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Abstract

During the 2019/2020 bushfire season in Australia a rising plume, which had record concentration of smoke in the lower

Stratosphere, was generated by the intense wildfires in southeast Australia. In this paper, we use the atmospheric wind

reanalysis model ERA5 to characterize the three dimensional atmospheric transport in the region following a dynamical system

approach in the Lagrangian framework. Aided by the Finite Time Lyapunov Exponent tool (FTLE) we identify Lagrangian

Coherent Structures which simplify the three-dimensional transport description and make possible the characterization of the

smoke plume evolution. Different reduced FTLE formulations are compared to study the impact of the vertical velocity and the

vertical shear on the movement of the plume. Several examples of the LCS geometries are described and we show the presence of

3D lobe dynamics at play. Also, we unveil the qualitatively different dynamical fates of the smoke parcels trajectories depending

on the region in which they originated.

Transport paths obtained with the inclusion of the buoyancy effects are compared with those obtained considering only the

reanalysis velocity.
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Abstract15

During the 2019/2020 bushfire season in Australia a rising plume, which had record con-16

centration of smoke in the lower Stratosphere, was generated by the intense wildfires in17

southeast Australia. In this paper, we use the atmospheric wind reanalysis model ERA518

to characterize the three dimensional atmospheric transport in the region following a dy-19

namical system approach in the Lagrangian framework. Aided by the Finite Time Lya-20

punov Exponent tool (FTLE) we identify Lagrangian Coherent Structures which sim-21

plify the three-dimensional transport description and make possible the characterization22

of the smoke plume evolution. Different reduced FTLE formulations are compared to23

study the impact of the vertical velocity and the vertical shear on the movement of the24

plume. Several examples of the LCS geometries are described and we show the presence25

of 3D lobe dynamics at play. Also, we unveil the qualitatively different dynamical fates26

of the smoke parcels trajectories depending on the region in which they originated. Trans-27

port paths obtained with the inclusion of the buoyancy effects are compared with those28

obtained considering only the reanalysis velocity.29

1 Introduction30

The measuring and understanding of air pollutant transport is a challenge due to many31

factors, including the complexity of atmospheric winds, finite size of the pollutant particles,32

or chemical composition of the pollutant (Harriss et al., 1984; Evangeliou et al., 2020; von33

Schoenberg et al., 2021). A variety of processes acting on different scales are needed to34

be modeled with high resolution and accuracy throughout an extensive geographic domain35

in order to predict a movement of a pollutant plume in the atmosphere. The analysis of36

individual trajectories is sensitive to small errors in velocity forecasts, for that reason it is37

a common practice to instead rely on statistical techniques or dynamical systems analysis38

to understand the underpinnings of transport. Lagrangian Coherent Structures (LCS) - a39

concept introduced by Haller and Yuan (2000)- are material curves or surfaces that delineate40

the evolution of any advective tracer over a time interval of interest. Hence, they act41

as transport barriers and shape both local and global transport. There are several tools42

to approximate LCS such as Finite-Size Lyapunov Exponent (FSLE)(Artale et al., 1997;43

Aurell et al., 1997), Lagrangian descriptors (Mancho et al., 2013; Lopesino et al., 2017;44

Garćıa-Garrido et al., 2018), trajectory complexity (Rypina et al., 2011), spectral clustering45

(Hadjighasem et al., 2016), Objective Eulerian CS (Serra & Haller, 2016) and other methods46

(Rypina & Pratt, 2017; Schlueter-Kuck & Dabiri, 2017; Mezić et al., 2010; Haller & Beron-47

Vera, 2012; Farazmand & Haller, 2012; Haller et al., 2016, 2018). We will use the Finite48

Time Lyapunov exponent (FTLE)(Haller & Yuan, 2000; Haller, 2002) because it is widely49

used, frame-independent, and easy to compute and interpret. Although FTLEs have been50

shown to produce false negatives for LCS in shear-dominated flows (Haller, 2015), this51

classical dynamical systems tool seems to work well in our application.52

The stratospheric circulation, chemical air composition, or radiative balance may be af-53

fected by the episodic events such as wildfires that generate an intense smoke patch (Solomon54

et al., 2022; Duncan et al., 2003; Khaykin et al., 2018; Yu et al., 2021; Stocker et al., 2021;55

Peterson et al., 2021). Thus, understanding the movement and evolution of a smoke plume is56

important for predicting and anticipating the local and global effects that it would produce.57

