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Abstract

In this second part of the two paper series, we detail an algorithmic procedure for systematically implementing the generalized
closure form strategy presented in Part 1. After encoding the algorithm into Symbolica, an automated upscaling framework,
we upscale two reactive mass transport problems and numerically validate the resulting nonlinear homogenized models. In
both problems, nontrivial closure forms and closure problems are automatically formulated using the encoded strategy with no
human interaction, nor prior knowledge regarding the closure required for the systems. We hope these demonstrations spark
further interest in automated analytical frameworks for multi-scale modeling, as such capabilities are invaluable for generating

rigorous multiscale models of complex phenomena in geological porous media.
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Key Points:

» An algorithmic procedure for applying the homogenization strategy from Part 1 is encoded into
Symbolica, an automated upscaling framework.

 Using the strategy, Symbolica automatically defines valid closure forms and closure problems for
two reactive mass transport problems.

« Nontrivial homogenized models for complex problems are produced by Symbolica and numerically
validated.
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Abstract

In this second part of the two paper series, we detail an algorithmic procedure for systematically imple-
menting the generalized closure form strategy presented in Part 1. After encoding the algorithm into Sym-
bolica, an automated upscaling framework, we upscale two reactive mass transport problems and numer-
ically validate the resulting nonlinear homogenized models. In both problems, nontrivial closure forms
and closure problems are automatically formulated using the encoded strategy with no human interac-
tion, nor prior knowledge regarding the closure required for the systems. We hope these demonstrations
spark further interest in automated analytical frameworks for multi-scale modeling, as such capabilities
are invaluable for generating rigorous multiscale models of complex phenomena in geological porous me-
dia.

1 Introduction

In Part 1 of this series, we presented a general analytical upscaling strategy for extending model
applicability with respect to classical homogenization theory. This strategy involved generalizing the as-
sumed form of ordered solutions to enable valid closure problem formulation. In short, assumed solution
forms were constructed as linear combinations of closure terms, which were chosen based on the equa-
tions for which closure was sought. The implementation of this strategy was detailed in two reactive mass
transport systems: the first considered a single solute undergoing a linear heterogeneous reaction, and
the second considered two solutes undergoing linear heterogeneous reactions. Homogenized models were
derived for both systems in moderately reactive regimes, where classical homogenization theory fails due
to similar magnitudes of diffusive and reactive terms. Nontrivial terms and effective parameters that cou-
pled reactive, diffusive, and advective physics were found and discussed in detail. Then, numerical val-
idation of the models was provided to justify the proposed upscaling strategy. In light of the results, we
found agreement with previous works (Auriault & Adler, 1995; Battiato & Tartakovsky, 2011; Boso &
Battiato, 2013; Bloch & Auriault, 2019; Iliev et al., 2020) advising caution against assuming the forms
of macroscopic equations from the forms of their microscopic counterparts, as they may vastly differ de-
pending on the physical regime due to nontrivial couplings and emergent terms.

Now, in Part 2, we detail an algorithmic procedure for generally applying our strategy and encode
it into Symbolica, our automated upscaling framework (Pietrzyk et al., 2021). Symbolica generates up-
scaled models for multi-physical systems involving porous media by automating rigorous upscaling pro-
cedures using symbolic computation. Using our encoded algorithm, we employ Symbolica to homogenize
two reactive mass transport systems: the first considers a single solute undergoing a nonlinear hetero-
geneous reaction, and the second considers a multi-component system undergoing linear and nonlinear,
homogeneous and heterogeneous reactions. We emphasize that the encoded strategy enables Symbolica
to automatically define appropriate closure forms and valid closure problems for these systems without

human interaction. Considering moderately reactive regimes, nonlinear homogenized models with concentration-

dependent effective parameters and emergent terms are derived. Upon numerically validating the mod-
els, we verify our encoded strategy and demonstrate the high implementation efficiency of the general-
ized closure form strategy, as its encoding generalizes to a broad range of multi-physical systems involv-
ing geological porous media.

The manuscript is organized as follows. In Section 2, an algorithmic procedure is detailed for the
systematic execution of the generalized closure form strategy presented in Part 1. After encoding Sym-
bolica with this procedure, we use the automated strategy to homogenize a single-species system under-
going a nonlinear heterogeneous reaction in Section 3, where the homogenized results and numerical val-
idation are provided in Subsections 3.1 and 3.2, respectively. We then homogenize a multi-species sys-
tem undergoing multiple linear and nonlinear, homogeneous and heterogeneous reactions in Section 4,
where the homogenized results and numerical validation are provided in Subsections 4.1 and 4.2, respec-
tively. Finally, a summary of Part 2 is presented in Section 5.

2 The Generalized Closure Form Strategy Procedure

Here, we introduce an algorithmic procedure for broadly implementing the generalized closure form
strategy outlined in Part 1 of this series. This procedure will serve as a roadmap for encoding the strat-
egy into automated upscaling frameworks like Symbolica. While further details regarding Symbolica and
its homogenization procedure can be found in our previous work (Pietrzyk et al., 2021), we focus on de-
scribing the procedure for executing the strategy in a systematic fashion.
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Figure 1. The step-by-step, algorithmic procedure Symbolica executes to implement the generalized closure
form strategy for automatic closure form and closure problem formulation. The example problem considered gener-

alizes the first order system from the first problem of Part 1 (equations (A8*) and (A6b*)).

65

66

67

68

69

70

71

72

73

74

%

76

7

78

In Figure 1, the generalized closure form strategy is implemented on an example problem in a step-

by-step, algorithmic procedure. The problem considered is a generalization of the first order system from
the first problem of Part 1 (equations (A8*) and (A6b*))!. Here, A(£) is a general vector that depends
on &, F(t,x) is a general vector that depends on ¢t and x, B is a general vector with no dependencies, a(t,x)
is a general scalar that depends on ¢ and x, and n is the normal vector to the interface I'. For simplic-
ity, we assume .Z[-] and ¢[] are linear, homogeneous differential operators that only operate with fast
variables and allow for the separation of fast and slow variables (e.g., the operators from the first order
system in the first problem of Part 1). However, the algorithmic procedure can be generalized to other
operators and systems involving multiple equations and boundary conditions through various extensions.
Similarly, the procedure generalizes to more complex inhomogeneous terms than those shown in Step 1
of Figure 1 (e.g., inhomogeneous terms involving tensor products, double-dot products, cross products,
etc.).

To begin the procedure, inhomogeneous terms in the equations and boundary conditions are iden-

tified. As shown in Step 1 of Figure 1, the Ny (= 6) inhomogeneous terms in the system are differen-
tiated by color. Then, the solution c; is represented as the sum of partial-solutions c‘{k}, where k € {m €
Z* : m < N}, and the linearity of the system is used to create subsystems such that each partial-
solution accommodates a single inhomogeneous term (Step 2). With the system partitioned in this man-
ner, valid closure forms are generated for each partial-solution based on the paired inhomogeneous term
(Step 3). While various methods can be used to generate the forms, valid closure forms allow for sub-

1 Equation, system, table, and figure numbers followed by the superscript “*” refer to entities from Part 1.
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systems to become independent of the slow variables (i.e., ¢ and x) upon substitution and simplification.
We note that multiple valid closure forms may exist for a single partial-solution (e.g., ciz} in Step 3). While
only one valid closure form is required for each partial-solution, identifying multiple valid forms is ad-
vantageous in the remaining steps of the procedure. In Step 4, subsystems that emit partial-solutions of
similar forms are added together to reduce the total number of subsystems (e.g., the subsystems corre-
sponding to cil}, ciZ} ci4}, and cis} are added together to create a new subsystem whose solution is 0[11]).
Since the closure problems of the homogenized model are derived from the subsystems in Step 5, min-
imizing the number of subsystems ultimately reduces the overall computational expense of the homog-
enized model. We note that multiple ways in which subsystems can be added together may exist, and
therefore, Step 4 offers an opportunity to develop methods for combining subsystems and obtaining the
least number of closure problems. In Symbolica, subsystems are added together beginning with those that
emit partial-solutions containing closure variables of the highest tensor order. Finally, in Step 5, the partial-
solution forms are substituted into their respective subsystem and simplified to obtain valid closure prob-
lems.

