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Abstract

Water retention in soil exhibits diverse phenomena, including suction-saturation hysteresis, non-unique air entrapment at zero

suction and negative suction under partial saturations. The constancy of suction after a long rest can be broken by relatively

minor mechanical or hydraulic agitations such as low-amplitude wetting cycles – this fact is here being related to metastable

states that differ from the true equilibrium. The complete suction-saturation relationships are thus being recovered using

non-equilibrium Landau’s hydrodynamic theory and Onsager’s reciprocity principles. Equilibrium suction does not pertain to

hysteresis, yet can be approached through small amplitude agitations over long duration. Conditions for rate independence are

being described, while rate-dependency are also accommodated and illustrated. Finally, it is shown that the new non-equilibrium

theory retains the rigorously derived equilibrium result of the effective stress of partially saturated soils.
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% β v
β
i , �U�R�R�V
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∑

∂ t % β �- �b�Q �#�v �+�Q�K�#�B�M�B�M�; �i�?�2 ���#�Q�p�2�,∑
J β
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i = % β ( v i − v βi ) . �U�R�k�V
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∂ s
, �U�R�j�V
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σ �2
ij ≡ ∂ u

∂ ε �2
ij

, P T ≡ − ∂ ( u/% )

∂ (1 /% )

∣∣∣∣
ε �2
ij

, σ �.
ij = σ ij − σ �2

ij − P T δ ij , �U�R�9�V
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µ ≡ ∂ u

∂ %
, µ β ≡ ∂ u
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R = F i ∇ i T �K + J ��
i ∇ i X �� + J �q

i ∇ i X �q + D ≥ 0 , D = σ �.
ij ˙ε ij + σ �2

ij ˙ε pij , �U�R�e�V
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�B�M�i�‘�B�M�b�B�+ ���M�/ �2�t�i�2�‘�M���H�H�v �K�2���b�m�‘�2�/�f���T�T�H�B�2�/ �b�m�+�i�B�Q�M �p���H�m�2�b�X �h�?�B�b �B�b ���M �2�b�b�2�M�i�B���H �b�i�2�T �#�2�@183

�7�Q�‘�2 �T�‘�Q�+�2�2�/�B�M�; �i�Q ���/�/�‘�2�b�b �i�?�2 �K�Q�‘�2 �;�2�M�2�‘���H �+���b�2 �Q�7 �b�m�+�? �‘�2�H���i�B�Q�M�b�?�B�T�b �m�M�/�2�‘ �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K184

�+�Q�M�/�B�i�B�Q�M�b�X185

3.1 Equilibrium conditions186

�h�‘�m�2 �i�?�2�‘�K�Q�/�v�M���K�B�+e[uiHi#`iuK�b�i���i�2�b �‘�2�7�2�‘ �i�Q �+�Q�M�/�B�i�B�Q�M�b �r�?�2�‘�2 ���H�H �i�?�2 �/�B�b�b�B�T���@
�i�B�p�2 �~�m�t�2�b �B�M �i�?�2 �b�v�b�i�2�K �p���M�B�b�? ���M�/ ���H�H �i�?�2 �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �b�i���i�2 �p���‘�B���#�H�2�b ���i�i���B�M �x�2�‘�Q
�p���H�m�2�- �b�Q �i�?���i �i�?�2�B�‘ �+�Q�M�i�‘�B�#�m�i�B�Q�M �i�Q �i�?�2 �2�M�2�‘�;�v �p���M�B�b�?�2�b�X �l�M�/�2�‘ �b�m�+�? �+�Q�M�/�B�i�B�Q�M�b �i�?�2 �B�M�@
�i�2�‘�M���H �2�M�2�‘�;�vu ���T�T�‘�Q���+�?�2�b �B�i�b �m�M�B�[�m�2 �K�B�M�B�K�m�K �p���H�m�2�,

min
{ ˆ% β ,N ζ }

u ( s , ε �2
ij , % β , ˆ% β , N ζ ) = u �2�[( s , ε

�2
ij , % β ) �(�2�[�m�B�H�B�#�‘�B�m�K�) �U�R�3�V

�r�?�B�+�? �B�b �7�Q�m�M�/ �#�v �K�B�M�B�K�B�b�B�M�; �i�?�2 �B�M�i�2�‘�M���H �2�M�2�‘�;�v �Q�p�2�‘ �i�?�2 �i�?�‘�2�2 �B�M�i�‘�B�M�b�B�+ �/�2�M�b�B�i�B�2�bˆ% β �U�C�B���M�;187

�2�i ���H�X�- �k�y�R�d�V�- ���b �r�2�H�H ���b ���H�H �i�?�2 �T�Q�b�b�B�#�H�2 �p���H�m�2�b �Q�7 �i�?�2 �v�2�i�@�i�Q�@�#�2�@�b�T�2�+�B�}�2�/ζ �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K188

�b�i���i�2 �p���‘�B���#�H�2�bN ζ �X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �i�?�B�b �2�[�m�B�H�B�#�‘�B�m�K �b�i���i�2 �B�b �}�‘�b�i �/�2�b�+�‘�B�#�2�/ �#�v �b�T�2�+�B�7�v�@189

�B�M�;u �2�[�- ���M�/ �H���i�2�‘ζ = 2 �b�T�2�+�B�}�+ �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �b�i���i�2 �p���‘�B���#�H�2�b �r�B�H�H �#�2 �/�2�}�M�2�/ �i�Q ���H�@190

�H�Q�r �/�2�T���‘�i�m�‘�2�b �7�‘�Q�K �i�?�2 �i�‘�m�2 �2�[�m�B�H�B�#�‘�B�m�K �+�Q�M�/�B�i�B�Q�M�b�X ���i �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �+�Q�M�/�B�i�B�Q�M�b�- �B�i191

�r�Q�m�H�/ �#�2 �b�?�Q�r�M �m�b�B�M�; �i�?�2 �M�2�r �i�?�2�Q�‘�v �i�?���i �T���‘�i�B���H�H�v �b���i�m�‘���i�2�/ �b�Q�B�H�b �+�Q�m�H�/ �;�2�i �b�i�m�+�F �B�M192

�K�2�i���b�i���#�H�2 �b�i���i�2�b �i�?���i �/�Q �M�Q�i �b���i�B�b�7�v �i�?�2 �i�‘�m�2 �2�[�m�B�H�B�#�‘�B�m�K �+�Q�M�/�B�i�B�Q�M �Q�7 �H�2���b�i �2�M�2�‘�;�v�X193

3.2 Internal energy194

�L�2�;�H�2�+�i�B�M�; �i�?�2�‘�K���H �2�z�2�+�i�b �i�?�‘�Q�m�;�?s �U�Q�‘T �V �Q�M �i�?�2 �?�v�/�‘�Q�K�2�+�?���M�B�+���H �‘�2�H���i�B�Q�M�b�- �i�?�2
�2�[�m�B�H�B�#�‘�B�m�K �p���H�m�2 �Q�7 �i�?�2 �B�M�i�2�‘�M���H �2�M�2�‘�;�v �Q�7 �T���‘�i�B���H�H�v �b���i�m�‘���i�2�/ �b�Q�B�H�b �+�Q�m�H�/ �#�2 �‘�2�T�‘�2�b�2�M�i�2�/
�#�v �b�m�K�K�B�M�; �m�T �i�?�2 �2�H���b�i�B�+ �b�i�‘���B�M �2�M�2�‘�;�v �Q�7 �i�?�2 �b�Q�B�H �b�F�2�H�2�i�Q�Mu �2 ���M�/ �i�?�2 �7�‘�2�2 �2�M�2�‘�;�vf �Q�7
�i�?�2 �i�?�‘�2�2 �/�Q�K���B�M�b�,

u �2�[ ≡ u �2( ε
�2
ij , % �a) + f ( % β ) . �U�R�N�V

�h�?�2 �‘�2�H���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �T���‘�i�B���H �/�2�M�b�B�i�B�2�b �B�M �1�[�X �U�R�V �K�2���M�b �i�?���if �p���‘�B�2�b �r�B�i�?% �X
�h�?�2�‘�2�7�Q�‘�2�- �b�B�M�+�2u �2 ���M�/f �/�2�T�2�M�/ �Q�M% �i�?�2�v �#�Q�i�? �+�Q�M�i�‘�B�#�m�i�2 �i�Q �i�?�2 �i�?�2�‘�K�Q�/�v�M���K�B�+ �T�‘�2�b�@
�b�m�‘�2P T �X �>�Q�r�2�p�2�‘�- �r���p�2 �K�2���b�m�‘�2�K�2�M�i�b �‘�2�p�2���H �2�H���b�i�B�+ �#�m�H�F �K�Q�/�m�H�B �B�M �b�Q�B�H ���i �i�?�2 �Q�‘�/�2�‘∼
( % 3�ap

