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Abstract

The purposes of this work are (1) clarifying the specific latitude range in which the currently physical model of the equatorial

trapped Magnetic-Archimedes-Coriolis (namely eMAC) waves propagating atop the Earth’s core can own the enough accuracy

to describe the hydromagnetic waves; (2) presenting the systematically analytical expressions to represent the physical properties

(e.g., the equatorial confinement and latitudinal distribution, damping rate α, eigen-period T) of the eMAC waves. Here, the

new results indicate that: 1) the eMAC wave model can own the high accuracy (i.e., the relative errors are less than 5%) to

describe the core waves in the regions with latitude below 25 degrees ; 2) the equatorial confinement and latitudinal distribution

law is essentially governed by a specific solution form with the typical Hermite polynomial term of degree n; 3) the damping

rate can be estimated by α [?]-pˆ2/(μσHˆ2) (μ being the vacuum permeability, σ being the core electrical conductivity; H being

the stratified layer thickness of the core), showing that the magnetic diffusivity η (=1/(μσ))can cause the ohmic dissipation of

the waves; besides, the H value is predicted to be larger than 20km, when T matches the observed 8.5yr period. This work

also presents the analytical models for the perturbed magnetic fields due to the eMAC waves, presenting that the azimuthal

perturbed magnetic field bφ(with degree n=1) is mainly confined to the equatorial regions with latitude below ˜15 degrees, the

profile of which coincides with the observed core surface azimuthal flows.
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Abstract 9 

The purposes of this work are (1) clarifying the specific latitude range in which the currently 10 

physical model of the equatorial trapped Magnetic-Archimedes-Coriolis (namely eMAC) waves 11 

propagating atop the Earth’s core can own the enough accuracy to describe the hydromagnetic 12 

waves; (2) presenting the systematically analytical expressions to represent the physical properties 13 

(e.g., the equatorial confinement and latitudinal distribution, damping rate 𝛼, eigen-period T) of 14 

the eMAC waves. Here, the new results indicate that: 1) the eMAC wave model can own the high 15 

accuracy (i.e., the relative errors are less than 5%) to describe the core waves in the regions with 16 

latitude below 25 degrees; 2) the equatorial confinement and latitudinal distribution law is 17 

essentially governed by a specific solution form with the typical Hermite polynomial term of 18 

degree 𝑛; 3) the damping rate can be estimated by 𝛼 ≈ −
𝜋2

𝜇𝜎𝐻2
 (µ being the vacuum permeability, 19 

𝜎 being the core electrical conductivity, H being the stratified layer thickness of the core), 20 

showing that the magnetic diffusivity 𝜂 (=
1

𝜇𝜎
) can cause the ohmic dissipation of the waves; 21 

besides, the H value is predicted to be larger than 20km, when 𝑇 matches the observed 8.5yr 22 

period. This work also presents the analytical models for the perturbated magnetic fields due to the 23 

eMAC waves, presenting that the azimuthal perturbed magnetic field 𝑏𝜑 (with degree n=1) is 24 

mainly confined to the equatorial regions with latitude below ~15 degrees, the profile of which 25 

coincides with the observed core surface azimuthal flows.  26 

 27 

 28 
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Plain language Summary 29 

Modern observations show that the fast fluctuations in geomagnetic acceleration and fluid core 30 

surface flow motions always occur at the equatorial regions, which may arise from the rapidly 31 

hydromagnetic waves atop the Earth’s core. But, the exact origins of these waves are still unclear, 32 

though the so-called eMAC waves may provide a potential mechanism. Given that the physical 33 

expressions of describing the physical properties (e.g., equatorial confinement and latitudinal 34 

distribution, damping rate, eigen-period) and the perturbed magnetic fields of the eMAC waves 35 

have not been given before, this work carefully revisits the currently eMAC wave theory and 36 

firstly gives the systematically analytical expressions for these physical properties. Importantly, 37 

the perturbation analysis indicates that the eMAC wave model can own the high accuracy (i.e., the 38 

relative errors are less than 5%) to describe the low-latitude waves with latitude below 25 degrees, 39 

which can cover the regions where the observed equatorial waves mainly locate. In summary, this 40 

work provides an important complement for the currently eMAC wave theory. The results of this 41 

work are significant to understand the physical mechanism responsible for the origins of the 42 

observed equatorial waves, their physical properties and the dynamics of the Earth’s equatorial 43 

regions. 44 

 45 

Key points:  46 

1. The systematically analytical expressions about the physical properties of the eMAC waves are 47 

given. 48 

2. Relative errors of the eMAC wave model in describing the hydromagnetic waves with the 49 

latitude below 25 degrees are less than 5%. 50 

3. Discussed implications of the eMAC wave model to the core stratification and equatorial region 51 

dynamics. 52 

 53 

1. Introduction 54 

Many recent works (e.g., Gillet et al, 2015; Chulliat et al, 2015; Finlay et al, 2016; Kloss and 55 