The 2019/2020 bushfire season in Australia was marked by several unprecedented events58

such as extreme positive phase of the Indian Ocean Dipole (IOD) (Ratna et al., 2021; Wang59

& Cai, 2020; Cai et al., 2009), associated with the suppression of precipitation over western60

Australia (Saji et al., 1999; Yang et al., 2015; Deb et al., 2020), or an unusually weak61

stratospheric polar vortex in the Southern Hemisphere during that period (Lim et al., 2019,62

2021) which could have lead to hot and dry weather over Australia. The Australian New63

Year (ANY) 2019 event caused a burn area of approximately 21% of Australia’s temperate64

forests (Boer et al., 2020). The fires were extremely large in scale and intensity (van der65
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Velde et al., 2021) and created a record concentration of smoke in the Lower Stratosphere66

(D’Angelo et al., 2022; Khaykin et al., 2020; Kablick et al., 2020) that was larger than the67

previous record in mid-August 2017 (Peterson et al., 2018) during the Pacific Northwest68

PyroCb Event (PNE). The largest smoke plumes exhibited a rapid ascent from the lower69

(around 15-16 km) to the upper stratosphere (altitudes above 31km) in less than two months70

(Khaykin et al., 2020) and have persisted for more than 15 months encircling a portion of71

the Southern Hemisphere and altering the dynamic circulation (Allen et al., 2020; Khaykin72

et al., 2020; Kablick et al., 2020; Peterson et al., 2021).73

We focus our study on three periods of time representative of the three phases of the74

smoke plume event: the start of the first pyroCb event start (later December); the time when75

the cloud reaches a highest concentration of smoke (early January), and near the end of the76

event almost two months later to see how the particles have persisted in the stratosphere77

(end of February). Following a Lagrangian approach, we are going to search for LCS in the78

southern Hemisphere atmosphere during the ANY2019 event.79

This paper is organized as follows. Section 2 describes the dataset used in our study.80

Section 3 shows a comparison of the FTLE in 2D and 3D. Results on the wildfire smoke81

plume movement in the atmosphere during the 2019/2020 Australian bushfire season are82

presented in section 4. Finally, Section 5 presents our conclusions.83

2 Data84

Our Lagrangian analysis is based on the ERA5 reanalysis dataset, the fifth generation of85

the European Centre for Medium-Range Weather Forecasts (ECMWF) atmospheric reanal-86

ysis produced by the global climate Copernicus Climate Change Service (C3C) (Hersbach87

et al., 2019). The ERA5 provides lateral wind velocity ~v (m/s), vertical velocity ω (Pa/s),88

geopotential, and temperature in 37 pressure levels from 1000hPa to 1hPa. The temporal89

resolution is one hour.90

The ECMWF provides the vertical velocity ω in Pa/s with negative values correspond-
ing to upward motion. To compute the vertical velocity in meters per second we use the
hydrostatic approximation which assumes that the horizontal scale is larger compared to
the vertical one, i.e.

ω = −ρgw (1)

where ρ is the density, g is the gravity, and w is the vertical velocity in m/s. Here, the91

density is related to pressure P and the temperature T through the equation of state of the92

ideal gases, P = RρT with R = 287.058 (m2/s2K−1).93

In order to track the movement of the real observed plumes of smoke in the strato-94

sphere we use the EOS Aura Microwave Limb Sounder (MLS) Level 2 standard product for95

geopotential height. The data version used is 5.0 (Schwartz et al., 2020). MLS provides96

day and night near-global (82◦S- 82◦N) measurement of vertical profiles of various atmo-97

spheric gaseous compounds geopotential height, and temperature of the atmosphere. The98

measurements yield around 3500 profiles per day for each species with a vertical resolution99

of approximate 3-6 km. Following Kablick et al. (2020), we use the information of the water100

vapor mixing ratio H2O, the collocated carbon monoxide mixing ratio CO and the geopo-101

tential height from the Microwave Limb Sounder (MLS) dataset. The plume is represented102

by the values that correspond to MLS profil H2O > 7 ppmv, CO > 50 ppbv and geopotential103

height between 15km and 35km.104

To study the spatial and temporal distribution of thermal anomalies during the Aus-105

tralian bushfire season 2019/2020 and to detect active fire locations we also use the Ozone106

Mapping and Profiler Suite (OMPS) Aerosol Index (AI) from NASA’s Fire Information for107

