are subject to Dirichlet conditions. The extended domain considered is

[ /D(0)tona, 0] U0, A] U A, A + /D(A)funal.

This time, the parameters considered for the simulation and ensemble generation
are as follows, the initial variance is set to the linear function Vy(t = 0,z) = 1+ %33
and the initial length-scale is set homogeneous and equal to 10% of the domain length
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Figure 5: Heterogeneous diffusion coefficient generated for the experiment

Lo(t =0,2) = L, = 0.1A. For the left boundary condition at = 0, the variance and
the length-scale are stationary set equal to 1 and Ly, respectively i.e. Vp(t,x = 0) =

1 and Lo(t,z = A) = L. For the right boundary condition at x = A, the variance
and the length-scale are stationary set equal to 4 and Lj, respectively i.e. Vo(t,x = A) =
4 and Lo(t,2 = A) = L. From this specification, an ensemble of perturbations has
been populated following the same procedure, e = Pé/ 2@, as detailed in Section 5.2.
The resulting perturbations are similar to the ones shown in Fig. 2 for the advection, ex-
cept that there is a right extension of the domain in addition of the left extension for the
advection (not shown).

The comparison between the PKF and EnKF predictions at different time steps
are shown in Fig. 6. The first panels (a) and (b) are coherent with the specification of
the initial condition for both the EnKF and the PKF. Panels (¢) and (d) show the evo-
lution of the variance and length-scale at t = 0.27T4;g.

Due to physical diffusion, far from the boundaries e.g. at the center of the domain,
the magnitude of the error is expected to decrease over time with an attenuation of the
variance, while the length-scale should increase; and at the boundaries the uncertainty
should remained as specified by the Dirichlet conditions. This is precisely the behaviour
observed for both the EnKF and the PKF, at the center of the domain and at the bound-
aries where the Dirichlet condition imposes fixed values for the variance and the length-
scale on both sides of the domain.

However, panel (d) shows a noticeable gap between the length-scale computed by
the PKF and the one estimated from the ensemble. This gap can be due to the closure
Eq. (18) but it has a limited impact on the variance field (panel ¢) which makes appear
that the PKF prediction of the variance is an accurate proxy for the EnKF estimation.

On the last panels (e) and (f), the variance and the length-scale settle down and
the values predicted by the PKF are close to the values computed from the ensemble ex-
cept for the error observed between the length-scale fields in the middle of the domain.
As seen in Fig. 7, the variance and length-scale are close to the permanent regime at t =
1.2T4;¢ showing that the PKF well performed even over a significant time period.

To conclude, this experiment has confirmed the specification of the Dirichlet bound-
ary conditions of Section 3.1 for the PKF applied to a heterogeneous diffusion equation.
It has shown the ability of the PKF to accurately approximate the uncertainty dynam-
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Figure 6: Comparison of the forecast-error variance (left column) and normalized
length-scale (right column) fields dynamics for the heterogeneous diffusion equation

on a 1D bounded domain with Dirichlet boundary conditions, and shown at times ¢t = 0,
t= O.QTdiff and t = 1.5Tdiﬂ‘.
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Figure 7: Time evolution of the forecast-error variance (a) and normalized length-scale
(b) at = 0.5A, for the diffusion equation with Dirichlet boundary conditions.
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Figure 9: Forecast-error metric field for the heterogeneous diffusion equation on a 1D

bounded domain with Neumann boundary conditions, shown at times ¢t = 0, t = 0.2T g

and t = 1.2Tdiﬂ‘.

ics as diagnosed from the EnKF but at a lower cost corresponding the price of two time
integration compared with the 6400 integrations needed for the ensemble. Another re-
sult is that the simulations also validate the theoretical derivation of the time-scale set-
ting Eq. (26) needed to obtain a specific length-scale at the boundaries.

We end the numerical validation by considering the Neumann conditions applied
to the heterogeneous diffusion equation.

5.3.2 Neumann boundary conditions

As above mentioned in Section 4, compared with the Dirichlet, the Neumann con-
ditions are simulated in an ensemble of forecasts, as an initial condition problem with-
out perturbation at the boundaries. The problem is then to produce an ensemble of ini-
tial conditions that verify the Neumann conditions.

