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Abstract

Density imaging is a method of inverting the sub-surface density distribution according to the spectrum of the gravity and

gravity gradient in the wavenumber domain. This method effectively gives full play to the characteristics of fast calculation

in the wavenumber domain, improves the computation efficiency, and creates an accurate 3D sub-surface density model. In

this paper, the corresponding relation between the gravity and gravity gradient anomalies and the model, and their spectral

characteristics were analyzed, which according to preliminary inverse. Then, the 3D density imaging of gravity and gravity

gradient was performed on the theoretical data and its noise-added data in the wavenumber domain with depth weighing, and a

density model consistent with the theoretical model was obtained. The strong anti-noise capacity of the density imaging method

was proved. Finally, the method was verified in the Decorah area of the United States, and the characteristics of gravity and

gravity gradient anomalies measured in this area were analyzed, and the 3D density imaging of gravity and gravity gradient

was performed in the wavenumber domain. The location of the siliceous intrusive rocks with the relatively low-density and the

Decorah complex with the relatively high-density, and the intrusive rock mass with the relatively highdensity distributed in

the surrounding rock were obtained through inversion. A clear understanding of the intrusive pathways to the rock mass was

obtained, and the effectiveness of the density imaging method has been verified. This provides support for further understanding

of the structural division and geological evolution in this area.
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Key Points: 

⚫ The characteristics of gravity/gravity gradient and their spectrum were analyzed. 

⚫ Gravity/gravity gradient reflecting different depths was used for density imaging. 

⚫ A High-precision 3D density model was obtained quickly in the wavenumber 

domain. 
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Abstract: Density imaging is a method of inverting the sub-surface density distribution 1 

according to the spectrum of the gravity and gravity gradient in the wavenumber 2 

domain. This method effectively gives full play to the characteristics of fast calculation 3 

in the wavenumber domain, improves the computation efficiency, and creates an 4 

accurate 3D sub-surface density model. In this paper, the corresponding relation 5 

between the gravity and gravity gradient anomalies and the model, and their spectral 6 

characteristics were analyzed, which according to preliminary inverse. Then, the 3D 7 

density imaging of gravity and gravity gradient was performed on the theoretical data 8 

and its noise-added data in the wavenumber domain with depth weighing, and a density 9 

model consistent with the theoretical model was obtained. The strong anti-noise 10 

capacity of the density imaging method was proved. Finally, the method was verified 11 

in the Decorah area of the United States, and the characteristics of gravity and gravity 12 

gradient anomalies measured in this area were analyzed, and the 3D density imaging of 13 

gravity and gravity gradient was performed in the wavenumber domain. The location 14 

of the siliceous intrusive rocks with the relatively low-density and the Decorah complex 15 

with the relatively high-density, and the intrusive rock mass with the relatively high-16 

density distributed in the surrounding rock were obtained through inversion. A clear 17 

understanding of the intrusive pathways to the rock mass was obtained, and the 18 

effectiveness of the density imaging method has been verified. This provides support 19 

for further understanding of the structural division and geological evolution in this area. 20 

Keywords: gravity gradient, wavenumber domain, forwarding modeling, density 21 

imaging, inversion 22 

1. Introduction 23 

Gravity and gravity gradient data provide the main source for studying the earth's 24 

structure and mineral resources. Conventional gravity prospecting observes the gravity 25 

anomaly data. In recent years, increasing high-precision gravity gradient data have been 26 

obtained due to technological development. Gravity gradient is the first- order 27 

derivative of the gravity anomaly, and reflects the high-frequency information. Gravity 28 

anomalies contain a lot of low-frequency information. Accurate sub-surface 29 
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information can be obtained through analysis of both gravity and gravity gradient 30 

anomalies. The earth gravity field provides a geophysical method for studying the 31 

internal structure of the earth and searching for mineral resources, and the geological 32 

problems are solved based on the gravity anomaly due to the uneven density distribution 33 

of geological structures and mineral resources. Gravity anomalies reflect abundant 34 

information on the distribution of materials inside the earth. Therefore, the gravity 35 

prospecting method plays a significant role in the prospecting of the earth’s structure, 36 

oil and gas and mineral resource exploration, regional geological survey, archaeological 37 

exploration, hydrological and engineering geological survey(Martinez et al., 2010; 38 

Vasco and Taylor, 1991). The gravity gradient is the change rate of the first-order 39 

derivative of the gravity potential in three directions, and it is the second-order 40 

derivative of the gravity potential. In the derivation process, the high-frequency signal 41 

is enhanced, and the low-frequency signal is suppressed. Compared with gravity 42 

anomaly, gravity gradient anomaly reflects more high-frequency information and 43 

provides a higher resolution for shallow anomaly and sudden variation in field source 44 

boundaries. The accuracy of geological interpretation can be improved through the 45 

integrated utilization of various gradient information. In the past, conventional gravity 46 

measurement can only observe the vertical first-order derivative of gravity. With the 47 

increasing progress of gravity observation methods, the high-precision gravity gradient 48 

observation data can be obtained with the full tensor gravity gradient measurement 49 

system (FTG). Thus, the inversion of high-precision gravity and gravity gradient data 50 

is urgently needed. 51 

Conventional gravity inversion is a method of linear inversion or non-linear 52 

inversion to minimize the objective function based on the inversion theory and in the 53 

sense of least squares. A lot of efforts have been put into the research on the inversion 54 

of the gravity and the gravity gradient, which has been applied in determining the 55 

parameters of the geological model body, the depth, and fluctuation of the physical 56 

interface, and the density distribution(Hamzeh and Mehramuz, 2019; Li, 2018; 57 

Pedersen et al., 2019; Salem et al., 2013). Due to non-uniqueness, the geophysical 58 

inversion should be constrained by prior information, such as setting physical property 59 
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range, prior geological information, and inversion results from other geophysical 60 

methods(Hou et al., 2020; Zhou, 2014). 61 

Density imaging is a method of directly calculating the sub-surface density 62 

distribution based on the gravity anomaly. The Cribb imaging method was based on the 63 