)

As demonstrated in Part 1, formulating homogenized models in moderately reactive regimes may
require nontrivial closure forms to be assumed and multiple closure problems to be defined. This further
complicates the already intractable procedures necessary for homogenizing complex geological systems
with the task of assuming valid solution forms for partial differential equations, which is traditionally han-
dled by analytical “trial-and-error”. Yet, in combination with Symbolica, our proposed algorithm surpasses
this obstacle and enables fully automated symbolic homogenization in moderately reactive regimes. With-
out any human interaction, our algorithmic procedure enables Symbolica to (i) define valid closure forms
based on the inhomogeneous terms in an equation and (ii) formulate a reduced number of valid closure
problems for homogenization. Beyond the analysis of subsurface engineering applications with realistic
complexities, this ability is invaluable for advancing automated symbolic computational methods as a whole,
as problem solving techniques that utilize assumed solution forms are ubiquitous in applied mathemat-
ics.

3 Nonlinear Heterogeneous Reaction: One Species

We now homogenize the mass transport of a single species undergoing a nonlinear heterogeneous
reaction using our algorithm encoded in Symbolica and verify the result. The equations governing the re-
active transport are written as

%7 +V- (8 - DVE) =0 i B. (1a)

subject to

—n.DVe, =K <c2 - 02) on I, (1b)

With respect to the notation defined in Part 1, system (1) can be obtained from system (4*) by letting

N =1, Np=1,ie{1},je {1}, R =0, pl3FD =0, and K57 = 0, and simplifying the notation

of the remaining variables to {621), ¢, D), fil), n, ,621],\[1]:1,1)7 Aélj(,lil’l)} = {é, ¢, D, I'., n, K, C’}
To scale the system, Symbolica uses the relevant nondimensionalizations from equation (5*) to obtain

Oc,

5t + V- (Peucce — DVe,) =0 in B, (2a)

subject to

—n-DVe.=Da(c?—60) onT,, (2b)

where the Péclet number Pe, Damkohler number Da, and concentration ratio 6 are defined as
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In addition to the previous syntactic simplifications, we note that Da = Dagj\,l ’Ll’l) and 0 = 9591]’\,1 Ll’l)
with respect to the notation used in system (7*) and equation (8%*).

We homogenize the system for a moderately reactive scenario, where diffusive and reactive terms
are of similar order, i.e.,

Pe~ O(e™'), Da~O(), 6~ 0O(). (4)

In doing so, we trigger our encoded algorithm in Symbolica and are able to verify its implementation.

3.1 Homogenized Results

The total execution time for Symbolica to homogenize system (2) for {¢)y = {(co)y+e€(c1)y +O(€?)
with O(e) error is 18 seconds. The closure form Symbolica generated for homogenization is written as

cr =xM Vo + (g - 0) ¥ +72, (5)

where ¢, = ¢ (t,x,7(t)) = ¢ *{c1)y, and x[! and x[? are closure variables. The resulting homoge-
nized equation is written as

o{c)yy

¢8t

+ U ((e)y)* Vx(e)y — Vx+ (D Vx{c)y) + Z ((c)y) ({¢)3 — ¢%°0) = O(e) forx € Q, (6a)

where the effective parameters are defined as

U ((¢)y) = Pe(u)y +2¢~(c)y [¢Da||?|<x[1]>r — D(VexP)y + Pee(ux)y |, (6b)
D = ¢DI + D(Vexty — Pee(u@ xM)y, (6¢)
2 ((0)y) = Dajg [+ 267 Oy (] (60)

To calculate the closure variables found in system (6), Symbolica provides the closure problems

Pee (1o — (u0)5) + Peeug - Vex!!! — DV - (I + vgx[”) —0 foréeB, (7a)
subject to
—n-D (I + Vgxm> —0 for£erT, (7h)
and
—Da'?l + Pecuy - Vgxp] — DVZXB] =0 for &€ B, (8a)
subject to
—n-DVex® =Da for £ eT, (8b)

where (x!!)5 = 0 and (x5 = 0.

As demonstrated, Symbolica quickly homogenized the system by following the algorithmic proce-
dure for implementing the generalized closure form strategy. We note that the resulting homogenized equa-
tion and effective parameters are similar to those obtained in the first problem of Part 1 (i.e., system (19%))
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Table 1. The simulation and mesh parameters used to solve the various models and problems defined on the
pore-scale, unit-cell, and continuum domains for the single species system undergoing a nonlinear heterogeneous

reaction. Here, e, and e¢ are the unit vectors in the z-direction and £-direction, respectively.

Simulation and Mesh Parameters

General Parameters
e=01, D=1, Pe=¢! Da=¢, §=¢
Pore-scale Fluid Flow and Mass Transport
re =002, A.=¢% & =8e,;, Neem = 38351, max(Az)=0.0036, At=10"7
Homogenized Mass Transport
¢ = 0.8744, Njer, = 4006, max(Az) =0.0113, At =10"°
Unit-cell Fluid Flow and Closure Problems
r=02 A=1 ®=28e: Neem =44413, max(A) = 0.0099

due to the similar microscopic system considered; however, the nonlinear heterogeneous reaction of the
current system adds additional complexity to the homogenized results. The form of the current homog-
enized equation (equation (6a)) differs from that of the first problem in Part 1 by the effective reaction
term Z({c)y)((c)? — ¢*0), which emulates the nonlinear heterogeneous reaction. Additionally, the ef-
fective velocity U((c)y ) and effective reaction rate Z({c)y) have become dependent on the averaged con-
centration, {c)y (equations (6b) and (6d)). More specifically, the contributions in U({(c)y) and Z({c)y)
due to the moderate reaction rate, which were discussed in the first problem of Part 1, are multiplied by
2¢71(c)y. This creates a cubic nonlinearity in the effective reaction term and causes the effective advec-
tion term U({c)y):-Vx(c)y, which does not vanish for Pe = 0, to be nonlinear. This further illustrates
how the forms of homogenized systems can be nontrivial, especially when nonlinearities are involved.

Finally, we note that the upscaled advection term can also be written as

U ({e)y) - Vale)y = Pe(uy - Valely + 671U - Vi ((0)2) (9a)
where
U = ¢Da|'£,'|<xm>r ~ D(Vex)y + Pec(uy@)y. (9b)

Here, U* is identical to the contribution from the moderate reaction rate to the effective velocity discussed
in the first problem of Part 1. As shown in equation (9a), the effective advection term has two contri-
butions: (i) the common effective advection term Pe(u)y-Vx(c)y and (ii) the contribution from the mod-
erate reaction rate ¢~ 1U*-V({c)?,). The second contribution has a similar form to an advection term,
but the gradient is applied to (c)%, which has its origins in the nonlinear heterogeneous reaction term.
This provides insight on how different forms of heterogeneous reactions might affect homogenized sys-
tems in moderately reactive regimes.

3.2 Numerical Validation
3.2.1 Problem Setup

We now validate the homogenized model (systems (6), (7), and (8)) by numerically resolving and
comparing its solution to the averaged solution from the pore-scale model (system (2)). Similar to Part
1, we use FEniCS (Logg et al., 2012; Alnaes et al., 2015) to resolve the models on the pore-scale, unit-
cell, and continuum domains found in Figure 1*, which consider a 2D array of cylinders geometry. The
geometric specifications for each domain are outlined in Table 1*, and details regarding the spatial and
temporal discretizations are found in Table 1 with other simulation parameters.
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Figure 2. The numerical results for the system involving a single species undergoing a nonlinear heterogeneous
reaction. (a) The W.(x)-averaged and Y-averaged concentration profiles from the pore-scale (symbols) and ho-
mogenized (lines) models, respectively, at various times along the z-direction. (b) The absolute error between the
averaged concentration profiles of (cc)yy, (x) and (c)y at various times along the z-direction. The upper error limit
predicted by the homogenized model is displayed by the red dotted line. (¢) Contour plots of the pore-scale con-
centration field ¢, at various times. Here, to = 0, t; = 0.25 x 1072, t = 1.25 x 1072, and t3 = 3.75 x 1072,

Regarding the initial conditions, we consider the same discontinuous concentration profile in the pore-
scale simulation as assumed in the first problem of Part 1. Again, we note that the corresponding ini-
tial condition for the homogenized model is obtained by averaging the pore-scale initial condition using
equation (22a*). We refer to Table 3* in Part 1 for further details regarding the initial conditions and
boundary conditions used in the current problem.

Due to the identical geometric specifications, simulation parameters, initial conditions, boundary
conditions, and closure problems between the first problem of Part 1 and the current problem, we reuse
the flow field and closure problem solutions obtained from the previous problem. Therefore, we note that
the flow velocity field, pressure field, and closure variable contours in the unit-cell domain can be found
in Figure 2*.

