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Abstract

Nonlinear wave-particle interactions contribute to the acceleration and precipitation of electrons in the outer radiation belt.

Recent simulations and spacecraft observations suggest that oblique whistler-mode chorus can cause loss cone overfilling through

nonlinear Landau resonance and thus break the strong diffusion limit of quasilinear theories. Here we show with test-particle

simulations that a single element of parallel-propagating chorus can also break the diffusion limit through nonlinear cyclotron

resonance, as long as its amplitude remains high. This is due to the strong scattering at low pitch angles caused by individual

chorus subpackets. We further demonstrate that the subpacket modulations create a discernible pattern in the precipitating

electron fluxes, with peaks correlated with the largest subpackets. Such flux patterns may be connected to weak micropulsations

within diffuse auroras.
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Abstract16

Nonlinear wave-particle interactions contribute to the acceleration and precipitation of17

electrons in the outer radiation belt. Recent simulations and spacecraft observations sug-18

gest that oblique whistler-mode chorus can cause loss cone overfilling through nonlin-19

ear Landau resonance and thus break the strong diffusion limit of quasilinear theories.20

Here we show with test-particle simulations that a single element of parallel-propagating21

chorus can also break the diffusion limit through nonlinear cyclotron resonance, as long22

as its amplitude remains high. This is due to the strong scattering at low pitch angles23

caused by individual chorus subpackets. We further demonstrate that the subpacket mod-24

ulations create a discernible pattern in the precipitating electron fluxes, with peaks cor-25

related with the largest subpackets. Such flux patterns may be connected to weak mi-26

cropulsations within diffuse auroras.27

Plain Language Summary28

It has been recently shown that the flux of electrons precipitating into the atmo-29

sphere from the Earth’s outer radiation belt can become higher than the flux of trapped30

electrons. Such large precipitated fluxes contradict the strong diffusion limit from older31

theories explaining the precipitation by quasilinear wave-particle resonant interactions.32

This superfast precipitation was connected to whistler-mode (right-hand polarized) elec-33

tromagnetic waves with oblique wave vectors with respect to the terrestrial magnetic field34

lines. We demonstrate by means of test-particle simulations that high-amplitude whistler35

waves with wave vectors parallel to the background magnetic field can also break the strong36

diffusion limit. Furthermore, if the waves exhibit fine amplitude modulations, as is the37

case with the chorus emission, these modulations will be reflected in the evolution of the38

precipitating flux and may appear as micropulsations in auroras.39

1 Introduction40

The rapid acceleration and loss of outer radiation belt electrons are known to be41

caused by resonant interactions with plasma waves, with whistler-mode waves being a42

significant driver (Summers et al., 2007; Baker, 2021). In recent years, the role of non-43

linear scattering on short timescales has been actively studied both numerically and ex-44

perimentally (Foster et al., 2017; Kubota & Omura, 2018; da Silva et al., 2018; Allan-45

son et al., 2020; Hsieh et al., 2022). Nonlinear interactions are associated with large am-46

–2–



manuscript submitted to Geophysical Research Letters

plitude waves, of which the lower-band chorus emissions are an important example. These47

whistler-mode emissions occur at frequencies between 0.1 Ωe and 0.5 Ωe (Ωe being the48

local electron gyrofrequency) and are characterized by trains of chirping elements in time-49

frequency spectrograms, reaching magnetic field amplitudes up to about 1 nT (Li et al.,50

2011; Santoĺık et al., 2014; Taubenschuss et al., 2015). Each element is further modu-51

lated in amplitude and often exhibits a characteristic subpacket structure (Santoĺık, Gur-52

nett, et al., 2003; Santoĺık, 2008; Crabtree et al., 2017) that affects the efficiency of wave-53

particle interactions (Hiraga & Omura, 2020; Zhang et al., 2020).54

Individual elements of chorus are associated with microbursts of precipitating elec-55

tron flux (Hikishima et al., 2010; Breneman et al., 2017). The electron energy in such56

bursts reaches values from tens of keV to units of MeV (Lorentzen et al., 2001; Tsuru-57

tani et al., 2013). In polar regions, the precipitating electrons contribute to the forma-58

tion of pulsating auroras (Miyoshi et al., 2020; Kawamura et al., 2021). Observations of59