Fourier transform and calculated the density distribution in the sub-surface based on 64 

the vertical derivative of the observed gravity anomaly(Cribb, 1976). A density 65 

equivalent distribution method was proposed (Kobrunov and Varfolomeev, 1981), 66 

which converted the gravity data to data in the wavenumber domain based on Fourier 67 

transform and inverted the density distribution according to the spectrum of the gravity 68 

data. DEXP (depth from extreme points) imaging is a fast and stable method to predict 69 

the depth of abnormal objects through extreme points (Fedi, 2007). A 3D correlation 70 

imaging method of gravity anomaly and gravity gradient data was proposed, which 71 

provides good vertical and horizontal resolution for the spatial occurrence of abnormal 72 

geological bodies and the equivalent residual mass distribution(Guo et al., 2009). 73 

Priezzhev determined the geological model of the deeper part through rapid 74 

computation in the wavenumber domain and random iteration by combining with the 75 

prior information and using the gravity field data(Priezzhev, 2010). The iterative 76 

inversion method of gravity in the wavenumber domain based on functional 77 

representation was proposed, which obtains the sub-surface density distribution model 78 

and sub-surface structure model rapidly (Kobrunov, 2015). The wavenumber domain 79 

iterative method for rapid 3D imaging of gravity and gravity gradient data was proposed, 80 

introducing a depth scale factor to obtain a density model with fairly high resolution 81 

and accuracy(Cui and Guo, 2019). 82 

A significant progress has been made in the previous study. Limited by observation 83 

methods, the previous studies were focused on the constraints on inversrion of the 84 

gravity and gravity gradient by introducing depth weighting or scale factors and 85 

iteration by using different iterative methods. There is no related research on the 86 

spectrum characteristics of the gravity gradient data. In this paper, the spatial anomaly 87 

of the gravity and gravity gradient data and the spectrum characteristics in the 88 

wavenumber domain of the theoretical model were analyzed. Based on the 3D density 89 
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imaging method of gravity in the wavenumber domain, a high-precision 3D density 90 

model was efficiently obtained. The measured gravity and gravity gradient data in the 91 

Decorah region of the United States was inverted to obtain the sub-surface high-92 

precision 3D density model, verifying the effectiveness of the method. 93 

2. Method 94 

2.1. Gravity gradient forward modeling theory 95 

According to Newton's law of gravitation, the gravitational potential 𝑃(𝑥0, 𝑦0, 𝑧0) 96 

of a mass body with a certain volume in the earth at any point in space can be calculated: 97 

𝐔(𝑥0, 𝑦0, 𝑧0) = 𝛾∭  
𝑣

𝜌𝑑𝑣
𝑟

(1) 98 

where (𝑥0, 𝑦0, 𝑧0) is a point in the mass body, 𝜌 is the density of the mass body at 99 

that point, 𝑑𝑣 is the volume element of the mass body, 𝛾 is the gravitation constant, 100 

𝑟 is the distance from the mass element to the computation point in the geological body. 101 

Referring that the gravity anomaly is the vertical first-order partial derivative of 102 

the gravity potential, 𝑔𝑥, 𝑔𝑦 and 𝑔𝑧 represent the components of gravity in the X, Y, 103 

Z directions respectively(Pereira Bomfim, 2012), and the gravity gradient is the 104 

derivative of the first-order derivative of the gravity potential in three directions. 105 

 106 

𝑇‾ = Δ𝑈 =

[
 
 
 
 
 

∂2𝑈

∂𝑥2

∂2𝑈

∂𝑥 ∂𝑦

∂2𝑈

∂𝑥 ∂𝑧

∂2𝑈

∂𝑦 ∂𝑥

∂2𝑈

∂𝑦2

∂2𝑈

∂𝑦 ∂𝑧

∂2𝑈

∂𝑧 ∂𝑥

∂2𝑈

∂𝑦 ∂𝑧

∂2𝑈

∂𝑧2 ]
 
 
 
 
 

=

[
 
 
 
 
∂𝑔𝑥

∂𝑥

∂𝑔𝑥

∂𝑦

∂𝑔𝑥

∂𝑧

∂𝑔𝑦

∂𝑥

∂𝑔𝑦

∂𝑦

∂𝑔𝑦

∂𝑧

∂𝑔𝑧

∂𝑥

∂𝑔𝑧

∂𝑦

∂𝑔𝑧

∂𝑧 ]
 
 
 
 

= [

𝑇𝑥𝑥 𝑇𝑥𝑦 𝑇𝑥𝑧

𝑇𝑦𝑥 𝑇𝑦𝑦 𝑇𝑦𝑧

𝑇𝑧𝑥 𝑇𝑧𝑦 𝑇𝑧𝑧

] （2）  107 

where, 𝑇𝑝𝑞 is the component of the gradient, and its second-order derivative satisfies 108 

the Laplace’s equation, and 𝑇𝑥𝑦 = 𝑇𝑦𝑥 , 𝑇𝑥𝑧 = 𝑇𝑧𝑥  and 𝑇𝑦𝑧 = 𝑇𝑧𝑦 . So only five 109 

components of the gradient are independent. Each gravity gradient component leads a 110 

unique response to the size, shape, and thickness of the density anomaly, providing 111 

extensive constraints during the interpretation. 112 
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 113 