3.2.2 Pore-scale and Homogenized Model Results

Upon solving the pore-scale (system (2)) and homogenized (systems (6), (7), and (8)) models, the
pore-scale solution ¢ is averaged using the operator in equation (22a*) to obtain the averaged pore-scale
solution (cc)yy, (x). The absolute error between the averaged pore-scale solution and the respective ho-
mogenized solution (c)y is then calculated using equation (24*).

Similar to before, the pore-scale, averaged pore-scale, and homogenized model results are presented
in Figure 2. The qualitative comparison in Figure 2(a) shows matching profiles of {(c)yy, (x) and {(c)y along
the z-direction at the recorded times. As previously discussed, we note that the profiles in Figure 2(a)
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are independent of y, and the initial condition of the homogenized model (displayed at ¢ = t;) shows
a sharp slope around x = 0 due to the averaging of the discontinuous pore-scale initial condition.

To support the qualitative comparison, Figure 2(b) shows the absolute error between (cc)yy, (x) and
(c)y along the z-direction calculated using equation (24*). As shown, the error remains below the up-
per error limit denoted by the red dotted line for all times. This provides confidence in both the valid-
ity of the generalized closure form strategy for handling nonlinear problems and in the algorithmic pro-
cedure encoded in Symbolica.

Finally, contours of the pore-scale solution at various times are found in Figure 2(c). Similar to the
contours from the first problem in Part 1, the initial discontinuous concentration profile seen at ¢ = ¢
is quickly eliminated due to diffusive effects by ¢ = t;. In the contour at ¢ = t5, advective effects are
observed to translate the diffused concentration profile downstream. As the system evolves further, the
concentration profile advances towards a spatially-uniform steady-state at ¢ = t3.

With the qualitative and quantitative agreement between (cc)yy, (x) and (c)y in Figure 2, we build
confidence in Symbolica’s encoding of the generalized closure form strategy. As previously discussed, our
algorithm enables Symbolica to define valid, nontrivial closure forms and closure problems based on the
considered system with no human interaction. Evidence of this is provided in equation (5), where the clo-
sure form generated by Symbolica includes the nonlinearity ¢2. In subsurface engineering applications,
geological systems with realistic complexities may experience a variety of reaction networks and phys-
ical regimes. Considering the diverse set of possible scenarios, where closure forms are likely to be un-
known a priori, we find our algorithm invaluable for saving time and effort during the upscaling of such
systems. In the next example problem, we use Symbolica to homogenize a complex, multi-component sys-
tem undergoing multiple linear and nonlinear, homogeneous and heterogeneous reactions in the moder-
ately reactive regime. We demonstrate that our framework can handle such complexities and automat-
ically formulate the nontrivial closure forms and closure problems required for homogenization.

4 Nonlinear Homogeneous and Heterogeneous Reactions: Multiple Species

We now use Symbolica to homogenize a multi-species system undergoing linear and nonlinear, ho-
mogeneous and heterogeneous reactions with multiple reactive interfaces to demonstrate a complex im-
plementation of the generalized closure form strategy via automated upscaling. The model reactive sys-
tem we consider is written as

A+B=C B, (10a)
B+M = A+C inB, (10b)
C=G onTWUr®, (10c)
A+C=F onlW, (10d)

M=H onTWyur®uyrH, (10e)
B+M=J onT@uUr®yr®, (10f)
A=L on W Ur®yr®, (10g)

where each letter represents a unique species. To write the partial differential equations for the reaction
network from system (4*), we let N =4 and Nt = 4, such that

R D e A ,
o +V-<ﬁeégl)—D(Z)Vé£’)) = RY in B, (11a)



214 subject to

—nW) . POTED — T on PO, (11b)

215 where i € M = {m € Z* : m < 4}, j € M, and superscripts “yr - «(@)r «(3)7 and “” correspond to

216 species A, B, C, and M, respectively. The other letters correspond to species that exist on the reactive
217 interfaces. Here, we define Rez) as
O COFOFONY JORONY JCOFOEO) (11c)
R® = ,C(l 2) éDe@ IC(3) /Cﬁf)é£2)é£4), (11d)
R®) = ’CE\} dMea® ’€(L3)é£3) 4 Iﬁﬁf)ég)éﬁ‘*), (11e)
R(4 - ,;C(Q 4) (4)7 (11f)
218 where, considering equation (4b*), p(Li’] ) and p(m **) have been chosen accordingly and we have used the

210 simplified notations I@E\?’;A) = I@g\?f) for n € {1,2,3,4} and I@%L’Ll’m = I@g\};) for n € {1,2,3}. We also
220 define 7" as

T = RGS (e = 047 ) + KRG (e - C635™). (11g)
T — IC(;L’S) (égl) — C'gLS)) for n € {2,4}, (11h)
T@n = g245 (c<2> () _ cg%fﬁ) for n € {2,3,4} (11i)
IO = RGD (69 - 0% ) + K (e - C65™). (1)
T80 = R (69 - ¢, (11k)
T = KRG (69 - ¢, (111)
7149 = REED (4269 — OE4T), (11m)
Fan) = RLS) ( o S>) + KELS) ( ()4 cg%ff)Q) for n € {3,4}, (11n)
Tmm) =0 for (m,n) e {(1,3),(2,1),(3,3),(3,4)}, (110)
o) where again, p( k) and pg]\j, T D from equation (4d*) have been chosen accordingly and the following sim-

22 plified notations have been made: {K4;™", ¢t — (K09 ¢l S)} for n € {1,2,4}, {Kimb b3 olm 18y
m o (KU 039 } for m € {1, 3} {/c(qm”“) clmm2Ay {;cg;;x H(248)y for m € {2,4} and n €

2 {2,3,4), {/c e S 35) %3 '} for n € {1,2}, {KS;"Y, € 74” = (K59 89 for

225 n e {1,3,4}.



226 Using the scales defined in equation (5*) while letting CO = (f(*), Symbolica obtains the dimen-

227 sionless system
actV . . . _
5tV (Peucc® - DWVD) = RO in B,
228 subject to
—nW . pOged = 763 on TO),
220 where RS) is defined as
RY = —Da,cMe® 4 Dage® + Dage® ™,
REQ) = fDalcgl)cgz) + Dagc£3) — Dagc£2)c£4),
R® = Da;cMe® — Dage® + Dage®@e®),
R = ~Dagdelh,
230 and Te(i’j ) is defined as
T = Day (cgl) — 91) + Daj (cgl)cgg’) - 92) ,
T = Day (cgl) - 91) for n € {2,4},
T(3") = Dag <c£2)c£4) - 95) for n € {2,3,4},
TGY = Dag (c£3) - 93) + Das (cgl)cg‘q’) - 92) ,
7% = Dag (CES) - 93) ;
T€(4*1) = Day <c£4) — 94) ,
T2 — Dag (022%24) _ 95) :
T4 = Day (624) - 94) + Dag (C£2)0£4) - 95) for n € {3,4},
7™ =0 for (m,n) € {(1,3),(2,1),(3,3),(3,4)}.
231 Here, Symbolica defines the Péclet number, 8 Damkoéhler numbers, and 5 concentration ratios as

~10-

(12a)

(12b)

(12¢)

(12d)

(12e)

(12f)

(12h)

(12i)

(12k)

(121)