Resource Management System (FIRMS, 2022) and the Visible Infrared Imaging Radiometer108

Suite Fire data (VIIRS, 2022).109
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3 Lagrangian Methods110

We work in the Lagrangian framework, that is, we analyze stratospheric transport111

following pollutant parcels trajectories. We look for LCS which control the stretching and112

folding of the polluted air mass and separate regions where trajectories have qualitatively113

different dynamical fates. The method that we use to approximate LCS is the Finite Time114

Lyapunov exponent (FTLE) (Shadden et al., 2005; Haller & Yuan, 2000; Haller, 2002) which115

measures the exponential separation rate between initially nearby air parcels.116

Let x(t; x0) be a trajectory of an air parcel that starts at x0 at time t0 :

dx

dt
= v(x, t) (2)

where v(x, t) is the velocity vector field. Thus,

x = x0 +

∫ τ

t0

vdt.

Let F be the strain tensor given by

F =
∂x

∂x0
= I +

∫ τ

t0

∂v

∂x
· ∂x

∂x0
dt,

and G = F ᵀF be the right Cauchy-Green tensor. The FTLE is defined by

Λ(x0, t0; τ) =
log

√
λmax(G)

τ − t0
(3)

where λmax(G) is the maximum eigenvalue of the matrix G. Repelling LCS are defined117

as maximizing ridges of the FTLE field computed from forward trajectories (final time118

tf > t0), and attracting LCS are defined as ridges in the backward-time (tf < t0) FTLE119

field. The repelling and attracting LCS identified in this manner are proxies for the finite-120

time counterparts of the stable and unstable manifolds of hyperbolic trajectories from the121

classical theory of dynamical systems. Thus, FTLE field are usually considered as indicators122

of hyperbolic LCSs (Haller, 2001) despite they can produce both false positives, where123

separation is due to shear and not hyperbolic behavior, and negatives in LCS detection124

(Haller, 2002, 2011) even in simple two-dimensional steady flows (Haller, 2011; Farazmand125

& Haller, 2012). Despite this limitation, in our case FTLEs seem to be a useful tool that126

produces physically-relevant partitions of the domain.127

3.1 Validity of different formulations of FTLEs in the atmospheric flows128

In geophysical flows the full computation of the evolving 3D velocity field is challenging,129

and the vertical velocity, which is generally much smaller than the horizontal velocities, is130

often estimated as a diagnostic quantity (rather than prognostically solved as part of the131

equations of motion like the horizontal velocity components) and is thus less reliable. It is132

thus tempting to ignore w−velocity in the computation of FTLEs. However, as we show133

below, such approach leads to large errors in situations where vertical shear of horizontal134

velocity is large.135

In order to investigate the effects of the vertical velocity and vertical shear on the136

resulting FTLEs and LCS, following Sulman et al. (2013), we compare the reduced FTLE137

formulations given by the definitions:138

Case 1. 2D form of tensor G with trajectories from 2D, x = (x, y) ∈ R2, i.e.

FTLE2D =
log

√
λmax(G1)

τ − t0
with G1 = F ᵀ

1 F1 and F1 =

 ∂x
∂x0

∂x
∂y0

0
∂y
∂x0

∂y
∂y0

0

0 0 1

 (4)
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Case 2. Case 1 using 3D trajectories x = (x, y, z) ∈ R3, i.e.

FTLE2D3D
=

log
√
λmax(G2)

τ − t0
with G2 = F ᵀ

2 F2 and F2 =

 ∂x
∂x0

∂x
∂y0

0
∂y
∂x0

∂y
∂y0

0

0 0 1

 (5)

Case 3. 2D form of tensor G with vertical velocity and trajectories from 3D, x = (x, y, z) ∈ R3,
i.e.

FTLEvel =
log

√
λmax(G3)

τ − t0
with G3 = F ᵀ

3 F3 and F3 =


∂x
∂x0

∂x
∂y0

0
∂y
∂x0

∂y
∂y0

0
∂z
∂x0

∂z
∂y0

1

 (6)

Case 4. 2D form of tensor G with vertical shear and trajectories from 2D, i.e.139

FTLEshear2D =
log

√
λmax(G4)

τ − t0
with G4 = F ᵀ

4 F4 and F4 =

 ∂x
∂x0

∂x
∂y0

∂x
∂z0

∂y
∂x0

∂y
∂y0

∂y
∂z0

0 0 1

 (7)

Case 5. Case 4 using 3D trajectories x = (x, y, z) ∈ R3, i.e.140

FTLEshear3D =
log

√
λmax(G5)

τ − t0
with G5 = F ᵀ

5 F5 and F5 =

 ∂x
∂x0

∂x
∂y0

∂x
∂z0

∂y
∂x0

∂y
∂y0

∂y
∂z0

0 0 1

 (8)

Case 6. 3D form of tensor G with trajectories x = (x, y, z) ∈ R3 , i.e.