Fig. 1. Rectangular prism model 114 

The gravity anomaly formula referring to the rectangular prism models expressed 115 

as (Blakely, 1995)(Fig.1): 116 

𝑔𝑧 = 𝛾𝜌∫  
𝑧2

𝑧1

∫  
𝑦2

𝑦1

∫  
𝑥2

𝑥1

𝑧

{(𝑥 − 𝑥0)2 + (𝑦 − 𝑦0)2 + (𝑧 − 𝑧0)2}3/2
𝑑𝑥𝑑𝑦𝑑𝑧 (3) 117 

The scope of the model, 𝑥1 ≤ 𝑥 ≤ 𝑥2, 𝑦1 ≤ 𝑦 ≤ 𝑦2 and 𝑧1 ≤ 𝑧 ≤ 𝑧2.The result 118 

of 𝑔𝑧 is as follows(Plouff, 1976): 119 

𝑔𝑧 = 𝛾𝜌∑  

2

𝑖=1

 ∑  

2

𝑗=1

 ∑  

2

𝑘=1

 𝜇𝑖𝑗𝑘 [𝑧𝑘𝑎𝑟𝑐𝑡𝑎 𝑛
𝑥𝑖𝑦𝑗

𝑧𝑘𝑅𝑖𝑗𝑘
− 𝑥𝑖𝑙𝑜 𝑔(𝑅𝑖𝑗𝑘 + 𝑦𝑗)

−𝑦𝑗𝑙𝑜𝑔(𝑅𝑖𝑗𝑘 + 𝑥𝑖)]

(4) 120 

where, 121 

𝑅𝑖𝑗𝑘 = √𝑥𝑖
2 + 𝑦𝑗

2 + 𝑧𝑘
2

𝜇𝑖𝑗𝑘 = (−1)𝑖(−1)𝑗(−1)𝑘

 122 

The second-order derivative of the gravity potential is expressed as: 123 

 𝑇𝑥𝑥 = 𝛾𝜌‖|arctan 
(𝑥−𝑥0)𝑅

(𝑦−𝑦0)(𝑧−𝑧0)
|
𝑥2

𝑥1
|
𝑦2

𝑦1
|
𝑧2

𝑧1
 124 

 𝑇𝑥𝑦 = 𝛾𝜌‖|ln (𝑧 − 𝑧0 + 𝑅) |
𝑥2

𝑥1
|
𝑦2

𝑦1
|
𝑧2

𝑧1
  125 

𝑇𝑧𝑧 = 𝛾𝜌 ∥ arctan
(𝑧 − 𝑧0)𝑅

(𝑥 − 𝑥0)(𝑦 − 𝑦0)
|
𝑥2

𝑥1
|
𝑦2

𝑦1
|
𝑧2

𝑧1
(5) 126 

 𝑇𝑥𝑧 = 𝛾𝜌‖|ln (𝑦 − 𝑦0 + 𝑅) |
𝑥2

𝑥1
|
𝑦2

𝑦1
|
𝑧2

𝑧1
 127 

 𝑇𝑦𝑦 = 𝛾𝜌‖|arctan 
(𝑦−𝑦0)𝑅

(𝑦−𝑦0)(𝑧−𝑧0)
|
𝑥2

𝑥1
|
𝑦2

𝑦1
|
𝑧2

𝑧1
 128 

 𝑇𝑦𝑧 = 𝛾𝜌‖|ln (𝑥 − 𝑥0 + 𝑅) |
𝑥2

𝑥1
|
𝑦2

𝑦1
|
𝑧2

𝑧1
 129 
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The gravity and gravity gradient are converted to obtain their spectrum in the 130 

wavenumber domain by Fast Fourier Transform(FFT), the spectrum of gravity anomaly 131 

is obtained(Priezzhev, 2010): 132 

𝐺(𝑘𝑥, 𝑘𝑦) = ∫  
∞

−∞

∫  
∞

−∞

𝑔(𝑥, 𝑦)𝑒−𝑖(𝑘𝑥𝑥+𝑘𝑦𝑦)𝑑𝑥𝑑𝑦

𝑔𝑧(𝑥, 𝑦) =
1

4𝜋2
∫  

∞

−∞

∫  
∞

−∞

𝐺(𝑘𝑥, 𝑘𝑦)𝑒𝑖(𝑘𝑥𝑥+𝑘𝑦𝑦)𝑑𝑘𝑥𝑑𝑘𝑦

(6) 133 

where, 𝑔𝑧(𝑥, 𝑦)  is the gravity anomaly, 𝐺(𝑘𝑥, 𝑘𝑦)  is the spectrum of the gravity 134 

anomaly, 𝑘𝑥  and 𝑘𝑦  are the wavenumbers at x-axis and y-axis respectively. The 135 

formula of calculating the gravity gradients in the wavenumber domain is expressed 136 

as(Mickus and Hinojosa, 2001): 137 

Γ𝑖𝑗(𝑥, 𝑦) = 𝐹−1{[𝐾(𝑘𝑥, 𝑘𝑦)𝐺(𝑘𝑥, 𝑘𝑦)]]} 138 

where, [𝐾(𝑘𝑥, 𝑘𝑦)] =

[
 
 
 
