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Abstract

Density staircases are observed in an idealised model of a deep western boundary current upon crossing the equator. We propose

that the staircases are generated by the excitement of symmetric instability as the current crosses the equator. The latitude

at which symmetric instability is excited can be predicted using simple scaling arguments. Symmetric instability generates

overturning cells which, in turn, cause the inhomogenous mixing of waters with different densities. The mixing barriers and

well mixed regions in density profiles coincide, respectively, with the boundaries and centres of the overturning cells generated

by the symmetric instability. This new mechanism for producing density staircases may require us to re-evaluate the origins of

some of the density staircases observed in the Tropical Atlantic.
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Key Points:7

• Density staircases are observed in a high-resolution numerical model of a deep west-8

ern boundary current crossing the equator.9

• As the deep western boundary current crosses the equator it becomes symmet-10

rically unstable, generating overturning cells.11

• The overturning cells result in differential diapycnal mixing with well mixed re-12

gions separated by strongly-stratified mixing barriers.13
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Abstract14

Density staircases are observed in an idealised model of a deep western boundary cur-15

rent upon crossing the equator. We propose that the staircases are generated by the ex-16

citement of symmetric instability as the current crosses the equator. The latitude at which17

symmetric instability is excited can be predicted using simple scaling arguments. Sym-18

metric instability generates overturning cells which, in turn, cause the inhomogenous mix-19

ing of waters with different densities. The mixing barriers and well mixed regions in den-20

sity profiles coincide, respectively, with the boundaries and centres of the overturning21

cells generated by the symmetric instability. This new mechanism for producing density22

staircases may require us to re-evaluate the origins of some of the density staircases ob-23

served in the Tropical Atlantic.24

Plain Language Summary25

In this study we demonstrate that waters of different density are mixed together26

in a deep western boundary current as it crosses the equator. We show that this is a re-27

sult of the excitement of small-scale symmetric instabilities. The mixing generates den-28

sity staircases which can affect the formation of dense waters and diapycnal mixing —29

processes which are important for maintaining the Atlantic Meridional Overturning Cir-30

culation. We use both a high-resolution numerical model and a simple toy-model to ex-31

plain how the staircases are generated. Historically, many density staircases have been32

observed in the region we are studying. We suggest that theories of how these staircases33

are generated may need revising given the findings of this study.34

1 Introduction35

The Atlantic Meridional Overturning Circulation (AMOC) is a global scale sys-36

tem of currents that is important for transporting heat, salt and other tracers both lat-37

erally and vertically, including between hemispheres (Jackson et al., 2015). As such it38

plays an important role in the response of the climate system to anthropogenic forcing.39

There are two important cross-equatorial components to the AMOC — the northward40

flowing, surface intensified North Brazil Current, and the southward flowing deep west-41

ern boundary current (Bower et al., 2019). At 5◦S, the deep western boundary current42

transports 25.5± 8.3 Sv (1 Sv ≡ 106 m3s−1), at a depth between 1,200 m and 3,600 m43

below the surface, with a width of approximately 100 km and a peak velocity of around44

20 cm s−1 (Schott et al., 2005). Goldsworth et al. (2021) show that surface cross-equatorial45

western boundary currents may be susceptible to symmetric instability, but the suscep-46

tibility of deep western boundary currents to symmetric instability remains an open ques-47

tion. In this paper we show not only that deep western boundary currents are suscep-48

tible to symmetric instability, but that this instability can result in the formation of den-49

sity staircases.50

Density staircases are step like features which can be seen in plots of seawater den-51

sity against depth, and they are ubiquitous in the global ocean (Stern, 1960; Schmitt et52

al., 1987; Melling et al., 1984; Tait & Howe, 1968; Johannessen & Lee, 1974; Lambert53

& Sturges, 1977). The staircases consist of alternating well mixed regions with low strat-54

ification and thin interfaces with high stratification. The high stratification interfaces55

can form “mixing barriers” which inhibit the vertical transport of water properties such56

as heat and salt, whereas mixing is enhanced in the low stratification regions. Density57

staircases can affect both diapycnal mixing and water mass transformation rates (Schmitt58

et al., 2005), which are known to be important in closing the AMOC’s overturning bud-59

get (de Lavergne et al., 2022). Many staircases are thought to form as a result of dou-60

ble diffusive convection, but other staircase generation mechanisms have been identified,61

such as inhomogeneous mixing (Balmforth et al., 1998).62
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Symmetric instability is a type of submesoscale instability which occurs when the63