FTLE3D =
log

√
λmax(G6)

τ − t0
with G6 = F ᵀ

6 F6 and F6 =


∂x
∂x0

∂x
∂y0

∂x
∂z0

∂y
∂x0

∂y
∂y0

∂y
∂z0

∂z
∂x0

∂z
∂y0

∂z
∂z0

 (9)

We compare the different formulations of FTLE using air parcel trajectories restricted141

to 2D (case 1 and 3) or allowing the air particles to move in three-dimensional space (case142

2) and also with and without the terms in F associated with the vertical shear (3rd column)143

and/or vertical velocity (3rd row).144

For the computation of the FTLE, trajectories are determined by integrating the dif-145

ferential equation (2) using the Cash-Karp method with fixed step size of one hour, which146

provides estimates accurate to fifth order. The derivatives in the Cauchy-Green tensors are147

then approximated using second-order centered finite-differences and the eigenvalues are148

calculated with the MATLAB function eig that use the QZ algorithm also known as the149

generalized Schur decomposition. For the FTLE study in this section, trajectories are esti-150

mated over a time interval of 5 days, which is sufficiently long for the ridges in FTLE fields151

to become well-defined, but sufficiently short to not produce overly complex and tangled152

ridges.153

The stable manifolds (repelling structures) are calculated through FTLE using forward154

trajectories. The unstable manifolds (attracting structures) are calculated through FTLE155

using backward trajectories. In the figures below, we represent repelling structures in blue156

and attracting structures in red.157

–5–



manuscript submitted to JGR: Atmospheres

Since we are working in the atmosphere, we change our coordinate system from Carte-
sian to spherical. Therefore the matrix F has the following form,

F =



r sin(θ)

r0 sin θ0

∂ϕ

∂ϕ0

r sin θ

r0

∂ϕ

∂θ0
r sin(θ)

∂ϕ

∂r0
r

r0 sin θ0

∂θ

∂ϕ0

r

r0

∂θ

∂θ0
r
∂θ

∂r0
1

r0 sin θ0

∂r

∂ϕ0

1

r0

∂r

∂r0

∂r

∂r0


where r is from the Earth center height, θ is a function of the latitude and φ is longitude.158

Figure 1 shows the different cases of forward FTLE (first column) and backward FTLE159

(second column) computed with τ = 5 days at 5km height. Case 1 and Case 2 are too low160

in magnitude compared to Case 6. These cases ignore the vertical velocity and the vertical161

shear overestimating large-scales LCS and under-estimate small scales. This seems to be162

less important in the Polar jet region south of about 40◦S, which is dominated by the large-163

scale LCS, but it seems to lead to large discrepancies north of 40◦S, including region over164

Australia, where small scales nearly erase the large-scale ridges seen in the upper 2 rows of165

Fig. 1. Case 3, which considers vertical velocity but ignoring vertical gradients, is also too166

low in magnitude showing the same issues as case 2. On the contrary, Case 4 which includes167

the effects of vertical shear in the horizontal velocity components, improves in magnitude168

and captures the larger-scale LCS structure but still misses small scales, especially in the169

north of the domain. Case 5 is pretty close to Case 6 (i.e., full 3D formulation of FTLEs).170