(12m)
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Ul (12 p26(x) B p2 @A) p26() £s) A
Pe:f, DalziA, ag = LA 5 agzmiA, Da4: SLA 5
D D D D D
¢(1,3,5) AA(x) > (3,5) >(4,8) c(2,4,8) AA(%)
Da5 = 7]CSNLA£C 5 Daﬁ = ICSLL E, Da7 = ]CSIL E, Dag = 7’CSNLA£C , (13)
D D
~(1,5) ~(1,3,5)2 ~(3,5) ~(4,5) ~(2,4,5)2
I L@NLQ RN T R T 705;“2
C) CH) CH) C) CH)
23 To trigger the implementation of the generalized closure form strategy in Symbolica, we study a mod-
233 erately reactive scenario where diffusive and heterogeneous reactive terms are of similar order. We also
234 consider high advection and fast homogeneous reactions by letting Pe, Da;j, Dag, and Dag be of order O(e™1),
235 and all other dimensionless numbers (i.e., Da,, for n > 3 and all concentration ratios) be of order O(e?).
236 4.1 Homogenized Results
27 The total execution time for Symbolica to homogenize system (12) for (c()y = <c((f)>y+e(c(f)>y+
238 O(€?), where i € {1,2,3,4}, with O(e) error was 11 minutes. As compared with the previous problem,
239 the increase in homogenization time is due to the increase in system complexity. The closure forms Sym-
240 bolica generated are written as
V) = x4 MR 4y BB 3 WL g oD 4 D) (14a)
W) = O (29 ) O T 42 (11b)
B = O L GBI | @B B | @1y B 4 B (14c)
B = O 4 @RI L @B D | @M g B 4 D) (14d)
241 where Egi) = Egi) (t,x,7(t)) = ¢_1<c§i)>y, and x k] and xDF2] are closure variables to (¢(?))y where
(xDkly g = 0 and (xP*2l) g = 0. Here, k) € {4} and ky € {1,2,3} for i € {1,3,4}, and k; € {2} and
243 ko € {1} for ¢ € {2}. The resulting homogenized system is written as
2M MW (3 1 M (M 3y, — 1) 1)
0] It +U <C >y -Vx<c >Y+V <C >y -Vx<C >y oVx+ D °Vx<C >y (15 )
a
+D ((eD)y, (€@)y ) = =6Dar (c)y (c®)y + 6*Dag(c®)y + gDag(e?)y (c W)y for x € 2,
22y | ye (€900 ) - Vale®)y + VO ((€@)y ) - Tuld®)y — 6V - (DO - (e @)y )
ot (15b)
+2? (<c<2>>y, <c<4>>y) = —¢Day (cW)y (¢?)y + ¢*Dag(c®)y — gDaz(c?)y (cW)y for x € Q,
9B
LN g ((60),) . Tle®)y + VO (D)) - Tuled®)y = 675 - (DO - Ve )
ot (15c¢)
+2D ((€D)y, @)y ) = oDar (cD)y (c®)y = $*Daz(c®)y + @Dag(c@)y W)y for x € 2,
2% @ (2 (4) @ (@ @y, — (4) (4)
0] It +U <C >y -Vx<C >Y+V <C >y -Vx<c >y dVyx - (D -Vx(c >y (15d)

+#™ (<6(2)>y, <C(4)>y> = —¢Da3<c(2)>y<c(4)>y for x € Q,
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where UM ((c®))y), UP ((cW)y), UG ((cM)y), and U® ((c?)y) are the effective velocities, VI ((cM)y),
VA ((@))y), VO ((cB))y), and VW ((c®))y) are the effective parameters corresponding to the emer-

gent terms, D) are the dibpersion tensors for i € {1,2,3,4}, and 21 ((cM)y, (cB))y), ZP ((cD)y, (¢D)y),
Z3 ((cDy, (cB®))y), and 2D ((cP)y, (c)y) are effective reaction rates. While the effective param-

eter definitions for system (15) are recorded in Appendix A, the parameters for equation (15a) are reprinted
here for discussion:

9D
U () ) = oPe(wyy -+ (IO oy + [P0 -+ 0OV o |

_¢D(1)<V£X(1)[2}>Y + ¢Pee<ux(1)[2]>y (16a)

Da

Oy [T IO V) ) = DO (Ten VB Peclun V)|
@) (oD 1) Da5 OIavei €] (1)[3] (D3]

VO (v ) = @)y |07 PO ) o) = DOTex Oy 4+ Pectux ™y | (16b)
DM = ¢pDWT + D(1)<V§X(1)[4]>Y — Pee(u @ x MMy, (16¢)

§7480) ((C(1)>y, <C(3)>Y) — (%751) [¢2<C(1)>Y . ¢391} +%él) {¢<c(1)>y<c(3)>y B ¢392
+2 Y + 2% (¢ Dyy + 022 (¢B)y + & (cD)y (¢P)y (16d)
+228" [<0(1)>y] ’ @)y + 2 (¢Dyy [<C(3)>Y} i ;

where %,(fl) are the coefficients of the effective reaction rate 2N ((¢M)y, (¢®))y) for k € {1,2,3,4,5,6,7,8},
which are defined in Appendix B. We note that the effective parameters of the other equations are of sim-
ilar forms. In total, Symbolica defined 14 different closure problems, recorded in Appendix C, to solve for
the 14 closure variables.

As shown in system (14), the closure forms defined by Symbolica are nontrivial. Their generation
and utilization to derive the 14 closure problems would create an arduous task if completed by hand. How-
ever, with our encoded algorithm, Symbolica formulated these entities in a reasonable amount of time with
no human interaction, nor prior knowledge about the closure of the system.

While the equation forms in system (15) are similar to those found in the previous problems, with
additional terms accounting for the homogeneous reactions, the effective parameters differ. As shown in
system (16), the effective velocity UM ((c(®)y) adds a new coupling in the upscaled system due to its
dependency on (c(®)y, and the effective parameter of the emergent term V1) ((c(M))y) induces a coupling
due to its dependency on (c(M)y. Similar couplings are induced by the other effective parameters recorded
in Appendix A, and originate from the moderately-strong bimolecular heterogeneous reactions. Lastly,
we note that within the complexities of the effective reaction rates, resemblances of the heterogeneous
reactions can be found (e.g., equation (16d)).

4.2 Numerical Validation
4.2.1 Problem Setup

We again provide numerical validation by resolving and comparing the averaged solutions from the
pore-scale (system (12)) and homogenized (system (15)) models. To conduct the validation, we consider
a 2D array of cylinders with four different sizes in a Cartesian plane to accommodate the four considered
interfaces of the problem. Schematics of the pore-scale, unit-cell, and continuum domains considered are
shown in Figure 3 with relevant geometric labels, which are detailed in Table 2. The spatial and tempo-
ral discretizations to resolve the models in these domains are refined to show converged solutions to plot-
ting accuracy, and further details regarding the discretizations of each mesh are presented with other sim-
ulation parameters in Table 3. Regarding the initial conditions, discontinuous concentration profiles, where
the concentration is alternatively equal to 0 or 1 in different sections of the domain, are assumed in the
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Figure 3. A schematic of the 2D pore-scale, unit-cell, and continuum domains considered for the four-cylinders

geometry. Details of the labeled geometric aspects are found in Table 2.

pore-scale simulation, while the averaging operator in equation (22a*) is applied to the profiles to obtain
the corresponding initial conditions for the homogenized model. Further details regarding simulation ini-
tial conditions and boundary conditions are provided in Table 4.

Similar to the first problem of Part 1, the fluid velocity and pressure fields for the pore-scale model
are obtained by resolving system (6*) for A, = ¢2. Again, the flow is driven by representing the pres-
sure gradient as Vp. = ®. 4+ Vp., where ®. is a known, large-scale pressure gradient across the pore-
scale domain and Vp, is the gradient of an unknown local pressure field. With an appropriate value for
®., the flow fields u, and j, are resolved such that |u.| ~ O(1), which verifies consistency between
calculated using the definition of the Péclet number in equation (13) and the magnitude of the driven
flow |u|.

In the homogenized model, we again solve system (23*) for the flow field in the unit-cell domain
using the values for A and ® provided in Table 3. We note that the flow in the unit-cell domain should
be reflective of that in the pore-scale domain, i.e. ® = ®.. With the unit-cell flow fields, the average
of the velocity field u over the unit-cell can be calculated and used as needed in the effective parameters
and closure problems.

4.2.2 Flow and Closure Problem Results

Following the previous procedure, the fluid velocity and pressure fields are resolved in the pore-scale
domain using system (6*), and in the unit-cell domain using system (23*). The resulting flow velocity
magnitude |u| and local pressure p contours in the unit-cell domain are plotted in Figures 4(a) and 4(b),
respectively. We note that compared with the first problem of Part 1, larger values of ®, and ® were used
to generate flow fields such that |u.| ~ |u] ~ O(1), as the current geometry is more resistant to the
fluid flow than the previous geometry. We also note that the flow fields in the pore-scale domain do not
provide information beyond the flow fields in the unit-cell domain due to the periodic nature of the prob-
lem. Therefore, only the unit-cell flow fields are presented.

With the solution to the fluid flow problem, the 14 closure problems defined by Symbolica (Appendix
C) are solved in the unit-cell domain. Contour plots of the closure solutions can be found in Appendix
D.
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Table 2. Specifications for the geometric aspects in the pore-scale, unit-cell, and continuum domains considering
the 2D array of cylinders geometry with cylinders of four different sizes. Note that X¢, Y., X, and Y are only

used to consolidate the tabulated entries.