Ertel potential vorticity of a flow has the opposite sign to the planetary vorticity (Stone,64

1966; Hoskins, 1974). The potential vorticity is defined as65

Q = (f +∇× u) · ∇b , (1)

where f is the planetary vorticity vector, u is the velocity and b = −gρ/ρ0 is the buoy-66

ancy. Potential vorticity with sign opposite to that of the vertical component of plan-67

etary vorticity, k · f , is typically described as “anomalous”. Anomalous potential vor-68

ticity can be generated through mechanical or diabatic forcing, or by changing the sign69

of planetary vorticity. In a deep western boundary current, to leading order, potential70

vorticity is conserved as the current is separated from the surface and bottom bound-71

ary layers in which mechanical and diabatic forcings can act. This means symmetric in-72

stability can only be induced via a change in sign of planetary vorticity, as occurs at the73

equator. Cross-equatorial symmetric instability is unique in this sense — it need not be74

confined to either the surface boundary layer or sloping bottom boundary layer (Haine75

& Marshall, 1998; Wenegrat & Thomas, 2020). A host of recent studies have identified76

regions where cross-equatorial symmetric instability may be excited (Jakoboski et al.,77

2022; Goldsworth et al., 2021; Forryan et al., 2021; Zhou et al., 2022).78

In section 2 we describe our idealized numerical model of a deep western bound-79

ary current crossing the equator. In section 3 we demonstrate the formation of density80

staircases and the excitement of symmetric instability in the model, and propose that81

the staircases are generated as a result of the onset of symmetric instability. Simple scal-82

ing arguments are used to explain the differences between instabilities seen in deep west-83

ern boundary currents and in surface intensified currents. Finally, in section 4 we sum-84

marise our findings and explain the potential implications of these results.85

2 Model configuration86

Simulations of an idealised deep western boundary current crossing the equator are87

performed using the MITgcm (Marshall et al., 1997). The domain size is 600 km in the88

zonal direction, 3,600 km in the meridional and 4,500 m in the vertical. The horizon-89

tal grid spacing is 1 km and the vertical grid spacing 10 m. The time-step is 144 s and90

the model is integrated for a total of 239 days. The model domain is sited on a β-plane,91

with the equator placed 2,000 km north of the southern boundary. The meridional gra-92

dient in the Coriolis parameter is set to 2.3× 10−11 s−1 m−1, and the non-traditional93

Coriolis parameter to 1.5× 10−4 s−1.94

At the surface, a rigid lid boundary condition is employed. The lateral boundary95

condition is set to be free-slip and the bottom boundary condition to no-slip. The model96

has sloping bathymetry which can be seen in figure 1b. The model is initialised by set-97

ting the meridional velocity and density profiles to those shown in figure 1b, and with98

a zonal velocity of zero. The density profile is based on a neutral density (or γn) clima-99

tology aggregated from the area enclosed by the red rectangle in figure 1a. The model100

is forced by prescribing the meridional velocity, zonal velocity, and the density, at the101

northern and southern domain boundaries. The same fields used to initialise the model102

are used as boundary conditions. A sponge region is placed at both the northern and103

southern edge of the domain. The northern sponge is 100 km thick and the southern sponge104

300 km thick. The inverse relaxation time-scale varies from 1×10−5 s−1 (correspond-105

ing to a time scale of around 1.2 days) at the outer boundaries to 0 at the inner bound-106

aries. The inverse relaxation time-scale has a tanh shape, with a characteristic length-107

scale of 5 km in the northern sponge and 10 km in the southern sponge.108

A linear equation of state, is used, with a reference density of 1022.73 kgm−3 and109

thermal expansion coefficient of 2×10−4 K−1. The linear equation of state avoids the110

complexities added by non-linear effects. The thermal diffusion coefficient is set to 1×111
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10−5 m2 s−1. A second order-moment Prather advection scheme with a flux limiter is112

employed. Salinity is set to be constant and has no impact on the dynamics. Momen-113

tum dissipation is provided by a vertical Laplacian viscosity of 4×10−4 m2 s−1 and an114

adaptive biharmonic Smagorinsky viscosity. Potential vorticity is calculated using the115

C-grid algorithm of Morel et al. (2019).116
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Figure 1. (a) Bathymetric map of the western tropical Atlantic. Climatological profiles of

neutral density were aggregated from the area enclosed by the red rectangle. Bathymetry data

from GEBCO Compilation Group (2020). (b) Meridional velocity profile (colours) and density

profile (solid line) used as initial and boundary conditions for the model. The velocity profile is

based on observations by Schott et al. (2005), and the density profile on the climatological mean

(dashed line) (Boyer et al., 2018).