�2) 1 / 2 �U�_�m�#�B�M �� �1�B�M���p�- �k�y�R�R�c �o�B�;�;�B���M�B �� ���i�F�B�M�b�Q�M�- �R�N�N�8�V�- �K�2���M�B�M�; �2�H���b�i�B�+ �T�‘�2�b�b�m�‘�2
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p �2 ∼ % 3�a( ε
�2
v )

2 ���M�/ �2�H���b�i�B�+ �2�M�2�‘�;�vu �2 ∼ % 3�a( ε
�2
v )

3 �U�r�?�2�‘�2p �2 = 1
3 σ

�2
ii ���M�/ε �2

v = ε �2
ii �V�X �h�?�m�b�-

���H�i�?�Q�m�;�? �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �+���‘�‘�v ���H�Q�M�; �i�?�2 �+�Q�M�i�‘�B�#�m�i�B�Q�M �Q�7u �2 �i�QP T �i�?�‘�Q�m�;�? �B�i�b �Q�r�M �/�2�@
�T�2�M�/�2�M�+�2 �Q�M% �r�B�i�?�B�M% �a�- �i�?�B�b �B�b �2�M�i�B�‘�2�H�v �M�2�;�H�B�;�B�#�H�2 �‘�2�H���i�B�p�2 �i�Q �i�?�2 �+�Q�M�i�‘�B�#�m�i�B�Q�M �Q�7f �b�B�M�+�2
�K�Q�b�i �T�‘���+�i�B�+���H�H�vε �2

v . 0 . 1 �X �h�?�2�‘�2�7�Q�‘�2�- �B�i �B�b ���+�+�m�‘���i�2 �i�Q �‘�2�T�H���+�2u �#�vf �B�M �#�Q�i�? �1�[�X �U�R�d�V
���M�/ �1�[�b�X �U�R�9�-�R�8�-�R�j�V �b�Q �i�?���i�,

σ �2�z
ij ≡ σ ij − P T δ ij , P T = − ∂ ( f /% )

∂ (1 /% )
= µ% − f , �U�k�y�V

���M�/
σ �2
ij =

∂ u �2

∂ ε �2
ij

, µ =
∂ f

∂ %
, µ β =

∂ f

∂ % β
, �U�k�R�V

�‘�2�b�T�2�+�i�B�p�2�H�v�X ���b �b�?�Q�r�M �#�2�H�Q�r�- �i�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7f �Q�M �i�?�2 �p���‘�B�Q�m�b �/�2�M�b�B�i�B�2�b �B�b �+�H�2���‘�- �i�?�m�b195

�2�M���#�H�B�M�; ���M ���+�+�m�‘���i�2 �b�Q�H�m�i�B�Q�M �7�Q�‘P T ���M�/σ �2�z
ij �X196

3.3 Free energy and suctions197

�h�?�2 �7�‘�2�2 �2�M�2�‘�;�v �Q�7 �i�?�2 �i�?�‘�2�2 �/�Q�K���B�M�b�- �r�?�B�+�? �‘�2�T�‘�2�b�2�M�i�b �i�?�2�B�‘ �p�Q�H�m�K�2�i�‘�B�+ �+�Q�K�T�‘�2�b�b�@
�B�#�B�H�B�i�v�- �+�Q�m�H�/ �#�2 �+���H�+�m�H���i�2�/ ���M���H�v�i�B�+���H�H�v �U�C�B���M�; �2�i ���H�X�- �k�y�R�d�V�,

f ≡
∑

φ β
ˆf β ( ˆ % β ) =

∑ % β
ˆ% β

ˆf β ( ˆ % β ) , ˆP β ≡ − ∂ ( ˆf β / ˆ% β )

∂ (1 / ˆ% β )
= ˆ µ β ˆ% β − f β , ˆµ β ≡ ∂ ˆf β

∂ ˆ% β
, �U�k�k�V

�r�?�2�‘�2̂f β �- ˆP β ���M�/̂µ β ���‘�2 �i�?�2 �B�M�i�‘�B�M�b�B�+ �7�‘�2�2 �2�M�2�‘�;�v�- �T�‘�2�b�b�m�‘�2 ���M�/ �+�?�2�K�B�+���H �T�Q�i�2�M�i�B���H �Q�7 �b�T�2�+�B�2�b
β ���‘�B�b�B�M�; �/�m�2 �i�Q �T�Q�b�b�B�#�H�2 �b�K���H�H �p���‘�B���i�B�Q�M�b �B�M �i�?�2 �+�Q�‘�‘�2�b�T�Q�M�/�B�M�; �B�M�i�‘�B�M�b�B�+ �/�2�M�b�B�i�B�2�bˆ% β �X ���H�@
�i�?�Q�m�;�? �b�K���H�H �‘�2�H���i�B�p�2 �i�Q �p���‘�B���i�B�Q�M�b �B�M �T���‘�i�B���H �/�2�M�b�B�i�B�2�b% β �- �i�?�2 �T�Q�b�b�B�#�B�H�B�i�v �Q�7 �p���‘�B���#�H�2ˆ% β
�K�m�b�i �#�2 ���H�H�Q�r�2�/ �7�Q�‘ �i�Q ���+�+�Q�K�Q�/���i�2 �T�?�2�M�Q�K�2�M�� �‘�2�H���i�2�/ �i�Q �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 ���B�‘�@�r���i�2�‘�@
�b�Q�H�B�/ �B�M�i�2�‘�7���+�2�b �m�M�/�2�‘ �T���‘�i�B���H �b���i�m�‘���i�B�Q�M�b�X �A�M �T���‘�i�B�+�m�H���‘�- �m�M�/�2�‘ �T���‘�i�B���H �b���i�m�‘���i�B�Q�M�b �b�m�+�?
�p���‘�B���i�B�Q�M�b �T�‘�Q�/�m�+�2 �/�B�z�2�‘�2�M�i �b�B�;�M�b �7�Q�‘ �i�?�2 �B�M�i�‘�B�M�b�B�+ �T�‘�2�b�b�m�‘�2�b �B�M �i�?�2 ���B�‘ ���M�/ �i�?�2 �r���i�2�‘�- �i�?�m�b
�T�‘�Q�/�m�+�B�M�; �B�M�i�‘�B�M�b�B�+ �b�m�+�i�B�Q�M�,

ˆs ≡ ˆP �� − ˆP �q , �U�k�j�V

�r�?�B�+�? �b�?�Q�m�H�/ �M�Q�i �#�2 �+�Q�M�7�m�b�2�/ �r�B�i�? �i�?�2 �K�2���b�m�‘�2�/ �b�m�+�i�B�Q�M �7�‘�Q�K �i�?�2 �/�B�z�2�‘�2�M�+�2 �#�2�i�r�2�2�M �i�?�2
���B�‘ �Uu �� �V ���M�/ �r���i�2�‘ �Uu �q �V �T�‘�2�b�b�m�‘�2�b �i�?���i ���‘�2 �#�2�B�M�; ���T�T�H�B�2�/ �Q�‘ �K�2���b�m�‘�2�/ �2�t�i�2�‘�M���H�H�v �7�‘�Q�K
�/�2�p�B�+�2�b �Q�m�i �Q�7 �i�?�2 �b�Q�B�H�,

s ≡ u �� − u �q . �U�k�9�V

���H�i�?�Q�m�;�? �M�Q�i �#�2�B�M�; �+�Q�M�b�B�/�2�‘�2�/ �T�‘�B�Q�‘ �i�Q �U�C�B���M�; �2�i ���H�X�- �k�y�R�d�V�- �K�Q�b�i �m�b�m���H�H�vu �� 6= ˆP �� �-198

u �q 6= ˆP �q �- ���M�/s 6= ˆ s �- �b�B�M�+�2 ���H�Q�M�; �#�Q�m�M�/���‘�B�2�b �Q�M�H�v �i�?�2 �T���‘�i�B���H �+�?�2�K�B�+���H �T�Q�i�2�M�i�B���H�b �B�M199

