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Abstract

Computing aquitard depletion, which is often overlooked, is of great significance for the assessment of groundwater resources

and land subsidence. The issue is viewed as troublesome because of the additional computational burden, the poorly known

hydrogeological parameters of the aquitard, and the lack of drawdown history in pumped aquifers. In this study, an analytical

solution is derived to describe the drawdown variation in a nonlinear-consolidated aquitard under the condition of variable

drawdowns in adjacent aquifers. Based on the analytical solution, we study the characteristics of groundwater dynamics and

water balance under the conditions of linearly increasing drawdown of aquifers in adjacent aquifers. In addition, we put forward

a method to calculate the depletion and hydrogeological parameters of an aquitard corresponding to variable drawdowns in

adjacent aquifers, applicable even when historical drawdown data are lacking. The accuracy of the method is generally very

good, but results improve when the drawdown history of pumped aquifers is divided into more periods for estimation. Under

the condition of linear drawdown in adjacent aquifers, groundwater depletion and maximum water release rate of the aquitard

increases with increasing compression index, coefficient of consolidation, aquitard thickness, rate of drawdown change in the

adjacent aquifer, while decreasing with initial void ratio, and initial effective stress. The proposed approach is demonstrated at

a field site in Shanghai City of China, and it would help for the effective management of groundwater resources and estimation

of the global transfer from groundwater to surface water.
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Abstract 23 

Computing aquitard depletion, which is often overlooked, is of great 24 

significance for the assessment of groundwater resources and land subsidence. The 25 

issue is viewed as troublesome because of the additional computational burden, the 26 

poorly known hydrogeological parameters of the aquitard, and the lack of drawdown 27 

history in pumped aquifers. In this study, an analytical solution is derived to describe 28 

the drawdown variation in a nonlinear-consolidated aquitard under the condition of 29 

variable drawdowns in adjacent aquifers. Based on the analytical solution, we study 30 

the characteristics of groundwater dynamics and water balance under the conditions of 31 

linearly increasing drawdown of aquifers in adjacent aquifers. In addition, we put 32 

forward a method to calculate the depletion and hydrogeological parameters of an 33 

aquitard corresponding to variable drawdowns in adjacent aquifers, applicable even 34 

when historical drawdown data are lacking. The accuracy of the method is generally 35 

very good, but results improve when the drawdown history of pumped aquifers is 36 

divided into more periods for estimation. Under the condition of linear drawdown in 37 

adjacent aquifers, groundwater depletion and maximum water release rate of the 38 

aquitard increases with increasing compression index, coefficient of consolidation, 39 

aquitard thickness, rate of drawdown change in the adjacent aquifer, while decreasing 40 

with initial void ratio, and initial effective stress. The proposed approach is 41 

demonstrated at a field site in Shanghai City of China, and it would help for the 42 
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effective management of groundwater resources and estimation of the global transfer 43 

from groundwater to surface water. 44 

1. Introduction 45 

Groundwater is generally overexploited over the world due to the increasing 46 

demand for water resources, and it has brought a series of environmental problems, 47 

including the decline of groundwater levels, land subsidence (Li et al., 2021; Shi et al., 48 

2007; Shi et al., 2008) and sea level rise (Konikow & Kendy, 2005). A multi-layered 49 

aquifer system in the sedimentary plain area, such as the Dakota aquifer system in the 50 

United States and the Yangtze Delta in China (Guo & Li, 2015; Ye et al., 2016), 51 

usually consists of multiple aquifers with alternating aquitards in between (Zhuang et 52 

al., 2015). Water stored in aquitards is a significant source of pumped aquifers, and it 53 

tends to be more storable than confined aquifers (Liu et al., 2022; Zhang et al., 2020a). 54 

Meanwhile, aquitard storage is difficult to recover and could often be the primary 55 

source of groundwater released from the storage of aquifer systems (Shi et al., 2008). 56 

Consequently, the accurate calculation of groundwater depletion in aquitards is 57 

essential for the effective management of groundwater resources, and it would help 58 

estimate the global transfer of groundwater to surface water (Konikow & Neuzil, 59 

2007). 60 

Due to low hydraulic conductivity and non-negligible specific storage, water 61 

release from aquitards and its deformation always lag behind the drawdown in 62 

adjacent confined aquifers (Bakr, 2015; Liu et al., 2022; Ye et al., 2016). Zhou et al. 63 

(2013) studied the groundwater dynamics and water balance of an aquitard, while the 64 
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drawdown was a constant amount in an adjacent confined aquifer. The hydraulic head 65 

in aquifers lying above or under the aquitard usually decreased with increasing 66 

groundwater extraction (Custodio, 2002), Neuman & Gardner (1989) presented 67 

convolution integrals for calculating the drawdown in the aquitard under the condition 68 

of water table fluctuation. A widely applicable method was proposed to estimate the 69 

groundwater depletion of the aquitard in the entire or limited period of exploitation 70 

history, especially when the data on drawdown of history is sufficient (Li & Zhou, 71 

2015; Li et al., 2017). Konikow & Neuzil (2007) presented a simplified method to 72 

estimate the groundwater depletion from the confining layers in response to 73 

withdrawals from adjacent aquifers. Alternatively, given the same information, a well-74 

calibrated, numerical simulation model (i.e., three-dimensional model such as 75 

MODFLOW can be used to compute the groundwater depletion of aquitards in 76 

response to pumping of aquifers (Arabameri et al., 2020; Burbey, 2020; Zhang et al., 77 

2020b). 78 

Most of the aforementioned studies were carried out based on the one‐79 

dimensional consolidation theory for saturated clays (Terzaghi, 1943), which assumed 80 

the aquitard hydraulic parameters being constant values. However, in reality, 81 

hydraulic parameters decrease nonlinearly during the consolidation process of the 82 

aquitard, which is contrary to the assumption of Terzaghi’s theory, and Terzaghi’s 83 

model often leads to unexpected differences between theoretical results and field 84 

observations (Davis & Raymond, 1965; Gibson et al., 1967; Xie & Leo, 2004). Li et 85 

al. (2018) and Luo et al. (2020) proposed analytical solutions to characterize the water 86 
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release from a one-dimensional large-strain aquitard and a nonlinearly consolidated 87 

aquitard, respectively, subjected to an abrupt hydraulic head decline in adjacent 88 

confined aquifers. 89 

The accuracy of water depletion calculation of the aquitard storage relies to a 90 

large degree on the accuracy of aquitard hydraulic parameters, which can be 91 

determined by the results of laboratory and in-situ experiments (Burbey, 2020; Zhang 92 

et al., 2020b; Zhao et al., 2019). Zhou et al. (2013) used an analytical method to 93 

calculate aquitard hydraulic parameters while the drawdown in the adjacent aquifer 94 

was constant. Burbey (2003) characterized the specific storage and hydraulic 95 

conductivity of the aquitard by taking advantage of time-subsidence data during a 96 

pumping test with a graphical technique. (Zhang et al., 2015); Zhuang et al. (2015) 97 

proposed a type-curve method for estimating the hydraulic conductivity and the 98 

specific storage of an aquitard in a multi-layered aquifer system by using data on 99 

aquitard compaction and drawdown history of aquifers. Luo et al. (2020) calculated 100 

the hydraulic parameters of the aquitard undergoing non-linear consolidation using a 101 

laboratory experiment while the drawdown in the adjacent aquifer was constant. In 102 

addition, Konikow & Neuzil (2007) demonstrated a general relationship between 103 

porosity and hydraulic conductivity considering the clay content of the aquitard and 104 

the relation between porosity and specific storage considering the consolidation 105 

degree. 106 

In short, it is difficult to calculate the water depletion of the aquitard because of 107 

the complex drainage process and poorly known hydraulic parameters of the aquitard, 108 
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and the paucity of drawdown data within the pumped aquifer, especially during the 109 

early stage of groundwater exploitation and in developing countries. In this study, we 110 

present an analytical solution to describe the drawdown in an aquitard for an arbitrary 111 

drawdown of adjacent confined aquifers. Based on the analytical solution, we also 112 

develop methods to calculate the hydrogeological parameters and the long-term 113 

decreases in the volume of water stored in an aquitard undergoing nonlinear 114 

consolidation, under a condition that the drawdown history of the aquifers lying above 115 

and below the aquitard can be approximated as a step-by-step piecewise function with 116 