To do so, a covariance model based on a homogeneous pseudo-diffusion equation
has been considered (Weaver & Courtier, 2001). The terminology pseudo means that the
diffusion is not physical but only a tricky way to create large covariance model as used
in variational data assimilation. In particular the square-root covariance P(l)/ 2 resulting
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(right column) fields dynamics for the heterogeneous diffusion equation on a 1D bounded
domain with Neumann boundary conditions, and shown at times ¢t = 0, t = 0.2T4;¢ and
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0.5A, for the diffusion equation with Neumann boundary conditions.
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from the integration of the pseudo-diffusion equation reads as the linear operator
P)/? = TWL, (27)
where L = €349 is the propagator associated with the diffusion equation

Oru = KOu (28)

1

of pseudo-time 7, integrated from 7 = 0 to 7 = 5, and using Neumann conditions at

the boundaries (Mirouze & Weaver, 2010); W is a diagonal normalisation so that WL(WL)T

is a correlation operator ; and X is a diagonal matrix of standard deviations, so that the
spatial variance field is the linear profile with Vp(¢t = 0,2 =0) = 1 and V,(t = 0,2 =
A) = 4. Note that the pseudo-diffusion coefficient k is related to the length-scale [ of
the correlation functions as to x = [?/2 (Pannekoucke & Massart, 2008). For the nu-
merical application, I, = 0.1A.

Again, an ensemble of initial conditions are populated from the square-root Eq. (27),
e = P(l)/ 2@, where (i, is a sample of centered Gaussian random vector. Fig. 8 shows
some samples of the normalized error resulting from Eq. (27) i.e. e, = WL(. As it
is expected, the normalized error are plate at the boundaries (red arrows pointing toward
the interior of the domain). The resulting anisotropy diagnosed from the ensemble of ini-
tial condition ¢ = 0 leads to the metric field shown in Fig. 9 (in blue but super-imposed
by the orange line). As expected, far from the boundary, the metric is homogeneous equal
to g = 1/1% i.e. near x = 0.5A, but oscillates near the boundaries to reach a value of
zero at the boundaries. The oscillations is due to the constraint of symmetry of the co-
variance matrix (Pannekoucke et al., 2018).

As discussed in Section 3.2, for Neumann conditions the PKF dynamics is solved
following its metric formulation, which is given by Eq. (20) for the physical diffusion equa-
tion Eq. (17). For the numerical validation of the Neumann BCs, the initial condition
for the PKF is the variance field of linear profile shown in Fig. 10-(a) and the experiment
metric field diagnosed from the ensemble of initial conditions shown in Fig. 9 for ¢t =
0 (orange line, superimposed to the blue line of the EnKF diagnosis).

The PKF dynamics is computed and the results are compared with the ensemble
of forecasts of the heterogeneous diffusion equation Eq. (17) and Neumann conditions
on both sides. The results are shown in Fig. 9 for the variance and the length-scale (com-
puted from the inverse of the metric), and in Fig. 9 for the metric. The results are shown
for times of interest selected from the time evolution reproduced in Fig. 11 where a re-
laxation toward a stationary state of uncertainty appears.

As expected for a diffusion, the variance decreases along the time, while the length-
scale increases. Note that for Neumann condition, the variance at the boundary also de-
creases while it was constant in the Dirichlet condition. For the ensemble estimation, the
length-scales at the boundaries (blue lines in panel (b-d-f) ) are large but finite where
it is expected to be infinite: this is due to the numerical estimation of the length-scale
deduced from Eq. (12), while the metric remains zero at the boundaries during the sim-
ulation (see Fig. 9 the red dots).

Compared with the EnKF diagnosis, the PKF perform well by reproducing the same
behaviour of the uncertainty dynamics as for the EnKF, except that the length-scale pre-
dicted from the PKF underestimates the length-scale diagnosed from the ensemble. How-
ever, the very large length-scale values, larger than the domain size A, as diagnosed from
the ensemble is subject to the limitation of the numerical computation of Eq. (12) for
large correlations that can present a positive bias (Pannekoucke et al., 2008). Moreover,
the large length-scale of the EnKF can also be influenced by model error (Pannekoucke
et al., 2021). Because of these limitations, it is not certain that the EnKF reproduces
the true dynamics of the uncertainty for these extreme values of the length-scales, while
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it is considered as the reference. Hence, the discrepancy between the PKF and the EnKF
reference, may not be due to a defect of the PKF that could be better than the ensem-
ble estimation here.

To conclude, this experiment has confirmed the specification of the Neumann bound-
ary conditions of Section 3.2 for the PKF applied to a heterogeneous diffusion equation.
It has shown the ability of the PKF to accurately approximate the uncertainty dynam-
ics as diagnosed from the EnKF but at a lower cost corresponding the price of two time
integration compared with the 6400 integrations needed for the ensemble.

This ends the validation of the specification of the boundary conditions for the PKF.
The summary of the results obtained in the paper as well as the perspective of the work
are given in the following section of conclusion.