Variable Definition for the 2D Array of Cylinders Geometry

Dimensional Parameters
14 Unit-cell domain length
L Pore-scale domain length
J

Cylinder radius for interface j

Pore-scale Domain

i) P IE for j e {1,2,3,4}

Q. {(z,y): —0.5 <z < 0.5, —0.5¢ < y < 0.5¢}
X [0.75, 0.75, 0.25, 0.25]

Y. [0.25, —0.25, 0.25, —0.25]

G Uimd(@y) (2 405+ (X e —me? + (y = [V, 0% < mezH, m < '}
N {(z,9) : (2 +0.5+ [X]; € —me)? iy—P)ie]j €)? — 0 ,meZt, m<el}
Fe Uj:l FE]

B Qe \ (GeUT)
oBY {(z,y) : = —0.5, —0.5¢ < y < 0.5¢}
oBe {(z,y) : 2 =0.5, —0.5¢ < y < 0.5¢}
onB: {(z,y) : —0.5 <z < 0.5, y = —0.5¢}
oB” {(z,y) : —0.5 <z < 0.5, y = 0.5¢}

Unit-cell Domain

() P90 for j e {1,2,3,4)

Y {(€,n): —0.5 < € < 0.5, —0.5 <7 < 0.5}
X [0.25, 0.25, —0.25, —0.25]

y [0.25, —0.25, 0.25, —0.25]

g Ui {(&m) : (€ = [X])2 + (n = [V],)? <7’2(])}
re {(&m) - (€ [X]; )4 +(n—],)? =r"}

r sz T

B Q\(Gul)
oBv {(€,n): €= —0.5, —0.5 <75 < 0.5}
oBe {(€,n) 1 €=05, —0.5 <75 < 0.5}
oBs {(&,n) —05<§<o5 n=—0.5}
oB" {(&n) : —O5<§<05 n=0.5}

v 2

G| 2;*:1 )
Iro)| )

IT| Z‘% IN®2

|B] V- 19]

¢ B8] /1Y

“é—averaged” Continuum Domain

Q {(z,y): —0.5 <z < 0.5, —0.5¢ < y < 0.5¢}
onv {(z,y) : x = —0.5, —0.5¢ < y < 0.5¢}
oNe {(z,y) : 2 =0.5, —0.5¢ < y < 0.5¢}
oN® {(z,y) : —0.5 <z < 0.5, y = —0.5¢}
oo {(z,y): —0.5 <z < 0.5, y = 0.5¢}
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Table 3. The simulation and mesh parameters used to solve the various models and problems defined on the
pore-scale, unit-cell, and continuum domains for the multi-species system undergoing linear and nonlinear, ho-
mogeneous and heterogeneous reactions. Here, e, and e¢ are the unit vectors in the x-direction and £-direction,
respectively, @ € {1,2, 3,4}, k1 € {1,2,3}, k2 € {4,5,6,7,8}, and k3 € {1,2,3,4,5}.

Simulation and Mesh Parameters

General Parameters

e=0.1, DO =1 Pe=¢el, Day, = ¢ 1,
Dag, = €*, 6, =€

Pore-scale Fluid Flow and Mass Transport

D = 0.0175, & =0.0125, r* =0.0100, r* =0.0150,
Ac=¢€% ®.=8e;, Neem = 38554, max(Ax) = 0.0036, At=10"°

Homogenized Mass Transport
¢ = 0.7554, Nejer, = 4006, max(Az) =0.0113, At =10"°
Unit-cell Fluid Flow and Closure Problems

r1) =0.175, r® =0.125, 3 =0.100, r® =0.150,
A=1, ®=8e; Nyem =50856, max(Ag) = 0.0099

(a) ulos W o
Pl X 0.41 15
0.6 h 10

0.2 o 0.2] 4

77 0.0“ 04  n 0.0
—0.2] 0-3 —0.2] ( h -
0.2 ~10
~0.41 01 ~0.4] / 15
—0.4-0.2 0.0 02 04 0.0 0402 00 02 04 —20
§ 3

Figure 4. (a) The magnitude of the resulting flow velocity in the unit-cell. (b) The local pressure of the result-

ing flow in the unit-cell.

4.2.3 Pore-scale and Homogenized Model Results

With solutions to the flow and closure problems, the pore-scale (system (12)) and homogenized (sys-
tem (15)) models are solved. Similar to before, the pore-scale solutions cgi), for i € {1,2,3,4}, are av-
eraged using the averaging operator in equation (22a*) to obtain the averaged pore-scale solutions (cgi)>ws (x)-
The absolute errors between (c@)we (x) and the respective homogenized solutions (c())y are then cal-
culated using equation (24%*).

As shown in Figure 5, the averaged pore-scale and homogenized concentration profiles are plotted
with their absolute errors. The qualitative comparisons in Figures 5(a), 5(c), 5(e), and 5(g) show match-
ing profiles between the averaged pore-scale and homogenized solutions along the z-direction at all con-
sidered times. As time progresses, the initially discontinuous profiles become more uniform due to the
diffusive and reactive dynamics of the system. Similar to before, the results are independent of y due to
the periodicity of the problem.
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Table 4.

pore-scale, unit-cell, and continuum domains for the multi-species system undergoing linear and nonlinear, homo-

The simulation boundary conditions and initial conditions used to solve the various problems on the

geneous and heterogeneous reactions. Here, H(x) is the Heaviside function and ¢ € {1,2,3,4}. Also, k1 € {4} and
ko € {1,2,3} for i € {1, 3,4}, and k1 € {2} and ko € {1} for i € {2}.

Simulation Boundary Conditions

Pore-scale Mass Transport

cgi) = Ei) n- chi) = —n chi)
oBw oBe oBY oBe
cg) = cg) n- chi) —-n chi)
oBs oBn oBs oBr
Pore-scale Fluid Flow
u€|az3gu = u€|aBg n-Vuyz, = —n Vu€|862
ue\an = u€|632 n-Vuelyz. = —n Vu5|aB?
ﬁ6|882’ = ﬁe|88§ n vﬁe‘agw = —n vﬁe|aB§
ﬁe\azsg = ﬁe\azsg n - Vieyp: = —1 Vﬁe|asg
Homogenized Mass Transport
D)y | pgu = D)y o - Vaele)y | gou = =10 Vaele )y [0
() a0 C(i)>Y|aQn n- VX<C(i)>Y|aQs = n- VX<C(i)>Y|am
Closure Problems
x (Dlk1] g = X(i)[k1]|aBe n VﬁX(i)[kl]‘an = —n vgx(i)[kl]bBE
x (D1k1] g = X(i)[k1]|88n n- vgx(i)[kl]bss = —n vﬁx(i)[klwa&
X(f)[kz] ope = X(?)[k2]| n VgX(i_)[kZ]‘aB/ = —n vﬁx(_i)[kz]‘alse
x (Dlk2] ope = X(Z)[k2}|88w n vgx(l)[k2]|685 — —n Vgx(l)[kz]‘%n
Unit-cell Fluid Flow
ulyge = ulgg. n-Veulys, = —n- Veuly,,
ufyz: = Ulypn n-Veulys. = —n-Veulyg,
ﬁ|an = ﬁ‘E)BG n Vﬁﬁ‘dzsw = —-n- Vsmase
ﬁ‘ags = f)‘agn n v&ﬂagb = —n- v&ﬂasn

Simulation Initial Conditions

Pore-scale Mass Transport

M =03H (—x)
P =H (—x —0.25) for
¢® = 0.8H (x —0.15) for
M =0.1H (x —0.25) for (z,

z,

for (x,y) € B, t=0

eB,t=0

(z,y)
(z,y) € B, t=0
(z,9)

€B, t=0

Homogenized Mass Transport

<C(i)>y = (c@}we(x) for (xz,y) €, t=0
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In the quantitative comparisons shown in Figures 5(b), 5(d), 5(f), and 5(h), equation (24*) is used
to calculate the absolute errors between the averaged pore-scale and homogenized concentration profiles
along the z-direction at the considered times. As shown, the absolute errors remain below the error limit
denoted by the red dotted lines for all considered times. Therefore, we deem the models valid and gain
further confidence in the generalized closure form strategy encoded in Symbolica.

With the homogenized model validated, we reemphasize that Symbolica carried out the analytically
intractable upscaling procedure required to homogenize the complex reaction network defined in system
(10) in only 11 minutes with no human interaction. During this process, Symbolica defined nontrivial clo-
sure forms (system (14)) and formulated 14 unique closure problems using the encoded algorithm for the
generalized closure form strategy with no prior knowledge about the closure of the system. We believe
these abilities are invaluable for deploying Symbolica in subsurface engineering applications with realis-
tic complexities.