respect to time, in each of which the drawdown is a constant amount. The new method 117 

proposed in this study is demonstrated through a laboratory experiment and a field 118 

application to the aquifer system beneath Shanghai city of China. The hydraulic 119 

parameters determined by the method in this study are compared with the geological 120 

method of Konikow & Neuzil (2007). The results of the laboratory experiment and 121 

field applications demonstrate the correctness and accuracy of the approach in this 122 

study. 123 

2. Mathematical Model and Analytical Method 124 

2.1 The Governing Equation of Drawdown in the Aquitard 125 

Hydraulic head in an aquifer alters the boundary conditions for the adjoining 126 

aquitard, causing it to release water from storage to the aquifer as drawdown 127 

propagates slowly into the aquitard. Despite the low permeability nature of aquitards, 128 

relatively large specific storage values in clay-rich aquitards can enable large 129 

quantities of water to ‘‘leak’’ into aquifers over long timescales (Konikow & Neuzil, 130 
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2007). To study the water amount released from the aquitard, a multi-layered aquifer 131 

system was considered. The Lagrangian coordinate 𝑎 was used, which was assumed 132 

to be positive in a vertically downward direction, with the coordinate origin located at 133 

the top surface of the aquitard (Figure 1). 134 

The system is composed of an aquitard and aquifers on both sides, of which 135 

horizontal length is infinite. The hydraulic conductivity of each aquifer exceeds that 136 

of the aquitard by at least two orders of magnitude. As seepage in the aquitard follows 137 

the path of least resistance, water flow in the confining layer is essentially vertical 138 

(Neuman & Gardner, 1989; Neuman & Witherspoon, 1969; Zhang et al., 2015). 139 

 140 

Figure 1. Conceptual model of the multi-layered aquifer-aquitard system. 141 

The assumptions of one-dimensional nonlinear consolidation theory are as 142 

follows: (1) The horizontal length of the aquitard is infinite and its initial thickness is 143 𝑙; (2) the aquitard is homogeneous and saturated; (3) individual clay particles and the 144 

pore water in the aquitard are incompressible during consolidation; (4) the 145 

groundwater flow in the aquitard is one-dimensional, vertical and follows Darcy's 146 

law; (5) soil creeping is not considered, and the nonlinear variations of aquitard 147 

compressibility during the consolidation process are assumed to abide by equation (1). 148 𝑒 = 𝑒଴ − 𝐶௖ logଵ଴(𝜎ᇱ 𝜎଴ᇱ⁄ ) #(1)149 

where the soil compression index 𝐶௖ is assumed to be constant (dimensionless), and is 150 

approximately valid; 𝑒  is the void ratio in the aquitard at position 𝑎  and time 𝑡 151 

(dimensionless); 𝑒଴ is the initial void ratio of the aquitard (dimensionless); 𝜎ᇱ is the 152 
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vertical effective stress (ML-1T-2); and 𝜎଴ᇱ  is the initial effective stress (ML-1T-2). (6) 153 

The coefficient of aquitard compressibility (𝑚௩) can be given by: 154 𝑚௩ = − ଵଵା௘ ௗ௘ௗఙᇲ = ଴.ସଷସ஼೎(ଵା௘)ఙᇲ #(2)155 

where the change of (1+ 𝑒 ) with time during the consolidation process is much 156 

smaller than the 𝜎ᇱ, so for any load increment, (1+ 𝑒) can be regarded as a constant 157 

(Luo et al., 2020). Because the variation of 𝑒 is much smaller than the variation of 𝜎ᇱ, 158 

the coefficient of consolidation 𝑐௩  is considered to be relatively constant (Davis & 159 

Raymond, 1965). This is equivalent to assuming that the decrease in 𝑚௩  is 160 

proportional to the decrease in hydraulic conductivity 𝑘௩  during the consolidation 161 

process of the aquitard. 162 𝑐௩ = ௞ೡ௠ೡఊೢ #(3)163 

where, 𝛾௪ is unit weight of water. 164 

A nonlinear large deformation consolidation equation (Gibson’s theory) with a 165 

void ratio as control variable is given by Gibson et al. (1967); (Gibson et al., 1981), 166 

while the self-weight of the soil is ignored (Luo et al., 2020). 167 

డడ௔ ቂ௞ೡ(ଵା௘బ)ఊೢ(ଵା௘) ௗ஢ᇲௗ௘ డ௘డ௔ቃ + ଵ(ଵା௘బ) డ௘డ௧ = 0 #(4)  168 

Substituting equations (1), (2) and (3) into equation (4) to obtain the governing 169 

equation of depletion of the aquitard undergoing nonlinear consolidation: 170 𝑐௩ ൤డమఙᇲడ௔మ − ଵఙᇲ ቀడఙᇲడ௔ ቁଶ൨ = డఙᇲడ௧  #(5)171 

In addition, according to the principle of effective stress(Terzaghi, 1943), 172 𝜎ᇱ = 𝜎଴ᇱ + 𝛾௪𝑠#(6)173 

where 𝑠 is the drawdown in adjacent aquifers. 174 
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For the thin soil layer, the weight of the soil layer can be ignored, and the initial 175 

effective stress ( 𝜎଴ᇱ , geostatic stress) is distributed uniformly through the entire 176 

thickness, and the accuracy of calculation is poor while the thickness of aquitard is 177 

large (Gibson et al., 1967; Gibson et al., 1981). Substituting equation (6) into equation 178 

(5) leads to a governing equation describing nonlinear consolidation of an aquitard. 179 

𝑐௩ ቈ𝜕ଶ𝑠𝜕𝑎ଶ − 𝛾௪𝜎଴ᇱ + 𝛾௪𝑠 ൬𝜕𝑠𝜕𝑎൰ଶ቉ = 𝜕𝑠𝜕𝑡 #(7)  
It is assumed that the initial drawdown distribution in the aquitard is a function 180 𝑓(𝑎) of position 𝑎, which is caused by a previous external force disturbance, and the 181 

drawdown in the aquifers lying above and under the aquitard are 𝑠଴(𝑡) and 𝑠ଵ(𝑡), 182 

which are functions of time 𝑡 , at 𝑎  = 0 and 𝑎  = 𝑙 , respectively. To obtain the 183 

drawdown in the aquitard, the following initial and boundary conditions are needed. 184 𝑠(𝑎, 0) = 𝑓(𝑎)    0 < 𝑎 < 𝑙#(8)   185 𝑠(0, 𝑡) = 𝑠଴(𝑡)             𝑡 > 0#(9)   186 𝑠(𝑙, 𝑡) = 𝑠ଵ(𝑡)              𝑡 > 0#(10)   187 

2.2 Analytical Solutions 188 

The solution to equations (7)-(10) can be derived by variable transformation and 189 

the characteristic function method. Details to the derivation of the mathematical 190 

model are listed in the Appendix. The drawdown variation in the aquitard is given as, 191 𝑠(𝑎, 𝑡) = 𝜎଴ᇱ𝛾௪ ൫10௪(௔,௧) − 1൯#(11)  

Where：  192 
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𝑤(𝑎, 𝑡) = ෍ ቈ𝑇௡(0)𝑒ି௡మగమ௖ೡ௧௟మ + 𝑒ି௡మగమ௖ೡ௧௟మ න 𝑓௡(𝑡)𝑒௡మగమ௖ೡ௧௟మ 𝑑𝑡௧
଴ ቉ஶ

௡ୀଵ sin 𝑛𝜋𝑎𝑙+ 𝑙𝑜𝑔ଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠଴(𝑡)𝜎଴ᇱ + 𝑎𝑙 𝑙𝑜𝑔ଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଵ(𝑡)𝜎଴ᇱ + 𝛾௪𝑠଴(𝑡) 
𝑇௡(0) = 2𝑙  න logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑓(𝑎)𝜎଴ᇱ

௟
଴ 𝑠𝑖𝑛 𝑛𝜋𝑎𝑙 𝑑𝑎 sin 𝑛𝜋𝑎𝑙

+ 2𝑛𝜋 ቆlogଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଵ𝜎଴ᇱ (−1)௡ − logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠଴𝜎଴ᇱ ቇ 