 

−𝑘𝑥
2

|𝑘|

−𝑘𝑥𝑘𝑦

|𝑘|
−𝑖𝑘𝑥

−𝑘𝑥𝑘𝑦

|𝑘|

−𝑘𝑦
2

|𝑘|
−𝑖𝑘𝑦

−𝑖𝑘𝑥 −𝑖𝑘𝑦 |𝑘| ]
 
 
 
 

 139 

The spectrum of the gravity gradients are obtained.  140 

The SI unit of gravity is 𝑚/𝑠2, that of gravity gradient is Gal, and that of gravity 141 

gradient is 1/𝑠2. Practically, the unit of gravity gradient is 1E (Eotvos) =10−9 1/𝑠2. 142 

The SI unit of gravity anomaly spectrum is 𝑚𝐺𝑎𝑙 ∙ 𝑚2, and the unit of gravity gradient 143 

spectrum is 𝐸 ∙ 𝑚2. 144 

2.2. 3D density imaging theory of gravity and gravity gradient 145 

in the wavenumber domain 146 

The vertical first-order derivative of the gravity potential in the point (𝑥0, 𝑦0, 𝑧0) 147 

and the density distribution of an area below the point satisfies the integral equation: 148 

𝑔𝑧 = 𝛾 ∭ 
𝑣

 
𝜌(𝑥, 𝑦, 𝑧)(𝑧 − 𝑧0)

{(𝑥 − 𝑥0)2 + (𝑦 − 𝑦0)2 + (𝑧 − 𝑧0)2}3/2
𝑑𝑥𝑑𝑦𝑑𝑧 (7) 149 

where, 𝑔𝑧 is the observation of gravity anomaly on the z=0 plane,  𝜌(𝑥, 𝑦, 𝑧) is the 150 

3D density distribution. Calculate the spectrum in the wavenumber domain is expressed 151 

as(Priezzhev, 2010): 152 
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𝐺(𝑘𝑥, 𝑘𝑦) = 2𝜋𝛾 ∫ 𝑃(𝑘𝑥, 𝑘𝑦, 𝑧)𝑒−𝑘𝑧𝑑𝑧

∞

𝑧=0

(8) 153 

where, 𝐺(𝑘𝑥, 𝑘𝑦) is the spectrum of gravity anomaly, and 𝑃(𝑘𝑥, 𝑘𝑦, 𝑧) is the density 154 

spectrum of the horizontal zone at depth z. 155 

Assuming that: 156 

𝑃(𝑘𝑥, 𝑘𝑦, 𝑧) = 𝑄(𝑘𝑥, 𝑘𝑦)𝐾(𝑘𝑥, 𝑘𝑦, 𝑧) (9) 157 

where, 𝑄(𝑘𝑥, 𝑘𝑦)  is depth-independent, and 𝐾(𝑘𝑥, 𝑘𝑦, 𝑧)  is depth-dependent. 158 

𝑄(𝑘𝑥, 𝑘𝑦) is expressed as: 159 

𝑄(𝑘𝑥, 𝑘𝑦) =
1

2𝜋𝛾

𝐺(𝑘𝑥, 𝑘𝑦)

∫  
∞

𝑧=0
 𝐾(𝑘𝑥, 𝑘𝑦, 𝑧)𝑒−𝑘𝑧𝑑𝑧

 160 

Then, 161 

𝑃(𝑘𝑥, 𝑘𝑦, 𝑧) =
1

2𝜋𝛾

𝐾(𝑘𝑥 , 𝑘𝑦, 𝑧)

∫  
∞

𝑧=0
 𝐾(𝑘𝑥, 𝑘𝑦, 𝑧)𝑒−𝑘𝑧𝑑𝑧

𝐺(𝑘𝑥, 𝑘𝑦) 162 

Which is the relationship between with density spectrum and gravity spectrum. the 163 

wavenumber domain inversion operator is expressed as: 164 

𝐻(𝑘𝑥, 𝑘𝑦, 𝑧) =
1

2𝜋𝛾

𝐾(𝑘𝑥, 𝑘𝑦, 𝑧)

∫
𝑧=0

∞
 𝐾(𝑘𝑥, 𝑘𝑦, 𝑧)𝑒−𝑘𝑧𝑑𝑧

 165 

Considering to eliminate the Gibbs phenomenon and generate smooth filter, 166 

𝐾(𝑘𝑥, 𝑘𝑦, 𝑧) is defined as 𝑧𝑛𝑒−𝑛𝑘𝑧. 167 

Then, 168 

𝐻(𝑘𝑥, 𝑘𝑦, 𝑧) =
1

2𝜋𝛾

(𝑛 + 1)𝑛+1

𝑛!
𝑧𝑛𝑘𝑛+1𝑒−𝑛𝑘𝑧 169 

The spectrum of the density distribution is expressed as: 170 

𝑃(𝑘𝑥, 𝑘𝑦, 𝑧) =
1

2𝜋𝛾

(𝑛 + 1)𝑛+1

𝑛!
𝑧𝑛𝑘𝑛+1𝑒−𝑛𝑘𝑧𝐺(𝑘𝑥, 𝑘𝑦, 0) 171 

which is treated with inverse Fourier transform, we obtain: 172 

𝜌(𝑥, 𝑦, 𝑧) = 𝐹−1 [
1

2𝜋𝛾

(𝑛 + 1)𝑛+1

𝑛!
𝑧𝑛𝑘𝑛+1𝑒−𝑛𝑘𝑧𝐺(𝑘𝑥, 𝑘𝑦, 0)] (10) 173 

The formula for calculating the density distribution based on the gravity gradient 174 
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spectrum: 175 

