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Abstract

Although the non-uniqueness of the solution is commonly mentioned in the context of studies that perform spectral decom-
positions to separate source and propagation effects, its impact on the interpretation of the results is often overlooked. The
purpose of this study is to raise awareness on this important subject for modelers and users of the models and to evaluate
the impact of strategies commonly applied to constrain the solution. In the first part, we study the connection between the
source-station geometry of an actual data set and the properties of the design matrix that defines the spectral decomposition.
We exemplify the analyses by considering a geometry extracted from the data set prepared for the benchmark Community
Stress Drop Validation Study (Baltay et al., 2021). In the second part, we analyze two different strategies followed to constrain
the solutions. The first strategy assumes a reference site condition where the average site amplification for a set of stations is
constrained to values fixed a-priori. The second strategy consists in correcting the decomposed source spectra for unresolved
global propagation effects. Using numerical analysis, we evaluate the impact on source scaling relationships of constraining
the corner frequency of magnitude 2 events to 30 Hz when the true scaling deviates from this assumption. We show that
the assumption can not only shift the overall seismic moment versus corner frequency scaling but can also affect the source

parameters of larger events and modify their spectral shape.
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Abstract

Although the non-uniqueness of the solution is commonly mentioned in the context of
studies that perform spectral decompositions to separate source and propagation effects,
its impact on the interpretation of the results is often overlooked. The purpose of this
study is to raise awareness on this important subject for modelers and users of the mod-
els and to evaluate the impact of strategies commonly applied to constrain the solution.
In the first part, we study the connection between the source-station geometry of an ac-
tual data set and the properties of the design matrix that defines the spectral decom-
position. We exemplify the analyses by considering a geometry extracted from the data
set prepared for the benchmark Community Stress Drop Validation Study (Baltay et al.,
2021). In the second part, we analyze two different strategies followed to constrain the
solutions. The first strategy assumes a reference site condition where the average site
amplification for a set of stations is constrained to values fixed a-priori. The second strat-
egy consists in correcting the decomposed source spectra for unresolved global propa-
gation effects. Using numerical analysis, we evaluate the impact on source scaling rela-
tionships of constraining the corner frequency of magnitude 2 events to 30 Hz when the
true scaling deviates from this assumption. We show that the assumption can not only
shift the overall seismic moment versus corner frequency scaling but can also affect the
source parameters of larger events and modify their spectral shape.

Plain Language Summary

Source properties at seismogenic depths cannot be measured directly. Therefore,
the characterization of the size and strength of the source has to rely on our ability to
isolate the footprint left by the source into seismic recordings acquired at the Earths sur-
face. Since propagation effects are not known in detail, questions about absolute mea-
sure of the earthquake source have not unique answers. An approach in which source,
propagation and site effects are isolated within observations is called a decomposition
approach. In this study, we discuss the non-uniqueness of the decomposition and the im-
pact of the trade-offs affecting the different decomposed terms. Using a data set collected
in Southern California during the 2019 Ridgecrest sequence, we connect non-uniqueness
and trade-offs to properties of matrices describing the problem such as the design, co-
variance and resolution matrices. We also develop numerical analysis to quantify the im-
pact on source scaling of the constraints used to resolve the non-uniqueness. Overall, this
study raises awareness on the consequences that different strategies applied to deal with
the non-uniqueness can have on the final outcomes of the decomposition, an impact that
should not be overlooked when comparing conclusions drawn from different studies per-
formed in the same area.

1 Introduction

The retrieval of the moment rate function or spectrum of an earthquake from a set
of recordings requires the solution of an inverse problem. In the model framework where
the seismic waves propagate through the Earth’s interior as elastic waves, the transfer
function of the system describes the effects of seismic wave propagation from the hypocen-
ter to the stations, including near-surface site effects. Therefore, under the assumption
of linear and time-invariant systems, the source function retrieval is a deconvolution prob-
lem (Helmberger & Wiggins, 1971; Hartzell, 1978; Mueller, 1985; Bertero et al., 1997).
Two main limitations affect the retrieval process: first, propagation effects are also un-
known, introducing a system identification problem; second, the unknown propagation
effects filter the input signal and source-related information can be recorded only within
a limited bandwidth. The consequence of the first issue is that solving the inverse prob-

lem involves either the determination of both the source and the propagation terms (Andrews,

1986) or requires assumptions about the propagation effects, such as within the empir-
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ical Green’s function approach (e.g., Hartzell, 1978; Bertero et al., 1998, among others).
Regarding the filtering issue, since source characteristics outside the data bandwidth can-
not be reconstructed only using observations (Ide & Beroza, 2001), the detection of high-
frequency source parameters for small events is hampered by the limited bandwidth and
by the competing source and attenuation effects. The detection limits of the source pa-
rameters for small events have been investigated in a number of studies using numeri-
cal simulations and theoretical models (e.g., Kwiatek & Ben-Zion, 2016; Chen & Aber-
crombie, 2020; Bindi, Spallarossa, et al., 2020). Although several factors contribute to
determine the magnitude threshold (e.g., source-station geometry, severity of the near
surface attenuation, stress drop values for small events, sampling rate, among others),
the determination of reliable source parameters below magnitude 2 is challenging with
surface monitoring networks.