𝑓௡(𝑡) = 2𝑛𝜋ln10 ቈ (−1)௡𝛾௪𝜎଴ᇱ + 𝛾௪𝑠ଵ(𝑡) 𝜕𝑠ଵ(𝑡)𝜕𝑡 − 𝛾௪𝜎଴ᇱ + 𝛾௪𝑠଴(𝑡) 𝜕𝑠଴(𝑡)𝜕𝑡 ቉ 

and 𝑠଴ and 𝑠ଵ are the abrupt drawdown in the aquifers above and under the aquitard at 193 

the initial time, respectively. 194 

According to Darcy’s law, the flux per unit horizontal area at position 𝑎 and at 195 

time 𝑡 is given by 𝑞(𝑎, 𝑡) = 𝑘(𝜕𝑠 𝜕𝑎⁄ ). According to the principle of water balance, 196 

the leakage rate of aquitard per unit horizontal area 𝑞(𝑡), which is equal to the 𝑞(𝑎, 𝑡) 197 

at location 𝑎 = 𝑙 minus that at location 𝑎 = 0 at time 𝑡 can be expressed by equation 198 

(12). 199 𝑞(𝑡) = 𝑐ୡ𝑐௩(1 + 𝑒଴)𝑙 𝜕𝑤𝜕𝑎 #(12)  

The hydraulic head of the pumped aquifer often varies both temporally and 200 

spatially (Neuman & Gardner, 1989). Sometimes, the drawdown may increase 201 

linearly with time (Zhuang et al., 2015). However, most regions lack data on 202 

drawdown history of pumped aquifers, especially in developing countries (Konikow 203 

& Neuzil, 2007) and during the early stage of groundwater exploitation (Shi et al., 204 

2008) due to scarcity in monitoring technology to sustainably extract groundwater. In 205 

addition, the solution (equations (11) and (12)) includes terms of integration and 206 
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derivation, which makes the calculation difficult. 207 

Here, the temporal variations of drawdown history with sparse data were 208 

considered and the drawdown history was separated into many periods, each of which 209 

the drawdown is constant and is defined as 𝜑଴,௜ and 𝜑ଵ,௜ ( 𝑖 =1, 2…𝑚) for the aquifers 210 

lying above and under the aquitard, respectively (Figure. 2). Namely, 𝑠଴(𝑡) and 𝑠ଵ(𝑡) 211 

were defined as a piecewise continuous step function (equation (13)). Meanwhile, to 212 

improve the accuracy of the estimation method, we quote the value of “Representative 213 

time” in each period of the drawdown history, “If the rate of drawdown is relatively 214 

stable over time, when the time of fixed drawdown is half that of linear drawdown, 215 

the water release from consolidation is basically the same” (Konikow & Neuzil, 216 

2007). The history of the hydraulic head decline of adjacent aquifers and the step 217 

changes in hydraulic head for the analytical solutions are shown in Figure 2. 218 

[𝑠଴(𝑡), 𝑠ଵ(𝑡)] = ⎩⎪⎨
⎪⎧ ൣ𝜑଴,ଵ, 𝜑ଵ,ଵ൧         𝑡଴ ≤ 𝑡 ≤ 𝑡ଵൣ𝜑଴,ଶ, 𝜑ଵ,ଶ൧         𝑡ଵ ≤ 𝑡 ≤ 𝑡ଶ… …ൣ𝜑଴,௠, 𝜑ଵ,௠൧  𝑡௠ିଵ ≤ 𝑡 ≤ 𝑡௠

, 𝑚 ≥ 1#(13)  

 219 

Figure 2. Drawdown versus time defined as a step-by-step piecewise function. 220 

The leakage rate of the aquitard per unit horizontal area (L3T-1) caused by 221 

variable drawdown in adjacent aquifers, which are step-by-step piecewise functions 222 

with respect to time, is obtained by substituting equation (13) into equation (12), 223 

given as, 224 𝑞(�ഥ ) = 𝐶௖𝐶௩(1 + 𝑒଴)𝑙 𝑞ത(�ഥ)#(14)  

where 𝑡̅ = ௖ೡ௧௟మ ,  225 
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𝑞ത(𝑡̅) = 2 ∑ ∑ [(−1)௡ − 1] ൬(−1)௡ logଵ଴ ఙభ,೔శభᇲఙభ,೔ᇲ − logଵ଴ ఙబ,೔శభᇲఙబ,೔ᇲ ൰ 𝑒ି௡మగమ(௧೘̅ି௧̅೔)∞௡ୀଵ௠ିଵ௜ୀ଴ , 226 𝜎଴,௜ᇱ = 𝜎଴ᇱ + 𝛾௪𝜑଴௜ and 𝜎ଵ,௜ᇱ = 𝜎଴ᇱ + 𝛾௪𝜑ଵ௜. 227 

The cumulative water released from the aquitard per unit horizontal area 𝑄(𝑡̅) (L3) 228 

can be obtained through the integration of 𝑞(𝑡̅) over time. 229 𝑄(𝑡̅) = න 𝑞(ഥ )𝑑𝑡̅ = 𝐶௖𝑙(1 + 𝑒଴) 𝑄ത(𝑡̅)#(15)  

where 𝑄ത(𝑡̅) = 2 ∑   ∑ [ଵି(ିଵ)೙]௡మగమ ൬(−1)௡ logଵ଴ ఙభ,೔శభᇲఙభ,೔ᇲ − logଵ଴ ఙబ,೔శభᇲఙబ,೔ᇲ ൰ ൫1 − 𝑒ି௡మగమ(௧̅೘ି௧̅೔)൯ஶ௡ୀଵ௠ିଵ௜ୀ଴ . 230 

The above analytical method can be used to estimate the water release from the 231 

aquitard due to fluctuating hydraulic head in adjacent aquifers, especially lacking the 232 

drawdown history data during the early stage of groundwater exploitation. Compared 233 

with the solutions based on Terzaghi's theory (Li et al., 2017), the solution (equation 234 

11) in this study considers the nonlinear change of compressibility and permeability  235 

during aquitard consolidation. Therefore, the proposed method is more practical and 236 

accurate for the purposes of estimating groundwater resources and the corresponding 237 

consolidation problem compared to traditional linear theory. In addition, we are 238 

interested in a relatively compressible aquitard and can ignore the compressibility of 239 

water and soil particles. Consequently, land subsidence caused by the depletion of 240 

groundwater stored in aquitard equals the value of 𝑄. This method can be used to 241 

determine the hydrogeological parameters with data of aquitard deformation and 242 

drawdown in adjacent aquifers. 243 

3. Testing and Verification of the Analytical Solution 244 

3.1 Analytical Solution under Abrupt Drawdown in Adjacent Aquifers 245 

In this case, it is assumed that the hydraulic head distribution in the aquitard is 246 
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uniform at initial time, and the hydraulic head in the aquifer underlying the aquitard is 247 

constant, namely, 𝑠(𝑙, 𝑡) = 𝜑, and the drawdown in the aquifer overlying the aquitard 248 

is constant (𝑠(0, 𝑡) = 0 or 𝜑). Substituting these boundary and initial conditions into 249 

equation (15), the 𝑄 (L3) of the aquitard undergoing drainage from one or both sides 250 

with constant drawdown are obtained respectively, as equation (16a) and (16b). 251 

𝑄(𝑡̅) = 2𝐶𝑐𝑙(1 + 𝑒0) log10 ቆ𝜎𝑓′𝜎0′ ቇ   ෍ [1 − (−1)𝑛]𝑛2𝜋2 ൫1 − 𝑒−𝑛2𝜋2𝑡̅൯∞
𝑛=1 #(16a)  

𝑄(𝑡̅) = 4𝐶𝑐𝑙(1 + 𝑒0) log10 ቆ𝜎𝑓′𝜎0′ ቇ   ෍ [1 − (−1)𝑛]𝑛2𝜋2 ൫1 − 𝑒−𝑛2𝜋2𝑡̅൯∞
𝑛=1 #(16b)  

By comparing the 𝑄  of the aquitard undergoing drainage from one side 252 

(equation (16a)) with those of the aquitard undergoing drainage from both sides 253 

(equation (16b)), it can be found that the 𝑄 from the aquitard undergoing drainage 254 

from both sides is twice that of the aquitard undergoing drainage from one side, while 255 

the drawdown of aquifers on both sides of the aquitard is the same. 256 

To determine the hydrogeological parameters of the aquitard, while the 257 

drawdown increases by 𝜑 in the adjacent aquifer, the logarithmic forms of equations 258 