Ozaki et al. (2018) revealed some correlations between the fine subpacket structure of60

chorus and 10−3–10−2 s micropulsation in auroral intensity.61

The flux of precipitating electrons is expected to comply with the strong diffusion62

limit derived from the quasilinear theory (Kennel & Petschek, 1966). In this limit, a large63

pitch-angle diffusion rate transports electrons so fast that the precipitating flux just be-64

low the loss cone boundary nearly matches the trapped electron flux above the bound-65

ary. Recently, Zhang et al. (2022) discovered signs of loss cone overfilling in the Arase66

and ELFIN spacecraft data – defined by precipitating fluxes exceeding trapped fluxes67

– and demonstrated that nonlinear interactions with oblique whistler waves are the prob-68

able cause of the strong diffusion limit violation. According to their theory, the turbu-69

lent motion of phase space density (PSD) at low pitch angles caused by a strong n =70

0 (Landau) resonance moves high-density volumes of electrons from lower parallel ve-71

locities v‖ and exchanges them with low-density phase space volume at higher v‖. A den-72

sity peak is formed at low equatorial pitch angles inside the loss cone, resulting in a ma-73

jor burst of precipitating flux.74

Here we consider the possibility of loss cone overfilling due to n = 1 (fundamen-75

tal cyclotron) resonance with parallel-propagating chorus elements. Using the chorus model76

of Hanzelka et al. (2020) and test-particle methods to obtain a high-resolution perturbed77

velocity distribution (Hanzelka et al., 2021), we investigate the effects of an intense lower-78
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band chorus element and its amplitude modulations. It is shown that nonlinear cyclotron79

resonant interactions can cause a significant violation of the strong diffusion limit on sub-80

packet timescales, on the order of 10−2 s. We then map the near-equatorial phase space81

density to atmospheric altitudes and assess the precipitating electron flux. The precip-82

itation exhibits modulations associated with subpackets, supporting the observations of83

micropulsations in auroral intensity by Ozaki et al. (2018).84

2 Models and methods85

To construct an electromagnetic wavefield of a lower-band chorus, we use the 1D86

model of a single rising-tone element of Hanzelka et al. (2020) with improvements intro-87

duced by Hanzelka et al. (2021). The model is based on the nonlinear growth theory (Omura,88

2021). The input parameters for the model are inspired by Van Allen Probe A burst-89

mode observation, presented in Figures 1a,b in the form of time-frequency spectrogram90

and waveforms of perpendicular magnetic fluctuations. The element is about 160 ms long91

and spans a frequency range from 900 Hz (0.17 Ωe) to 2300 Hz (0.43 Ωe). The instanta-92

neous frequency shown in Figure 1c was obtained from the analytic signal (Santoĺık et93

al., 2014) and exhibits an irregular growth.94

The evolution of amplitudes Bw and frequencies ω of the model wavefield is pre-95

sented in time-space plots in Figures 1. In the numerical solution of model equations (see96

the appendix in Hanzelka et al. (2021) for details), we assumed a dipole model of the back-97

ground magnetic field with equatorial field strength at L = 1 set to Bsurf = 2 · 10−5 T98

to fit the observed equatorial gyrofrequency fce0 = 5.36kHz ∼ Ωe0 = 3.37 · 104 s−199

at L = 4.71. Other parameters are as follows: initial frequency ω0/Ωe0 = 0.17, final100

frequency ωf/Ωe0 = 0.44, plasma frequency ωpe/Ωe0 = 4.1 (kept constant along the101

field line for simplicity), hot plasma frequency ωphe/Ωe0 = 0.375 (resulting in a hot/cold102

electron density ratio of 0.8 %), characteristic perpendicular velocity of a bi-Maxwellian103

distribution V⊥0/c = 0.45 (c being the speed of light), relativistic parallel thermal ve-104

locity Ut‖0/c = 0.2, electron hole depth Q = 0.75 and time scale parameter τ = 0.5.105