The analysis of data sets with a high level of redundancy in the cross-sampling be-
tween stations and events has been proposed to simultaneously determine source, prop-
agation and site effects in the spectral domain (Andrews, 1986; Castro et al., 1990; Boatwright
et al., 1991; Shearer et al., 2006; Oth et al., 2011; Bindi, Zaccarelli, & Kotha, 2020; Shi-
ble et al., 2022). The possibility to observe the same source spectrum at different dis-
tances and azimuths, with each site term combined with different sources, allows to set
up an overdetermined system of equations that can be solved in a least-squares sense to
isolate the different terms. A peculiarity of such an approach is that the solution is not
unique since, regardless of the number of available recordings, the model assumptions,
and the wavefield selected for analysis (e.g., S-waves or coda), the design matrix is rank
deficient (Andrews, 1986). Specific solutions are obtained by imposing a-priori constraints
to the solution, causing difficulties in comparing results from different studies even when
performed in the same area. In addition to the non-uniqueness generated by the con-
volution model, other factors limit our ability to resolve source, propagation and site ef-
fects from recordings. We identify two major limitations: the first limitation is connected
to the physics of the seismological problem, where the different terms show some degree
of correlation (for example, the same high-frequency spectral content could be obtained
by different combinations of source parameters and near-surface attenuation); the sec-
ond limitation depends on the assumptions made over the different terms. Regarding the
latter, examples are the assumption of dealing with spherically averaged source spectra
(i.e., neglecting radiation pattern and directivity effects) and of assuming a 1D spectral
attenuation depending only on hypocentral distance (i.e., neglecting lateral velocity and
attenuation variabilities; not accounting explicitly for depth dependencies), which are
typical assumptions for decomposition studies. The impact of these two hampering fac-
tors can be exacerbated or mitigated by the geometry of the analyzed problem (trans-
lated into characteristics of the design matrix) and, in general, it depends on frequency.
Moreover, the impact depends on the analyzed wavefield since, for example, seismic coda
is less sensitive to azimuthal variability of the source radiation than direct waves (Aki
& Chouet, 1975; Aki, 1981; Mayeda & Malagnini, 2010).

The target of this study is to discuss the connections between the source-station
geometry of an actual data set and the properties of the design matrix defining the source,
propagation and site spectral decomposition. In particular, this study is motivated by
the ongoing effort to develop a community stress drop initiative for comparing the source
parameters estimated for the shared Ridgecrest data set (Baltay et al., 2021; Trugman,
2020) by applying a wide variety of approaches. Refreshing the connection between the
non-uniqueness of the spectral decomposition approach and the trade-offs affecting the
source, propagation and site terms can support the comparison of spectral decomposi-
tion results with other approaches, and increase awareness of the impact of non-uniqueness
of the solution on the interpretation of results (see also Chen & Abercrombie, 2020; Zhang
et al., 2022). For this reason, we also discuss strategies applied to select specific source
spectra from the infinite set of possible solutions, evaluating their impact on source pa-
rameters estimation.
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2 Spectral decomposition of the Fourier amplitude spectra

The Generalized Inversion Technique (GIT) aims at isolating the source, propa-
gation and site terms from the Fourier Amplitude Spectra (FAS) of the recorded P- or
S-waves. Large data sets with a high level of redundancy in the station and earthquake
sampling are decomposed under the assumption that source, propagation and site effects
combine through a convolution product expressed in the Fourier domain as

Oi;(f) = Si(f) + P(Rij, f) + Z;(f) (1)

where the O;;(f) is the logarithm of the spectral amplitude at frequency f for earthquake
i recorded at station j; S;(f) is the logarithm of the source spectrum for event i; P(R;j, f)
is the logarithm of the propagation term for the hypocentral distance R;;; Z;(f) is the
logarithm of the site term for station j. In equation 1, the propagation effects are as-
sumed to be isotropic and controlled by the hypocentral distance. Two strategies can

be applied to isolate source, propagation and site effects: the parametric (Castro et al.,
1990; Boatwright et al., 1991) and the non-parametric (Andrews, 1986) approaches. In
the former, source and attenuation terms are described in terms of standard seismolog-
ical models, such as a parametrization of the source spectra in terms of seismic moments
and corner frequencies and a parametrization of the propagation in terms of geometri-

cal spreading and ¢*; in the non-parametric approach, equation 1 is solved without im-
posing a-priori parametric models on the different terms. In this study, we focus only

on the non-parametric approach, although the non-uniqueness of the solution is intrin-

sic to both the parametric and non-parametric approaches and, more in general, to any
decomposition approach applied in the time or frequency domains to isolate source, prop-
agation and site contributions to recorded time histories or Fourier spectra. By analyz-
ing each frequency separately, equation 1 generates a set of overdetermined linear sys-
tems that can be solved in a least-squares sense. In the following, we provide a descrip-
tion of the coefficient matrix considering an extraction of the data set based on the 2019
Ridgecrest sequence (Trugman, 2020) compiled for the Community Stress Drop Valida-
tion study (Baltay et al., 2021). We consider 554 earthquakes recorded by 94 stations
(counting co-located sensors separately) generating 11064 spectral amplitudes at {=4.2
Hz; magnitudes are in the range 2.5-7.1 and hypocentral distances cover the range 5-111.4
km. For the attenuation term P(R, f), the range of distances from 4 to 112 km is dis-
cretized by considering 37 nodes spaced 3 km apart. The geometry of the data set is shown
in Figure 1.