(16a) and (16b) in a dimensionless form ( 𝑄ത ) and dimensionless time ( 𝑡̅ ) are 259 

respectively expressed as: 260 

log10 𝑄ഥ(𝑡̅) = log10 𝑄(𝑡) + log10 ቈ (1 + 𝑒0)𝐶𝑐𝑙 log൫𝜎f′ 𝜎0′⁄ ൯቉ #(17a)  

log10 𝑡̅ = log10 𝑡 + log10 𝑐𝑣𝑙2 #(17b)  

The type-curve approach is used to calculate the hydraulic parameters of the 261 

aquitard. Since the second term of the equation is a constant in the logarithmic plot, 262 

the data curve of the flux 𝑄(𝑡) is analogous to the type-curve of the dimensionless 263 
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deformation 𝑄ത . The method involves the following steps: 1) superimpose the 𝑄(𝑡) 264 

curve on 𝑄ത(𝑡̅) , while the axes of the two figures remain parallel; 2) Select any 265 

intersection of standard curve and 𝑄(𝑡) test curve as the match point; and 3) then, the 266 

coordinates of the match points (𝑄(𝑡), 𝑄ത(𝑡̅), 𝑡 and 𝑡̅) are substituted into equations (18) 267 

and (19) to determine the parameters. 268 𝑐௩ = 𝑡̅𝑡 ∙ 𝑙ଶ#(18)  𝐶௖ = 𝑄(𝑡)(1 + 𝑒଴)logଵ଴ ൬𝜎୤ᇱ𝜎଴ᇱ൰ 𝑄ത(𝑡̅)𝑙 #(19)  

3.2 Experimental test and Verification 269 

To test the applicability of the formula and to verify the type-curve fitting 270 

method, the consolidated drainage data from Luo et al. (2020) are used in the study. A 271 

consolidation test of aquitard undergoing drainage from one side was carried out 272 

when the drawdown in the adjacent aquifer increases abruptly. The consolidation 273 

container is a cylinder with an inner diameter of 0.384 m, which is made of organic 274 

glass. The soil layer is divided into three layers from top to bottom: A middle silty 275 

clay layer with thickness of 0.24 m represented the aquitard. (𝑙 = 0.24 m), and its 276 

basic parameters are: 𝑒଴ = 0.869 and 𝜎଴ᇱ  = 2.77 kPa. The thicknesses of the upper and 277 

lower sand aquifers were 0.220 and 0.165 m. During the laboratory test, a constant 278 

decrease in hydraulic head of 𝜑 = 1 m was maintained, and the water depletion (𝑄) 279 

of the clay layer was recorded during the experiment. 280 

The 𝑄(𝑡) data curve and the type-curve of 𝑄ത(𝑡̅) are plotted in Figure 3, and 281 

superimposed by keeping the axes of the two graphs parallel to each other (Figure 3). 282 
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The coordinates of the match point are 𝑄 = 4.6×10-4m3, 𝑄ത = 0.280, t = 2.8×103 s, and 283 𝑡̅  = 0.076. The computed 𝑐௩  and 𝐶௖  are 1.56×10−6 m2/s, 0.1496, respectively, by 284 

substituting these coordinates into equations (18) and (19). The specific storage 𝑆௦ and 285 𝑘௩  of the clay layer at the initial time are 0.125, 1.953×10−7 m/s calculated by 286 𝑆௦  =  ଴.ସଷସఊೢ஼೎(ଵା௘బ)ఙబᇲ   and 𝑘௩  =  ଴.ସଷସ௖ೡ஼೎ఊೢ(ଵା௘బ)ఙబᇲ , respectively. The hydraulic parameters 287 

determined in this study are basically equal to that calculated by Luo et al. (2020). 288 

Figure 4 compares the measured depletion within the observation time of the 289 

clay layer and the results predicted by substituting these estimated parameters into the 290 

equation (16a) proposed in this study and the studies of Li et al. (2018) and Zhou et al. 291 

(2013). 𝑄(𝑡) predicted by the analytical solution (7.15×10−4 m3) in this study agrees 292 

well with the experimental results (7.11×10−4 m3), and the 𝑄(𝑡)  predicted by the 293 

solutions in the studies of Li et al. (2018) and Zhou et al. (2013) are 1.03×10−3 and 294 

1.71×10−3 m3, respectively, which is larger than the measured deformation of the clay 295 

layer. 296 

 297 

Figure 3. Determination of parameters by the type-curve fitting method. 298 

 299 

Figure 4. Comparison of predicted and measured fluxes and settlement of the soil. 300 

4. Evaluation and Discussion 301 

4.1 Analytical Solutions under the Linear Drawdown in the Adjacent Aquifers 302 

It is assumed that the hydraulic head distribution in the aquitard is uniform at 303 

initial time (𝑠(𝑎, 0)  =  0), and the drawdown in the aquifers above and below the 304 
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aquitard both increases linearly. Namely, the boundary conditions of the equation (7) 305 

are 𝑠(0, 𝑡)  =  𝛽ଵ𝑡 and 𝑠(𝑙, 𝑡)  =  𝛽ଶ𝑡 (where 𝛽ଵ  and 𝛽ଶ  are the rate of drawdown in 306 

the aquifer overlying and underlying the aquitard, respectively) at the positions of 𝑎 = 307 

0 and 𝑎 = l, respectively. Substituting these boundary conditions and initial condition 308 

into equation (12), the 𝑞(𝑡) of the aquitard undergoing drainage from both sides under 309 

the condition of linear drawdown is obtained, 310 

𝑞(𝑡) = ௖ೡ஼೎(ଵା௘బ)௟ ቊ ଶ୪୬ଵ଴ ∑ [(−1)୬ − 1] ቈeି౤మಘమ೎ೡ೟೗మ ׬ ቀ(ିଵ)౤ఊೢఉమఙబᇲାఊೢఉమ௧ − ఊೢఉభఙబᇲାఊೢఉభ௧ቁ e౤మಘమ೎ೡ೟೗మ 𝑑𝑡௧଴ ቉ஶ୬ୀଵ ቋ #(20)  311 

The 𝑄(𝑡)  of the aquitard undergoing drainage from both sides under the 312 

condition of linear drawdown is derived through integration of 𝑞(𝑡) over time. 313 

𝑄(𝑡) = ௖ೡ஼೎(ଵା௘బ)௟ ଶ୪୬ଵ଴ ∑ [(−1)୬ − 1] ׬ ቈeି౤మಘమ೎ೡ೟೗మ ׬ ቀ(ିଵ)౤ఊೢఉమఙబᇲାఊೢ ఉమ௧ − ఊೢ ఉభఙబᇲାఊೢఉభ௧ቁ e౤మಘమ೎ೡ೟೗మ 𝑑𝑡௧଴ ቉ 𝑑𝑡௧଴ஶ୬ୀଵ #(21)  314 

4.2 Accuracy Evaluation 315 

The proposed analytical method was tested and evaluated by application to a 316 

hypothetical system with specified hydraulic properties and boundary conditions. The 317 𝑄(𝑡)  of the aquitard undergoing drainage from both sides are twice that of the 318 

aquitard undergoing drainage from one side, while the drawdown of aquifers on both 319 

sides of the aquitard is the same. Here, we only analyze the water release of the 320 

aquitard undergoing drainage from one side shown as in Figure 1. Substantial 321 

groundwater withdrawal from wells in the underlying confined aquifer caused a linear 322 

increase in drawdown, which in turn induced depletion from the aquitard. According 323 

to the previous study (Li et al., 2019), the parameters used in this section are: 𝐶௖ = 324 

0.054, 𝜎଴ᇱ = 51 kPa, 𝑒଴ = 1.10, 𝑐௩ = 1.10×10-7 m/s2, 𝛽 = 1 m/year, and 𝑙 = 10 m. 325 