���M�/ �Q�m�i �Q�7 �i�?�2 �K�2���b�m�‘�2�K�2�M�i �/�2�p�B�+�2�b �M�2�2�/ �i�Q �#�2 �2�[�m���H �m�M�/�2�‘ �2�[�m�B�H�B�#�‘�B�m�K�X200

�6�m�‘�i�?�2�‘�K�Q�‘�2�- �r�?�B�H�2 �m�M�/�2�‘ �2�[�m�B�H�B�#�‘�B�m�K �i�?�2 �T�‘�2�b�2�M�+�2 �Q�7 �b�m�‘�7���+�2 �i�2�M�b�B�Q�M�b ���H�Q�M�; �i�?�2201

�;�2�Q�K�2�i�‘�B�+���H�H�v �+�Q�K�T�H�B�+���i�2�/ �B�M�i�2�‘�7���+�2�b �K�2���M�b �r���i�2�‘ �/�2�+�Q�K�T�‘�2�b�b�B�Q�M �UˆP �q < 0 �- u �q < 0 �V�-202

�+�Q�K�T�‘�2�b�b�2�/ ���B�‘ �T�‘�2�b�b�m�‘�2�b �UˆP �� > 0 �- u �� > 0 �V�- ���M�/ �i�?�m�b �T�Q�b�B�i�B�p�2 �b�m�+�i�B�Q�M�b �Uˆs > 0 �- s > 0203

�V�- �B�i �r�B�H�H �#�2 �b�?�Q�r�M �H���i�2�‘ �i�?���i �Q�z �2�[�m�B�H�B�#�‘�B�m�K �i�?�2�b�2 �b�m�+�i�B�Q�M�b �+�Q�m�H�/ �+�?���M�;�2 �b�B�;�M �m�T�Q�M �r�2�i�@204

�i�B�M�; �7�‘�Q�K �p�2�‘�v �/�‘�v �b���K�T�H�2�b�X205

3.4 Energy minimisation, and equilibrium suctions and effective stress206

���b �T�‘�2�b�2�M�i�H�v �b�i���i�2�/ �B�M �1�[�X �U�k�k���V �i�?�2 �7�‘�2�2 �2�M�2�‘�;�vf �/�2�T�2�M�/�b �Q�M �b�B�t �/�2�M�b�B�i�B�2�b �� �i�?�2207

�i�?�‘�2�2 �T���‘�i�B���H �Q�M�2�b �‘�2�[�m�B�‘�2�/ �7�Q�‘ �1�[�X �U�R�N�V�- ���b �r�2�H�H ���b �i�?�‘�2�2 �M�Q�M�@�‘�2�[�m�B�‘�2�/ �B�M�i�‘�B�M�b�B�+ �/�2�M�b�B�i�B�2�b208

ˆ% β �X �h�?�2�‘�2�7�Q�‘�2�- �b�Q�H�p�B�M�; �7�Q�‘ �i�?�2 �2�z�2�+�i�B�p�2 �b�i�‘�2�b�b �B�M �1�[�X �U�k�y�V �r�Q�m�H�/ �/�2�T�2�M�/ �Q�M �i�Q�Q �K���M�v �B�M�@209

�i�‘�B�M�b�B�+ �/�2�M�b�B�i�B�2�b�X �h�Q �i�?�B�b �2�M�/ �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �}�‘�b�i �b�Q�H�p�2 �2�[�m�B�H�B�#�‘�B�m�K �b�i���i�2�b �#�v �K�B�M�B�K�B�b�@210

�B�M�; �i�?�2 �2�M�2�‘�;�v �i�Q�r���‘�/�b �B�i�b �;�H�Q�#���H �K�B�M�B�K�m�K �U�C�B���M�; �2�i ���H�X�- �k�y�R�d�V�- �#�2�7�Q�‘�2 ���/�/�‘�2�b�b�B�M�; �M�Q�M�@211
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(1+ α ) S r
ln S ∗

r

)
, �U�j�8�V

�r�?�B�+�? �v�B�2�H�/�b �i�?�2 �b���K�2 �‘�2�b�m�H�i�b �7�Q�‘S r 0 = 0 ���b �r�B�i�? �1�[�b�X �U�j�y�@�j�k�V�X241

�h�Q �B�H�H�m�b�i�‘���i�2 �i�?�2�b�2 �7�m�M�+�i�B�Q�M�b�- �6�B�;�X �k �b�?�Q�r�b �i�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 �B�M�i�‘�B�M�b�B�+ ���M�/ �K�2���@242

�b�m�‘�2�/ �b�m�+�i�B�Q�M�b �Q�M �i�?�2 �b�?���T�2 �T���‘���K�2�i�2�‘α �X �h�?�2 �‘�2�b�m�H�i�b �?���p�2 �#�2�2�M �M�Q�M�@�/�B�K�2�M�b�B�Q�M���H�B�b�2�/ �i�Q243

�2�t�+�H�m�/�2 �i�?�2 �2�z�2�+�i�b �Q�7 �i�?�2 �p�Q�B�/ �‘���i�B�Qe ���M�/ �T���‘���K�2�i�2�‘λ �- �r�?�B�+�? �/�Q �M�Q�i �+�?���M�;�2 �i�?�2 �[�m���H�@244

�B�i���i�B�p�2 �b�?���T�2 ���M�/ �K�2�‘�2�H�v �b�+���H�2 �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �2�z�2�+�i�B�p�2 ���B�‘ �2�M�i�‘�v �p���H�m�2 �B�M �i�?�B�b �K�Q�/�2�H �U�i�?�2245

�2�z�2�+�i�B�p�2 ���B�‘ �2�M�i�‘�v �p���H�m�2 �‘�2�T�‘�2�b�2�M�i�b �i�?�2 �‘�2�[�m�B�‘�2�/ �b�m�+�i�B�Q�M �i�Q �b�i���‘�i �/�‘�v�B�M�; �i�?�2 �b���K�T�H�2 �7�‘�Q�K246

�7�m�H�H �b���i�m�‘���i�B�Q�M�V�X �L�2�p�2�‘�i�?�2�H�2�b�b�- �i�?�2 �T���‘���K�2�i�2�‘λ ���H�i�2�‘�b �i�?�2 �‘�2�b�m�H�i �7�Q�‘ �i�?�2 �2�z�2�+�i�B�p�2 �b�i�‘�2�b�b247

�"�B�b�?�Q�T�ö�b �+�Q�2�{�+�B�2�M�iχ �2�[�- ���b �b�?�Q�r�M �7�Q�‘λ = 1 ���M�/λ = − 1 �Q�M �6�B�;�X �j�� ���M�/ �6�B�;�X �j�#�- �‘�2�@248

�b�T�2�+�i�B�p�2�H�v�- �7�Q�‘ �p���‘�B�Q�m�b �p���H�m�2�b �Q�7α �X �"�Q�i�?α ���M�/λ ���z�2�+�i �i�?�2 �[�m���H�B�i���i�B�p�2 �/�2�T�2�M�/�2�M�+�2 �Q�7χ �2�[249

�Q�MS r �X250

�*�Q�K�T���‘�B�M�; �6�B�;�X �k�� ���M�/ �6�B�;�X �k�#�- �B�i �B�b �+�H�2���‘ �i�?���i �i�?�2 �2�[�m�B�H�B�#�‘�B�m�K �B�M�i�‘�B�M�b�B�+ ���M�/ �K�2���@251

�b�m�‘�2�/ �b�m�+�i�B�Q�M�b ���‘�2 �M�Q�i �b�B�K�B�H���‘ �#�Q�i�? �[�m���H�B�i���i�B�p�2�H�v ���M�/ �B�M �p���H�m�2�b �U�b�B�M�+�2 �i�?�2 �M�Q�‘�K���H�B�b���i�B�Q�M252

�/�B�z�2�‘�V�- ���b �/�B�b�+�m�b�b�2�/ �#�v �U�1�B�M���p �� �G�B�m�- �k�y�k�y�V�X �A�M �6�B�;�X �k ���M �B�M�+�‘�2���b�2 �B�Mα �B�b �b�?�Q�r�M �i�Q �T�‘�Q�@253

�/�m�+�2 �� �b�?���‘�T�2�‘ �‘�B�b�2 ���i �?�B�;�? �b���i�m�‘���i�B�Q�M�b �7�Q�H�H�Q�r�2�/ �#�v �� �~���i�i�2�‘ �‘�B�b�2 ���i �B�M�i�2�‘�K�2�/�B���i�2 �b���i�m�@254