3 Matrix of coefficients, covariance and resolution

The design matrix of the linear system generated by equation 1 is a sparse matrix
with in general four non-zero elements for each row. The matrix has dimension Mz N,
where M is the number of recordings and N is the sum of the number of events N, of
stations Ny and the number of nodes Ny used to discretize the distance range. The struc-
ture of the matrix can be expressed in terms of dummy variables used to select the event,
station and distance bin relative to each recording. If the recording in the m—th row is
associated with the event i recorded by station j and the distance R;; lies between nodes
kand k+1 (ie, Ry < Ri; < Ri11), equation 1 can be written as

Omn = 0n,iSi + 0n N+ Z; + (1 — Wi)On ket NN, P + We0n k14NN, Pt (2)

where S; with i = 1,...,N., Z; with j = 1,..., Ny, and P, with £ = 1,..., Ny define

the vector of unknowns. In our example, since N.=554, N,=94, and N;=37, the total
number of unknowns for a given frequency is N= 685, and the number of data counted
at f=4.2 Hz is M=11064. In equation 2, the attenuation term is linearly interpolated be-
tween nodes k and k+ 1, i.e., wy = (Rij — Ri)/(Rik41 — Ri). Therefore, all entries in
each row of the design matrix are zero except those for one specific column in the event-
column group, one specific column in the station-column group and two adjacent columns
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Figure 1. Event-station geometry of the data set considered in this study, extracted from the
Community Stress Drop Validation study (Baltay et al., 2021): black lines connect epicenters

(circles) of the considered earthquakes with the location of the recording stations (triangles)

in the attenuation-column group (the latter reduce to one if the distance R;; is coinci-
dent with one of the nodes Ry). The design matrix for the geometry in Figure 1 is shown
in Figure 2, where the recordings are ordered per event (all recordings of the same event
are consecutive). This matrix is based on the data available at 4.2 Hz. In the lower panel
of Figure 2, which shows a detail of the matrix for rows 10991 to 10998 corresponding

to two different earthquakes, non-null elements are shown by vertical bars (the value is

1 for the event and station columns, two values between 0 and 1 and summing to 1 for
the two adjacent attenuation columns). The least-square solution of system 1 is not unique
because there are two unresolved degrees of freedom: since we are summing three terms,
we can add a constant to one term and remove the same constant from another and the
sum will not change (Andrews, 1986). To test the rank deficiency of the design matrix,
we perform its singular value decomposition

G=USvT (3)

where G is the Mx N design matrix, U is the Mz M orthogonal matrix whose columns
generate the data space; V' is the NaN orthogonal matrix whose columns generate the
model space; S is an Mz N diagonal matrix with non-negative diagonal elements called
singular values. The singular values for the geometry of Figure 1 are shown in Figure

3. As expected, among the 685 singular values, two are numerically close to zero (i.e. of
the order of 1071%), confirming that the model null space (kernel) has dimension (nul-
lity) equal to 2. The right panel of Figure 3 shows the columns Vg4 and Vigss of the ma-
trix V', which are associated with the null singular values (i.e., the singular values are
ordered in decrescent order). These two columns form an orthonormal basis for the ker-
nel of the design matrix. Each element of the basis consists of a constant value on each
column block related to event, station and attenuation, with the sum of the three con-
stant values equal to 0. They represent the trade-off existing among the source, station
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station (left) and event (right) considering different cutoff thresholds applied to singular values.

and propagation terms and without additional information (constraints), the solution
of the system 1 is not unique. This point is further discussed later. The non-null singu-
lar values vary from 0.91 to 27.63 (Figure 3). To investigate the connection between sin-
gular values and the resolution of the model parameters, Figure 4 shows the diagonal
elements of the resolution matrix R computed considering only the largest ¢ singular val-
ues (truncated SVD):

R=V,V} (1)

where V; is the Nxg¢ matrix composed by the first ¢ columns of V' (equation 3). For g=n=685,
R is the identity matrix (overdetermined system), as well as for ¢=684 (since the last

two singular values are zero). For ¢ <684, the truncation removes model space basis vec-
tors associated with small singular values (regularization). In Figure 4, we consider the
cases ¢=94, 648, and 665 where the first two cut-offs correspond approximately to the
sharp changes in the convexity of the distribution of singular values (Figure 3, left). Fig-
ure 4 shows that the regularization affects mostly those model parameters (station on

the left and events on the right) with low sampling; the first 94 elements allow to resolve
well model parameters with more than 40 recordings; when the number of singular val-
ues is increased to 648, parameters with at least about 10 recordings are reasonably well
resolved; considering 665 singular values, model parameters with at least 5 recordings

are resolved. In solving system 1 a threshold is generally applied on the minimum num-
ber of recordings per station and per event. For example, for the decomposition performed
in the framework of the Stress Drop benchmark, we set the threshold to 6. Other im-
portant information associated with the GIT design matrix is provided by the covari-

ance matrix (Boatwright et al., 1991; Bindi et al., 2006). Figure 5(a) shows the diago-

nal elements of the covariance matrix, i.e., the sample variances of the model parame-
ters. Since the elements of the design matrix in the event and station columns are ei-

ther 0 or 1, and since the number of rows M is much larger than the total number of ones
in each column, the variances increase almost linearly with the sampling of each station

or event. The off-diagonal elements of the covariance matrix provide information about
the trade-offs (correlation) between different model parameters that jointly contribute

to generating the observations. These trade-offs are determined by the geometry of the
problem. Figure 5(b) shows that there is a trade-off between station and attenuation model
parameters. For example, Figure 5(c) focuses on model parameter 560, corresponding

to station CLWBM.HH. The recordings available for this station are in the distance range
of 25 to 50 km, with median and mode hypocentral distance equal to about 35 km. Fig-
ure 5(d) confirms that there is a trade-off between the station term and the attenuation
coefficients in the distance range sampled by the station, in particular for the mostly sam-
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Figure 5. (a) Diagonal elements of the covariance matrix. (b) detail of the covariance matrix
considering the station and attenuation columns. (c¢) detail of the covariance matrix for station
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Red dashed lines indicate the distance range sampled by recordings at CLWBM.HH. (d) circles
indicate the normalized covariance off-diagonal entries between station CLWBM.HH and the at-
tenuation columns; crosses indicate the normalized number of recordings for station CI. WBM.HH

available within each distance bin.