The model equations were solved up to the field-aligned distance hf = 2200 cΩ−1e0 , which106

translates to a magnetic latitude of λf = 37◦. As a shortcoming of the sequential na-107

ture of the numerical model, the first subpacket is significantly stronger than the oth-108

ers.109
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Figure 1. Example chorus element and the wavefield model. a) Magnetic power spectrogram

of chorus emission created from 6-second burst-mode data measured by the EMFISIS instrument

on Van Allen Probe A, processed by the signal analysis methods of Santoĺık, Parrot, and Lefeu-

vre (2003). The magenta box highlights the time and frequency range of the example element.

b) Perpendicular magnetic field waveform of the highlighted element. The black line in the back-

ground corresponds to the total wave magnetic field. Black dots mark the peaks of individual

subpackets. c) Instantaneous wave frequencies. The red line corresponds to the perpendicular

field, the blue line to the parallel field, and the total field is plotted in black. Data corresponding

to amplitudes below 50 pT are removed. In the first 40 ms, the high-frequency tail of the previ-

ous element is still visible. The waveform processing follows the methods used by Santoĺık et al.

(2014). d) Magnetic field amplitudes obtained from the model of Hanzelka et al. (2020), normal-

ized to the equatorial dipole field strength. Input parameters are given in the text. e) Frequencies

in the wavefield model. The symmetric, left-propagating part of the field is hidden to reveal the

behavior near the equator.
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To make our numerical investigation relevant for future experimental research, we110

need to take the energy range of available spacecraft instrumentation into account. To111

give some examples, the ELFIN EPD (Energetic Particle Detector, Angelopoulos et al.112

(2020)) does not detect particles below 50 keV, and the energy range of DEMETER IDP113

(Instrument for the Detection of Particles, Sauvaud et al. (2006)) starts at 70 keV. These114

restrictions are brought into comparison with minimum cyclotron resonant energies in115

Figure 2a. We can see that despite the relatively low initial frequency of the model el-116

ement (compare with spectral characteristics of chorus presented by Teng et al. (2019)),117

only off-equatorial waves can reach resonance energies above the lower threshold of the118

aforementioned particle detectors. Higher resonant energies are possible away from the119

loss cone (where perpendicular velocity v⊥ becomes the dominant component) or in low120

density troughs, as shown in Figure 2b. The minimum resonant energies Ek were derived121

from the cold plasma dispersion and the n = 1 cyclotron resonance condition as (see122

also Supporting Information, Text S1)123

Ek = mc2

(
1√

1− V 2
R(0)/c2

− 1

)
,

VR(0)

c
=

ckω − Ωe

√
Ω2

e + c2k2 − ω2

Ω2
e + c2k2

, (1)

c2k2 = ω2 +
ωω2

pe

Ωe − ω
,

where m stands for electron mass, k is the whistler-mode wavenumber and VR(0) is the124

parallel resonance velocity for v⊥ = 0. A commonly used approximate formula125

Ek ≈
mc2

2

(Ωe − ω)3

ωω2
pe

(2)

can be obtained under the non-relativistic conditions c2k2/ω2 � 1, VR/c� 1.126

Perturbations to the hot electron velocity distribution due to wave-particle inter-127

actions are obtained with backward-in-time test-particle simulations (Nunn & Omura,128

2015; Hanzelka et al., 2021). In order to capture the full extent of the interaction, the129

particle tracing must start upstream at the h-value corresponding to the source of the130

last subpacket. We set the initial position of the backtraced particle to hf = −268 cΩ−1e0131

and shift the initial times from tf = 500 Ω−1e0 to tf = 21000 Ω−1e0 with steps of 500 Ω−1e0 .132

The unperturbed distribution is bi-Maxwellian in momenta and preserves – in agreement133

with Liouville’s theorem – the PSD along adiabatic particle trajectories:134

f(u‖, u⊥, h) =
nhe(h)