The drastic improvement of Case 5 compared to Case 3 suggests that the influence of171

vertical shear on the spread of 3D trajectories is much more important than the influence of172

vertical velocity. The significant improvement of Case 5 over Case 4 highlights the significant173

differences between the lateral spread of 3D trajectories versus 2D trajectories and thus174

points to the importance of using 3D trajectories in the computation of FTLEs. It is thus175

extremely important to both use 3D trajectories and include the terms corresponding to the176

vertical shear in the computation of FTLEs. This is similar to the situation in the ocean at177

submesoscale, but in ocean mesoscale flows, Case 4 is typically closer to Case 5 (Lanotte et178

al., 2016; McWilliams, 2016; Sulman et al., 2013). Therefore, in what follows, we use the179

full 3D formulation given by (9).180

4 Results181

We focus our analysis on three time periods, the aerosol injection (late December), the182

evolution of the smoke plume that dispersed into several separate patch and reached high183

levels in the stratosphere (early January - mid February), and when the persistent path of184

that plume topped above 31km (late February).185

4.1 Late December 2019: Direct injection into the extratropical strato-186

sphere187

Several wildfires contributed to the first relatively small pyroCb event around 22 De-188

cember 2019 (Peterson et al., 2021). Using the Ozone Mapping and Profiler Suite (OMPS)189

Aerosol Index from NASA’s Fire Information for Resource Management System (Flynn et190

al., 2014), panel (a) of Figure 2 shows the Absorbing Aerosol Index (AAI) highlighting the191

smoke plume generated by this first aerosol injection. Similarly, panel (b) shows the plume192

generated by the main injection on 31 December 2019. The red dots in the figure indicate193

active fire detections and thermal anomalies; maroon color is the plume. In this section we194

mapped out LCS over and around Australia on December 22. Our goal here was two-fold:195

first, we wanted to see what sort of the 3D LCS geometries existed in the stratosphere at the196

time of first smoke injection; and second, whether any of these structures were influencing197
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the movement of the actual smoke plume. The first question is more of a generic study of198

possible 3D LCS geometries in the stratosphere, while the second question is more applied.199

Figure 3(a-b) shows two slices of the 3D forward FTLE computation: a horizontal200

slice longitude-latitude at 11km height (panel a) and a vertical latitude-height section at201

140◦E (b). Several geometric structures are highlighted by the maximizing ridges of FTLE.202

The blue box shows barriers over Australia that divide horizontally the region into three203

parts, north, central and south. The red box highlights the barrier cutting off the very204

southernmost tip of Australia. And the black box contains the structures living at the205

northern edge of the stratospheric polar jet. We describe the geometry of these structures206

in 3D and the behavior of the fluid parcels in their neighborhoods.207

The simplest geometric structure lives inside the red box. This feature resembles a208

vertically-tilted curtain spanning about 8 km in vertical, from ∼ 5 to 13 km. South of this209

barrier, move rapidly to the east, generally maintaining or even increasing their altitude210

(with a bit of altitude decrease at the end of 5 days). North of this barrier, the parcels also211

move to the east, but with more northward deviation, much more slowly, and at a generally212

lower altitude (see an example of the trajectories in Fig. 3(e)).213

The LCS inside the blue box in figure 3 has a slightly more complex vertical structure.214

This structure, shaped like a hat, acts as a lid preventing upwards vertical transport. This215

cap-like structure divides Australia into three regions as shown in panel (c) and (d). Parcels216

that originate outside the hat (i.e., to the north and south of the blue ridge in the blue217

box of in Fig. 3a-b) move eastward increasing or maintaining height. However, parcels that218

originate inside the structure move west and down.219

Finally, the LCS inside the black box has the most interesting geometry out of the220

three. Topologically, it is a tube that is closed at its western end. This tube structure seems221

to also interact with the nearby eddy located to the northeast of it, and with another eddy222

located further to the southeast. An example of two trajectories inside and outside the tube223

is shown in Fig. 3(f) but the dynamic in the neighborhood of this tube-shaped structure is224

more complex and requires a more in-depth study.225

First and second column of Figure 4 show four daily snapshots of the forward (blue) and226

backward (red) FTLEs at 11 km height near the tubular structure from 22 to 25 of December.227

The third column of Fig. 4 is a schematic diagram showing the intersecting attracting and228

repelling LCS near the tube. The Lagrangian geometry in this region is governed by two229

hyperbolic trajectories (HT1 and HT2) that give rise to two pairs of intersecting stable230

and unstable manifolds. (The stable and unstable manifolds of HT1/HT2 are shown in231

purple/blue and red/orange). The tube is nothing other than a lobe that is trapped by a232

segment of unstable manifold of HT1 and a stable manifold of HT2. Initially, this lobe is233

close to HT1 but moves towards HT2 with time. As it does so, the segment of its bounding234

unstable manifold elongates, and the segment of the stable manifold shrinks, so as the tube235

moves away from HT1, it gets shorter and wider. Later on, as it approaches HT2, it becomes236