3 Symmetric instability and staircase formation117

Figure 2b shows ∂zb in the model after 239 days of integration 250 km south of the118

equator. Immediately apparent are the thin, sharp regions of high stratification (so called119

“mixing barriers”) separating larger regions of well mixed waters with low and uniform120

stratification. Moving to 500 km south, we see in figure 2c that some of the weaker bar-121

riers have dissipated, however the stronger barriers remain. Figure 2a shows the squared122

buoyancy frequency at the equator. At the outer edge of the current’s core we see some123

weak mixing barriers.124

Figure 3a shows the average of the meridional component of relative vorticity be-125

tween 234 and 239 days of model integration in a region 250 km south of the equator.126

This can be thought of as a crude proxy for a zonal overturning streamfunction — it mea-127

sures the local rotation around the meridional axis, i.e. the amount of zonal overturn-128

ing. We consider it here as the true zonal overturning streamfunction is ill-defined, since129

the flow is not invariant in the meridional direction. Examining the meridional vortic-130

ity, note that there are a series of counter-rotating stacked overturning cells between around131
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Figure 2. Squared buoyancy frequency after 239 days of model integration plotted at (a) the

equator, (b) 250 km south of the equator and (c) 500 km south of the equator. The figures show

the presence of mixing barriers (thin filaments of strong stratification) separated by well mixed

regions of low stratification. The magenta line indicates the location of the vorticity and density

profiles shown in figure 3.

1,750 m and 3,500 m below the surface. The black contours overlain show ∂zb = 2 ×132

10−6 s−2 and help identify the locations of the mixing barriers in figure 2b. We can see133

that the structure of the buoyancy frequency squared and the meridional vorticity are134

remarkably similar, with the horizontal edges of the overturning cells (vorticity zeros)135

approximately coinciding with the locations of the mixing barriers. This is shown more136

clearly in figure 3b. The black line shows neutral density plotted as a function of depth137

at 250 km south and 90 km west (the location of the magenta lines and points shown138

in the other figures). The orange line shows the meridional component of relative vor-139

ticity at the same point. Both quantities have been averaged over the time period span-140

ning 234 to 239 days. The treads of the steps in neutral density correspond to mixing141

barriers and the risers to well mixed regions. When comparing neutral density and the142

meridional vorticity we again see that the mixing barriers tend to coincide with vortic-143

ity zeros, whereas the mixing barriers coincide with vorticity extrema. This suggest that144

the inhomegeneous mixing driven by the overturning cells is what is causing the forma-145

tion of the staircases.146

3.1 A very simple model of staircase formation147

The differential mixing which produces the mixing barriers is analogous to the pro-148

cess which produces zonal jets on a β-plane (Manfroi & Young, 1999). Here, instead of149

a meridional gradient in planetary vorticity there is a vertical gradient in buoyancy, and150

instead of mixing in the horizontal plane we have overturning in the vertical plane. We151

can reproduce the formation of mixing barriers with a toy model, in which we consider152

how buoyancy changes over time as a result of diffusion and advection by overturning153

cells. If we express the overturning motion as a streamfunction ψ where u = −∂zψ and154
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Figure 3. (a) Time mean meridional component of relative vorticity between 234 and 239

days of model integration, plotted as a function of longitude and depth, at 250 km south. Alter-

nating red and blue cells indicate the presence of stacked zonal overturning cells. Overlain is the

contour defined by ∂zb = 2×10−6 s−2, indicating the locations of the mixing barriers. (b) Density