�‘���i�B�Q�M�b�- �i�‘���M�b�B�i�B�Q�M�B�M�; �7�‘�Q�K �i�v�T�B�+���H �+�H���v �i�Q �i�v�T�B�+���H �b���M�/ �‘�2�i�2�M�i�B�Q�M �+�m�‘�p�2�b�X �h�?�B�b �2�z�2�+�i �B�b255

–10–



manuscript submitted to Water Resources Research

�6�B�;�m�‘�2 �k�, �h�?�2 �/�2�T�2�M�/�2�M�+�2 �m�M�/�2�‘ �i�?�2 �i�‘�m�2 �i�?�2�‘�K�Q�/�v�M���K�B�+ �2�[�m�B�H�B�#�‘�B�m�K �Q�7 �i�?�2 �U���V �B�M�i�‘�B�M�b�B�+
���M�/ �i�?�2 �U�#�V �K�2���b�m�‘�2�/ �b�m�+�i�B�Q�M�b �Q�M �i�?�2 �/�2�;�‘�2�2 �Q�7 �b���i�m�‘���i�B�Q�M �7�Q�‘ �/�B�z�2�‘�2�M�i �‘�2�i�2�M�i�B�Q�M �b�?���T�2 �T���@
�‘���K�2�i�2�‘α �m�b�B�M�; �1�[�b�X �U�j�9�-�j�j�V�- �‘�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�b�2 �b�m�+�i�B�Q�M�b �?���p�2 �#�2�2�M �M�Q�‘�K���H�B�b�2�/ �i�Q �v�B�2�H�/
�M�Q�M�@�/�B�K�2�M�b�B�Q�M���H �M�m�K�#�2�‘�b �Q�M �i�?�2 �v�@���t�2�b�X �h�?�2 �‘�2�b�B�/�m���H �b���i�m�‘���i�B�Q�M �T���‘���K�2�i�2�‘S �`�y = 0 . 1

�6�B�;�m�‘�2 �j�, �h�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 �"�B�b�?�Q�T �T���‘���K�2�i�2�‘χ = χ �2�[ �Q�M �i�?�2 �/�2�;�‘�2�2 �Q�7 �b���i�m�‘���i�B�Q�M
S r �7�Q�‘ �/�B�z�2�‘�2�M�i �b�?���T�2 �T���‘���K�2�i�2�‘α ���M�/ �U���V �T�Q�b�B�i�B�p�2λ = 1 . 5 �Q�‘ �U�#�V �M�2�;���i�B�p�2λ = − 1 . 5 �- �+�Q�‘�@
�‘�2�b�T�Q�M�/�B�M�; �i�Q �1�[�X �U�j�8�V�X ���b �B�M �6�B�;�X �k�- �i�?�2 �‘�2�b�B�/�m���H �b���i�m�‘���i�B�Q�M �T���‘���K�2�i�2�‘S �`�y = 0 . 1 �X �.���b�?�2�/
�‘�2�/ �H�B�M�2�b �b�?�Q�r �i�?�2 �i�‘�B�p�B���Hχ = S r �b�Q�H�m�i�B�Q�M�- �r�?�B�+�? �i�?�2 �+�m�‘�‘�2�M�i �K�Q�/�2�H �‘�2�T�‘�Q�/�m�+�2�b �r�B�i�?λ = 0 �X

�T���‘�i�B�+�m�H���‘�H�v �+�H�2���‘ �7�‘�Q�K �i�?�2 �2�[�m�B�H�B�#�‘�B�m�K �K�2���b�m�‘�2�/ �b�m�+�i�B�Q�M �6�B�;�X �k�#�- �r�?�2�‘�2 �7�Q�‘α → 0 �r�2256

�‘�2�+�Q�p�2�‘ �� �i�‘�m�2 ���B�‘ �2�M�i�‘�v �p���H�m�2 �b�B�;�M���H ���iS r = 1 �X �P�M �i�?�2 �Q�i�?�2�‘ �?���M�/ �6�B�;�X �j���-�# �B�H�H�m�b�i�‘���i�2257

�i�?���i �T�Q�b�B�i�B�p�2 ���M�/ �M�2�;���i�B�p�2λ �p���H�m�2�b �v�B�2�H�/χ �2�[ �p���H�m�2�b �#�2�H�Q�r ���M�/ ���#�Q�p�2 �i�?�2χ �2�[ = S r �H�B�M�2�-258

�‘�2�b�T�2�+�i�B�p�2�H�v�X �"�Q�i�? �b�+�2�M���‘�B�Q�b �?���p�2 �#�2�2�M �‘�2�T�Q�‘�i�2�/ �B�M �i�?�2 �H�B�i�2�‘���i�m�‘�2 �U�C�2�M�M�B�M�;�b �� �"�m�‘�H���M�/�-259

�R�N�e�k�c �E�?���H�B�H�B �� �w���‘�;���‘�#���b�?�B�- �k�y�R�y�V�- �b�?�Q�r�B�M�;χ �2�[ �p���H�m�2�b ���#�Q�p�2 �R ���i �?�B�;�? �b���i�m�‘���i�B�Q�M�b�- ���M�/260

�?�B�M�i�B�M�; �i�Q�r���‘�/�b �p���H�m�2�b �i�?���i �K���v �;�Q �#�2�H�Q�r �y ���b �H�Q�M�; ���b �i�?�2 �b�Q�B�H �‘�2�K���B�M�b �b�i���#�H�2�X261

�A�i �b�?�Q�m�H�/ ���H�b�Q �#�2 �K�2�M�i�B�Q�M�2�/ �i�?���i �B�M �b�m�+�? �K�2���b�m�‘�2�K�2�M�i�b �Q�7χ �U�C�2�M�M�B�M�;�b �� �"�m�‘�H���M�/�-262

�R�N�e�k�c �E�?���H�B�H�B �� �w���‘�;���‘�#���b�?�B�- �k�y�R�y�V�- �i�?�2 �p�Q�B�/ �‘���i�B�Qe �B�b �M�Q�i �M�Q�‘�K���H�H�v �#�2�B�M�; �T�‘�2�p�2�M�i�2�/ �7�‘�Q�K263

�+�?���M�;�B�M�; �/�m�‘�B�M�; �i�?�2 �i�2�b�i�b�X �a�m�+�? �T�Q�i�2�M�i�B���He �@�+�?���M�;�2�b �r�2�‘�2 �M�Q�i �B�M�+�H�m�/�2�/ �B�M �/�‘���r�B�M�; �6�B�;�X �j�-264

�r�?�B�+�? �i�Q�Q�Fe �i�Q �#�2 �+�Q�M�b�i���M�i�X �>�Q�r�2�p�2�‘�- �m�b�B�M�; �1�[�X �U�j�8�V �i�?�2 �2�z�2�+�i�b �Q�7 �i�?�2e �p���‘�B���i�B�Q�M�b �Q�M265

�i�?�2 �H�B�M�2�b �+�Q�m�H�/ �#�2 �+�Q�M�b�B�/�2�‘�2�/�- ���M�/ �r�Q�m�H�/ �b�B�K�T�H�v �/�B�b�i�Q�‘�i �i�?�2χ �2�[ − S r �H�B�M�2�X �h�?�2 �2�t�i�2�M�i266

�Q�7 �i�?�B�b �/�B�b�i�Q�‘�i�B�Q�M �r�Q�m�H�/ �/�2�T�2�M�/ �Q�M �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �p���‘�B���i�B�Q�M�b �Q�7e �/�m�‘�B�M�; �i�?�2 �i�2�b�i�b267

���M�/ �i�?�2 �H�2�p�2�H �Q�7 �b�2�M�b�B�i�B�p�B�i�v �Q�7 �i�?�2χ �2�[ �‘�2�H���i�B�Q�M �Q�M �B�i ���+�+�Q�‘�/�B�M�; �i�Q �1�[�X �U�j�8�V�X268