17 
 

A comparison was made between the solutions of 𝑄(𝑡) of the aquitard under the 326 

linear drawdown condition (equation (21)) and that estimated by the proposed 327 

analytical method (equation (15)) under the stepped drawdown condition. In order to 328 

evaluate the accuracy of the proposed method, we divided the drawdown history of 329 

the pumped aquifer into different numbers of periods to calculate the aquitard 330 

depletion. As shown in Figure 6, the 𝑄(𝑡) predicted by equation (21) increases over 331 

time and it is 0.0473 m3 at 10 years. The 𝑄(𝑡) at 10 years predicted by equation (15) 332 

were 0.0492, 0.0480 and 0.0478 m3, while the drawdown history of the pumped 333 

aquifer is divided into 1, 2 and 3 periods, respectively. The 𝑄(𝑡)  at 10 years as 334 

predicted by equation (15) is slightly greater than that predicted by equation (21), and 335 

the errors are about 4.02％, 1.47％ and 1.05％ for 1, 2 and 3 periods, respectively. 336 

Therefore, the accuracy of the proposed analytical method is very good for estimating 337 

groundwater depletion from the aquitard, and it is better while the period number of 338 

drawdown history increases. 339 

 340 

Figure 5. The Cumulative amount of water released from the aquitard. 341 

4.3 Parametric sensitivity for water release rate and depletion of aquitard 342 

In order to investigate the effect of hydraulic parameters on the depletion from 343 

an aquitard under the condition of increasing drawdown, we conduct a parametric 344 

sensitivity analysis of the aquitard depletion, by varying the values in sections 4.2 at a 345 

time. This section analyzed the effect of the 𝐶௖, 𝑒଴, 𝑐௩, 𝜎଴ᇱ  𝑙 and 𝛽 on water release rate 346 

and depletion of the aquitard undergoing drainage from one side. In addition, we 347 
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compared the water release under the conditions of linear drawdown and fixed 348 

drawdown in the adjacent aquifer, and we take half of the total time as the 349 

“Representative time” while calculating the water depletion of the aquitard when the 350 

drawdown in the adjacent aquifer increases abruptly (Konikow & Neuzil, 2007). 351 

 352 

Figure 6. The water release rate of the aquitard with the linear drawdown in the pumped 353 

aquifer for different values of (a) 𝐶௖  (b) 𝑒଴, (c) 𝒄𝒗, (d) 𝝈𝟎ᇱ , (e) 𝒍 and (f) 𝛽. 354 

The 𝑞(𝑡) of the aquitard under the conditions of linear drawdown is predicted 355 

by equation (20) (see Figure 6). The 𝑞(𝑡) increases rapidly to a maximum initially, 356 

then it decreases, and the rate of decrease gradually slows down. The variation of 𝑞(𝑡) 357 

under different values of parameters also increases to a maximum initially, then it 358 

gradually decreases. Namely, the effect of the parameter values on 𝑞(𝑡) decreases 359 

under the condition of the linear drawdown over long timescales. 360 

The 𝑞(𝑡) of the aquitard draining from one side are calculated with different 𝐶௖ 361 

values (see Figure 6a). The 𝑞(𝑡) increases with increasing 𝐶௖, and the occurrence time 362 

for the maximum value of 𝑞(𝑡) does not depend on the value of 𝐶௖. The maximum 363 

values of 𝑞(𝑡)  are 5.11×10-3, 1.02×10-2, 1.53×10-2, 2.04×10-2 m3/year, while the 364 

corresponding values of 𝐶௖  are 0.05, 0.10, 0.15 and 0.20, respectively, and the 365 

occurrence time for the 𝑞(𝑡) maximum value is 4.2 years. 366 

The 𝑞(𝑡) of the aquitard draining from one side are calculated with different 𝑒଴ 367 

values (see Figure 6b). The 𝑞(𝑡) decreases with increasing 𝑒଴, and the occurrence time 368 

for the maximum value of 𝑞(𝑡) does not depend on the value of 𝑒଴. The maximum 369 
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values of 𝑞(𝑡)  are 7.72×10-3, 5.79×10-2, 4.63×10-2, 3.89×10-2 m3/year, while the 370 

corresponding values of 𝑒଴ are 0.5, 1.0, 1.5 and 2.0, respectively, and the occurrence 371 

time for the 𝑞(𝑡) maximum value is 3.85 years. 372 

The 𝑞(𝑡) of the aquitard draining from one side are calculated with different 𝑐௩ 373 

values (see Figure 6c). The 𝑞(𝑡) is greater with a larger value of 𝑐௩ at the initial stage, 374 

and then it is less with a larger value of 𝑐௩. The occurrence time for the maximum 375 

value of 𝑞(𝑡)  decreases with an increasing 𝑐௩ . The maximum values of 𝑞(𝑡)  are 376 

5.36×10-3, 6.57×10-3, 8.00×10-3, 8.83×10-3 m3/year, and the occurrence time for the 377 𝑞(𝑡) maximum values are 4.35, 2.85, 1.4 and 0.95 years, while the corresponding 378 

values of 𝑐௩  are 1×10-7, 2×10-7, 5×10-7 and 1×10-6 m2/s, respectively. The 𝑞(𝑡) are 379 

1.03×10-3, 9.99×10-4, 9.83×10-4, 9.78×10-4 m3/year at the 50th year, while the 380 

corresponding values of 𝑐௩ are 1×10-7, 2×10-7, 5×10-7 and 1×10-6 m2/s, respectively. 381 

The 𝑞(𝑡) of the aquitard draining from one side are calculated with different 𝜎଴ᇱ  382 

values (see Figure 6d). The 𝑞(𝑡) decreases with an increasing 𝜎଴ᇱ, and the occurrence 383 

time for the maximum value of 𝑞(𝑡) increases with an increasing 𝜎଴ᇱ . When the 𝜎଴ᇱ  384 

values are 50, 100, 150 and 200 kPa, the maximum values of 𝑞(𝑡) are 1.46×10-2, 385 

9.99×10-3, 5.53×10-3 and 3.42×10-3 m3/year, and the occurrence time for 𝑞(𝑡) 386 

maximum values are 2.10, 2.75, 4.15, 5.25 years, respectively. 387 

The 𝑞(𝑡) of the aquitard draining from one side are calculated with different 𝑙 388 

values(see Figure 6e). The 𝑞(𝑡) increases with an increasing 𝑙, and the occurrence 389 

time for the maximum value of 𝑞(𝑡) increases with an increasing 𝑙. When the values 390 

of 𝑙 are 5, 10, 15 and 20 m, the maximum values of 𝑞(𝑡) are 3.91×10-3, 5.50×10-3, 391 
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6.18×10-3, 6.44×10-3 m3/year, and the occurrence time for 𝑞(𝑡) maximum values are 392 

1.75, 3.65, 6.45, 9.50 years, respectively. 393 

The 𝑞(𝑡) of the aquitard draining from one side are calculated with different 𝛽 394 

values (see Figure 6f). The 𝑞(𝑡) increases with an increasing 𝛽, and the occurrence 395 

time for the maximum value of 𝑞(𝑡) decreases with an increasing 𝛽. While the values 396 

of 𝛽 are 0.5, 1, 1.5 and 2 m/year, the maximum values of 𝑞(𝑡) are 3.06×10-3, 5.36×10-397 

3, 6.57×10-3 and 7.86×10-3 m3/year, and the occurrence time for 𝑞(𝑡) maximum values 398 

are 5.32, 4.45, 3.55 and 3.15 years, respectively. 399 

 400 

Figure 7. Depletion of the aquitard with a linear drawdown in the pumped aquifer for 401 

different values of (a) 𝒍, (b) 𝒄𝒗, (c) 𝝈𝟎ᇱ , and (d) 𝛽ଵ. 402 

The depletion of the aquitard under the conditions of linear drawdown and 403 

constant drawdown, which are respectively predicted through equations (21) and 404 

(16a), increases with an increasing 𝐶௖ (Figure 7a), and the difference of 𝑄(𝑡) between 405 

the two cases increases with an increasing 𝐶௖. In particular, the estimated depletion of 406 

the aquitard under the linear drawdown conditions are 0.116, 0.231, 0.347, 0.463 m3, 407 

and that under the constant drawdown conditions are 0.118, 0.236, 0.354, 0.472 m3, 408 

which are 0.05, 0.10, 0.15 and 0.20, for corresponding values of 𝐶௖, respectively, and 409 

the error of the estimation method is 2.03％. 410 

The 𝑄(𝑡) of the aquitard draining from one side are calculated with different 𝑒଴ 411 

values (see Figure 7b). The 𝑄(𝑡) predicted under the conditions of linear drawdown 412 

and constant drawdown decreases with an increasing 𝑒଴ and the difference of aquitard 413 
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depletion between two cases decreases with an increasing value of 𝑒଴. In particular, 414 

the estimated depletion of the aquitard under the linear drawdown conditions are 415 