(2π)3/2Ut‖(h)U2
t⊥(h)

exp

(
−

u2‖

2U2
t‖(h)

− u2⊥
2U2

t⊥(h)

)
, (3)
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Figure 2. a) Minimum resonant energies of cyclotron interaction between whistler waves and

electrons in a dipole magnetic field at L = 4.71. The gyrofrequency and plasma frequency are

taken from the spacecraft measurement in Figure 1. Some representative energy contours are

plotted as black dashed lines. The relativistic formula from Equation 1 was used in the computa-

tion. b) Similar to previous panel, but with a lower plasma frequency.

where135

Ut‖(h) = Ut‖(0) , Ut⊥(h) = W (h)Ut⊥(0) , nhe(h) = W 2(h)nhe(0) ,

W (h) =

(
1 +

(
1− B0(0)

B0(h)

)(
U2
t⊥(0)

U2
t‖(0)

− 1

))− 1
2

(4)

with Ut⊥(0) =
√

2/π γV⊥0, where V⊥0 comes from the nonlinear growth theory (refer136

to the wave model input parameters listed near the beginning of this section). Addition-137

ally, the loss cone is assumed to be empty before the interaction, i.e.,138

f(u‖, u⊥, h) = 0 for α <> αloss(h) , (5)

αloss =
π

2
±

(
π

2
− arcsin

√
B0(h)

B0(hm)

)
, (6)

where we use the + and > signs for particles propagating against the background field.139

B0(hm) is the magnetic field strength at the point where electrons stop being able to mir-140

ror because of collisions with dense atmospheric layers. At length scales of high-L field141

lines, the thickness of atmospheric layers becomes negligible, and so we can approximate142

hm by the length of the field line measured from the magnetic equator to the Earth’s sur-143

face.144

The velocity distribution is sampled uniformly at each final point (tf , hf) by 64 points145

in gyrophase ϕ, 128 points in parallel velocities ranging from 0 to −0.6 c, and 128 points146

–7–



manuscript submitted to Geophysical Research Letters

in perpendicular velocities ranging from 0 to 0.06 c. The advantage of the backwards-147

in-time tracing is the option to choose any section of the phase space without regard to148

the initial configuration of particles before the resonant interaction, allowing us to fo-149

cus on the loss cone and maintain a very high velocity-space resolution. Furthermore,150

the resulting PSD is essentially noiseless. On the other hand, each time-space point re-151

quires a new simulation run. The time step of a relativistic Boris algorithm with phase152

correction (Higuera & Cary, 2017; Zenitani & Umeda, 2018) is set to ∆t = 0.02 Ω−1e0153

to ensure tolerable errors over the whole range of latitudes.154

To quantify the filling of the loss cone and atmospheric precipitation, we first carry155

out the coordinate transform (v‖, v⊥) → (Ek, α). 128 logarithmically spaced energy156

bins are used, ranging from 10−3mc2 to 100mc2. Binning in pitch angle is uniform, with157

128 points from 180◦ to αloss(hf) = 175.8◦. The energy–pitch-angle distribution at the158

precipitation level (approximated by the Earth’s surface) is sampled with the same num-159

ber of bins, but angles run down to 90◦. The PSD is obtained by numerically integrat-160

ing adiabatic particle trajectories from the Earth’s surface to hf and mapping interpo-161

lated values back to the surface. Linear interpolation in time is used, while angles are162

interpolated to the nearest neighbor (and energy is conserved). The adiabatic tracing163

is done for 1000 uniformly spaced time points from t ≈ 8000 Ω−1e0 to t ≈ 48000 Ω−1e0 .164

This range was chosen based on the period spanned by tf and on the time of flight of in-165

dividual particles. Finally, the differential of the omnidirectional flux is related to the166

phase space density as (in the approximation Ek � mc2)167

dF (Ek, α, t) = 2f(Ek, α, t)Ek sinα dα dEk . (7)

Precipitating electron flux across energies F (Ek, t) is then obtained by integration over168