–11–



manuscript submitted to Water Resources Research

4 Non-equilibrium soil water retention (rate-independence)269

4.1 Non-equilibrium intrinsic suction and effective stress270

�l�M�/�2�‘ �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2 �B�M�i�‘�B�M�b�B�+ ���M�/ �K�2���b�m�‘�2�/ �b�m�+�i�B�Q�M �p���‘�B���#�H�2�b �/�2�@
�p�B���i�2 �7�‘�Q�K �i�?�2�B�‘ �2�[�m�B�H�B�#�‘�B�m�K �p���H�m�2�b�- �i�?�m�b �2�t�?�B�#�B�i�B�M�; �/�v�M���K�B�+ �T�?�2�M�Q�K�2�M�� �b�m�+�? ���b �?�v�b�i�2�‘�2�@
�b�B�b�X �A�i �B�b �i�?�2�‘�2�7�Q�‘�2 �m�b�2�7�m�H �i�Q �+�Q�M�b�B�/�2�‘ �i�?�2 �ı�M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �B�M�i�‘�B�M�b�B�+ �b�m�+�i�B�Q�M�ö ���b �� �M�2�r �b�i���i�2
�p���‘�B���#�H�2�,

ξ ≡ ˆs − ˆs �2�[, �U�j�e�V

�7�Q�‘ �r�?�B�+�? ���M �2�t�T�H�B�+�B�i �2�p�Q�H�m�i�B�Q�M �2�[�m���i�B�Q�M �B�b �‘�2�[�m�B�‘�2�/�X �_�2�b�Q�H�p�B�M�; �i�?�B�b �2�[�m���i�B�Q�M �B�b �i�?�2 �T�‘�B�@
�K���‘�v �7�Q�+�m�b �Q�7 �i�?�2 �+�m�‘�‘�2�M�i �/�2�‘�B�p���i�B�Q�M�X �h�Q �‘�2�i���B�M �i�?�2 �2�[�m�B�H�B�#�‘�B�m�K �‘�2�b�m�H�i�b �7�‘�Q�K �i�?�2 �T�‘�2�p�B�@
�Q�m�b �b�2�+�i�B�Q�M�b�- �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�B�b �M�2�r �B�M�/�2�T�2�M�/�2�M�i �b�i���i�2 �p���‘�B���#�H�2 �b�?�Q�m�H�/ �Q�#�p�B�Q�m�b�H�v �‘�2�@
�H���t �i�Q �x�2�‘�Q�- �b�Q �i�?���iˆs → ˆs �2�[ �m�M�/�2�‘ �i�‘�m�2 �2�[�m�B�H�B�#�‘�B�m�K�X �a�B�M�+�2ξ �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 ���H�H �T�‘�2�@
�p�B�Q�m�b �b�i���i�2 �p���‘�B���#�H�2�b �U�B�M�+�H�m�/�B�M�;% β �V�- �i�?�2�M �#�v �‘�2�T�H���+�B�M�;ˆs �2�[ �r�B�i�?̂s �B�M �1�[�b�X �U�k�3�-�k�N�V ���M�/ �m�b�@
�B�M�; �1�[�X �U�j�e�V�- �m�M�/�2�‘ �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �+�Q�M�/�B�i�B�Q�M�b�,

χ ( % β , ξ ) = χ �2�[( % β ) , s ( % β , ξ ) =
ˆs

ˆs �2�[
s �2�[ =

(
1 +

ξ

ˆs �2�[( % β )

)
s �2�[( % β ) . �U�j�d�V

���b �b�m�+�? �i�?�2 �"�B�b�?�Q�T �b�i�‘�2�b�b �+�Q�2�{�+�B�2�M�iχ ���M�/ �i�?�m�b �i�?�2 �i�?�2�‘�K�Q�/�v�M���K�B�+ �T�‘�2�b�b�m�‘�2 �B�M �1�[�X �U�k�8�V
���M�/ �i�?�2 �2�z�2�+�i�B�p�2 �b�i�‘�2�b�b �B�M �1�[�X �U�k�y�V ���‘�2 ���H�H �B�M�b�2�M�b�B�i�B�p�2 �i�Q �i�?�2 �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �+�Q�M�/�B�i�B�Q�M�b�-
�#�m�i �i�?�2 �K�2���b�m�‘�2�/ �b�m�+�i�B�Q�Ms �B�b �b�2�M�b�B�i�B�p�2�- �b�B�M�+�2 �B�i �/�2�T�2�M�/�b �Q�M �i�?�2 �p���H�m�2 �Q�7ξ �X �h�?�B�b �‘�2�b�m�H�i
�B�b �p���H�B�/ �7�Q�‘ ���M�v �b�T�2�+�B�}�+ �2�t�T�Q�b�B�i�B�Q�M�- �B�M�+�H�m�/�B�M�; �r�?�2�M �i�?�2 �2�z�2�+�i �Q�7 ���B�‘ �/�2�M�b�B�i�v �Q�M �i�?�2 �‘�2�i�2�M�@
�i�B�Q�M �B�b �B�;�M�Q�‘�2�/ ���M�/ �i�?�2 �/�2�M�b�B�i�B�2�b ���‘�2 �‘�2�T�H���+�2�/ �#�v �i�?�2 �b���i�m�‘���i�B�Q�M ���M�/ �p�Q�B�/ �‘���i�B�Q�,

χ ( S r , e, ξ ) = χ �2�[( S r , e ) , s ( S r , e, ξ ) =

(
1 +

ξ

ˆs �2�[( S r , e )

)
s �2�[( S r , e ) , �U�j�3�V

�r�?�2�‘�2 �i�?�2 �2�[�m�B�H�B�#�‘�B�m�K �p���H�m�2�b ���‘�2 �i���F�2�M �7�‘�Q�K �1�[�b�X �U�k�3�-�k�d�V�- �r�?�B�+�? �T�m�‘�2�H�v �/�2�T�2�M�/ �Q�MS r271
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�a�B�M�+�2 �i�?�2 �K�2���b�m�‘�2�/ �b�m�+�i�B�Q�M �/�2�T�2�M�/�b �Q�M �i�?�2 �B�M�i�‘�B�M�b�B�+ �b�m�+�i�B�Q�M �/�2�p�B���i�B�Q�Mξ �- �Q�M�2 �?���b
�i�Q �i�‘���+�F �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �H���i�i�2�‘ �p���‘�B���#�H�2�X �A�i�b �;�2�M�2�‘���H �2�p�Q�H�m�i�B�Q�M �2�[�m���i�B�Q�M �b�?�Q�m�H�/ ���H�H�Q�r
�B�i �i�Q �#�Q�i�? ���/�p�2�+�i ���H�Q�M�; �i�?�2 �#���‘�v�+�2�M�i�‘�B�+ �p�2�H�Q�+�B�i�v �Uv i �V ���M�/ �#�2 �/�B�b�b�B�T���i�2�/ �B�‘�‘�2�p�2�‘�b�B�#�H�v �i�?�‘�Q�m�;�?�,

( ∂ t + v i ∇ i ) ξ + Z ξ = 0 , �U�j�N�V
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�Q�‘�/�2�‘ �Q�7 �K���;�M�B�i�m�/�2�b �H���‘�;�2�‘ �i�?���M �i�?�Q�b�2 ���i�Q�K�b�X �A�i �?���b �#�2�2�M �b�?�Q�r�M ���M�/ �+�Q�M�b�B�/�2�‘�2�/ �i�?���i �i�?�2
�K�Q�i�B�Q�M �Q�7 �i�?�2�b�2 �K�2�b�Q�b�+�Q�T�B�+ �7�2���i�m�‘�2�b �+�Q�M�i�‘�Q�H�b �i�?�2 �‘�?�2�Q�H�Q�;�v ���M�/ �/�v�M���K�B�+�b �Q�7 �b���M�/�X �h�?�2
�/�B�b�i�‘�B�#�m�i�2�/ �;�2�Q�K�2�i�‘�v �Q�7 ���B�‘�@�r���i�2�‘ �B�M�i�2�‘�7���+�2�b �?���b ���H�b�Q �#�2�2�M �b�?�Q�r�M �2�t�T�2�‘�B�K�2�M�i���H�H�v �U�w�?���Q
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�b�Q�B�H �r���i�2�‘ �‘�2�i�2�M�i�B�Q�M �?�v�b�i�2�‘�2�b�B�b �T�?�2�M�Q�K�2�M���X �h�?�2�‘�2�7�Q�‘�2�- �B�M ���/�/�B�i�B�Q�M ���M�/ �B�M ���M���H�Q�;�v �i�Q �i�?�2
�#���H���M�+�2 �Q�7 �i�?�2 �i�?�2�‘�K���H �2�M�i�‘�Q�T�v �B�M �1�[�X �U�3�V�- �r�2 �7�m�‘�i�?�2�‘ �+�Q�M�b�B�/�2�‘ �i�?�2 �#���H���M�+�2 �Q�7 �� �K�2�b�Q�@�‘�2�H���i�2�/
�2�M�i�‘�Q�T�v�,