0.175, 0.131, 0.105, 0.0874 m3, and that under the constant drawdown condition are 416 

0.179, 0.134, 0.107, 0.0875 m3, which are 0.5, 1.0, 1.5 and 2.0, for corresponding 417 

values of 𝑒଴, respectively, and the error of the estimation method is 2.28％. 418 

The 𝑄(𝑡) of the aquitard draining from one side are calculated with different 𝑐௩ 419 

values (see Figure 7c). The 𝑄(𝑡) increases slightly with an increasing 𝑐௩  under the 420 

conditions of linear drawdown and constant drawdown decreases and the final 𝑄(𝑡) 421 

does not depend on 𝑐௩  under the constant drawdown condition, while the 422 

consolidation rate accelerates with increasing 𝑐௩. In particular, the predicted depletion 423 

of the aquitard under the linear drawdown condition are 0.124, 0.126, 0.127 and 0.127 424 

m3, and that under the constant drawdown condition are 0.128 m3, and the errors are 425 

3.2％, 1.6％, 0.78％, 0.78％ corresponding values of 𝑐௩, which are 1×10-7, 2×10-7, 426 

5×10-7 and 1×10-6 m2/s, respectively. 427 

The 𝑄(𝑡) of the aquitard draining from one side are calculated with different 𝜎଴ᇱ  428 

values (see Figure 7d). The 𝑄(𝑡) predicted under the conditions of linear drawdown 429 

and constant drawdown decreases with an increasing 𝜎଴ᇱ and the difference of aquitard 430 

depletion between the two cases increases with an increasing 𝜎଴ᇱ. In particular, when 431 

the 𝜎଴ᇱ  values are 50, 100, 150 and 200 kPa, the estimated depletion of the aquitard 432 

under the linear drawdown condition are 0.125, 0.0933, 0.0764, 0.0649 m3, and that 433 

under the constant drawdown condition are 0.128, 0.0960, 0.0787, 0.0672 m3, and the 434 

errors are 2.4％, 2.9％, 3.0％ and 3.5％, respectively. 435 
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The 𝑄(𝑡) of the aquitard draining from one side are calculated with different 𝑙 436 

values (see Figure 7e). The 𝑄(𝑡) predicted under the conditions of linear drawdown 437 

and constant drawdown increases with an increasing 𝑙, and the difference of the 𝑄(𝑡) 438 

between the two cases increases with an increasing value of 𝑙. In particular, when the 439 

values of 𝑙 are 5, 10, 15 and 20 m, the predicted 𝑄(𝑡) under the linear drawdown 440 

condition are 0.0636, 0.125, 0.182 and 0.229 m3, and that under the constant 441 

drawdown condition are 0.0639, 0.128, 0.188 and 0.237 m3, and the errors are 3.1％, 442 

3.2％, 3.3％, and 3.5％ for corresponding values of 𝑙, respectively. 443 

The 𝑄(𝑡) of the aquitard draining from one side are calculated with different 𝛽 444 

values (see Figure 7f). The 𝑄(𝑡) predicted under the conditions of linear drawdown 445 

and constant drawdown decreases with an increasing 𝛽, and the difference of aquitard 446 

depletion between the two cases slightly decreases with an increasing 𝛽. When the 447 

values of 𝛽 are 0.5, 1, 1.5 and 2 m/year, the estimated depletion of the aquitard under 448 

the linear drawdown condition are 0.0928, 0.125, 0.145 and 0.159 m3, and that under 449 

the constant drawdown condition are 0.0953, 0.128, 0.148 and 0.162 m3, and the 450 

errors are 2.8％, 2.1％ 1.4％ and 1.2％, , respectively. 451 

5. Field application 452 

5.1 Hydrogeologic Setting 453 

The proposed method is also tested using data from a field site in Shanghai city, 454 

China. Shanghai is a large metropolis located in the east of China and occupies an 455 

area of nearly 6,340 km2, (Figure 8). Shanghai City is underlain by a multi-layered 456 

aquifer system composed of Quaternary sediments, with an average of 280 m (Zhang 457 
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et al., 2013). In 1860, Shanghai began to extract groundwater from deep wells, and 458 

land subsidence was first reported in 1921. The long-term over-exploitation of 459 

groundwater in aquifers has led to serious land subsidence (Shi et al., 2008; Zhang et 460 

al., 2007). The average total accumulated settlement in the city center was about 1.93 461 

m, and the maximum was 2.63 m from 1921 to 2001 (Zhang et al., 2015). 462 

To detect groundwater level changes and the compaction of individual strata, 463 

there are 27 extensometer groups and more than 1,400 observation wells in Shanghai 464 

(Figure 8) (Chai et al., 2004). The drawdown of hydraulic head in Shanghai can be 465 

divided into three stages. During the first stage, since the first observation of land 466 

subsidence in 1921, the continuous decline of groundwater level until 1965 led to a 467 

fast rate of land subsidence in Shanghai during this period, the net groundwater 468 

pumping rates and the average yearly rates of subsidence are 1.40×108 m3/year and 32 469 

mm/year. During the second stage, the pumping capacity decreased significantly from 470 

1965 to 1981 to reduce the rate of land subsidence, and the average pumping capacity 471 

reached 0.38×108 m3/year. Moreover, due to large-scale artificial recharge of 472 

groundwater being carried out in the central urban area, the annual land subsidence 473 

rate resulted in a negative growth to -3mm/year. During the third stage, due to rapid 474 

economic development, the amount of groundwater exploitation increased and the 475 

groundwater level decreased slowly after 1981, but it was still higher than the 476 

groundwater level in the 1960s. The net groundwater pumping rates and the average 477 

yearly rates of subsidence are 1.13×108 m3/year and 8.2 mm/year until the reduction 478 

of groundwater extraction after 2001. 479 
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Here, extensometer group four, which has long-term observation data of the 480 

compaction of individual strata and variable drawdown, is taken as an example. There 481 

are three aquitards, one unconfined aquifer, and four confined aquifers at 482 

extensometer group four shown as in the stratigraphic distribution at the site of 483 

extensometer group four (Figure 9). The unconfined aquifer (UA) was composed of 484 

silty sand and buried from 0 m to 7 m below the ground surface, and could be 485 

recharged directly by surface water. Therefore, the annual average water level in UA 486 

has remained almost unchanged over years. The first confined aquifer (CA1) and the 487 

second confined aquifer (CA2), which are mainly composed of sand, were primarily 488 

pumped aquifers in this area and buried from 30 m to 48 m and 88 m to 153 m below 489 

the ground surface, respectively. The hydraulic head of the CA1 and CA2 dropped by 490 

5.0 m, and the yearly decline rates of the hydraulic head both are about 0.25 m/year 491 

from 1981 to 2001. The total land subsidence during 1981–2001 was 226.48 mm, and 492 

the cumulative compaction of aquitard 1 and aquitard 2 was 55.25 and 22.84 mm, 493 

respectively, which is about 24.39% and 10.08% of the total subsidence during 1981–494 

2001 (Figure 10) (Shi et al., 2008). 495 

 496 

Figure 8. Location map and administrative divisions of Shanghai, and the locations of 497 

extensometer groups modified from Li et al. (2021). 498 

 499 

Figure 9. Physical and mechanical properties of soil layers (modified from Zhang et al. 500 

(2007). 501 
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 502 

Figure 10. Groundwater level variations in confined aquifers, land subsidence, and 503 

compaction of individual strata at extensometer group four modified from Zhang et al. 504 

(2007). 505 

5.2 Determination of Aquitard Parameters 506 

Due to the lack of specific compression distribution of each layer, the aquitard is 507 

simplified as a homogeneous confining layer for analysis and treatment to determine 508 

the overall average hydrogeological parameters over the whole thickness. The water 509 

level of UA has remained almost unchanged over the period of 1981 – 2001, thus it is 510 

inferred that the deformation of aquitard 1 was caused by the drawdown in CA1. 511 