α and the total flux F (t) results from a second integration over Ek.169

3 Results170

We start our investigation by looking at snapshots from the evolution of the ve-171

locity distribution integrated over gyrophase, presented in Figure 3. At t = 2000 Ω−1e0172

(Fig. 3a), we can see that the loss cone portion corresponding to the resonant energies173

of the first subpacket (for v‖/c between −0.42 and −0.32) has been filled almost homo-174

geneously, and the scattering by the second subpacket is starting to appear at lower en-175

ergies. At these low pitch angles, the resonance velocity becomes amplitude-dependent176
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and ζ-dependent (where ζ is the difference between the gyrophase and the wave phase),177

and thus the first subpacket may also cause trapping at lower energies and slightly mod-178

ify the scattering process – see Albert et al. (2021) and the Supporting Information (SI)179

for more details on this anomalous behavior.180

As we move forward in time to t = 6000 Ω−1e0 (Fig. 3b), we start seeing particles181

that have interacted with the high-frequency end of the chorus element, causing scat-182

tering at low energies. Below v‖ ≈ −0.15 c (Ek ≈ 6 keV), the scattering is not strong183

enough to completely fill the loss cone. There are no significant PSD decreases outside184

the loss cone. As expected from the results presented by Hanzelka et al. (2021), the de-185

pletion stripes associated with electron holes diminish below v⊥ ≈ 0.1 c. The full step-186

by-step evolution of the perturbed PSD can be found in the Supporting Information as187

Movie S1.188

To quantify the filling of the loss cone, we transform the PSD to energy and pitch189

angle coordinates and integrate from αloss to α = 180◦. Figures 3c,d compare the per-190

turbed distribution to a bi-Maxwellian with a full loss cone (i.e. distribution from Equa-191

tion 3 without Eq. 5). Scattering induced by the first subpacket causes a major over-192

filling at resonant energies, reaching more than double the bi-Maxwellian PSD value. This193

could be seen as a side effect of the overestimation of Bw in the first subpacket. How-194

ever, perturbations plotted in Figures 3c,d show that the low-amplitude, high-frequency195

portion of the chorus element also causes overfilling, although only fractional. At the late196

stage of the evolution, where the amplitudes of off-equatorial subpackets fall below 10−3B0(h),197

the PSD in the loss cone matches the bi-Maxwellian (see the entire time evolution pre-198

sented in Movie S2 in the SI). This state corresponds to the strong diffusion limit from199

the quasilinear theory.200

The discovery of loss cone overfilling might be surprising at first, given that the res-201

onant electrons at low pitch angles are supposed to experience only negligible variation202

in parallel velocity (Zhang et al., 2022), and thus should not be able to access the high-203

density regions of electron distribution at lower energies. However, when the wavefield204

reaches amplitudes on the order of 1 % of the background field, the particles can expe-205

rience a large change in pitch angle with a comparatively minor increase in energy (Summers206

et al. (1998); see also the additional discussion and Figure S1 in the Supporting Infor-207

mation). If the hot electron distribution is highly anisotropic, which is a common assump-208
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Figure 3. a,b) Snapshots of the hot electron distribution f(v‖, v⊥, h = −268 cΩ−1
e0 ) at low

perpendicular velocities due to the interaction with chorus element from Figures 1d,e. The

dashed white line determines the local boundary of the loss cone. The dark red dotted curve

in panel a) represents the resonance velocity for ω/Ωe0 = 0.2 (mean frequency of the second

subpacket). The pink dotted curve stands for a ζ-dependent resonance velocity V ζ=π
R with

Bw/B0 = 7.5 · 10−3, which is supposed to reflect scattering anomalies at low pitch angles; see the

Supporting Information for additional details. c,d) Red line: Snapshots of the energy distribution

f(Ek, h = −268 cΩ−1
e0 ), obtained by coordinate transformation of the data from panels a) and

b) and integration over the loss cone’s angular extent. Blue line: the unperturbed bi-Maxwellian

distribution with a full loss cone, integrated over the same angular interval.
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Figure 4. a) Number flux across energies as observed at the footprint of field line L = 4.71

along which the chorus element propagates. b) Integrated number flux from the first panel. Time

t = 0 corresponds to the start of the chorus element.