𝜌(𝑥, 𝑦, 𝑧) = 𝐹−1 [
1

2𝜋𝛾

(𝑛 + 1)𝑛+1

𝑛!
𝑧𝑛𝑘𝑛+1𝑒−𝑛𝑘𝑧

|𝑘|

−𝑘𝑥
2
𝐹{𝑇𝑥𝑥(𝑥, 𝑦, 𝑧)}] 176 

𝜌(𝑥, 𝑦, 𝑧) = 𝐹−1 [
1

2𝜋𝛾

(𝑛 + 1)𝑛+1

𝑛!
𝑧𝑛𝑘𝑛+1𝑒−𝑛𝑘𝑧

|𝑘|

−𝑘𝑥𝑘𝑦
𝐹{𝑇𝑥𝑦(𝑘𝑥, 𝑦, 𝑧)}] 177 

𝜌(𝑥, 𝑦, 𝑧) = 𝐹−1 [
1

2𝜋𝛾

(𝑛 + 1)𝑛+1

𝑛!
𝑧𝑛𝑒−𝑛𝑘𝑧

𝑘𝑛+1

−𝑖𝑘𝑥
𝐹{𝑇𝑥𝑧(𝑥, 𝑦, 𝑧)}] 178 

                   𝜌(𝑥, 𝑦, 𝑧) = 𝐹−1 [
1

2𝜋𝛾

(𝑛 + 1)𝑛+1

𝑛!
𝑧𝑛𝑘𝑛+1𝑒−𝑛𝑘𝑧

|𝑘|

−𝑘𝑦
2
𝐹{𝑇𝑦𝑦(𝑥, 𝑦, 𝑧)}] (11) 179 

𝜌(𝑥, 𝑦, 𝑧) = 𝐹−1 [
1

2𝜋𝛾

(𝑛 + 1)𝑛+1

𝑛!
𝑧𝑛𝑒−𝑛𝑘𝑧

𝑘𝑛+1

−𝑖𝑘𝑦
𝐹{𝑇𝑦𝑧(𝑥, 𝑦, 𝑧)}] 180 

 𝜌(𝑥, 𝑦, 𝑧) = 𝐹−1 [
1

2𝜋𝛾

(𝑛 + 1)𝑛+1

𝑛!
𝑧𝑛𝑒−𝑛𝑘𝑧𝑘𝑛𝐹{𝑇𝑧𝑧(𝑥, 𝑦, 𝑧)}] 181 

3. Forward modeling and inversion  182 

3.1. Forward modeling of gravity and gravity gradient of 183 

rectangular prism model 184 

To verify theoretically the relation between the gravity and gravity gradient and the 185 

model, model I is set up for simulation. 186 

The gravity and the gravity gradient anomalies are related to the edge, boundary, 187 

angle, and mass center of the anomalous mass(Fig.2). By measuring the EW variation 188 

of gravity, the zero value of 𝑇𝑥𝑥  delineates the boundary in the y-direction. By 189 

measuring the NS variation of gravity, the zero value of 𝑇𝑦𝑦 delineates the boundary 190 

in the x-direction. The extreme value of 𝑇𝑥𝑦  corresponds to the corner point. 𝑇𝑥𝑧 191 

depicts the anomalous axis in the NS direction, and its extreme value indicates the 192 

boundary in the y-direction. 𝑇𝑦𝑧  depicts the east-west anomaly axis in the EW 193 

direction, and its extreme value indicates the boundary in the x-direction. The extreme 194 

value of 𝑔𝑧 and 𝑇𝑧𝑧 indicates the abnormal center. 𝑇𝑧𝑧 has a higher resolution ratio 195 

than △ 𝑔, and its zero value corresponds to the boundary. 196 
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 197 

Fig. 2. Gravity and gravity gradient anomalies of Model I 198 

(a) 𝑇𝑥𝑥 (b) 𝑇𝑥𝑦 (c) 𝑇𝑥𝑧 (d) 𝑇𝑦𝑦 (e) 𝑇𝑦𝑧 (f) 𝑔𝑧 (g) 𝑇𝑧𝑧, Blackline is the model 199 

The spectrum of gravity anomaly shows obvious fluctuation and rapid attenuation, 200 

and the spectrum of the gravity gradient 𝑇𝑧𝑧 shows slower attenuation, more obvious 201 

periodicity, and obvious response in the 𝑘𝑥  and 𝑘𝑦  directions. Computation of the 202 

gravity anomaly spectrum and the analysis of spectrum characteristics show that the 203 

gravity anomaly spectrum function of the three-dimensional body is symmetry (He and 204 

Fang, 2020). The spectrum characteristics of the gravity gradient are closely related to 205 

the direction of each component. The spectrum functions of 𝑇𝑥𝑥  and 𝑇𝑥𝑦  show the 206 

characteristics of rapid attenuation, and the spectrum contours are parallel to the 𝑘𝑥 207 

direction. 𝑇𝑥𝑥  shows obvious periodic fluctuation at the 𝑘𝑥  axis, and 𝑇𝑦𝑦  and 𝑇𝑦𝑧 208 

shows obvious periodic fluctuation at the 𝑘𝑦  axis. The 𝑇𝑧𝑧  spectrum shows the 209 

characteristics similar to those of the 𝑔𝑧 spectrum, but stronger periodicity than 𝑔𝑧 210 

spectrum. The 𝑔𝑧  spectrum shows rapid attenuation. According to the spectrum 211 

characteristics, the 𝑇𝑥𝑥 and 𝑇𝑥𝑦 spectra are not applicable in further inversion. 212 