Meanwhile, the deformation of aquitard 2 was inferred to be caused by the drawdown 512 

in CA1 and CA2. Therefore, aquitards 1 and 2 are regarded as the aquitard 513 

undergoing drainage from one and both sides, respectively. 514 

In order to determine the hydrogeological parameters of aquitards 1 and 2, we 515 

only consider the drawdown history from 1981 to 2001 and divide 20 years of 516 

drawdown history into 3 periods, each being ∆𝑡  to be 6.67 years. Thus, we have 517 

constant drawdowns during the 3 periods to be 1.6, 1.6, and 1.8 m, respectively, 518 

leading to 𝜑ଵଵ = 1.6 m, 𝜑ଶଵ = 1.6 m, and 𝜑ଷଵ = 1.8 m, where the superscript 1 represents 519 

aquitard 1. For aquitard 2, the stepped drawdown during the 3 periods in CA1 and 520 

CA2 are: 𝜑଴,ଵଶ  = 𝜑ଵ,ଵଶ = 1.6 m, 𝜑଴,ଶଶ  = 𝜑ଵ,ଶଶ  = 1.6 m, and 𝜑଴,ଷଶ  = 𝜑ଵ,ଷଶ  = 1.8 m, 521 

respectively. In addition, parameters of the aquitard 1 and aquitard 2 are as follow: 522 𝑙ଵ  = 23 m, 𝑒଴ଵ = 1.10, 𝜎଴ଵᇱ = 150 kPa, 𝑙ଶ  = 40 m, 𝑒଴ଶ = 0.93, and 𝜎଴ଶᇱ = 610 kPa. 523 
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Similar to section 3.1, the type-curve fitting method determines the 524 

hydrogeological parameters of the aquitard. The logarithmic forms of equation (15) in 525 

a dimensionless form (𝑄ത(𝑡̅)) and dimensionless time (∆𝑡̅ = ௖ೡ∆௧௟మ ) are respectively 526 

expressed as: 527 

log10 𝑄ഥ(𝑡̅) = log10 𝑄(𝑡) + log10 ൤1 + 𝑒0𝐶𝑐𝑙 ൨ #(22a)  

log10 ∆𝑡̅ = log10 ∆𝑡 + log10 𝑐𝑣𝑙2 #(22b)  

Because the value of 𝑐௩ affects the dimensionless time (∆𝑡̅), we plotted the type 528 

curve under different ∆𝑡̅ values and fitted the measured data with a type curve to 529 

determine the 𝑐௩ value. The type curve of 𝑄ത(𝑡̅) under different ∆𝑡̅ values is presented 530 

in Figure 11. In addition, we keep the final point of the measured data to coincide 531 

with the final point of the dimensionless curve, while superimposing 𝑄(𝑡) curve over 532 𝑄ത(𝑡̅), and selecting the matching point as the intersection of the type curve and the 533 𝑄(𝑡) data curve. Then, substitute the coordinates of the match points 𝑄(𝑡)、 𝑄ത(𝑡̅)、534 ∆𝑡 and ∆𝑡̅  into equations (26) and (27) to determine the hydrogeological parameters. 535 𝑐௩ = 𝑙ଶ∆𝑡̅∆𝑡 #(23)  𝐶௖ = 𝑄(𝑡)(1 + 𝑒଴)𝑄ത(𝑡̅)𝑙 #(24)  

The measured values of 𝑄(𝑡) of aquitard 1 match the type-cure 𝑄ത(𝑡̅) of ∆𝑡̅ is 536 

0.30, and its coordinates in the two systems are 𝑄 = 2.6×10−2 m3, 𝑄ത = 3.2×10−2, 𝑡 = 12 537 

years and 𝑡̅ = 0.46 (see Figure 9a). Substituting these values into equations (23) and 538 

(24) yields the estimated coefficient of consolidation, 𝑐௩ଵ =7.62×10-7 m2/s, and the 539 

compression index, 𝑐௖ଵ =0.074, of aquitard 1. The 𝑆௦ and 𝑘௩ of the aquitard 1 at initial 540 

time respectively are 9.9×10-4 m-1 and 7.62×10-10 m/s, which can be calculated by 541 
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𝑆௦ = ଴.ସଷସఊೢ஼೎(ଵା௘బ)ఙబᇲ  and 𝑘௩ = ଴.ସଷସ௖ೡ஼೎ఊೢ(ଵା௘బ)ఙబᇲ , respectively. 542 

The measured values of 𝑄(𝑡) of aquitard 2 match the type-curve 𝑄ത(𝑡̅) of ∆𝑡̅ is 543 

0.10, and its coordinates in the two systems are 𝑄 = 1.26×10−2 m3, 𝑄ത = 9.8×10−2, 𝑡 = 544 

13 years and 𝑡̅ = 0.18 (see Figure 9b). The estimated coefficient of consolidation, 𝑐௩ଶ 545 

=7.57×10-7 m2/s, and the compression index, 𝐶௖ଶ = 0.063, of aquitard 2. The 𝑆௦ and 𝑘௩ 546 

of the aquitard 2 at an initial time are 2.3×10-4 m-1 and 1.75×10-10 m/s, respectively. 547 

 548 

Figure 11. Determination of parameters by the type-curve fitting method: (a) aquitard 1; (b) 549 

aquitard 2. 550 

5.3 Verification and Discussion 551 

The above estimated hydrogeological parameters are substituted into the 552 

equation (21) to obtain the estimated 𝑄(𝑡) of aquitard 1 and aquitard 2 under the 553 

condition of linear drawdown. Figure 12 shows the estimated and measured curves of 554 

the 𝑄(𝑡). In particular, the estimated and measured depletion of the aquitard 1 per unit 555 

horizontal area respectively are 0.054 and 0.055 m3, while the corresponding error 556 

value is 1.8％. The estimated and measured depletion of the aquitard 2 per unit 557 

horizontal area respectively are 0.023 and 0.022 m3, while the corresponding error is 558 

4.3％. It is seen that the depletion of the aquitard predicted by the analytical solution 559 

in this study agrees well with the measured results, which means the accuracy of the 560 

hydrogeological parameters determined by the proposed method. 561 

 562 

Figure 12. Comparison of predicted and measured settlement of the aquitard 1 and 2. 563 
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The values of 𝑘௩ and 𝑆௦, in fact, decrease with the increasing effective stress 564 

with the development of consolidation of the aquitard. The estimated 𝑘௩ and 𝑆௦ at the 565 

lower surface of aquitard 1 in 2001 were 5.71× 10-10 m/s and 7.4×10-4 m-1, 566 

respectively. Similarly, the estimated 𝑘௩ and 𝑆௦ at the lower surface of aquitard 2 in 567 

2001 were 1.69×10-10 m/s and 2.22×10-4 m-1, respectively.  568 

By comparing the estimated and measured 𝑘௩  and 𝑆௦  with the results of the 569 

geologic method calibrated by Konikow & Neuzil (2007) (see Figure 13), the 570 

estimated and measured 𝑘௩ were close to the clay layer with medium content, which 571 

is similar to the characteristics of clay in Shanghai (Zhang et al., 2007). It is found 572 

that the 𝑘௩ and 𝑆௦ of aquitards 1 and 2 are less than laboratory experimental results 573 

(Figure 9), due to the fact that both aquitards have experienced consolidation over a 574 

very long time and under originally extremely high-stress conditions, while the 575 

laboratory samples were inevitably subjected to stress perturbation due to many 576 

factors such as sample collection, transportation and laboratory installation (Konikow 577 

& Neuzil, 2007; Zhuang et al., 2015). The estimated 𝑆௦ is closer to the soil parameters 578 

of over-consolidated soil, which is because the aquitards have undergone 579 

consolidation under greater effective stress caused by drawdown in the CA1 and CA2 580 

before 1965. 581 

 582 

Figure 13. Comparison of predicted and measured hydraulic conductivity (a) and specific 583 

storage (b) of the aquitard in the geologic method calibrated from Konikow & Neuzil (2007). 584 

6. Conclusions 585 
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In this study, the hydrogeological conceptual model of a multi-layer aquifer 586 

system is constructed. Based on the theories developed by Davis & Raymond (1965) 587 

and Gibson et al. (1967), the governing equation for nonlinear consolidation of an 588 

aquitard is developed without considering the creep effect. A general analytical 589 

solution under nonhomogeneous initial conditions and arbitrary boundary conditions 590 

is proposed to describe the variation of drawdown in the aquitard undergoing 591 

nonlinear consolidation. Based on the analytical solution, methods to calculate the 592 

hydrogeological parameters and long-term decreases in the volume of water stored in 593 

the low permeability aquitard undergoing nonlinear consolidation are put forward, 594 

under a condition that the drawdown history of the aquifers above and underlying the 595 

aquitard can be approximated as step-by-step piecewise function with respect to time. 596 