6 conclusion

This work contributed to explore the parametric Kalman filter (PKF), that is a re-
cent approximation of the Kalman filter proposed for application in large systems. The
parametric approach investigated here consist to approximate the forecast-error covari-
ance matrix by a covariance model parameterized from the variance and the anisotropy.
The anisotropy can be specified in term of metric tensor or its inverse, the aspect ten-
sor, that is the square of the length-scale in 1D domains. The PKF dynamics describes
how the mean, the variance and the anisotropy evolve in time, leading to a low cost pre-
diction of the error statistics that is the full covariance propagation in the Kalman fil-
ter or an ensemble of forecast in the ensemble Kalman filter approximation.

In this contribution, we proposed how to specify the error statistics at the bound-
ary of a domain when considering a PKF forecast of the uncertainty. We detail here prag-
matic solutions for large systems with strong variability at their domain’s edge, such as
atmospheric weather and radiation belts ”weather”.

Two kind of boundaries have been considered, the Dirichlet and the Neumann con-
ditions depending on the dynamics. We obtained that the Dirichlet condition for the dy-
namics translates for the PKF dynamics as Dirichlet conditions for the variance and the
metric or the aspect tensor. For Neumann conditions, the PKF conditions are Neumann
for the variance and Dirichlet for the metric, and the formulation of the PKF in metric
is more adapted than in aspect tensor which would required infinite boundary conditions.

The theoretical specification of the boundary conditions has been tested and val-
idated for two important dynamics: the transport and the diffusion equation. Both dy-
namics are important for weather forecasting, air quality or radiation belt dynamics, which
are some of the problems we are interested in.

To validate the specification of the boundary conditions and to evaluate the accu-
racy of the PKF to predict the dynamics of the uncertainty, a numerical test-bed has
been considered in a 1D domain for the advection and the diffusion equation. An ensem-
ble of forecast has been considered as a reference, where appropriate time-scale for the
perturbation of the boundaries have been proposed in this paper for Dirichlet conditions
and dependent on the dynamics. For both the advection and the diffusion, the PKF has
been shown able to reproduce the uncertainty dynamics diagnosed from the ensemble
of forecast. This indirectly validates the time-scale introduced to create the boundary
perturbations introduced for the ensemble of forecast, and constitutes a contribution to
the ensemble methods while it is not needed for the PKF.

In particular, it appears that the specification of boundary conditions in the PKF
is much easier than for the EnKF, that needs perturbations of the boundary for Dirich-
let conditions or plate error at the boundary for Neumann conditions. While in practice,
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EnKF applied for bounded domains often relies on ensemble computed on larger domain
e.g. in weather forecasting, in some applications, no such larger simulation is available
e.g. in radiation belts forecasting. As already demonstrated for the understanding of the
model error covariance, the PKF approach provides new tools to better understand and
modeled the dynamics of uncertainty that is of interest not only for the PKF itself, but
also for the widely used ensemble methods.

The next step will be to study the BC conditions for domains of larger dimensions,
where we expect some changes e.g. non-zero components of the metric tensor along the
tangential direction to the boundary in Neumann conditions.

We can mention that the dynamics of the uncertainty for bounded domains can
be of importance in variational data assimilation or observation targeting applied for lo-
cal area models, that could be another topics to investigate with the PKF.

Beyond these challenging topic, we can mention that the results in 1D should al-
ready found important applications e.g. in the dynamics of uncertainty in the bound-
ary layer for air quality, wild-land fire predictions or atmosphere-ocean coupling.

Appendix A Closure of the PKF Dynamics for the diffusion equation

The computation of the PKF dynamics for the diffusion equation Eq. (17), with
SymPKF, leads to the dynamical system

of = Daif +0: DO, f, (Ala)
2
vy = —22% | pary, - DO:Vy)” | 8,D8, V7, (A1b)
Sf.axx 2Vf

6tsf,m = 2DS%$$E (Efa;laf) — 3D658f,m; — 2D+
6D ((')Isfm)Q 2D8f,xI8£Vf + DaIVfagCSf,mx +

Sfax Vy Vi
2D f pw (0:V})? d2

il EEACCAS VI PR U
V2 Faz g2

f
2 xrx fL"D T
20, DOy S 400 — w (Alc)
fi

where this time the term E [e703¢¢] is not determined from f, Vy and sj 4,. This dy-
namics can be closed considering the closure Eq. (18).