The amplitude spectrum is the variation of the amplitude of the gravity anomaly 213 
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spectrum with frequency, reflecting the distribution characteristics of the anomaly 214 

amplitude. 215 

 216 

Fig. 3. The amplitude spectrum of the gravity gradient 217 

(a)𝐹[ 𝑇𝑥𝑥] (b)𝐹[ 𝑇𝑥𝑦] (c) 𝐹[𝑇𝑥𝑧] (d) 𝐹[𝑇𝑦𝑦] (e) 𝐹[𝑇𝑦𝑧] (f) 𝐹[𝑔𝑧] (g) 𝐹[𝑇𝑧𝑧] 218 

The characteristics of the gravity anomaly and the gravity gradient amplitude 219 

spectrum are similar to their spectrum characteristics except for better periodicity 220 

(Fig.3). According to the periodic fluctuation characteristics of the amplitude spectrum, 221 

the model can be inverted to a rectangular prism, and the model half-width in the 222 

horizontal direction can be calculated from the wave value at the first minimum of the 223 

amplitude spectrum. 224 

𝐵 =
𝜋

Δ𝑤
(12) 225 

Due to the equivalence between the gravity anomaly spectrum function of the 226 

three-dimensional body and that of the two-dimensional body(Xiong, 1979), the 227 

profiles at 𝑘𝑦=0 of the gravity anomaly amplitude spectrum and the gravity gradient 228 

amplitude spectrum were extracted. Due to the small amplitude of the gradient 229 

amplitude spectrum, two profiles were extracted. According to the profile of the 230 
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amplitude spectrum, the first minimum points of the amplitude spectrum occur at the 231 

same position, corresponding to the wave value of 0.247. The model half-width was 232 

calculated as 12.7 km with Formula (12). The actual width is 12km. Analysis of 233 

spectrum characteristics shows the poor inversion of the spectrum signals of 𝑇𝑥𝑥 and 234 

𝑇𝑥𝑦. 235 

The power spectrum, also known as the energy spectrum, is the square of the 236 

amplitude spectrum, the average radial power spectrum of E is obtained: 237 

𝐸 = (𝑟) =
1

2𝜋
∫ 𝐸(𝑟, 𝜃)𝑑𝜃

2𝜋

0

(13) 238 

then, logarithmic the above formula to obtain the average radial logarithmic power 239 

spectrum, 240 

𝑙𝑛 𝐸 (𝑟) = 𝐴 − 2𝑟ℎ𝑡 (14) 241 

where,A is a constant, and the above formula shows a straight line with slope of −2ℎ𝑡: 242 

 243 

ℎ𝑡 = −
𝑙𝑛 𝐸 (𝑟2) − 𝑙𝑛 𝐸 (𝑟1)

𝑟2 − 𝑟1
(15) 244 

It can be seen that the buried depth of the model can be calculated according to the 245 

slope of the average radial logarithmic power spectrum. 246 

To verify the noise immunity of the density imaging method, the theoretical 247 

forward gravity and gravity gradient anomalies of Model II were computed(Fig.4), and 248 

10% noise was added. Then, the effects of noise on the gravity and gravity gradient 249 

anomalies were analyzed. 250 

The model boundary can’t be clearly described with the gravity anomaly of the 251 

complex model, and the gravity gradient anomalies well coincide with the model 252 

boundary or the inflection point, especially the outline of the model position is clearly 253 

described with 𝑇𝑧𝑧  (Fig.5). While the gravity and gravity gradient data with noise-254 

added characteristic lines are fuzzy. The anomaly basic characteristics corresponding 255 

to the model body are not significantly changed. 256 

In addition, according to the comparative analysis of the calculation speed of model 257 

I and model II, it is verified that the forward modeling speed in the wavenumber domain 258 

is better than that in the spatial domain. When the number of models is large and 259 

complex, the calculation efficiency advantage in the wavenumber domain is greater, 260 
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which is more conducive to improving the inversion efficiency in the calculation of 261 

complex models(Table 1). 262 

 263 

Fig. 4. Model II location 264 

 265 

Fig. 5. Gravity and gravity gradient anomalies of Model II 266 

 (a) 𝑇𝑥𝑥 (b) 𝑇𝑥𝑦 (c) 𝑇𝑥𝑧 (d) 𝑇𝑦𝑦 (e) 𝑇𝑦𝑧 (f) 𝑔𝑧 (g) 𝑇𝑧𝑧, Blacklines are the models 267 

 268 

 269 
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Table 1. Comparison of forward modeling velocity of gravity and gravity gradient in space 270 

domain and wavenumber domain 271 

 
Forward velocity in 

space domain 

Forward velocity in 

wavenumber domain 

Forward modeling 

speed advantage in 

wavenumber domain 

Model I 0.08s 0.03s Increase by 62.5% 

Model II 0.26s 0.05s Increase by 80.7% 

Note: The more complex the model is, the more obvious the velocity advantage in 272 

wavenumber domain is. 273 

3.2. 3D density imaging in the wavenumber domain 274 

The forward modeling data of the theoretical model and the noise-added data were 275 

inverted to verify the effectiveness and noise immunity of the method. First, 276 

preliminarily judge the depth and width of the model according to the spectrum of 277 

gravity,which is added to density imaging as constraint. In this paper, the depth 278 

weighting function proposed by Commer is introduced to improve the longitudinal 279 

resolution(Commer, 2011).  280 

𝑊(𝑧) =
𝛼 + ex p [

𝑟1
𝑑𝑧

(𝑧 − 𝑧𝑐1)]