In addition, factors affecting the 𝑄(𝑡)   are also studied under the conditions of 597 

constant and linearly increasing drawdown in the adjacent confined aquifer. The new 598 

method proposed in this study is demonstrated by a laboratory experiment and a field 599 

application to the aquifer system beneath Shanghai city of China. The main 600 

conclusions are as follows: 601 

(1) Under the condition of linear drawdown in adjacent aquifers, the depletion of 602 

the aquitard increases with increasing 𝐶௖, 𝛽, 𝑙, 𝑐௩ and it decreases with increasing 𝑒଴, 603 𝜎଴ᇱ, while it becomes independent of 𝑐௩ over long timescales. The 𝑞(𝑡) of the aquitard 604 

increases initially and then it gradually decreases. The effect of the parameter values 605 

on the 𝑞(𝑡) tends to disappear over long timescales. The maximum value of the water 606 

release rate increases with increasing 𝐶௖ , 𝜑 , 𝑙 , 𝑐௩  and decreasing 𝑒଴ , 𝜎଴ᇱ . The 607 
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occurrence time for the maximum value of 𝑞(𝑡) increases with increasing 𝜎଴ᇱ , 𝑙 and 608 

decreasing 𝑐௩, 𝛽 and it does not depend on the value of 𝐶௖ and 𝑒଴. 609 

(2) The proposed analytical method for calculating groundwater depletion of 610 

aquitard, of which the error is generally less than 4%, is very good, and its accuracy is 611 

better while the drawdown history of pumped aquifers is divided into more periods for 612 

estimation. By comparing groundwater depletion of aquitard under the conditions of 613 

linear drawdown and constant drawdown using “Representative time”, the results are 614 

in good agreement, while the latter is slightly greater than the former. 615 

(3) The estimated hydraulic parameters of the aquitards 1 and 2 at the selected 616 

field site are closer to the data of the soil layer with moderate clay content and over-617 

consolidation, which is similar to the characteristics of clay found in Shanghai City, 618 

and they are in general agreement with the results of the geologic method developed 619 

by Konikow & Neuzil (2007). However, they are usually smaller than the 620 

experimental results due to long-term consolidation and stress disturbance during the 621 

test. 622 
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 636 

Appendix: Derivation of Equation (11) 637 

The mathematical statement of the problem consisting of equations (7) – (10) 638 

are as follows: 639 𝑐௩ ൤డమ௦డ௔మ − ఊೢఙబᇲାఊೢ௦ ቀడ௦డ௔ቁଶ൨ = డ௦డ௧ #(7)   640  𝑠(𝑎, 0) = 𝑓(𝑎) = 0 < 𝑎 < 𝑙#(8)   641 𝑠(0, 𝑡) = 𝑠଴(𝑡)             𝑡 > 0#(9)   642 𝑠(𝑙, 𝑡) = 𝑠ଵ(𝑡)              𝑡 > 0#(10)   643 

Using the substitution: 644 𝑤 = logଵ଴(𝜎ᇱ 𝜎଴ᇱ⁄ ) = logଵ଴((𝜎଴ᇱ + 𝛾௪𝑠) 𝜎଴ᇱ⁄ )                       (A1) 645 

The boundary conditions are simplified by substituting equation (A1) into equations 646 

(7) – (10) as follows: 647 𝑐௩ 𝜕ଶ𝑤𝜕𝑎ଶ = 𝜕𝑤𝜕𝑡 #(A2)  𝑤(𝑎, 0) = logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑓(𝑎)𝜎଴ᇱ        0 < 𝑎 < 𝑙#(A3)  𝑤(0, 𝑡) = logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଵ(𝑡)𝜎଴ᇱ             𝑡 > 0#(A4)  𝑤(𝑙, 𝑡) = logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଶ(𝑡)𝜎଴ᇱ             𝑡 > 0#(A5)  



32 
 

Because boundary condition (A5) is non-homogeneous, it is necessary to simplify the 648 

boundary conditions as follows: 649 𝑤(𝑎, 𝑡) = 𝑝(𝑎, 𝑡) + 𝑞(𝑎, 𝑡)#(A6)  𝑞(𝑎, 𝑡) = logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଵ(𝑡)𝜎଴ᇱ + 𝑎𝑙 logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଶ(𝑡)𝜎଴ᇱ + 𝛾௪𝑠ଵ(𝑡) #(A7)  

Substituting 𝑤(𝑎, 𝑡) with 𝑝(𝑎, 𝑡) of equation (A2), the initial condition and boundary 650 

condition leads to: 651 𝑐௩ డమ௣డ௔మ − ଵ୪୬ଵ଴ ቀ ఊೢఙబᇲାఊೢ௦భ(௧) డ௦భ(௧)డ௧ ቀ1 − ௔௟ ቁ + ఊೢఙబᇲାఊೢ ௦మ(௧) డ௦మ(௧)డ௧ ௔௟ ቁ = డ௣డ௧ #(A8)   652 𝑝(𝑎, 0) = logଵ଴ ఙబᇲାఊೢ ௙(௔)ఙబᇲ − logଵ଴ ఙబᇲାఊೢ௦భఙబᇲ − ௔௟ logଵ଴ ఙబᇲାఊೢ௦మఙబᇲାఊೢ௦భ       0 < 𝑎 < 𝑙#(A9)   653  𝑝(0, 𝑡) = 0      0 < 𝑎 < 𝑙#(A10)   654  𝑝(𝑙, 𝑡) = 0      0 < 𝑎 < 𝑙#(A11)   655 

where 𝑠ଵ, 𝑠ଶ are the drawdown in the aquifers lying respectively above and below the 656 

aquitard at the initial time (t=0), respectively. 657 

The solution of equations (A8) – (A11) was derived using the separation of 658 

variables method as: 659 

𝑝(𝑎, 𝑡) = ෍[𝑇௡(0)𝑒ି௡మగమ௖ೡ௧௟మ + 𝑒ି௡మగమ௖ೡ௧௟మ න 𝑓௡(𝑡)𝑒௡మగమ௖ೡ௧௟మ 𝑑𝑡௧
଴ ]∞

௡ୀଵ 𝑠𝑖𝑛 𝑛𝜋𝑎𝑙 #(A12)  

where  660 

𝑓௡(𝑡) = 2𝑛𝜋ln10 ቈ (−1)௡𝛾௪𝜎଴ᇱ + 𝛾௪𝑠ଶ(𝑡) 𝜕𝑠ଶ(𝑡)𝜕𝑡 − 𝛾௪𝜎଴ᇱ + 𝛾௪𝑠ଵ(𝑡) 𝜕𝑠ଵ(𝑡)𝜕𝑡 ቉ #(A13)  

𝑇௡(0) = 2𝑙 න logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑓(𝑎)𝜎଴ᇱ
௟

଴ 𝑠𝑖𝑛 𝑛𝜋𝑎𝑙 𝑑𝑎 + 2𝑛𝜋 ቆlogଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଶ𝜎଴ᇱ (−1)௡ − logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଵ𝜎଴ᇱ ቇ #(A14)
Combining (A7) with (A12) to obtain the solution of equations (A2) – (A5) leads to, 661 

𝑤(𝑎, 𝑡) = ෍ ቈ𝑇௡(0)𝑒ି௡మగమ௖ೡ௧௟మ + 𝑒ି௡మగమ௖ೡ௧௟మ න 𝑓௡(𝑡)𝑒௡మగమ௖ೡ௧௟మ 𝑑𝑡௧
଴ ቉∞

௡ୀଵ 𝑠𝑖𝑛 𝑛𝜋𝑎𝑙 +
logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଵ(𝑡)𝜎଴ᇱ + 𝑎𝑙 logଵ଴ 𝜎଴ᇱ + 𝛾௪𝑠ଶ(𝑡)𝜎଴ᇱ + 𝛾௪𝑠ଵ(𝑡) #(A15)  
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The solution of equation (11) was derived by substituting equation (A15) into 662 

equation (A1). 663 
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