(black line) and time mean meridional component of relative vorticity (orange line) plotted as a

function of depth at 90 km west and 250 km south (shown on other figures as a magenta line or

point). Vorticity extrema coincide with well mixed regions and zeros with mixing barriers sug-

gesting the density staircases are formed by the overturning cells. Panels (c-e) show snapshots of

the stratification over time from the toy model, showing how the mixing barriers begin to form in

the presence of inhomegeneous mixing. The contours on panel (c) show the overturning stream-

function.
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w = ∂xψ and use a constant harmonic diffusivity, κ we can express the evolution of b155

as156

∂b

∂t
=
∂ψ

∂z

∂b

∂x
− ∂ψ

∂x

∂b

∂z
+ κ

∂2b

∂z2
. (2)

We choose ψ = e−x2/2σ2

sin(kzz), to represent stacked overturning cells which are lo-157

calised to a region of width σ in the horizontal. We also set b(t = 0) = N2z, and then158

solve the equation numerically using a 3rd order Adam’s Bashforth scheme on a domain159

stretching from -50 km to 50 km in the horizontal and spanning 600 m in the vertical.160

We set σ = 25 km, kz = 2π/200 m−1, κ = 1 × 10−5 m2 s−1 and N2 = 1 × 10−6 s−2.161

The grid spacing is set to 1 km in the horizontal and 2.5 m in the vertical, and the time162

step is 240 seconds. Gravitational instability is paramaterised by setting κ to an enhanced163

value of 5× 10−3 m2 s−1 in regions where ∂zb ≤ 0.164

The stratification is shown at three different times in figures 3 (c-e). Alternating165

high and low stratification regions develop with time. Initially this is a result of differ-166

ential mixing; however, at later times the mixing barriers become sharper and start to167

form filaments due to gravitational instability in the low stratification regions produc-168

ing extra mixing.169

3.2 But what is generating the overturning?170

Previous work by Goldsworth et al. (2021) has demonstrated that western bound-171

ary currents can become unstable when crossing the equator as they advect anomalous172

potential vorticity from one hemisphere into the other. In figure 4a, which shows the po-173

tential vorticity on the γn = 28.04 surface, we can see the advection of positive poten-174

tial vorticity from the northern hemisphere into the southern hemisphere, so we may ex-175

pect to see symmetric instability excited south of the equator. The excitement of the in-176

stability is apparent in a region from around 25 km to 600 km south of the equator. Fig-177

ures 4b, c, and d show the potential vorticity as a function of depth and longitude at,178

the equator, 250 km south and 500 km south respectively, after 239 days of model in-179

tegration. At the equator we see the advection of waters with anomalous potential vor-180

ticity into the southern hemisphere. At 250 km south we can see the excitement of sym-181

metric instability, and by 500 km south we can see large pools of neutral potential vor-182

ticity suggesting the waters here have experienced symmetric instability, with the excite-183

ment of symmetric instability still underway at around 3,000 m. In figure 4b we also see184

symmetric instability like patterns in a region of negative potential vorticity. This sug-185

gests these waters with negative potential vorticity were undergoing symmetric insta-186

bility in the northern hemisphere before being advected south of the equator. This also187

explains the presence of the weak staircases at the equator seen in figure 2a.188

3.3 Estimating at which latitudes symmetric instability occurs189

Unlike in the study of Goldsworth et al. (2021), we see the excitement of symmet-190

ric instability close to the equator followed by the formation of eddies, whereas in the191

former study we see the spinning up of large anti-cyclonic eddies followed by the excite-192

ment of symmetric instability further away from the equator. This is due to the reduced193

growth rate of barotropic instability in the deep western boundary current, meaning that194

symmetric instability dominates over short time-scales. This is further exacerbated by195

the anti-cyclonic eddies seen by Goldsworth et al. (2021), which act to reduce the growth196

rate of the symmetric instability in their experiments, allowing anomalous potential vor-197

ticity to persist whilst the eddies grow (Buckingham et al., 2021).198

We can in fact be more quantitative about the latitude at which the instability is199

forming. There is an e-folding timescale, τe, associated with symmetric instability which200

can be converted into an advective meridional length scale, y with the equation y = V τe,201

where V is a typical meridional velocity. From linear stability theory we know that for202