stretched along the unstable manifold of HT2 and becomes narrow and long again. This237

is a classical picture of a heteroclinic tangle, which suggests that the 3D turnstyle lobe238

mechanism is a common phenomenon in the stratosphere.239

The behavior of the different sets of particles in and around the tube is also shown240

in figure 4. The yellow dots correspond to particles that are released inside the nearby241

northeastern eddy. The black and green particles are released inside and outside the tube,242

respectively. These particles move eastward following first the stable and unstable manifold243

of HT1 and later, the stable manifold of HP2. On 24 Dec 2019 they approach HT2, and244

their route is interrupted by the unstable manifold of the HT2. From there on, black and245

green parcels diverge and move in different directions, as seen in Fig. 4.246

Our rendition of the 3D geometry of the manifolds bounding the tube is shown in Fig.247

5a, where we stacked LCS in different horizontal slices vertically to produce a 3D picture. To248

–7–
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extract the maximizing ridges of the FTLE field we have used a 2D edge detection algorithm249

on each horizontal slice (every 500m in the vertical direction) in combination with vertical250

slices (every 5 degrees of longitude and latitude). The edge detection algorithm in 2D used is251

the method of Canny (1986). We then advected the surfaces in time to see if their behavior252

matches our description above. The temporal evolution of these advected surfaces shows253

that the elongated blue tubular structure becomes shorter (see panel b) as it approaches254

HT2 on Dec 25 (confirming what we already saw in Figs. 4).255

The presence of the three structures studied in this section were important for the256

actual smoke plume on Dec 22 which mainly falls on top of the area with many tangled257

FTLEs ridges east of Australia, as shown in panel (g) of Figure 3. Such regions mark areas258

of rapid stirring and mixing which suggests that the plume overlaying that region on Dec259

22nd will disperse and will be unlikely to stay coherent for long. Another small part of the260

aerosol plume was located over north of the curtain-like manifold in the red box and so was261

expected to behave like the northern trajectory in Fig. 3(e).262

4.2 Early January 2020: Stratospheric Evolution263

The observed plume was visible from satellites, although with limited resolution. Over264

1-4 January parts of the plume were detected moving to the southeast from Australia, and265

on January 6th a very coherent patch was identified near 120W; 50N (Kablick et al., 2020).266

Figure 6(a) shows the observed plume, as detected from the satellite, on Jan 7th and267

onward. On Jan 6th, the highly concentrated plume reaching roughly 1000 km in diameter268

was detected in the stratosphere at about 15 km near 100W,60S. From there, the smoke269

plume split into two parts that moved along two different paths (Kablick et al., 2020). Path270

P2 (blue dashed line in Fig. 6a) was eastward at a nearly constant height of about 17 km,271

whereas path P1 (green solid curve in Fig. 6a) looped around and went westward, ascending272

on its way and passing south.273

Motivated by the splitting of the plume on Jan 6th and the striking difference between274

the P1 and P2 paths, we have applied the Lagrangian approach to better understand the275

cause of the splitting, the subsequent transport geometry, and the influence of the plume276

buoyancy on its movement.277

Consistent with observations, simulated parcels in the ERA5 model released in the area278

of the observed plume (black box in Fig. 6) on Jan 6th also showed the splitting into two279

distinct P1-like and P2-like groups. Without the buoyancy effects, however, the P1 path280

is too low in altitude, is shifted northward, and passes over Australia rather than south281

of Australia on Feb 26, as in observations. Using the difference in altitude between the282

simulated and observed P1 trajectories on Feb 26th, we have estimated the time-averaged283

buoyant velocity to be about 0.0022 m/s. When this buoyant velocity was added to the284

ERA5 velocities, the agreement with observations significantly improved. With buoyancy,285

P1-like path shifted up and south, with P1-like trajectories passing south of Australia by286

Feb 26th, consistent with observations. Advecting P1-like trajectories backward in time287

(with negative buoyancy of 0.0052 m/s) from Jan 6, we observed that these passed just to288

the southeast Australia on Dec 31st, i.e., right within the area of the observed plume of the289

main ANY event (see Fig. 2b right). This suggests that the plume observed on Jan 6th290

was likely generated by the main event on Dec 31, rather than the earlier event of Dec. 22.291

This also agrees with our previous conclusion that the plume generated on Dec 22nd was292

unlikely to stay coherent for long.293

The splitting of the plume into P1 and P2 on Jan 6 suggested the presence of strong294