pled distances. In order to limit the trade-offs, it is important that different stations sam-
ple the same distance bins, avoiding that a few stations dominate specific distance in-
tervals, and that each station provides recordings over wide distance and magnitude in-
tervals (Shible et al., 2022).

4 Approaches to remove the non-uniqueness of the solution

Different strategies can be followed to select a specific solution among the infinite
possible ones. In the following, we discuss two widely used approaches: the first one con-
sists in constraining the site term within the design matrix; the second one makes as-
sumptions on the source parameters for some reference events that in turn are used to
correct the source spectra provided by the unconstrained decomposition.

4.1 Constraining site and attenuation terms

The first strategy consists in adding some rows to the design matrix, forcing the
solution to satisfy specific conditions that make the matrix full rank. A typical choice
is to constrain to zero the average of the logarithm of all site amplifications. In this way,
the site effects do not bias the observations on average but contribute to the overall vari-
ability. A similar constraint is often applied when calibrating a local magnitude scale us-
ing data a seismological network (with stations mostly installed on rock) by setting to
zero the average of the station magnitude corrections (Bakun & Joyner, 1984; Savage
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Figure 6. Impact on the source spectra of constraints applied to the site term. a) Site ampli-
fications obtained by setting to 1 the average of all site terms. b) source spectra relevant to the
site terms as in panel a. c) site amplifications obtained by constraining the average (white curve)
of selected rock sites (black curves) to be identical to the spectral function shown as a dashed
line; the same reference sites (black) and their average amplification (white) £ one standard devi-
ation are also shown in panel a. d) source spectra relevant to the site terms in panel c. In panels

b and d, the black curves are source spectra of magnitude 3 events.

& Anderson, 1995; Langston et al., 1998; Baumbach et al., 2003). Since there are two
null singular values, a second constraint is applied to the attenuation by requiring that
the attenuation assumes a given value at a reference distance, i.e, logP,=0 for Rj, = R,¢f.
As a consequence, the source spectra is scaled at R,.s. For the case study analyzed in
this study, we compare the impact of applying two different constraints on the site term,
and we set to 0 the logarithm of the attenuation at 10 km. The first site constraint co-
incides with the standard requirement that the average of the logarithm site amplifica-
tions is 0 for all frequencies. As expected, this requirement together with the constraint
applied to the attenuation term, removes the two null singular values and the condition
number of the design matrix is now ~ 2543. Since the considered stations are installed

in different geological settings, the site amplifications (Figure 6a) show a large variabil-
ity, in particular above 10 Hz. The applied constraint implies that the site terms rep-
resent the site amplifications with respect to the network average. If the average ampli-
fication deviates from the imposed flat spectral behavior, the deviation from the true av-
erage is moved to the source spectra (Figure 6b). The acceleration source spectra show
an average high frequency decay different from the flat asymptote predicted by the omega-
square source model, and the absorbed average site amplification contributes to the ob-
served high-frequency spectral fall-off. In Figure 6a, the amplification of 6 stations in-
stalled on rock (vs30 values measured or inferred from geology above 710 m/s) are shown
in black. They have a flat amplification lower than the network average at frequencies
smaller than about 10 Hz, and then they show a positive amplification trend with fre-
quency. The positive trend indicates that the near-surface attenuation for these stations
(ko parameter, (Anderson & Hough, 1984)) is probably weaker than the average near
surface attenuation of the overall network. Therefore, following Bindi, Zaccarelli, and
Kotha (2020), in the second reference site strategy we constrain the average amplifica-
tion of the six stations to the crustal amplification proposed by Campbell and Boore (2016)
for the National Earthquake Hazards Reduction Program (NEHRP) B/C boundary mul-
tiplied by an exponential term with ky=0.034 s (Figure 6¢, dashed line). The source spec-
tra obtained using this constraint (Figure 6d) show an average flat high frequency spec-
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tral level, although single spectra have still small positive and negative slopes (ksource)
that have been shown to correlate well with the between-event ground motion variabil-
ity at high frequencies (Bindi, Zaccarelli, & Kotha, 2020). If we compare the logarithm
of the ratio between the average spectra for magnitude 3 events with the logarithm of
the inverse average site amplifications for the reference stations, they are identical (Fig-
ure S1 of the Supplements). This confirms that the constraint applied to the site am-
plifications breaks the trade-off between source and site terms but the constrained so-
lutions provide the same predictions as the unconstrained solutions and the analysis of
the residuals alone is not sufficient to discriminate among the quality of solutions ob-
tained by applying different constraints.