∂ t s �K + ∇ i ( s �K v i − F �K
i ) = R �K /T �K , �U�9�y�V

�r�?�2�‘�2s �K v i ���M�/F �K
i ���‘�2 �i�?�2 �K�2�b�Q�@�‘�2�H���i�2�/ �+�Q�M�p�2�+�i�B�p�2 ���M�/ �/�B�b�b�B�T���i�B�p�2 �2�M�2�‘�;�v �+�m�‘�‘�2�M�i�b�- �‘�2�@277
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�Q�M �#�Q�i�? �2�[�m�B�H�B�#�‘�B�m�K ���M�/ �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �+�Q�M�i�‘�B�#�m�i�B�Q�M�b�- �i�?�2 �H���i�i�2�‘ �#�2�B�M�; �‘�2�T�‘�2�b�2�M�i�2�/ �#�v
�i�?�2 �i�r�Q �M�2�r �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �b�i���i�2 �p���‘�B���#�H�2�b�- �i�?�2 �K�2�b�Q�@�‘�2�H���i�2�/ �2�M�i�‘�Q�T�vs �K ���M�/ �i�?�2 �B�M�i�‘�B�M�@
�b�B�+ �b�m�+�i�B�Q�M �/�2�p�B���i�B�Q�Mξ �X �h�?�2�‘�2�7�Q�‘�2�- �M�2�;�H�2�+�i�B�M�; �i�?�2 �2�z�2�+�i�b �Q�7 �i�?�2 �i�?�2�‘�K���H �2�M�i�‘�Q�T�vs �U�Q�‘T �V
�Q�M �i�?�2 �?�v�/�‘�Q�K�2�+�?���M�B�+���H �‘�2�b�T�Q�M�b�2 �Q�7 �T���‘�i�B���H�H�v �b���i�m�‘���i�2�/ �b�Q�B�H�b�,

u ≡ u ( % β , ε
�2
ij , s , s �K , ξ ) = u �2�[( ε

�2
ij , %, % β ) + u �M�2( s �K , ξ ) , �U�9�R�V

�h�?�2 �}�‘�b�i �i�2�‘�Ku �2�[ �+���T�i�m�‘�2�b �B�M�i�2�‘�M���H �2�M�2�‘�;�v �i�?���i �K���B�M�i���B�M�b �/�m�‘�B�M�; �2�[�m�B�H�B�#�‘�B�m�K ���M�/
�+�Q�m�H�/ �#�2 �i���F�2�M �/�B�‘�2�+�i�H�v �7�‘�Q�K �1�[�X �U�R�N�V�X �P�M �i�?�2 �Q�i�?�2�‘ �?���M�/�- �i�?�2 �b�2�+�Q�M�/ �i�2�‘�Ku �M�2�+���T�i�m�‘�2�b
���/�/�B�i�B�Q�M���H �B�M�i�2�‘�M���H �2�M�2�‘�;�v ���i �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �b�i���i�2�b�X �h�?�2 �i�?�2�‘�K�Q�/�v�M���K�B�+ �+�Q�M�D�m�;���i�2�b �Q�7
�i�?�2 �}�‘�b�i �i�?�‘�2�2 �+�Q�M�b�2�‘�p�2�/ �b�i���i�2 �p���‘�B���#�H�2�b �?���p�2 �#�2�2�M �/�2�}�M�2�/ �B�M �1�[�b�X �U�k�R�V�X �h�?�2 �i�?�2�‘�K�Q�/�v�@
�M���K�B�+ �+�Q�M�D�m�;���i�2�b �Q�7 �i�?�2 �i�r�Q �‘�2�K���B�M�B�M�; �B�M�/�2�T�2�M�/�2�M�i �b�i���i�2 �p���‘�B���#�H�2�b ���‘�2 �/�2�}�M�2�/ �7�‘�Q�K �i�?�2
�M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �T���‘�i �Q�7 �i�?�2 �B�M�i�2�‘�M���H �2�M�2�‘�;�v�,

T �K =
∂ u �M�2

∂ s �K
, Y ξ =

∂ u �M�2

∂ ξ
, �U�9�k�V
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i �7�‘�Q�K �1�[�b�X �U�R�k�-�9�e�V�- �r�2 ���H�b�Q �}�M�/ �i�?���iJ �a

i ≈ − J �q
i �X

�l�b�B�M�; �i�?�2 �+�Q�M�b�2�‘�p���i�B�Q�M �Q�7 �b�Q�H�B�/ �/�2�M�b�B�i�v �B�M �1�[�X �U�R�y�V�- �B�i �7�Q�H�H�Q�r�b �i�?���i �B�i�b �‘���i�2 �Q�7 �+�?���M�;�2 �B�b
∂ t % �a = −∇ i ( % �av i + J �q

i ) �X �>�Q�r�2�p�2�‘�- �/�m�‘�B�M�; �2�t�T�2�‘�B�K�2�M�i���H �r���i�2�‘ �‘�2�i�2�M�i�B�Q�M �i�2�b�i�b �i�?�2 �b�Q�H�B�/
�K���b�b �B�b �F�2�T�i �+�Q�M�b�i���M�i �U∂ t % �a ≈ 0 �V�- �b�Q �r�2 �}�M�/J �q

i = − % �av i �X �*�Q�K�#�B�M�B�M�; �i�?�2 �H���i�i�2�‘ �‘�2�H���@
�i�B�Q�M �r�B�i�? �i�?�2 �+�Q�M�b�2�‘�p���i�B�Q�M �Q�7 �r���i�2�‘ �/�2�M�b�B�i�v �B�M �1�[�X �U�R�y�V�- �r�2 �?���p�2�,

∂ t % �q =

(
1 +

% �q

% �a

)
∇ i J

�q
i . �U�8�e�V

�h�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M �‘�2�H���i�2�b �i�?�2 �‘���i�2 �Q�7 �+�?���M�;�2 �Q�7 �i�?�2 �T���‘�i�B���H �r���i�2�‘ �/�2�M�b�B�i�v �i�Q �i�?�2
�r���i�2�‘ �~�m�t �i�?�‘�Q�m�;�? �i�?�2 �p�Q�H�m�K�2 �Q�7 ���M �B�M�}�M�B�i�2�b�B�K���H �‘�2�T�‘�2�b�2�M�i���i�B�p�2 �p�Q�H�m�K�2 �2�H�2�K�2�M�i �B�M �b�T���+�2�X
�h�?�2 �H���b�i �2�[�m���i�B�Q�M �+�Q�m�H�/ �#�2 �+�Q�M�p�2�‘�i�2�/ �i�Q �+�Q�M�b�B�/�2�‘ �� �}�M�B�i�2 �p�Q�H�m�K�2V �Q�7 �2�t�T�2�‘�B�K�2�M�i���H �r���@
�i�2�‘ �‘�2�i�2�M�i�B�Q�M �b���K�T�H�2�b �i�?�‘�Q�m�;�? �B�M�i�2�;�‘���i�B�Q�M�X �l�b�B�M�; �i�?�2 �/�B�p�2�‘�;�2�M�+�2 �i�?�2�Q�‘�2�K

∫
∇ i J

�q
i dV =∮

J �q
i dS i = J �q A �U�?���p�B�M�;dS i = ˆ e i dA �- �r�B�i�?A �#�2�B�M�; �i�?�2 �b�m�‘�7���+�2 ���‘�2�� �i�?�‘�Q�m�;�? �r�?�B�+�?