tion for nonlinear chorus growth, the strong scattering can transport particles from a high-209

PSD, high-energy region to the loss cone where the bi-Maxwellian would have a lower210

PSD. It is evident, however, that it requires both very high amplitudes and high tem-211

perature anisotropies.212

Resonant electrons which have fallen into the loss cone due to nonlinear scatter-213

ing are expected to propagate down to atmospheric altitudes as prescribed by the adi-214

abatic motion in the terrestrial magnetic field. Quasilinear diffusion from weaker waves215

is much slower than the nonlinear transport and does not have to be included, given the216

timescales considered in this paper. Following the PSD mapping method from Section217

2, we plot the differential flux over energies and the total flux in Figure 4 (the dipole field218

model with a decreased value of surface strength, Bsurf = 2 · 10−5 T, was retained for219

consistency with the scattering simulation). An intense burst of flux first appears near220

the energy level of 50 keV, corresponding to the resonance velocity of the first subpacket.221

The energy range then widens, reaching about 125 keV and extending down to 5 keV.222

The low-energy precipitating electrons have small parallel velocities and arrive up to about223

one second after the initiation of the chorus element. In Figure 4, the integrated num-224

ber flux confirms the heavy precipitation related to the first subpacket, while the rest225

of the element’s fine modulations does not translate to any clear structure in the pre-226

–11–
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cipitating flux. This loss of clear correlations is likely due to the varying time of flight227

of the resonant electrons and the phase space mixing of PSD perturbations at lower en-228

ergies. Therefore, we expect that only the most prominent subpackets can result in mi-229

cropulsation in diffuse auroras.230

4 Conclusion231

Simulation of perturbations of a hot electron distribution interacting with a parallel-232

propagating chorus element has shown that the nonlinear cyclotron resonance can break233

the strong diffusion limit and overfill the loss cone. However, very intense whistler waves234

with magnetic field amplitudes around 1 % of the background field are necessary to cause235

overfilling comparable with flux measurement of (Zhang et al., 2022), which were iden-236

tified as a consequence of Landau resonance with oblique whistler waves. Identification237

of these newly discovered effects of strong chorus wave packets in LEO spacecraft data238

is left for future studies.239

The loss cone content precipitates into the atmosphere, showing a prominent flux240

peak associated with the strongest chorus subpacket. We expect this burst of electron241

flux to appear as a micropulse in measurements of auroral intensity. On the other hand,242

the rest of the subpacket structure with moderate wave amplitudes does not result in243

any clear flux pattern. This conclusion may explain the significant but low correlation244

between subpackets and auroral intensity peaks presented by Ozaki et al. (2018), sug-245

gesting that strong correlations should be expected only when very prominent, high-amplitude246

packets are present.247

Despite the possibilities of current models that were demonstrated here, further re-248

search into the subpacket structure of chorus is necessary to develop more accurate wave-249

field models for prediction of microbursts and auroral intensities. This can be achieved250

in the future by studying the evolution of subpackets through multipoint, close separa-251

tion spacecraft measurements (Santoĺık et al., 2004) and devising two-dimensional and252

three-dimensional semi-empirical chorus models that can capture the full complexity of253

amplitude modulations inside these emissions.254
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5 Open Research255

The Van Allen Probe data are publicly available from the NASA’s Space Physics256

Data Facility, repository https://spdf.gsfc.nasa.gov/pub/data/rbsp/. The test-particle257

code, along with the chorus wavefield model, can be accessed from https://figshare258

.com/s/bee9aa0e13bdf7bb884e, and the produced datasets are available from https://259

figshare.com/s/98c0a959f6b0c11e3256.260
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Santoĺık, O., Kletzing, C. A., Kurth, W. S., Hospodarsky, G. B., & Bounds, S. R.354