1 + ex p [
𝑟1
𝑑𝑧

(𝑧 − 𝑧𝑐1)]
−

𝛼 + ex p [
𝑟2
𝑑𝑧

(𝑧 − 𝑧𝑐2)]

1 + ex p [
𝑟2
𝑑𝑧

(𝑧 − 𝑧𝑐2)]
(16) 281 

where,z is the center depth,  𝑑𝑧  is inverse domain,  𝛼  is empirical value,  𝛼 =282 

0.001 , 𝑧𝑐1, 𝑧𝑐2  are the depth of the top and bottom of the model. 𝑟  is the interface 283 

constraint factor.The iterative inversion formula with the depth weighting function 284 

shows following: 285 

𝜌𝑖+1 = 𝜌𝑖 + 𝑊(𝑧) × ∆𝜌 (17) 286 

Then, the sub-surface space to be inverted is divided into N horizontal layers, where 287 

each layer is divided into 𝑚 × 𝑛  rectangular prisms. The rectangular prism in each 288 

layer is iterated according to Formulas (10) and (17). The iteration process is as 289 

follows(where, 𝜌0 = 0): 290 
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 291 

Fig.6  Density imaging iteration flowchart 292 

First, the density imaging computation of Model II in Table 1 in the wavenumber 293 

domain was performed. The 3D density imaging results of gravity  𝑔𝑧  and gravity 294 

gradient 𝑇𝑧𝑧 show in Fig.7. According to the theoretical models, the inversion effects 295 

of two sets of data are perfect, and the positions of five theoretical models can be located. 296 

The horizontal positions of the inversion results of two sets of data show in Fig.7a and 297 

7b, where the black boxes are the actual positions of models, and the outline of the 298 

model boundaries are clearly described. The vertical profile of the data inversion results 299 

was shown in Fig.7c and 7d, the position of the anomaly body from two sets of data is 300 

consistent with the positions of the model. Due to the higher density in Model 4, a 301 

certain tailing phenomenon occurs in Model 5. 302 

The 3D density imaging results of other components of the gravity gradient shows 303 

less false anomaly compared with the 3D density imaging of 𝑔𝑧 and 𝑇𝑧𝑧. Affected by 304 

the derivative of the data, the false anomalies from  𝑇𝑥𝑥 and 𝑇𝑥𝑧, 𝑇𝑦𝑦 and 𝑇𝑦𝑧, and 305 

𝑇𝑥𝑦 in the x-directin, y-direction, in x & y-directions.The 3D density imaging results of 306 

𝑔𝑧 and 𝑇𝑧𝑧  are significantly better than those of other gravity gradients. Therefore, 𝑔𝑧 307 

and 𝑇𝑧𝑧 were selected for further analysis and inversion. 308 
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 309 

Fig. 7.  𝑔𝑧/𝑇𝑧𝑧 3D density imaging results 310 

(a) cross-section at z=-2 ;(b) cross-section at z=-2; (c) slices of (a);(d) slices of (b)  311 

The noise was added to 𝑔𝑧  and 𝑇𝑧𝑧  data to perform 3D density imaging to 312 

understand the noise immunity of the method. The noise-added 3D density imaging 313 

results of 𝑔𝑧 and 𝑇𝑧𝑧 are still consistent with those of the actual model. The high-314 

density values are concentrated in the model area. The evaluation results of the density 315 

imaging shows the forward modeling value of the inverted density model is very close 316 

to the residual error of the theoretical value, which proves the strong noise immunity of 317 

the method. The method was applied to the Decorah region of the United States to 318 

further verify its effectiveness. 319 

4. Verification with measured data  320 

The Decorah area is rich in mineral resources, and the area is a large area of 321 

sediments. Bell Geospace has carried out high-precision gravity and gravity gradient 322 

measurements in this area, and the high-precision full tensor data of gravity and gravity 323 

gradient are collected. The 3D density imaging in the wavenumber domain method is 324 

used to obtain the sub-surface 3D density distribution. The effectiveness of the method 325 
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was verified. 326 

 327 

Fig. 8. Decorah 328 

(a) Geologic map (Drenth et al., 2015) (b) 3D density model(Sun et al., 2020) 329 

Both gravity and gravity gradient anomalies are caused by density differences, 330 

which reflect variation in the density of materials inside the earth. Gravity gradient 331 

anomalies are sensitive to the variation in shallow density differences, and the gravity 332 

anomaly reflects the information of deep field sources. Thus, the density distribution in 333 

the whole area can be obtained by comparing the gravity anomaly with the gravity 334 

gradient anomalies. Gaussian filtering is used to remove the influence of the 335 

sedimentary caprock in this area to obtain the gravity and gravity gradient anomalies of 336 

the target. The study area is also called the northeastern Iowa intrusive complex 337 

area(Drenth et al., 2015; Sun et al., 2020). The southern part of this area is the Decorah 338 

complex, which is a relatively dense mafic intrusive rock, and the middle part is a 339 

relatively low-density siliceous intrusion. Some small, relatively dense, mafic, or 340 