–7–
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a parallel shear flow, like a deep western boundary current (Hoskins, 1974) the time scale203

of symmetric instability is given by204

τe ∼

(
βy

(
f +

V

Lx

))−1/2

(3)

and that for the case of an eddy, such as a North Brazil Current ring, the symmetric in-205

stability timescale is (Buckingham et al., 2021)206

τe ∼

(
βy

(
f +

2V

R

))−1/2

. (4)

We can then convert these expressions to a meridional length scale, giving207

y ∼ 3

√
V Lx

β
(5)

for parallel shear flows, and for an eddy208

y ∼ 3

√
2V R

β
. (6)

In the case of the eddying flow, we have assumed the meridional velocity is of a similar209

order of magnitude to the azimuthal velocity. In both expressions we have assumed y210

to be small and only considered terms of the lowest order in y. We can now evaluate the211

expressions for the latitude of the onset of symmetric instability. For the deep western212

boundary current we choose V ∼ 0.2 m s−1, Lx ∼ 30 km and β ∼ 2.3×10−11 m−1 s−1,213

giving y ∼ 60 km. For the North Brazil Current rings we choose V ∼ 1 m s−1, R ∼214

100 km and the same value for β, giving y ∼ 200 km. These predictions of the latitude215

of instability are of the same order of magnitude as those we see in the numerical mod-216

els. In the case of North Brazil Current rings, Goldsworth et al. (2021) see instability217

at around 400 km north, and in this study we see instability from around 25 km north218

of the equator.219

4 Conclusions220

Density staircases are step like features which become apparent when density is plot-221

ted as a function of depth and are common throughout the Earth’s oceans. In an ide-222

alised model of a deep western boundary current crossing the equator we see density stair-223

cases form. The staircases are generated by overturning cells which are in turn gener-224

ated by the excitement of symmetric instability as the current crosses the equator. Sym-225

metric instability in cross-equatorial flows is excited due to the advection of anomalous226

potential vorticity from one hemisphere to another. The stacked overturning cells that227

generate the staircases are, however, a feature of symmetric instability regardless of what228

is forcing it, suggesting we may see staircase formation in other symmetrically unstable229

flows, including when anomalous potential vorticity is induced by frictional torques or230

diabatic processes. Differences in the latitude of instability between surface intensified231

western boundary currents and deep western boundary currents can be adequately ex-232

plained using simple scaling arguments relating to growth rates of symmetric instabil-233

ity and advective timescales.234

It is thought that diapycnal mixing may play an important role in closing the over-235

turning budget of the Atlantic Meridional Overturning Circulation’s deep limb. Figures 2236

and 4 clearly show that vigorous mixing is taking place; however, accurately calculat-237

ing the amount of mixing that is occurring is tricky. This is due to the importance of238

secondary Kelvin Helmholtz instabilities in transforming water masses. In order to re-239

solve these processes we would need a model with around 40 times the resolution used240

–8–
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Figure 4. Potential vorticity after 239 days of model integration plotted on (a) the γn = 28.04

surface, (b) at the equator, (c) at 250 km south of the equator, and (d) at 500 km south of the

equator. Black lines show the latitudes at which sections have been plotted. The figures show

the advection of anomalous potential vorticity from the northern hemisphere into the southern

hemisphere and the excitement of symmetric instability. The magenta line and point indicate the

location of the vorticity and density profiles shown in figure 3.
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here, which is computationally infeasible — such a model would require at least 104 times241

more computational resources to run. Simplified two dimensional models may help in242

accurately quantifying the induced diapycnal mixing, however.243

Density staircases are well documented in the Tropical Atlantic and are often said244

to form as a result of salt fingering and double diffusive convection (e.g. Schmitt et al.245

(1987, 2005)). In light of this work, we suggest new insights into mixing in the region246

could be gained by revisiting existing observations and reexamining the origins of ob-247

served staircases.248

5 Open Research249

Model integrations were run using the MITgcm model (checkpoint 68i) (MITgcm,250

2019) on the ARCHER2 HPC facility. The git repository Goldsworth et al. (2022b) con-251

tains model configuration files, and the python scripts used for analysing the model out-252

put. The repository Goldsworth et al. (2022a) contains the data required to recreate the253

model’s initial conditions and a subset of processed model output. The analysis performed254

on the data made heavy use of the open source xarray (Hoyer & Hamman, 2017) and255

Dask (Dask Development Team, 2016) software libraries.256
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