LCS in the area at that time, which acted as transport barriers with different trajectory295

fates for parcels on the opposite sides of LCS. Indeed, the FTLE map (both with and296

without buoyancy) showed a number of maximizing ridges, i.e., proxy LCS, delineating the297

region into areas with qualitatively different behavior of fluid parcels. The LCS and the298
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schematics of trajectories are shown in Fig. 7. Of main interest to us are the red and299

purple/magenta trajectories which are representative of the P1 and P2 paths, respectively.300

The former originate from the eddy-like feature centered at around 125W,55N with two301

long and narrow tendrils extending from it. The latter originate in the eastern part of the302

domain and are separated from the rest by a strong FTLE ridge, which has a tilted-curtain-303

line geometry in 3D spanning the altitudes of the observed plume (16-22 km).304

It is interesting to look at the changes in LCS geometry with the addition of buoyancy.305

Without buoyancy, the eddy only contains a small percentage of P1-like trajectories (red),306

with most parcels (yellow) continuing westward, rather than eastward after looping around.307

With buoyancy, however, almost the entire eddy becomes red. This is because buoyant308

parcels rise up higher and are then carried westward by the strong westward winds at309

higher altitudes.310

4.3 Late February 2020: Smoke path in the upper stratosphere311

By 26 February the smoke plume reached above 31 km (see panel (a) in figure 6,312

path P1) and formed a long and narrow nearly zonal filament located south-southwest of313

Australia. In this section, we turn our attention to mapping out the attracting LCS on Feb314

26 that were responsible for this observed stretching. Indeed, the backward FTLEs (proxi315

attracting LCS) on Feb 26 are dominated by yet another tilted-curtain-like FTLE ridge316

spanning the altitudes of the plume (30-33 km), with the locations of the forward-tracked317

(from Jan 6 to Feb 26) air parcels (red dots) showing a clear alignment with the ridge (Both318

FTLEs and trajectories were computed including buoyancy effects.) The ridge seems to319

weaken slightly with altitude, so the alignment of trajectories is also weaker higher up in320

the stratosphere. These features can be seen in the figure 8.321

5 Conclusions322

Motivated by the strong Australian wildfire event in 2019/2020, we have applied the323

Lagrangian approach to study the 3D transport in the stratosphere. The study is based324

on the ERA5 reanalysis winds and compares simulations of the smoke plume with available325

observations.326

The stratospheric winds have relatively weak vertical velocities compared to horizontal327

velocities. It is thus tempting to ignore w and consider the motion of air parcels in 2D.328

However, as we have shown using different formulations of FTLEs in this paper, such quasi-329

2D approach is misleading as it does not take into account the fact that even slight vertical330

movement might expose air parcels to different horizontal advection due to strong vertical331

shear. Thus, for an accurate representation of 3D transport, it is necessary to consider332

the movement of trajectories in 3D, and, importantly, include the vertical shear terms in333

the formulation of the FTLE matrix. On the other hand, due to the smallness of vertical334

displacement of trajectories, the terms associated with the vertical movement itself can be335

safely ignored, so the formulation of FTLEs can be reduced from 3x3 matrix to the 2x3336

matrix without much reduction in accuracy.337

We then used the FTLEs (computed using 3D trajectories and with the inclusion of338

vertical shear) to map out the dominant LCS on different days in Dec 2019-Feb 2020 to339

understand the movement and behavior of the observed plume.340

First, we looked at LCS on Dec 22, the date of one of the major bushfire events that341

year. On that day, we found several types of LCS geometries present in the stratosphere342

near Australia. The most interesting of them from the dynamical systems perspective was343

a tube-like LCS, which turned out to be a lobe formed by the intersecting manifold of344

two hyperbolic trajectories. Although fully three-dimensional, the lobe moved in a manner345

that was consistent with a heteroclinic tangle geometry, suggesting that lobe dynamics346
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and turnstyle lobe mechanism might be important in the stratosphere. Superimposing the347

plume on top of the mapped FTLEs on Dec 22 showed that it was mainly located in a348

region characterized by many tangled LCS, suggesting that this particular plume would not349

be expected to stay coherent for long and would disperse quickly.350

We then mapped out LCS on Jan 6th, the day when a very coherent smoke patch was351

detected from satellites almost half-way across the globe from Australia. This patch was then352

observed to split into two parts, one moving eastward at low altitude and another looping353

around and heading westward back towards Australia at much higher altitudes. Analysis354

of simulated trajectories in the ERA5 reanalysis model suggested that the movement of the355

plume was strongly affected by positive buoyancy of hot smoke. With buoyancy included,356

simulated plume matched the observed one very well (without buoyancy, it did not). We then357

used the simulated trajectories with buoyancy to map out LCS on Jan 6th, which clearly358

delineated regions destined to take two different paths. We also backtracked trajectories359