�i�?�2 �r���i�2�‘ �~�Q�r�b �B�M�i�QV �V�X �h�?�2�‘�2�7�Q�‘�2�- �r�2 �}�M�/ �i�?���i

J �q =

(
% �a

% �a + % �q

)
l ∂ t % �q , �U�8�d�V

�r�?�2�‘�2l = V
A �B�b �i�?�2 �i�v�T�B�+���H �2�t�T�2�‘�B�K�2�M�i���H �/�B�K�2�M�b�B�Q�M�X �h�?�2�‘�2�7�Q�‘�2�- �i�?�2 �~�m�t �Q�7 �r���i�2�‘ �B�M�i�Q

�i�?�2 �2�t�T�2�‘�B�K�2�M�i���H �b���K�T�H�2 �b�+���H�2�b ���T�T�‘�Q�t�B�K���i�2�H�v �r�B�i�? �i�?�2 �‘���i�2 �Q�7 �r���i�2�‘ �/�2�M�b�B�i�v ���M�/ �2�t�T�2�‘�@
�B�K�2�M�i���H �/�B�K�2�M�b�B�Q�M ���bJ �q ∼ l ∂ t % �q �X �l�b�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M�b �B�M �1�[�X �U�j�V�- �B�i �+�Q�m�H�/ ���H�b�Q �#�2 �2�t�@
�T�‘�2�b�b�2�/ �B�M �i�2�‘�K�b �Q�7 �‘���i�2 �Q�7 �i�?�2 �b���i�m�‘���i�B�Q�M ���M�/ �p�Q�B�/ �‘���i�B�Q�,

J �q = C
(
∂ t S r +

S r

e (1 + e )
∂ t e

)
, C ≡ C ( S r , e ) = l

(
e

1 + e

) (
¯% �a ¯% �q

¯% �a + ¯ % �q S r e

)
. �U�8�3�V

�h�?�2 ���#�Q�p�2 �B�b �;�2�M�2�‘���H�X �>�Q�r�2�p�2�‘�- �B�M �K�Q�b�i �2�t�T�2�‘�B�K�2�M�i���H �K�2���b�m�‘�2�K�2�M�i�b �Q�7 �b�Q�B�H �r���i�2�‘
�‘�2�i�2�M�i�B�Q�M �T�‘�Q�T�2�‘�i�B�2�b �i�?�2 �p�Q�B�/ �‘���i�B�Qe �B�b ���b�b�m�K�2�/ �+�Q�M�b�i���M�i�- �r�?�B�H�2 �i�?�2 �B�M�i�‘�B�M�b�B�+ �/�2�M�b�B�i�B�2�b �#���‘�2�H�v
�+�?���M�;�2 �7�‘�Q�K �i�?�2�B�‘ �‘�2�7�2�‘�2�M�+�2�,

J �q = C ∂ t S r �U�8�N�V

�b�m�+�? �i�?���i �i�?�2 �r���i�2�‘ �~�m�t �B�M�i�Q �i�?�2 �b���K�T�H�2 �‘�2�H���i�2�b �/�B�‘�2�+�i�H�v �i�Q �i�?�2 �‘���i�2 �Q�7 �b���i�m�‘���i�B�Q�M�X359

4.8 Non-equilibrium soil water retention360

�*�Q�K�#�B�M�B�M�; �1�[�b�X �U�9�y�-�9�9�V �r�B�i�? �1�[�b�X �U�9�3�-�8�8�V�- �i���F�B�M�; ���b �#�2�7�Q�‘�2∂ t e ≈ 0 �7�Q�‘ �i�?�2 �2�t�T�2�‘�@
�B�K�2�M�i���H �+�Q�M�/�B�i�B�Q�M�b�- ���M�/ ���b�b�m�K�B�M�; �?�Q�K�Q�;�2�M�2�Q�m�b �i�2�b�i�B�M�; �+�Q�M�/�B�i�B�Q�M�b �7�Q�‘ �r�?�B�+�? �b�T���i�B���H �;�‘���@
�/�B�2�M�i�b �+�Q�m�H�/ �#�2 �B�;�M�Q�‘�2�/�,

∂ t T �K =
ω R �K

T �K
=

ω γ ( T 2
�K0 − T 2

�K )

T �K
, �U�e�y�V
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�r�?�2�‘�2 �m�b�B�M�; �1�[�X �U�8�j�V�,
T �K0 =

√
η
γ | J �q | , �U�e�R�V

�B�b �i�?�2 �b�i���i�B�Q�M���‘�v �b�Q�H�m�i�B�Q�M �Q�7T �K �7�Q�‘d t T �K = 0 �- �r�?�B�+�? �‘�2�T�‘�2�b�2�M�i�b �i�?�2 �p���H�m�2 �Q�7 �i�?�2 �K�2�b�Q�@361

�‘�2�H���i�2�/ �i�2�K�T�2�‘���i�m�‘�2 ���i �i�?�2 �‘���i�2 �B�M�/�2�T�2�M�/�2�M�+�2 �H�B�K�B�i �Q�7 �p�2�‘�v �b�H�Q�r �r�2�i�i�B�M�; �Q�‘ �/�‘�v�B�M�; �+�Q�M�@362

�/�B�i�B�Q�M�b�X �h�?�2 �K�Q�‘�2 �;�2�M�2�‘���H �+���b�2 �Q�7 �‘���i�2�@�/�2�T�2�M�/�2�M�i �T�‘�Q�+�2�b�b�2�b �B�b �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�X �8�X363

�L�2�t�i�- ���/�Q�T�i�B�M�; �1�[�X �U�8�9�V ���H�Q�M�; �r�B�i�? �1�[�X �U�j�N�V �7�Q�‘ �?�Q�K�Q�;�2�M�2�Q�m�b �i�2�b�i�B�M�; �+�Q�M�/�B�i�B�Q�M�b�,

∂ t ξ + r ξ ξ Y ξ + r ξ �q J �q = 0 . �U�e�k�V

�q�?�2�M �M�Q �r���i�2�‘ �B�b ���/�/�2�/ �Q�‘ �b�m�#�i�‘���+�i�2�/ �7�‘�Q�K �i�?�2 �2�t�T�2�‘�B�K�2�M�i���H �b���K�T�H�2�- �r�?�2�‘�2J �q =
0 �- �r�2 �2�t�T�2�+�i �i�?�2 �B�M�i�‘�B�M�b�B�+ �b�m�+�i�B�Q�M �/�2�p�B���i�B�Q�Mξ �i�Q �/�2�+���v �i�Q�r���‘�/�b �i�?�2 �i�‘�m�2 �2�[�m�B�H�B�#�‘�B�m�K �Q�M�H�v
�r�?�2�M �i�?�2 �K�2�b�Q�@�b�+�Q�T�B�+ �B�M�i�2�‘�7���+�2�b ���‘�2 �#�2�B�M�; �b�m�{�+�B�2�M�i�H�v ���;�B�i���i�2�/�X �a�m�+�? ���;�B�i���i�B�Q�M�b �b�?�Q�m�H�/
�2�t�T�2�+�i�2�/�H�v �2�M���#�H�2 �i�Q �m�M�D���K ���B�‘�@�r���i�2�‘ �B�M�i�2�‘�7���+�2�b �i�?���i �K���v �Q�i�?�2�‘�r�B�b�2 �#�2 �T�B�M�M�2�/ �B�M �H�Q�+���H
�2�[�m�B�H�B�#�‘�B�� ���H�Q�M�; �T���‘�i�B�+�H�2 �‘�Q�m�;�?�M�2�b�b ���M�/ �T���i�+�?�2�b �Q�7 �~�m�B�/�b�X �A�M �i�?�2 �?�v�/�‘�Q�/�v�M���K�B�+ �i�?�2�Q�‘�v
�i�?�2 �2�z�2�+�i�b �Q�7 �i�?�Q�b�2 ���;�B�i���i�B�Q�M�b �Q�M �i�?�2 �2�M�2�‘�;�v �H���M�/�b�+���T�2 ���‘�2 �+�Q�M�b�B�/�2�‘�2�/ �i�?�‘�Q�m�;�? �i�?�2 �K�2�b�Q�@
�‘�2�H���i�2�/ �2�M�i�‘�Q�T�vs �K �Q�‘ �i�2�K�T�2�‘���i�m�‘�2T �K�- ���b �+�Q�M�+�2�T�i�m���H�B�b�2�/ �#�v �6�B�;�X �8�X �h���F�B�M�; �i�?�2�b�2 �B�/�2���b
�B�M�i�Q ���+�+�Q�m�M�i�- �r�2 �‘�2�[�m�B�‘�2�,

r ξ ξ = r T �K , �U�e�j�V

�r�B�i�?r ≥ 0 �- �r�?�B�H�2 �;�B�p�2�M �i�?�2 �b�i���i�B�Q�M���‘�v �b�Q�H�m�i�B�Q�M �Q�7T �K = T �K0 �B�M �1�[�X �U�e�R�V�,

r ξ ξ = r
√

η
γ | J �q | . �U�e�9�V
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�_�2�+���H�H�B�M�; �i�?���iY ξ = κξ �7�‘�Q�K �1�[�X �U�9�9�V�- ���b �r�2�H�H ���b �1�[�X �U�8�N�V �,