4.2 Reference source conditions

A different approach followed in the context of source studies is to correct the ob-
tained source spectra S;(f) after the decomposition. The correction is performed by us-
ing additional information about source parameters and making assumptions about the
source spectral shape (e.g., Baltay et al., 2011; Walter et al., 2017; Trugman & Shearer,
2017; Morasca et al., 2022). For example, if the source spectra are assumed to be omega-
square, the source spectra can be scaled by fixing the seismic moment and the corner
frequency of one or more calibration events (reference source condition). In the follow-
ing, we discuss some aspects connected to recently applied reference source conditions
(e.g., Shearer et al., 2022). It is worth noting that if the source spectra are described in
terms of a spectral model, then the model can be introduced in equation (1) making the
GIT approach parametric. In this case, the system can be solved to directly determine
the source parameters (e.g. seismic moment and corner frequency) and the constraint
on seismic moment and corner frequency can be included directly in the design matrix
(e.g., Moya & Irikura, 2003). In this case, the complexity of the source models gener-
ally makes the system non linear.

5 Impact of constraining the corner frequency of calibration events

In the reference source strategy, reference moment magnitudes are used to remove
the bias on the estimated seismic moments (shift of the source spectra), whereas an Em-
pirical Correction Spectrum (ECS) is determined to correct the shape of the decomposed
source spectra (e.g., Shearer et al., 2006; Trugman & Shearer, 2017; Shearer et al., 2022).
The spectral shape of the source spectra is described in terms of a standard model (e.g.,
w-square) and the corner frequency of selected events is assumed to be known. Typically,
the corner frequency is fixed for small events, hereinafter referred to as global empiri-
cal Green’s functions (gEGF). For example, in recent applications for southern Califor-
nia, the corner frequency of the gEGF with local magnitude 1.5 was fixed to 30 Hz (Shearer
et al., 2022) whereas Chen and Abercrombie (2020); Zhang et al. (2022) let the data to
select the constant value.

We consider a simplified approach where the errors arising from the decomposition
are neglected, as well as the propagation of experimental errors from data to solutions.
We assume that the source spectra isolated by the spectral decomposition are given by
the product between the true source spectra S and the unknown ECS. The latter is es-
timated by considering small earthquakes (also called calibration events) representing
the gEGF, whose corner frequency is a-priori fixed to a certain value, that is:

gEGF - ECS
gEGF(f. = f.; shape = w?)

In equation 5, the term gEGF-ECS represents the gEGF source spectrum as provided
by the decomposition; th therefore, an estimate of the ECS (1nd1cated as FCS.g) is ob-
tained by removing gEGF from this term. The quantity gEGF represents the a-priori
assumed spectrum for the gFGF (in our case, an omega-square spectrum with corner

ECS.q = (5)
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frequency fixed to fc and a known seismic moment). The ECS.s; spectrum is then used
to correct the spectra of the target events provided by the decomposition and get their
source spectra, that is:

S-ECS

T (6)
ECS s

where S is the true source spectrum of the target event; S-EC'S is the source spectrum

of the target event as provided by the decomposition; Ses; is the estimated source spec-
trum of the target event. Substituting equation 5 into equation 6, we obtain

Sest =

S glE/G'\Ff 7
est—m ( )

where gE/G\F 7 is the spectrum assumed for the calibration event and gEGF its true spec-
trum. Equation 7 shows that in our numerical tests the shape of the ECS does not play
any role (since it affects the target and the calibration spectra in the same way) and the
quality of the retrieved target source spectrum is controlled by the ratio between the as-
sumed and the true spectra of the calibration event. Even if the shape of the ECS is not
entering in equation 7, in order to show its impact on the ECS and source target esti-
mations (as in equations 5 and 6) in the following we assume an exponential shape for
describing the ECS:

ECS(f) =™/ (8)

The spectral shape of equation 8 resembles typical shapes of ECS shown in literature (e.g.,
Shearer et al., 2006, 2022).

5.1 Numerical Test

To evaluate the impact of assuming f. = fc for the gEGF, we perform a numer-
ical test considering: 1) a synthetic distribution of events; 2) uncertainty on seismic mo-
ment; 3) variability of the stress drop for the same seismic moment. The components
are the following;:

« Event distribution. We generate a distribution of events following a Gutenberg-
Richter magnitude distribution with minimum magnitude M,,;,=1.8 and max-
imum magnitude M,,,,=6.5; we generate a catalog of 10000 earthquakes with b-
value equal 0.6 (we set the b to a low value to increase the number of larger events).
The distribution is shown in Figure S2 of the Supplements.

¢ Uncertainty on magnitude. We perturb the magnitude values by adding random
numbers extracted from a normal distribution centered on the true magnitude value
and with standard deviation equal to 0.05 magnitude units.

e Variability on Ao. We allow the stress drop to vary for the same seismic moment.
The applied perturbation is as follows

1. for each Mw, we compute Mwe,,. = N (Mw,0.05) (Figure 7a); from Mw and
Mwery, we compute the seismic moments Mo and M o, respectively.

2. we assume three different scaling models, referred to A, B and C, between seis-
mic moment and corner frequency as shown in Figure 7b; each scaling corre-
sponds to a different dependency of the stress drop Ao on seismic moment, be-
ing scaling A deviating with the largest error and scaling C being compatible
on average with the gEGF assumption.

3. for each scaling, we compute the true corner frequency from Mw and Ao us-
ing the formula for circular rupture model with uniform stress drop (Brune, 1970,
1971);

4. we add a variability over Ao as Acye = N (Ao, 0.15%xAc) (Figure 7c) . The
normal distribution is truncated below 0.5xmin(Ac) and above 2xmax(Ao).
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Figure 7d shows the scaling considering the errors on M, and the variability on
Ao.