siliceous rocks intruded into the relatively low-density surrounding rocks. 341 

The data from the study area was measured by Bell GeoSpace from December 342 

2012 to January 2013 with the gravity full tensor gradient measurement system in the 343 

aerial surveys. The data cover 94 EW survey lines with a spacing of 400 m and 9 344 

connecting lines with a spacing of 4000m. The gravity and gravity gradient anomalies 345 

show in Fig .9a and 10b. According to  𝑔𝑧 , there is a large range of low gravity 346 

anomalies in the northeast of the study area, which corresponds to the siliceous 347 

intrusion, combined with the geological map (Fig .8a). There are several traps of 348 
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anomaly high value and a high-value anomaly belt in the north-to-east direction on the 349 

west side of the study area, a small range of anomaly high value in the northern part, 350 

and a large range of high value and high amplitude from the southwest side to the south 351 

side. The high amplitude reflects the location of the Decorah Complex. There are also 352 

several local anomalies, which are more obvious in 𝑇𝑧𝑧 map, where the anomaly high-353 

value area is highlighted in the east part, and the abnormal outline of the high-value 354 

area is clear in the south part. Several high-value anomalies with small amplitudes occur 355 

in the areas where the changes are relatively flat. Combining with the analysis of gravity 356 

and gravity gradient, the study area was divided into several structural units. 357 

According to the above analysis, density imaging was performed using gravity 358 

anomaly 𝑔𝑧 and gravity gradient 𝑇𝑧𝑧, with the sub-surface inversion at the depth of 0-359 

8km, the interval of 150m between layers, 20 times of iteration, the sub-surface model 360 

grid points of (930×997×53) (Fig .9). 361 

The horizon of the 3D density body at the depth of 1250m in the region was 362 

obtained by the Tikhonov regularization inversion method based on smoothness 363 

(Fig .8b). The horizon at the same depth of the 3D density body calculated by the 364 

method in this paper shows in Fig .9c and 9d. The two density models are consistent, 365 

but there are some minor differences. Combining with the analysis of the Geologic map 366 

of Decorah, there is an anomaly body with a relatively large range and low density in 367 

the central part to the northeast, revealing the location of the siliceous intrusive rock 368 

due to some extension to the northeast direction. Two anomaly bodies with a relatively 369 

small range and high density in the east and north sides are the mafic intrusion body. 370 

The intrusion body on the east side shows a nearly NS trend. The anomaly body with a 371 

relatively high density occurs both on the west and southwest sides. A large-scale SW 372 

trending Decorah complex occurs on the south side. The variation in the sub-surface 373 

3D density structure in the study area is clearly illustrated to illustrate the variation 374 

process of the vertical profile. The intrusion process of the intrusion body from the 375 

bottom to the top illustrates visually. When the intrusion body reaches grid at the 2km, 376 

it gradually expands until the shallow layer is gradually covered by the sediments. The 377 

iso-surfaces of the density model inverted based on  𝑔𝑧 and 𝑇𝑧𝑧 (Fig. 9e and 9f),  378 
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 379 

Fig. 9. Measured gravity and gravity gradient anomalies in Decorah 380 

Blacklines are tectonic lines 381 

(a) 𝑔𝑧 (c) density voxel (e) isosurfaces（pick: ρ=0.11, green: ρ=-0.1）of 𝑔𝑧 ; 382 

(b) 𝑇𝑧𝑧 (d) 3D map (f) isosurfaces（pick: ρ=0.2, green: ρ=-0.18）of 𝑇𝑧𝑧 383 

 384 
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and they correspond to the geological structural units (Fig .8b). The green area is the 385 

siliceous intrusion with the small relative anomaly. The red area is the high-density 386 

Ferro-magnesia intrusive rocks with a large relative anomaly. Except for the obvious 387 

anomaly areas analyzed above, some small anomaly areas can also be observed. 388 

Through comparison and analysis, a high-precision 3D density model of the study 389 

area was obtained with the 3D density imaging method in the wavenumber domain, 390 

which provides a good method for further understanding of the geological distribution 391 

and mineral resources in this area. 392 

5. Conclusions 393 

In this paper, the characteristics of the gravity and gravity gradient anomalies in 394 

the spatial domain and the wavenumber domain were analyzed. The high-precision 3D 395 

sub-surface spatial density model was obtained with the 3D density imaging method in 396 

the wavenumber domain, and the effectiveness of the method was verified in the actual 397 

measurement area. Based on the characteristics of fast and highly efficient computation 398 

of the gravity and gravity gradient in the wavenumber domain, the computation of the 399 

3D density imaging of the gravity and gravity gradient in the wavenumber domain was 400 

realized. According to the test of the model, and combined with the analysis of the 401 

spectrum characteristics, it is concluded that 𝑇𝑧𝑧  has a higher value of 3D density 402 

imaging inversion, and the inverted 3D density model is consistent with the theoretical 403 

model and shows strong noise immunity. Depth weighing improves depth imaging 404 

effect.Finally, the 3D density imaging inversion was performed with the gravity and 405 

gravity gradient 𝑇𝑧𝑧 in the Decorah area of the United States, and the distribution of 406 

intrusive rocks with different relative densities and the intrusion path of the rocks mass 407 

was obtained, verifying the effectiveness of the 3D density inversion method in the 408 

wavenumber domain, and guide further research in this area. The next step is to focus 409 

on maximizing the superiority of gravity and gravity gradient, performing joint 410 

inversion by mutual constrain, and improving the accuracy of the sub-surface 3D 411 

density model. 412 

 413 
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