(2014, January). Fine structure of large-amplitude chorus wave packets. Geo-355

phys. Res. Lett., 41 , 293-299. doi: 10.1002/2013GL058889356
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Taubenschuss, U., Santoĺık, O., Graham, D. B., Fu, H., Khotyaintsev, Y. V., &373

Le Contel, O. (2015, October). Different types of whistler mode chorus in374

the equatorial source region. Geophys. Res. Lett., 42 (20), 8271-8279. doi:375

10.1002/2015GL066004376

Teng, S., Tao, X., & Li, W. (2019, April). Typical Characteristics of Whistler377

Mode Waves Categorized by Their Spectral Properties Using Van Allen378

Probes Observations. Geophys. Res. Lett., 46 (7), 3607-3614. doi: 10.1029/379

2019GL082161380

Tsurutani, B. T., Lakhina, G. S., & Verkhoglyadova, O. P. (2013, May). Energetic381

electron (>10 keV) microburst precipitation, ∼5-15 s X-ray pulsations, chorus,382

and wave-particle interactions: A review. Journal of Geophysical Research383

(Space Physics), 118 (5), 2296-2312. doi: 10.1002/jgra.50264384

–16–



manuscript submitted to Geophysical Research Letters

Zenitani, S., & Umeda, T. (2018, November). On the Boris solver in particle-in-cell385

simulation. Phys. Plasmas, 25 (11), 112110. doi: 10.1063/1.5051077386

Zhang, X. J., Agapitov, O., Artemyev, A. V., Mourenas, D., Angelopoulos, V.,387

Kurth, W. S., . . . Hospodarsky, G. B. (2020, October). Phase Decoherence388

Within Intense Chorus Wave Packets Constrains the Efficiency of Nonlinear389

Resonant Electron Acceleration. Geophys. Res. Lett., 47 (20), e89807. doi:390

10.1029/2020GL089807391

Zhang, X. J., Artemyev, A., Angelopoulos, V., Tsai, E., Wilkins, C., Kasahara,392

S., . . . Matsuoka, A. (2022, March). Superfast precipitation of energetic393

electrons in the radiation belts of the Earth. Nat. Commun., 13 . doi:394

10.1038/s41467-022-29291-8395

–17–



GEOPHYSICAL RESEARCH LETTERS

Supporting Information for ”Simulation of loss cone

overfilling and atmospheric precipitation induced by

a fine-structured chorus element”

M. Hanzelka1,2, O. Santoĺık1,3, I. Kolmašová1,3
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Introduction

Text 1 explains the anomalous behavior of resonant electrons at low pitch angles, which

has a limited effect on scattering into the loss cone. Furthermore, we mention some basic

properties of resonant particle motion that support the explanation of loss cone overfill-
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ing from the main text. Figure S1 provides a visual accompaniment to the anomalous

scattering description and complements the explanation of loss cone overfilling.
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Text S1. The equations of motion for an electron interacting with a parallel whistler wave

on a homogeneous magnetic field background can be written in cylindrical coordinates as

(cf. Summers, Thorne, and Xiao (1998))

du‖
dt

=
Ωwu⊥ sin ζ

γ
(1)

du⊥
dt

= −
(
u‖
γ

− Vp

)
Ωw sin ζ (2)

dζ

dt
=

Ωe

γ
− 1

u⊥

(
u‖
γ

− Vp

)
Ωw cos ζ − ω +

ku‖
γ

. (3)

Here we use a normalized amplitude Ωw = Bwe/m (with e and m standing for elementary

charge and electron mass, respectively), and Vp stands for phase velocity of the whistler

wave. As in the main text, ζ is defined as the difference between the gyrophase ϕ and the

wave magnetic field phase ψB, ζ = ϕ− ψB.