Appendix B Specification of the temporal metric tensor for evolution
equations

This section details the link between the temporal metric Eq. (23a), g = E [0;e0:¢],
and the dynamics of the error. Since the trend of the normalized error reads as

1 1

atE = ﬁ&ge — We@ﬂ/, (Bl)
then the temporal metric tensor writes as
1 2 1 1 2
g = TE [(91)*]| = T5Eledre] 0V + Tz E 6] (V)7 (B2)

However, we recognize the expression of the variance V =E [62] and its trend, Eq. (14a),
so that the temporal metric simplifies as

gu = FE[00)] - i V) (B3a)
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Introducing the trend of the error Eq. (2) and by definition of € = ¢/+/V, the tempo-
ral metric reads as

i = %E {(M(sﬁ,@(eﬁ)))j = 4—‘1/2 (B, V)2. (B3b)

Appendix C Time auto-correlation boundary condition for the diffu-
sion equation

The computation of the time auto-correlation metric Leverages on SymPKEF. For
the diffusion equation, SymPKF leads to

D2g 002V,
9f,220z f+
Vi
2
D26rvfaacgf,.mc + 3D2.gf,3:x (8TVf)2 D2 (892:Vf)
2 2
Vi 2V} AV7
_ D*(9.Vy)?02Vy | D*(3.Vp)"*
g 16V}
Dgs2:0:D0:Vy | DopendiVs | DO, D8, V;02Vy
Vy Vy 2V¢
_ D3V;02V;  DO,D(9,Vy)° L Doy (8, V)
2V7 v} 43
(02D)% (0:V5)?  0:D0;V;0,Vy
V3 2V7

gpue = D’E (e405ey) +2D02gf 20 —

9f,xx (awD)2 +

(0Vy)?
4Vf2 '

Considering the analytical closure Eq. (18) for the unclosed term E (£703¢y), the cor-
respondence writes as

(C1)

Vi Vi
2
3D?g) 2z (0:V5)” R CAYIN o CADKAY

2 2 3
2V7 AV7 4V
D2 (9,Vy)" Dy} 220, D0, Vy
= | D0, DOy + LT T
w6vi 9fe + 7
Dgf,zasatvf + DazDag;Vfain
Vy 2V7
DO,V;02Vy  D,D (9,V;)* . Doy (8.V5)?
- 2 - 3 3
2V 4V 4V
(0:D)° (0:V1)*  0.D0V;0:Vy | (0iVy)°
4vy 2V} 4V

gttt = 3D2912f,m - +

9fxx (axD)Q +

(C2)

The latter expression being quite complex, simplifications are introduced. First the vari-
ance field is assumed locally homogeneous at the boundary i.e. 9,V¢(t,z = 0) = 0,
so that Eq. (C2) simplifies as

Dy 200V,
9p.0 = 3D%¢% .o + DO, DOgy 10 + %—F
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Then, if the variance is moreover assumed stationary, then Eq. (C3) becomes
gf.tt = 3D29J2‘,Im + DamDargf,mr + 9f.xx (aaclj)2 . (04)

Eventually, then the diffusion coefficient field is homogeneous, then the spatio-temporal
connection between the temporal metric and the spatial metric reads

gftt = 3D29f,:vm~ (05)

While Eq. (C5) is a particular case, this equality is considered as a proxy for setting the
auto-correlation time scale of the boundary perturbation even when the variance and the
diffusion fields are heterogeneous.

Note that another expression for the spatio-temporal consistency Eq. (C2) can be

obtained when first considering the dynamics of the variance given by Eq. (19b), lead-
2

ing to replace the trend of the variance by 8;Vy = —2DV3g¢ o + D2V — % +

0. D0, Vs, so that Eq. (C2) simplifies as

D?9,Vd.g
=2D?g> — ek
gt 9fax T V -
D2 . xx 8IV ’
gf’V];f) + DazDaIgf’f””Jr
f, vV Lt 9pae (8.D)*, (C6)

from which the assumption of local homogeneity at the boundary i.e. 0,V (t,z =0) =
0, leads to
9500 = 2D%6% 1o + DO, DOy G vw + Gf.ow (02D)° . (C7)

When the diffusion field is constant, then the time auto-correlation metric is related to
the space auto-correlation metric by

9s.et = 2D*gf 0z, (C8)
which is a different result from Eq. (C5).

It is not clear whether the appropriate consistency should be given by Eq. (C5) or
Eq. (C8) i.e. if it is right to replace the trend of the variance Eq. (19b) in the consistency
relation Eq. (C2).

From numerical experiment, it appears that setting the time auto-correlation of bound-
ary perturbation with Eq. (C5) in the EnKF is in agreement with the PKF results. This
suggests that taking into account the trend of the variance would lead to a kind of over-
specification of the boundary condition for the diffusion equation in an EnKF approach.

Appendix D Open Research

V1.0 of the Boundary conditions for the parametric kalman filter forecast software
used to compute and analyze the numerical experiments presented in this paper is pre-
served at 10.5281/zenodo.7193985 and developed openly at https://github.com/opannekoucke/pkf-
boundary. Sabathier et al. (2022)
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