« average EGF. Following previous studies (e.g. Shearer et al., 2022), a set of can-
didate calibration events is selected by considering events located close to the tar-
get event and with magnitudes similar to the selected reference magnitude. We
assume that the reference magnitude is 2 and we select from the catalog events
having magnitude in the range 1.99-2.01 (we do not introduce errors in the nu-
merical analysis errors due to differences in location). The generated catalog con-
tains 202 candidates. Since we use Mw,,, to perform the selection, the error on
magnitude contributes to the variance of the final residuals. Among the 202 can-
didates, we randomly select 10 candidates and we average their spectra.

« ECS. For producing figures of intermediate results, we consider k = 0.025s (equa-
tion 8) and we assume fc:30 Hz for the magnitude 2 gEGF. The 202 available
gEGFs, the 10 selected, and the average gEGF are shown in Figure S3 consider-
ing the scaling case A of Figure 7.

5.2 Results of the numerical test

Figure 8 shows the results obtained considering the three different source scaling
of Figure 7. As expected, when the corner frequency assumed for the gEGF P deviates
from the true unknown value (as in the case of scaling A and B), the overall source scal-
ing is biased producing, in our case, corner frequencies higher than those used to gen-
erate the synthetic data. The overestimation is propagated also to magnitude larger than
the magnitude of the gEGF, as shown in Figure 8b: for magnitudes close to the gEGF
magnitude, the overestimation is determined by the suitability of the gEGF'; assump-
tion; for magnitudes larger than the g EFGF magnitude, the overestimation decreases and
converge to an asymptotic average relative error of the order of 70 and 25 % for scaling
A and B, respectively. This apparent rotation of the overall source scaling caused by a
larger bias for small than for large events, impacts also the seismic moment. Whereas
the variability for a given magnitude is controlled by the error added to Mw, Figures
8d and 8f show that the impact of the wrong assumption on the gEGF ; is propagated
to larger magnitudes, with scaling A and B generating an average Mo underestimation
above magnitude 5 of about 40 and 10 %, respectively. Figure 9 exemplifies the spec-
tral fitting for two synthetic events with magnitude 2 (left) and 5.9 (right). Results for
source scaling A are shown in the top panels, those for scaling C in the bottom ones. The
top left panel shows the worst case where the wrong assumption on f. affects the gEGF 7
spectrum at frequencies close to the corner frequency of the source S. Moreover, the er-
rors added to Mw introduce an overall bias to the retrieved source spectrum Seg;. In-
deed, the final fit is very good (small residuals) but with significant deviations on both
fe and Mo with respect to the true values. In other words, the precision on Seg; is high
but its accuracy with respect to S is low. When scaling C is considered (bottom left panel),
gEGF; is similar to the true gEGF and the high frequencies of the source spectra S are
well retrieved. For magnitude 5.9 (right panels), even if the corner freq/\uency of the source
is much smaller (0.7 Hz for the case shown in Figure 9) than f. of gEGFf, Figure 8b
and 8d already showed that scaling A and B produce biased values for both Mo and f,.
Whereas the added random error on Mw controls the variability of the Mo estimates,
the error on the gEGF; corner frequency has an impact on the overall shape of the source
spectrum, leading to biased estimates for both fc and Mo (Figure 9, top right panel).
Figure 10 exemplifies the impact of the f. assumption on the spectral shape consider-
ing two events with magnitude 3.14 and 4.08. The left panels show the results obtained
considering n = 2 (omega square), i.e., the same value used for generating S; in the right
panels, the fit performed by lowering n to 1.6 improves the quality of the fit being the
standard deviation of the residuals reduced by about a factor one-third (e.g., from 0.09147
to 0.03032 in the case of the magnitude 4.68 event). Therefore, the error on gEGFf led
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Figure 7. Source parameters used for the numerical test on the impact of constraining the
corner frequency of small events. (a) uncertainty added to the magnitude values generated from
the Gutenberg-Richter distribution in Figure ?7?; (b) assumed source parameters for the gEGF
(cross) and three different stress drop scaling used for the numerical test (A is the most deviating
scaling from the cross assumption; C is the most compatible scaling; B is the intermediate case);
(c) variability added to the stress drop values for the same seismic moment; colors represent the
three scaling in panel (b). (d) scaling accounting for the stress drop variability (panel c) and

magnitude uncertainty (panel a).
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and the simulated ones (colors represent scaling A, B and C as in Figure 7); results in terms

of relative error for the corner frequency and seismic moment are shown in panels (b) and (d),

respectively. Panel (f) shows the mean + 1 standard deviation of the relative errors on seismic

moment computed over different seismic moment bins.
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Figure 9. Examples of the numerical test performed to evaluate the impact of constraining

the corner frequency of small events. Results are exemplified in terms of spectral fitting con-

sidering a synthetic magnitude 2 (left) and a magnitude 5.9 (right) event. Top: results for the

source scaling A of Figure 7 (worst case); bottom: results for the source scaling C of Figure 7

(best case). In the legend, source*ECS indicates the numerator of equation 6, right hand side;

source_true is the true source spectrum S; source_decomposed is Ses: (left hand side of equation

6); source_fit is the final results, i.e., the best fit omega-square model of Ses;
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to source spectra Ses; with high-frequency slopes that deviate from the (true) omega-
square model, allowing wrong models to fit the empirical source spectra better than mod-
els having the correct shape. This result confirms that we cannot discriminate among
alternative source models by looking only at the quality of the fit.