∂ t ξ = − r k
√

η
γ | J �q | ξ − r ξ �q J �q , J �q = C ∂ t S r . �U�e�8�V

�h�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M �‘�2�T�‘�2�b�2�M�i�b �i�?�2 �K���B�M �‘�2�b�m�H�i �Q�7 �i�?�B�b �T���T�2�‘ �� �� �?�v�/�‘�Q�/�v�M���K�B�+���H�H�v
�‘�2�b�Q�H�p�2�/ �2�[�m���i�B�Q�M �7�Q�‘ �b�Q�B�H �r���i�2�‘ �‘�2�i�2�M�i�B�Q�M ���i �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �+�Q�M�/�B�i�B�Q�M�b�X ���+�+�Q�‘�/�B�M�;�H�v�- �i�?�2
�B�M�i�‘�B�M�b�B�+ �b�m�+�i�B�Q�M �/�2�p�B���i�B�Q�Mξ �‘�2�b�T�Q�M�/�b �?�v�b�i�2�‘�2�i�B�+���H�H�v �i�Q �+�v�+�H�B�+���H �r�2�i�i�B�M�;�@�/�‘�v�B�M�; �+�?���M�;�2�b
�i�QS r �X �L�Q�i�B�+�2 ���H�b�Q �i�?���i �+�Q�2�{�+�B�2�M�i�b{ r, r ξ �q , η , γ } �B�M �1�[�X �U�e�8�V �K���v ���H�H �/�2�T�2�M�/ �Q�M �i�?�2 �p���‘�@
�B�Q�m�b �T���‘�i�B���H �/�2�M�b�B�i�B�2�b% β �- ���M�/ �i�?�m�b �B�‘�‘�2�b�T�2�+�i�B�p�2 �i�Q �+�v�+�H�2�b �i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7ξ ���M�/ �i�?�m�b �i�?�2
�M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �b�m�+�i�B�Q�M �r�Q�m�H�/ �B�M �;�2�M�2�‘���H �/�2�T�2�M�/ �Q�M �i�?�Q�b�2 �/�2�M�b�B�i�B�2�b �U�Q�‘ �K�Q�‘�2 �b�T�2�+�B�}�+���H�H�v
�Q�MS r ���M�/e �V�X �6�B�M���H�H�v�- ���M �2�p�2�M �b�B�K�T�H�2�‘ �7�Q�‘�K �Q�7 �i�?�B�b �?�v�/�‘�Q�/�v�M���K�B�+ �2�[�m���i�B�Q�M �+�Q�m�H�/ �#�2 �/�2�@
�p�2�H�Q�T�2�/ �#�v �M�Q�i�B�+�B�M�; �i�?���i �1�[�X �U�e�8�V �B�b �2�M�i�B�‘�2�H�v �‘���i�2 �B�M�/�2�T�2�M�/�2�M�i�- �b�Q �K���i�2�‘�B���H �i�B�K�2 �/�2�‘�B�p���@
�i�B�p�2�b �B�M �i�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M �+�Q�m�H�/ �#�2 �b�m�#�b�i�B�i�m�i�2�/ �r�B�i�? �}�M�B�i�2 �B�M�+�‘�2�K�2�M�i�b �Ue;�X�- ���b �B�M∂ t x →
dx �V�,

dξ = −A| dS r | ξ − B dS r �U�e�e�V

�r�?�2�‘�2A ���M�/B ���‘�2 �2�z�2�+�i�B�p�2 �M�Q�M�@�M�2�;���i�B�p�2 �+�Q�2�{�+�B�2�M�i�b �7�Q�‘ �i�?�2 �B�M�i�‘�B�M�b�B�+ �b�m�+�i�B�Q�M �/�2�p�B���i�B�Q�M�-
�r�?�B�+�? ���‘�2 �;�B�p�2�M �#�v

A ≡ A ( S r , e ) = r k
√

η
γ C , B ≡ B ( S r , e ) = r ξ �q C . �U�e�d�V
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cK w e − λ �- �i�Q�T �‘�Q�r�V�- �B�M�i�‘�B�M�b�B�+ �b�m�+�i�B�Q�M �Uˆs ∗ = ˆ s/

√
cK w e − λ �-394
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�- �#�Q�i�i�Q�K �‘�Q�r�V�- �7�Q�‘ �p���‘�B�Q�m�ba ���M�/b395

�p���H�m�2�b�X �h�?�2�b�2 �}�;�m�‘�2�b �+�Q�‘�‘�2�b�T�Q�M�/ �i�Q �� �b�m�+�i�B�Q�M�@�+�Q�M�i�‘�Q�H�H�2�/ �T�‘�Q�i�Q�+�Q�H�- �r�?�B�+�? �b�i���‘�i�b �7�‘�Q�KS r =396

1 ���M�/s = 0 �- �i�?�2�M �/�‘�v�B�M�; �+�Q�M�i�B�M�m�2�b �i�B�H�Hs ∗ = 20 �- �7�‘�Q�K �r�?�B�+�? �r�2 ���T�T�H�B�2�/ �R�y�y �b�K���H�H �B�M�@397

�+�‘�2�K�2�M�i���H �+�v�+�H�2�b �Q�7 �b�m�+�i�B�Q�M �Q�7∆ s ∗ = ∓ 2 �- �7�Q�H�H�Q�r�2�/ �#�v �7�m�‘�i�?�2�‘ �/�‘�v�B�M�; �i�B�H�Hs ∗ = 50 �- �r�2�i�@398

�i�B�M�; �i�B�H�H �� �M�2�;���i�B�p�2 �b�m�+�i�B�Q�M �Q�7s ∗ = − 20 �- ���M�/ �}�M���H �/�‘�v�B�M�; �#���+�F �i�Qs ∗ = 0 �X399

�L�Q�i�B�+�2 �i�?���i �/�m�‘�B�M�; �+�Q�M�i�B�M�m�Q�m�b �/�‘���B�M���;�2 ���M�/ �B�K�#�B�#�B�i�B�Q�M �i�?�2 �b�i���i�2 �B�b �#���b�B�+���H�H�v �‘�Q�m�;�?�H�v400

�T���‘���H�H�2�H �i�Q �i�?�2 �b�i���i�B�Q�M���‘�v �b�Q�H�m�i�B�Q�M�b �b�?�Q�r�M �#�v �i�?�2 �/���b�?�2�/ �Q�‘���M�;�2 �H�B�M�2�b�X �6�m�‘�i�?�2�‘�K�Q�‘�2�- ���M�/401

�K�Q�b�i �B�K�T�Q�‘�i���M�i�H�v�- ���M�v �/�2�p�B���i�B�Q�M �7�‘�Q�K �i�?�2 �/���b�?�2�/ �#�H�m�2 �2�[�m�B�H�B�#�‘�B�m�K �+�m�‘�p�2 �B�b ���i�i�‘�B�#�m�i�2�/402

�i�Q �M�Q�M�@�2�[�m�B�H�B�#�‘�B�m�K �b�i���i�2�b�X �A�i �B�b �b�?�Q�r�M �i�?���i �B�M �Q�‘�/�2�‘ �i�Q �‘�2�;���B�M �i�?�2 �2�[�m�B�H�B�#�‘�B�m�K �b�i���i�2 �Q�M�2403

–18–



�K���M�m�b�+�`�B�T�i �b�m�#�K�B�i�i�2�/ �i�Q�q���i�2�` �_�2�b�Q�m� �̀+�2�b �_�2�b�2��� �̀+�?

�6�B�;�m�`�2 �9�, �h�?�2 �2�z�2�+�i�b �Q�7 �T���`���K�2�i�2�`�ba ���M�/b �B�M �1�[�X �U�e�N�V �Q�M �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �B�M�i�`�B�M�b�B�+
�b�m�+�i�B�Q�M �/�2�p�B���i�B�Q�M� �B�M �1�[�X �U�e�e�V�- �i�?�2 �M�Q�M�@�2�[�m�B�H�B�#�`�B�m�K �B�M�i�`�B�M�b�B�+ �b�m�+�i�B�Q�Mŝ �m�b�B�M�; �1�[�X �U�j�e�V�-
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