5 Conclusion

In Part 2 of this series, we detailed an algorithmic procedure for applying the generalized closure
form strategy and encoded it into our automated upscaling framework, Symbolica. We then validated its
implementation by upscaling two reactive transport systems exhibiting moderately reactive physics, where
diffusion and reaction terms are of the same order. In the first system, a solute undergoing a nonlinear
heterogeneous reaction was considered. Using the encoded algorithm, Symbolica assumed an appropri-
ate closure form at the first order, formulated valid closure problems, and ultimately derived a nonlin-
ear homogenized model for the system, where the effective velocity and the effective reaction rate depended
on the averaged concentration. Upon numerically validating this model, we emphasized the value of our
encoded algorithm for upscaling realistic subsurface systems, where a broad range of complexities require
nontrivial closure forms and closure problems to be defined.

In the second problem, we considered a complex multi-component system undergoing linear and non-
linear, homogeneous and heterogeneous reactions. Nontrivial closure forms and multiple closure prob-
lems were derived by Symbolica with no previous knowledge about the closure of the system. Similar to
the previous problem, nonlinear effective parameters were found, including those of the emergent terms
that appeared due to the bimolecular heterogeneous reactions. Upon numerically validating the models,
our encoding of the generalized closure form strategy in Symbolica was further justified, and the bene-
fits of automated closure form and closure problem definition for complex systems were again emphasized.

In summary, the work from this series 1) proposed and validated a strategy for extending the ap-
plicability of classical homogenization theory by generalizing closure forms, 2) developed an algorithm
for implementing the strategy through automated upscaling frameworks like Symbolica, and 3) demon-
strated the benefits of the encoded strategy. By demonstrating the capabilities and level of generaliza-
tion automated upscaling frameworks can achieve, we hope to spark further interest in utilizing automated
analytical frameworks for multi-scale modeling. Ultimately, this will facilitate a broader adoption and
democratization of rigorous modeling techniques for geochemical reactive systems of realistic complex-
ities (e.g., in CO2 sequestration and Hy storage), and create opportunities for method advancement us-
ing the paradigm of symbolic computation.

Acknowledgments

Support by the Department of Energy under the Early Career award DE-SC0019075 ‘Multiscale dynam-
ics of reactive fronts in the subsurface’ is gratefully acknowledged. KP was also supported by the Stan-
ford Graduate Fellowship in Science and Engineering.

17—



1.00 —
. ;to m tl _.‘_‘tQ t3 /%\10_1 s
=075 L Tlohiooh s
Q ~
\i ke ) ""l . M
% 050 pammimnn w \%10_3 W[ \ 2
= e N m VAR A ANy i
P sy B o B /_{\ I \l AR \;j/ \/‘f ’\J-’ “\:\"\\';"”_l/‘..'
=, 05y N PR N !
> - u-n-u a8 Z ! I
0.00 ST - ]
—0.50 —0.25 0.00 0.25 0.50 —0.50 —0.25 0.25 0.50
x X
(c) (d)
1.00 —
> Rt Aty Tt ~ 107"
£0.50 O
< L 210
~— .y g-p-uu-n-uu-N z
0.00 £y 10—5‘ i
—0.50 —0.25 0.00 0.25 0.50 —0.50 =0.25 0.00 0.25 0.50
Xz Xz
() (f)
1.00 —~
N ° tO m tl _.‘_.t2 t3 /510 1 g t .............. t .................................
27075 N
° =10 Ni oty —t3
— I, . 0 ,’ “‘ \~.‘. r
55050 Kk‘\‘\ _ \5610—3 :1'[]:""‘:/\\“1{!\ N "-,Ej“"
/% N Ak = '\jl “E "J’,:'I‘/ﬁ"""l'/."?'t'
g, 0% \‘ AU AR R
T 0.00 e & -5
—0.50 =0.25 0.00 0.25 0.50 —0.50 =0.25 0.00 0.25 0.50
X x
(g) Lo (h)
S . ® to-m_t; A to t3 210_1
07 3 02
/1050 - kkA__*_‘.*-ﬁ—-k—A—ﬁ—A-—ﬁ-*..“ }_?: -3
g‘/ Ah kA /% 10
é&): -2 o -y gd) 10_4
T 0.001> <Y ®qs I
—0.50 =0.25 0.00 0.25 0.50 —0.50 =0.25 0.00 0.25 0.50
Xz Xz

Figure 5. The numerical results for the system involving multiple species undergoing linear and nonlinear,
homogeneous and heterogeneous reactions. The W, (x)-averaged and Y-averaged concentration profiles from the
pore-scale (symbols) and homogenized (lines) models, respectively, are plotted for (a) ¢ = 1, (c)i = 2, (e) i = 3,
and (g) ¢ = 4 at various times along the z-direction. The absolute errors between the averaged concentration pro-
files of (c@)we(x) and (c)y are also plotted for (b) i = 1,(d)i = 2, (f)i = 3, and (h) i = 4 at various times
along the z-direction. The upper error limit predicted by the homogenized model is displayed by the red dotted
line. Here, to =0, t; = 0.25 x 1072, to = 1.25 x 1072, and t3 = 3.75 x 1072,
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350 Appendix A The Effective Parameters for the Nonlinear Homogeneous and Heteroge-

360 neous Reactions: Multiple Species

361 In this Appendix, we provide the effective parameters for system (15) derived by Symbolica in the
362 problem considering a multi-species system undergoing linear and nonlinear, homogeneous and hetero-
363 geneous reactions with multiple reactive interfaces.

364 A1l Effective Parameters for Equation (15a)

Da
u® (<C<3>>Y) = ¢Pe(u)y + ¢ |B|4 DD (x DAY L) 4 D@ [ DEY L)+ |F(4)|<X(1)[4]>F(4)}
—¢D 1)<V£X(1)[2}>Y + ¢Pee(uy M, (Ala)
Da,
@Yy [ " “”|r(1>|< X)) — DO (e D)), +Pee<ux(1>[3]>y] 7
W () = (D 628 P (1) (7, V] (1)[3]
VO ((e)y) = (D) |07 PO o) = DO DBy + Pecfux My |, (A1D)
DM = DM + DO(Vex W)y — Pec(u @ x W)y, (Alc)
7.0 (<C(1)>Y7 <C(3)>Y) = [d,?( Myy — ¢391} + 7V {¢< DYy (e®)y — ¢0,
+0° " + o' <c<1 by + PRy + 025 D)y () (A1)
2 2
480 (€] Py + 20 Oy [1€)y]
365 A2 Effective Parameters for Equation (15b)
Da,
UD ((e®)y) = 6Pefu)y + @)y [ ® (1@ (x @), + 1O (@)
18/ (A2a)
HEOI ) ) = DO (Tex @)y + Pecux @)y |
v <<C(2>>Y) = @)y [J’“S (‘p(2>‘<x(4>[4]>r(2) DO (DUl |p<4>|<x<4>[4}>r(4>>
18] (A2b)
—D(2)<V§X(2)M>Y + Pee(ux(Q)[l])y
D® = ¢DPT + D(2)<V§X(Q)[Z]>y — Pee(u ® x Py, (A2¢)
L) (<c(2)>y7 <c(4)>y) = 7% (<C(4)>Y) [<C<2)>Y<C<4>>Y - ¢295} + 022D (@)
. ) (A2d)
OB D)y + 2P [(€@)y] (e D)y
366 A3 Effective Parameters for Equation (15¢)
u® (<C(1)>Y) = ¢Pe(u >Y+¢ B [|F(1)|< @M 4 DO (D1 >F(2)}
— DO (Ve @By 1 gPee(uy @)y (A3a)

Da5

ey [ e Das 1)) @y, _D(3)<V£X(3)[3]>Y+Pe€<ux(3)[3]>Y:|7
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Da,
VO ((e@),) = (@), {(b TETO ) = DO (Tgn )y + Pectu <3>[31>Y] ,

D® = ¢DBT + D(3)<V§X(3)[ )y — Pee(u ® X(3)[4]>

7.8 (<C(1)> (@) ) %(3) [¢2< Ny — ¢393} +%§3) {¢<C(1)>Y<C(3)>Y _ ¢392}
, . 2
+3 %P + 2% (Dyy + 025 (BN + 0B (D) y (c®)y + 28 [<c<1>>y] (®yy
2
D)y [( €]

367 A4 Effective Parameters for Equation (15d)
U ((¢®)y ) = oPe(uyy + 6%
|B|
—¢D 4)<V§X(4)[2]>Y + ¢Pee<ux(4)[2]>y

Da,
He®)y [528 (IO + 0O D e

+|p<4)‘<X<4)[4]>F(4)) — DA(Vx @Bl +Pe€<ux(4)[3]>y} :

PO @B pen + T ) + 0D OB e

Da,
v (<c(4>>y) = (c®)y [ ‘?‘8 (‘p(2>‘<x(2>[2]>r(2) IO (@B ) + |p<4>|<x<2>[2}>r(4>>

—D® <V§X(4)[3]>Y + Pee(uy By,

D@ = ¢pDWI + D(4)<V§X(4)[4]>Y — Pee(u® X(4)[4]>Y7

%) << D)y, (e (4)>Y) — 7Y {¢>2<c(4)>y _ ¢394] + M (<c(4)>y) [<C(2)>Y<C(4)>Y _¢295}
1B + PR D)y + PAD)y 1 6B D)y (e D)y + 2 [(e@)y]” D)y
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374

Appendix B The Effective Reaction Sub-parameters for the Nonlinear Homogeneous

and Heterogeneous Reactions: Multiple Species

In this Appendix, we provide the sub-parameters for the effective reaction rates derived by Sym-
bolica in the problem considering a multi-species system undergoing linear and nonlinear, homogeneous

and heterogeneous reactions with multiple reactive interfaces.