6 Discussion

The main goal of this study was to recall some peculiarities of the non-parametric
spectral decomposition approach and to discuss the consequences of strategies applied
to select specific solutions. We developed our discussions by analyzing the characteris-
tics of the design matrix compiled using a data set extracted from the Ridgecrest Stress
Drop benchmark (Baltay et al., 2021). The most striking characteristic of the consid-
ered decomposition approach is the block-wise trade-offs among the source, propagation,
and site terms, which results in a rank-deficient design-matrix with two null singular val-
ues. This characteristic is intrinsic to the decomposition approach, regardless of the num-
ber of available recordings or the model assumptions imposed on the unknown terms.
By performing the singular value decomposition of the design matrix, we depicted the
trade-off for the considered network geometry and earthquake catalog by looking at the
singular vectors associated to null singular values. Since the rank deficiency implies the
non-uniqueness of the solution (i.e., the matrix has a non-trivial kernel), solutions can
only be selected relative to a-priori assumptions which generally vary from study to study.
This is especially critical when comparing the results of different studies performed on
the same data set, as in the case of the Ridgecrest stress drop benchmark. To avoid sys-
tematic differences due to the assumption of different reference conditions, it is neces-
sary to consider procedures for comparing results in terms of relative quantities calcu-
lated within each study (Pennington et al., 2021), in addition to comparing absolute re-
sults between studies. Constraints to restore the uniqueness of the solution can be ap-
plied either to the source or to the site terms and, as a consequence of the block-wise
trade-offs, they affect the unconstrained blocks as well. We have shown that the site con-
straint applied to the average amplification of selected reference stations corresponds to
an average bias applied to the source spectra. Whereas information about site classifi-
cation and empirical analysis can be used to design reliable site constraints, and to an-
chor the spectral decomposition models to site conditions of interest for engineering seis-
mology applications, additional information on source characteristics are needed to as-
sess, and possibly correct, biases transferred to the source. For example, seismic cata-
logs of moment magnitudes can be used as reference to anchor, on average, the seismic
moments measured from the source spectra, by adding an overall vertical offset to the
spectra (e.g., Bindi, Zaccarelli, & Kotha, 2020); the assumption of reference source spec-
tral shapes (e.g., omega-square) can be used to evaluate the impact of the reference site
condition at high frequencies by measuring the deviation from the expected acceleration
spectral trend (e.g., Oth et al., 2011). Previous studies measured the deviation from the
reference source model by coupling the omega-square model with a frequency dependent
exponential term in which the exponent kguy-ce parameter is controlling the high-frequency
spectral decay. Investigations showed a good correlation between event-specific ground
motion residuals and the kgoyrce distribution (Bindi et al., 2019) suggesting that near
source attenuation effects or differences in high-frequency radiation efficiencies contribute
to the aleatory variability associated with ground motion prediction equations. Another
common strategy for constraining the spectral decomposition solutions is to add a-priori
information about the sources. To make solutions compatible with a-priori knowledge,
source parameters of selected events (sometimes called reference events, ground truth
events, or empirical Greens function) are imposed. Since parameters such as seismic mo-
ment, corner frequency, stress drop, and apparent stress are generally considered, spec-
tral shapes and rupture models are also assumed, such as the omega-square and Brune
models. We investigated the impact on the overall source scaling of constraining the cor-
ner frequency of small reference events by performing numerical simulations. Besides the
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expected propagation of biases to corner frequencies and stress drops of small events when
the assumption deviates from the correct values, numerical tests showed that even the
source parameters of larger magnitudes are affected by the assumptions applied to small
events. Even when the corner frequencies of large events are small enough to fall far be-
low the spectral range affected by the approximations on the corner frequency of small
events, wrong assumptions for small events introduce a distortion of the source spectra

of large events. As a result, a fit performed using the correct spectral shape results in
source parameters different from those simulated. In addition, the quality of the fit from
the minimization of the residuals point of view can be improved by modifying the source
model. It follows that incorrect source models might be preferred to true models, sug-
gesting false deviations from the omega-square shape assumed for the simulations. Fi-
nally, it is worth mentioning the impact of model assumptions related to different terms
in the decomposition, particularly those concerning source and propagation. As shown

in equation 1, the spectral decomposition provides a single source spectrum correspond-
ing to the least-squares solution with respect to recordings available at several stations.
Since azimuthal dependencies are not taken into account, the retrieved spectra are as-
sumed to represent spherically averaged quantities. Therefore, a good azimuthal and dis-
tance coverage is important to avoid systematic biases at low frequencies due to unbal-
anced sampling of radiation pattern effects and to avoid corner frequency biases due to
variability in source geometry, rupture directivity and rupture speeds (Kaneko & Shearer,
2015). Comparison of GIT source spectra with the distribution of the apparent source
spectra obtained by correcting the observations for GIT propagation and site effects can
provide useful indications for identifying possible azimuthal and distance-dependent ef-
fects (Bindi, Spallarossa, et al., 2020; Morasca et al., 2022). Because the back-scattering
effects that dominate the coda wavefield make coda analysis less sensitive to radiation
pattern effects (Aki, 1981; Mayeda & Malagnini, 2010), comparing GIT results with those
from coda is another effective strategy to quantify the impact of the spherical averag-

ing hypothesis. Regarding the propagation term, although few studies have implemented
more complex parametrizations for describing the attenuation term (e.g., Scherbaum,
1990; Edwards et al., 2008; Koulakov et al., 2010), it is generally assumed to be controlled
only by frequency and hypocentral distance. In the presence of significant lateral crustal
variability, unbalanced station distributions and clustered seismicity could favor the trans-
fer of attenuation effects to either the source or site terms. The analysis of the GIT resid-
uals can reveal the presence of spatial anomalies that could, for example, hint towards
the presence of areas with attenuation different from the average attenuation in the stud-
ied region. Considering the region in Figure 1, stronger than average attenuation can