When discussing the motion of resonant electrons in the frame of nonlinear theories

of chorus growth (e.g. Omura (2021)), the term with Ωw cos ζ in Equation 3 is usually

omitted because it becomes large only when u⊥ is tiny and thus cannot contribute to the

perpendicular resonant current that drives the nonlinear wave growth. With this term

removed, the first order resonance condition dζ/dt = 0 leads to the resonance velocity

curve

VR(v⊥)

c
=
ckω ∓ Ωe

√
(Ω2

e + c2k2)(1 − v2⊥/c
2) − ω2

Ω2
e + c2k2

. (4)

or in momenta,

UR(u⊥)

c
=
γVR(v⊥)

c
=

−ckΩe + ω
√

(c2k2 − ω2)(1 + u2⊥/c
2) + Ω2

e

c2k2 − ω2
, (5)

with the alternate sign coming into play only at ultrarelativistic particle velocities. VR

and UR respectively are parallel components of the velocity v‖ and momentum u‖ of the
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resonant particles. These curves can be seen in Figures S1a and S1b. In these figures, we

also plot the resonant diffusion curves for a constant frequency wave, obtained by solving

the differential equation arising from a formal division of Equations 1 and 2. Comparing

these curves to the contours of a bi-Maxwellian velocity distribution (assuming γ = 1

for simplicity) shows that the electrons oscillate approximately along the contours of a

distribution with temperature anisotropy A = ω/(Ωe−ω), which is the marginal condition

for anisotropy-driven linear growth (Kennel & Petschek, 1966). Therefore, as long as the

anisotropy is strong enough to support linear growth, particles scattered to lower pitch

angles will arrive from higher PSD regions.

When the ζ-dependent term is retained, the resonance momentum curve must also

depend on ζ:

U ζ
R(u⊥)

c
=

−ckΩe + ω
√

Ω2
e + (c2k2 − ω2)(1 + u2⊥/c

2)(1 − Ω̃ζ)2

(c2k2 − ω2)(1 − Ω̃ζ)
, (6)

Ω̃ζ ≡ Ωw cos ζ/(ku⊥) , (7)

This means that for a fixed value of u⊥, electrons can reach the exact resonance at various

values of u‖, and they also can become trapped in the gyrating frame. In Figures S1c,

S1d and S1e, we show a plot of the modified resonance momentum along with examples

of particle trajectories in the (u‖, u⊥) space, (ζ, u‖) space and (ζ, u⊥) space. While the

trajectories lose their usual symmetry along UR, the resonant diffusion curves remain un-

changed (as they do not depend on Equation 3 at all). Therefore, the only important

effect related to the scattering is the large range of pitch angles covered by the reso-

nant particles, leading to significant variations in phase space density along the particle

trajectory.
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Movie S1. Evolution of phase space density in the loss cone, normalized to the maximum

value of f0max = f(0, 0). Frames between simulation time steps are obtained by linear

interpolation. Otherwise, each frame has the same format as panels a) and b) in Figure

3 of the main text (resonance velocity curves were removed).

Movie S2. Evolution of energy distribution inside the loss cone. Frames have the same

format as panels c) and d) in Figure 3 of the main text.
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Figure S1.
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Figure S1. a) Particle motion in velocity space, with the input wave and plasma parameters

written above the panel (normalized with Ωe0 = 1, c = 1). The red line represents the resonance

velocity. Blue lines show two examples of resonant diffusion curves; particles that start their

motion on these lines will remain on them unless the wave or plasma parameters change. The

grey region covers the maximum extent of the resonance island computed in the approximation of

large u⊥; black circles mark the edges of the unapproximated trapping region. Magenta lines are

constant energy curves passing through the intersection of the resonance velocity curve and the

resonant diffusion curves. b) Similar to panel a), but in momentum space. c-e) Two trajectories

(green and blue) of trapped particles in three coordinate spaces: (u‖, u⊥), (u‖, ζ) and (u⊥, ζ). The

initial parallel momenta and relative phase angles are above the panel in corresponding colours;

the initial perpendicular momentum is always u⊥0 = 0.005. The solid red line represents the

standard resonance momentum, UR ≡ U
ζ=π/2
R . The dashed red lines are U ζ=0

R and U ζ=π
R , left to

right (not plotted below u⊥ = 0.01).
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