B1 Effective Reaction Sub-parameters for Z*) ((cMyy, (c®)y)

@ _ Dag ) ) (4)
" = gre (014 0@ 4 ),
Da
2 — Das na)
2 =gk
Da.
f%)él)f |B|4 <|F(1)|<X(1)[1]>r<1)+|r M) pea) + T (x 1)[1]>F(4))7

Da
7" = 5t (PO + PO + (O

Da5
PO @y
o |B| | |< >F( )5

Da5

(1) _
75 = 78]

T (WY Ly,

S
=
g
|
A
=

<X(1)[3]>r(1> + |F(2)|<X(1)[3]>r<2) + |F(4)|<X(1)[3]>r<4>>

iiaic: <|1“(1)|<X(3)[21>F(1) + |1"(1)|<X(1)[2]>F(1)) :

Daj
gél) B ||1"(1)|< (3)[3]>F<1)7

Da5

A = TR IOl

ra-.
B2 Effective Reaction Sub-parameters for Z(® ((c@)y, (cPD)y)

22 (1)) = 52 [0 (0@ + 0]+ 1)

D)y (IP®[ @) pea) + 0[O ) + PO (O )]

Da,

a4 = 25 (P21 e + PO + PO D)o )
Da,

) = g0 (P10 + 0100 o + 0O ) )
Da,

7 = 52 (PO + T + PO ).
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(Bla)

(B1b)

(Blc)

(B1d)

(Ble)

(B1f)

(B2a)

(B2b)

(B2¢)

(B2d)



375 B3 Effective Reaction Sub-parameters for %@ ((C(1)>Y, (0(3)>y)

Da
2P = He (It®)+ @)

Da5

(3) _
%2 = Ble

ey,

(|p(1>|< @Y 4+ T |(y (3)[11>F(2)>,

Da5

3
2 = T T,

Da5
18I

D
= B

Da5
18I
DaG

rw re J,
1 (PO IR o + TP )

%ég) <|F(1)|<X(1)[ ]>F(1) + |p(1)|<x(3)[2]>r(1))

Da,
%;(3) |B|5 Ia 1)|< (3)[3]>

NG

Da5

|B|| 1)|< (1) [3]> .

% =

376 B4 Effective Reaction Sub-parameters for A% ((0(2)>y, (0(4))y)

Da7

%(4)
|Be

(Ir®1+ 0@ 4 0@y},

A () ) = 252 [0t (11 + 0]+ )

4y _ Day
%é ) — T (|F(1>|( O Loy 4+ DO (O Ly + D@ (O (4))’

Da,

%Ez;) B |8(|F(2)|< XD ey 4+ [TO (O ey 4 [T (DR L (4))’
Da

2 — |B|7 (|F(1)|< DRI ) 4 0O (@B 4 |F(4)|<X(4)[Q]>r<4>) ’

Da
75" = Tt (IPVIO i + (O ) 4+ 0O (D))

18
D
+|?a‘8 (|F(2)\<X(4)[2]>r(2> + DO (WY Ly 4 D] (DB L (4)) ;
Da
%54) B |Eé<|r(2)|< XPBY ey 4+ [TO (B ey 4 [T (DB L (4)).
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PO (O oy + =2 (\F(l |(x®E oy + |F(2)|<X(3)[2]>r<2)) ;

(B3a)

(B3b)

(B3c)

(B3d)

(B3e)

(B3f)

(B4a)

(B4b)

(B4c)

(B4d)

(B4e)

(B4f)



377 Appendix C The Closure Problems for the Nonlinear Homogeneous and Heterogeneous
378 Reactions: Multiple Species

379 In this Appendix, we provide the closure problems derived by Symbolica for the problem consider-
380 ing a multi-species system undergoing linear and nonlinear, homogeneous and heterogeneous reactions
381 with multiple reactive interfaces.
382 C1 Closure Problems for cgl):
383 C11 Closure Problem for X(l)[ll
Das 6, (I 4+ 0@ 4 1)) + Dasbz 1
|B] |B| (Cla)
+Peeug - Vex WM — DOVEWM =0 for ¢ € B,
—n® . DOY DN = _Dayh, — Dashy for £ € TD, (C1b)
—1’1(2) . D(l)vsx(l)[l] = —Day#; for ,S c F(Q)’ (C].C)
—n® . DOV DU =0 for £ e 1O, (C1d)
—n@ . DOY DM = _Daygy for £ e T, (Cle)
384 C12 Closure Problem for X(l)[2]
D
_I%r <|F<1>| +0®) 4 |r<4’|) +Peeuy - VexWP - DWVEWE =0 for ¢ € B, (C2a)
—nM. D(l)V5X(1)[2] =Day for £ eT®), (C2b)
_n(2) . D(l)vgx(l)p] — Da4 for é' c ]_—‘(2)7 (CQC)
—n® . DO DR =0 for g e TP, (C2d)
—n®. D(l)V§X(1)[Q] =Day for&e @ (C2e)
385 C13 Closure Problem for x(l)[3]
D
—%F|F(1)| + Peeug - Vgx(l)[?’] - D(”VZX(”[3] =0 for£ebB, (C3a)
—nM . DY WB = Dag  for ¢ e TW, (C3b)
—n®. D(l)V€X(1)B] =0 for&e re, (C3c)
—n® . DO DB =0 for ¢ e, (C3d)
—n®. D(I)V€X(l)[3] =0 for£el®, (C3e)
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386 C14 Closure Problem for x4

Pee (ug — (ug)p) + Peeug - Vex W — DOy, . (I + Vgx(l)[‘l]) =0 for€eB, (C4a)
_n®M. p® (I n Vgx(”[‘”) —0 foreer®, (C4b)
—n®.p® (I n Vgx(”[‘”) —0 for&el®, (Cde)
—n® . p® (I + Vgx(l)[4]> —0 for£el®, (C4d)
_n®@ . p® (1 n Vgx(”[‘”) —0 for&el®. (Cde)
387 C2 Closure Problems for c§2):
388 C21 Closure Problem for xN1
]|Dg|8 <|F(2)| +|r®] + |F(4)|> + Peeug - VexPM — DEOVEDM =0 for ¢ € B, (Cha)
—_nM. D<2)V§X(2)[1] =0 for&er®, (C5b)
0@ . DOV @U — Dag for £ € T, (C5c)
—n®. D(2)V5x(2)m =Dag for £ e T®), (C5d)
—n@® . DAY DU = Dag  for ¢ e TW, (C5e)
389 C22 Closure Problem for 2!
Pee (ug — (ug)5) + Peeug - Vex PP — DAy, . (I + Vgx(z)p]) =0 for&eB, (C6a)
—n(. p® (I n vgx@)m) —0 for£er®, (C6b)
—n®.p® (I + V£X(2)[2]) =0 for&el®, (C6c)
—n®.p® (I + vgx@)m) =0 for£el®), (C6d)
—n®.p® (I + vgx@)[?l) =0 forg£el™, (C6e)
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390 C3 Closure Problems for c§3):
301 C31 Closure Problem for x®!!
Dag;% IrM] Df‘gﬁ‘?’ <|F(1)| + \r<2>\) + Peeuy - Vex @M — DOVIGN =0 for ¢ € B, (C7a)
—nW . DOY O = _Daghy — Daghs for & € T, (CTb)
—n®@ . DOY O = _Daghs for £ € TP, (C7c)
—n®. D(S)V€X(3)[1] =0 for&el®, (C7d)
@ . DOV G =0 for g e TW. (CTe)
302 C32 Closure Problem for x(®[2
_% (‘pa)‘ n |1"(2)|) 1 Peeug - Vex @ - DOVHGE —0 for ¢ € B, (C8a)
—nM. D(3)V5x(3)m =Dag for £ e T, (C8b)
—n®. D(3)V£X(3)[Q] =Dag forée re, (C8c)
—n® . DOVHABR =0 for £ e TP, (C8d)
W . DOV =0 for g e TW. (C8e)
303 C33 Closure Problem for x(®[3]
—%H"(l” + Peeug - Vex 3P — D(S)VZX(3)[3] =0 for€&eB, (C9a)
—nM. D(3)V§x(3)[3] =Das for £ e T, (C9b)
—n®. D(3)V€X(3)[3] =0 for&er®, (C9c)
—n® . DOVHABBI =0 for £ e TP, (C9d)
@ . DOV BB =0 for g e TW. (C9e)
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304 C34 Closure Problem for x(®4