be expected for the Coso volcanic area and weaker for the Mojave desert along the Gar-

lock fault (Hauksson & Shearer, 2006; Bindi et al., 2021, their Figure 10). Besides anisotropy

in the propagation medium characteristics, other phenomena not captured by the mod-
els used in equation 1 can generate coherent azimuthal patterns in the residuals, such

as directivity of the rupture. Recent investigations have also detected directivity effects
for small and moderate earthquakes (e.g., Gallovi¢, 2015; Pacor et al., 2016; Colavitti

et al., 2022) with significant modification of the source spectrum around the corner fre-
quency. Therefore, good station arrangement and high redundancy of the station and
event sampling are needed to mitigate the impact of the model assumption and misin-
terpretation. The characteristics of the data set contribute also to determine the prop-
erties of the covariance matrix. We have shown that the off-diagonal elements of the co-
variance matrix inform about trade-offs between existing between different couples of un-
knowns. For example, we showed that the trade-offs between attenuation and site am-
plification concentrate over the distance range sampled by the considered station. Again,
the quality of the data set in terms of recordings well distributed with distance and az-
imuth and high level of cross-information between stations and events are fundamental
to mitigate the impact of trade-offs generated by competing physical effects.
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7 Conclusions

We investigated the non-uniqueness of the spectral decomposition approach applied
to isolate source, propagation and site contribution to measured S-waves spectra. We
related the non-uniqueness to the characteristics of the design matrix exemplifying the
analysis for a data set extracted from the Community Stress Drop Validation Study (Baltay
et al., 2021). We also discussed the impact on the final retrieved source scaling of con-
straints on site and the source terms applied to select specific solutions. We can sum-
marize the main conclusions as follows:

e The problem of isolating source, propagation and site effects starting from a large
compilation of S-wave amplitude Fourier spectra has a non-unique solution due
to two unresolved degrees of freedom, regardless of the number of available record-
ing, characteristics of the source catalog and network geometry; the non-uniqueness
of the decomposition is intrinsic to any model framework where seismic measure-
ments in either time or frequency domains are expressed as combination of source,
propagation and site contributions;

« solutions can be only retrieved relative to a-priori constraints applied to break the
numerical trade-offs affecting the three blocks (i.e., to fix the scale of the differ-
ent blocks by assuming some reference anchoring points). Since the retrieved so-
lutions are relative to these assumptions, comparison among results provided by
different studies should be performed evaluating relative quantities (ratios or log
differences) in order to remove the impact of the assumptions on the absolute val-
ues;

e Non-parametric spectral decompositions require data sets with high level of re-
dundancy, i.e., each event recorded by several stations and each station record-
ing several events; the covariance matrix allows to highlight the physical trade-
offs between different unknowns, such as the site amplifications at any station and
the attenuation coefficients for the distance range sampled by the station;

« Constraints applied to the site term have an impact on the source term; the se-
lection of the reference stations and the imposed average amplification determines
the average amplitude level of the source block: independent seismic moment val-
ues from a reference catalog should be used to correct for a possible bias. More-
over, the spectral shape of the reference amplification function has an impact on
the average source spectral shape (e.g., on the average high frequency fall-off) that
should be taken into account when the source spectra are fitted to a specific source
spectral model.

» Numerical tests showed that assuming an a-priori value for the corner frequency
(or stress drop) of small events (empirical Greens functions or reference events)
can have a strong impact on the overall seismic moment versus corner frequency
source scaling, introducing a bias for small events; the bias is also propagated to
larger magnitudes but with reduced amplitude, generating an apparent rotation
of the overall source scaling that could lead to wrong interpretations about the
self-similarity of the rupture scaling. Moreover, the corner frequency assumption
can modify the spectral shape of larger events, leading to best-fit source model
shapes different from the correct one (e.g. with high frequency fall-off different from
the values used for generating the synthetic data); consequently, alternative source
models cannot be discriminated against solely on the basis of the quality of their
fit.

In conclusion, we have shown that the well-known property of the decomposition approach
of not having a unique solution can have a strong impact on the final interpretation of
results, thus motivating our effort to raise awareness on this important topic for mod-
elers and model users.
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Figure S1. Impact on the source spectra of the constraint applied to the site
term. The gray line corresponds to the ratio of the average source spectra of
magnitude 3 events (panels b and c in Figure 6) obtained considering the two
different constraints applied to the site terms; the dashed line is the inverse
of the ratio computed for the average site term of the reference stations.
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Figure S2. Synthetic magnitude catalog composed by 10000 events
generated for the numerical test on the impact of constraining the corner
frequency of small events. The left panel shows the distribution in the form of
histogram reporting the number of events per magnitude bin.
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Figure S3. Estimated ECS in the numerical test performed to evaluate the
impact of constraining the corner frequency of small events (scaling A of
Figure 7). Thin lines are the spectra of the 202 candidate gEGFs with
magnitude between 1.99 and 2.01; the average of the 10 selected gEGF is
shown as dashed line; the black-solid line is the true EGF: the mean fc of the
used gEGFs is 14.6 Hz, the constrained one is 30 Hz. For the numerical ECS, k
is fixed to 0.025 s (equation 8).