(with negative buoyancy) from Jan 6 backward in time to see which of the two first smoke360

injection events (Dec 22 or Dec 31) produced this observed coherent patch on Jan 6. The361

result clearly pointed to the Dec 31 event as the origin of this patch.362

Finally, we mapped out LCS on Feb 26, and observed that the smoke plume at that363

time was aligning with a nearly zonal attracting FTLE ridge. Overall, this suggests that364

FTLEs might be a useful tool in understanding and predicting the evolution of a pollutant365

patch, specific for the 2019/2020 bushfire event studied here, or more generally in other366

atmospheric applications.367
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Figure 1. Forward (first column) and backward (second column) FTLE computed with τ=5 days

for the different formulations at 5km above the sea-level. Each row corresponds to one of the FTLE

formulations described in the text. To quantify the effects of vertical shear and vertical velocity the

third column represents the absolute error between the forward FTLE for the corresponding case

to the fully 3D FTLE (case 6).
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(a) 22 December 2019

(b) 31 December 2019

1
Figure 2. OMPS Aerosol index colormap over Australia during the days (a) 22 December 2019

and (b) 31 December 2019. The red dots are fires/hotspots from VIIRS given by thermal anomalies.

Maroon color marks the smoke plume. The black dots are the positions on the corresponding day

of the backtracked pollutant parcel trajectories starting on January 6 discussed in section 4.2.
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(a) Horizontal slice at z = 11km (b) Vertical slice at 140◦E
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Figure 3. Horizontal (a) and vertical (b) slices of the 3D forward FTLE computed the day

December 22, 2019 with τ = 5 days at z = 11km height and a fix longitude 140◦ E, respectively.

The boxes highlight the three coherent structures described in the text. The dots correspond to

the initial position of forward parcels trajectories that are shown in panels (c-f) as examples of

dynamics in the different regions. Panel (g) shows where the main Aerosol plume (figure 2a) is

located with respect to the LCSs on December 22.–16–
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Figure 4. Snapshot of the time evolution of FTLE forward (first column) and backward (second

column). Panel displays forward parcel trajectories at 11km that are initialized on December 22,

2018. Green color identifies parcels that on December 22 are outside the tubular structure formed

by the stable manifold but close to it. Yellow color identifies parcels on the eddy structure and

black color identifies parcels inside the tube. The third column shows a diagram of the relative

position of the stable (in purple and blue) and unstable (in red and orange) manifolds associated

with the hyperbolic trajectory HT1 and HT2, respectively.
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a) 22 December 00:00:00 UTC b) 23 December 00:00:00 UTC

a) 24 December 00:00:00 UTC b) 25 December 00:00:00 UTC

1

Figure 5. Time evolution of the stable (blue) and (unstable) manifold in 3D obtained by the

algorithm described in section 4.1.
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Figure 6. a) Plume tracking map of aerosol data with MLS pro�l H 2O > 7 ppmv and CO > 50 ppbv and

geopotential height between 15km and 35km. Path 1 (green) and Path 2 (blue) are described in the text. b)

Forward trajectories starting January 6, 2020 (magenta dots) computed by adding a constant buoyancy of

0:0022m=s. c) Forward trajectories starting January 6, 2020 computed with 3D velocity without buoyancy.

d) Backward trajectories also starting January 6, 2020 (magenta dots) computed by adding a constant

buoyancy of 0 :0052m=s. Backward and forward paths are in red and blue respectively. The color of the

points indicates the height in km (color bar) and the color of its line the corresponding day: 31 (yellow) of

December, 6 (magenta) and 27 (black) of January, 17 (blue) and 26 February (cyan).
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1
Figure 8. Longitude-latitude section of Backward FTLE (color background) computed in 3D

with buoyancy with τ = 40 days on 26 of February 2020. The red dots are the final position of the

trajectory that started on January 6 represented in the figure 6(b).
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