Pee (ug — (ug)p) + Peeuy - Vgx(?’)[‘” - D(?’)sz(?’)[‘” =0 for & e B, (C10a)
—n(. p® (I ¥ Vgx(3)[4]> —0 for£er®, (C10b)
—n® . pB) (I + Vgx(?’)M) =0 for&el®, (C10c)
—n® . p® (I n v£x<3>[41) —0 for£er®, (C10d)
—n® . pB) (I + Vgx(?’)w) =0 forg&eTl®, (C10e)
395 C4 Closure Problems for c:(l4):
39 C41 Closure Problem for x®[l
2 (PO 1+ 0] 4 [0]) + 20 (094 1) 4 1)
(Clla)
+Peeug - Vex WM — DOVEWI =0 for ¢ € B,

M. DWW = _Dag, for & e T, (C11b)
—n® . DWT AW = _Daghs  for £ € TP, (Cllc)
—n® . DWW = _Dash, — Daghs for £ € TG, (C11d)
—n@W . DO AWD = _Dash, — Daghs for £ € T™. (Clle)

307 C42 Closure Problem for x(¥[2
_Daz <|F(1)| + |F(3)| + \I‘(4)|) + Peeug - VEX(4)[2] — DWW =0 for £ € B, (C12a)

|B| ¢

—nD . DOY DB = Da; for ¢ e TW, (C12b)
0. DY AW =0 for g €T, (Cl12¢)
—n® . DY NWE = Da; for ¢ €T, (C12d)
—n@ . DOY AW =Da; for ¢ e TW, (C12e)

—26—



308 C43 Closure Problem for x(¥[3]

_Dag
B

(|r<2>| +|r®)| + \r(4>|) + Pecug - VexWB — DWVEWE =0 for ¢ € B,
—nM. D(4)V§X(4)[3] =0 foreer®,
—n®@. D(4)V5X(4)[3] = Dag for £ e T,

—n®. D(4)V5X(4)[3] = Dag for £ e T,

—n®. D(4)V§X(4)[3] =Dag for £ e TW,
399 C44 Closure Problem for x4

Pee (ug — (ug)p) + Peeug - V€X(4)[4] — D(4)V§X(4)[4] =0 for & e B,
—n®. p@ (I n Vgx(‘*)[‘”) —0 foreerT®,
_n®@.p@ (I n Vgx“”‘”)

_n®.p®w (1 n VgX(4)[4]) —0 for£er®,

( )

@ . DO (T4 VxWH) =0 for g eTW.
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406

Appendix D The Closure Solutions for the Nonlinear Homogeneous and Heterogeneous

In this Appendix, we provide contour plots of the solutions to the closure problems recorded in Ap-

Reactions: Multiple Species

pendix C for the problem considering a multi-species system undergoing linear and nonlinear, homoge-
neous and heterogeneous reactions with multiple reactive interfaces. Due to D) = D@ = DB =

D® | we note that some closure variables have the same closure problems. For these variables, we solve
the corresponding closure problem once and noted both variables in the contours.

(a)

[X('L)[kl]] 1

I:X(l) [kl]] 9

0.10 0.10
0.4 041 PN o=
0.05 ] 0.05
0.2 0.2 W
n  0.04 0.00 1 0.04 0.00
—0-2 ( ) ( ) —0.05 —0.2 —0.05
—0.41 —0.41 N v
: , ' : , —0.10 : . . . . —0.10
—-0.4-0.2 0.0 0.2 04 —-0.4-0.2 0.0 0.2 04
3 3
(©) X(l)[ll (d) X(3)[1]
0.2 W 0.2
0.41 0.41
0.21 0.1 0.2 0.1
n 0.0 0.0 1 0.04 . 0.0
—0.21 _0.1 —0.21 01
—-04 - —0.41 '
. : , . , —0.2 , 1 , ! —0.2
—-0.4-0.2 0.0 0.2 04 —-0.4-0.2 0.0 0.2 04
3 3
(D[2] @[] D3]
X X y X
(e) 010 @ 0.10
0.41 0.41
PR
0.05 j 0.05
0.21 0.2 )
n 0.0 0.00 n 0.04 0.00
—0.21 —0.21
—0.05 —0.05
—0.41 —0.41
—0.4 —0.2 0 0 02 04 ~0.10 -0.4-02 0.0 02 04 ~0.10
3
Figure D1. The numerical results of the closure problems in the unit-cell for the system involving multiple

species undergoing linear and nonlinear, homogeneous and heterogeneous reactions. In (a) and (b), the contour
plots of [x V1], the resulting &-component of x V¥ and [x 1], the resulting 7-component of xV*1) are
displayed respectively, where ki € {4} for i € {1,3,4}, and k1 € {2} for i € {2}. (c) The contour plot of V1.
The contour plot of x*. (e) The contour plot of PaRIch (f) The contour plot of Y@M and Bl

(d)
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(b)

0.10 0.10
0.4 0.4 '
0.0 .
0.2 o 0.2( ) O 0-05
n 0.0 0.00 n 0.0 0.00
—0.2] —0.2 \
—0.05 —0.05
—0.4 0.4 Do
—0.4-0.2 0.0 02 0.4 —0.10 —0.4-0.2 0.0 02 0.4 —0.10
3 13
(3)[2] (4)[1]
(c) Xoo01s @ X 0.15
0.10 0.4 0.10
0.05 0.2 O 0.05
0.00 n 0.0 0.00
~0.05 0.2 ~0.05
—0.10 —04 —0.10
—0.4-0.2 0.0 02 0.4 —0.15 —0.4-0.2 0.0 02 0.4 —0.15

§ 3

Figure D2. The numerical results of the closure problems in the unit-cell for the system involving multiple
species undergoing linear and nonlinear, homogeneous and heterogeneous reactions. (a) The contour plot of X(l)[3]
and x®Bl. (b) The contour plot of ¥, (¢) The contour plot of X2, (d) The contour plot of x*1,
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Figure 1.



1.) Identity the inhomogeneous terms of the
system

Fle) = —A () -F(t,x) —B-F(t,%)
+ ||B|| a(t,x)+ in B

G1]=-n-F(t,x)+a(t,x) onTl

2.) Use linearity to create a partial-solution and
subsystem for each inhomogeneous term

er = U 4l g B L g ) )

Zl =-a©)-Fe,x  g[dV] =0
7 [ = B .F(t,x) @ |2 =0
F (?} :%a,(tx) g (13} =0

3.) Consider valid closure forms for each
partial-solution

of' Ve {x{" - F 0 el
i e (P BF (3] + e,
xiz} - F (¢, X)—i—c{ }}

0{3} € {Xig}a (t,x) + E?}}

4.) Combine subsystems that emit partial-solutions of
similar forms

Combine subsystems for c{ }, c?}, , (éi}:

F [c[ll]] = _A(€)-F(t,x) - B-F(t,x)
+
4 [0[11]] =—n-F (t,x)

=i F (%) + 2

Combine subsystems for (:i‘;}, ciG} :

F [0[12]] — ||ZF3|| a (f,,X)

g [0[12]] =a(t,x)

i = xPa (t,x) +

where c¢; = c[ll] + 0[12]

5.) Substitute partial-solutions into newly formed
subsystems and simplify to obtain closure problems

Closure Problem 1:
ﬁ[x[ll] — _A()-B+ in B
g [x[ll]_ =-n-I onTl

Closure Problem 2:
2] r .
F [X[l ]_ = % in B

9 [X[f]- =1 onT
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Figure D2.
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