Finlay, 2019) showed that the Earth equatorial region is a place of presenting vigorously localized 56 

interannual alternating fluid motions, which reflects the short-period fluctuations in geomagnetic 57 

acceleration. For example, Gillet et al (2015) found that the strongly interannual time-dependent 58 
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azimuthal fluid outer core (FOC) flows occur at the equatorial region with latitude below 10 59 

degrees; Finlay et al (2016) showed that the observed pulses in geomagnetic acceleration mainly 60 

locate below the India Ocean between the equator and 30°S from the CHAOS-6 model, while 61 

Kloss and Finlay (2019) presented a new model of time-dependent core flow derived from 62 

geomagnetic measurements by Swarm and CHAMP satellites and ground observatories, which 63 

further confirmed the equatorially confined phenomena (within latitudes ~15°N and S) of the 64 

non-zonal azimuthal core flows and geomagnetic acceleration pulses. Nevertheless, the issue why 65 

these azimuthal flows and geomagnetic acceleration signals perform the equatorially trapped 66 

behaviors and show the generally short-lived features is less clear (e.g., Gillet et al, 2015; Finlay et 67 

al, 2016; Buffett and Matsui, 2019).  68 

Additionally, Chi-Durán et al (2020) suggested that these observed geomagnetic acceleration 69 

signatures may result from the superposition of FOC flows with different frequency components, 70 

and they detected two fluid core traveling waves with ~8.7yr and ~7.08yr periods on the 71 

subdecadal (i.e., 5~10yr) scales, which respectively occur at southeast Asia and Atlantic equatorial 72 

regions, where the propagation direction of the former is eastward, while the latter is westward. 73 

Any further advance of better understanding the physics of the origins of these periodic equatorial 74 

waves is vital, while it is also interesting to explore the physical mechanisms responsible for these 75 

two periodic waves, as length of day (LOD) changes also have the same two periodic components, 76 

i.e., the ~8.6yr and ~7.2yr period signals (Duan and Huang, 2020; Hsu et al, 2021), which are 77 

shown to be unrelated to the Earth surface factors (e.g., AAM/OAM/HAM) (Hsu et al, 2021). 78 

Moreover, Duan and Huang (2020) showed that there is a good correspondence between the 79 

extremes of the ~8.6yr oscillation in LOD and the occurrence epochs of the geomagnetic field fast 80 

changes (i.e., geomagnetic jerks), which means that this ~8.6yr signal and the jerks may originate 81 

from a same physical source, i.e., the fast equatorial waves with subdecadal periods propagating at 82 

the core surface, since many works (e.g., Wardinski et al, 2008; Mandea et al, 2010; Chulliat et al, 83 

2010; Chulliat and Maus, 2014; Kloss and Finlay, 2019; Aubert and Finlay, 2019) showed that the 84 

equatorial waves propagating at the core surface closely correlate with the geomagnetic jerks.  85 

However, the precise mechanisms responsible for these equatorial waves are still unclear, 86 

though they may reflect a type of fluid core surface waves, i.e., the so-called equatorial 87 

Magnetic-Archimedes-Coriolis (eMAC) waves (e.g., Buffett and Matsui, 2019), for example, the 88 
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origin of the ~8.6yr periodic equatorial waves was suggested to be attributed to the eMAC wave 89 

mechanism (Chi-Durán et al, 2020), where a strong gradient in the magnetic force at the 90 

core-mantle boundary (CMB) away from the equator can produce the so-called wave guide to 91 

cause the equatorially trapped features for the MAC waves (Buffett and Matsui, 2019). Of course, 92 

these observed equatorial waves may also be related to the quasi-geostrophic Alfvén waves (e.g., 93 

Finlay et al, 2010; Gillet et al, 2012; Teed et al, 2019; Aubert and Finlay, 2019) or the 94 

Magneto-Coriolis (MC) modes within FOC on the subdecadal scales (Gerick et al, 2020), for 95 

example, Gillet et al (2022) recently also detected the ~7yr periodic magnetic waves in the Earth’s 96 

core from the Satellite data and they interpretated the ~7yr waves as the signatures of MC modes. 97 

Given that the eMAC waves differ from the MC modes, for example, the former only 98 

emerges inside a stratified layer at the FOC surface (Buffett and Matsui, 2019), while the latter 99 

happens in the FOC without requiring the core stratification (Gerick et al, 2020), but interestingly, 100 

both of which can present the same physical properties (with interannual changes) localized near 101 

the equator similar to the observations (e.g., Finlay and Jackson, 2003; Finlay et al, 2016). 102 

Therefore, it is necessary to further clarify the differences between these two modes to explain the 103 

origins of these observed fast equatorial waves with the subdecadal periods, while this work will 104 

mainly focus on the eMAC wave mechanism. 105 

Up to now, many efforts (e.g., Knezek and Buffett, 2018, 2019; Buffett and Matsui 2019) 106 

have been made to study the origins of short-period equatorial waves propagating at the core 107 

surface from the perspective of MAC waves. According to the spatial distribution features of these 108 

observed equatorial waves, Knezek and Buffett (2019) suggested that these waves can be fitted by 109 

a selected Hermite polynomial basis functions of degree n, nevertheless, at that time, they did not 110 

give the rigorous theory basis to prove that why the so-called Hermite polynomial functions can 111 

feature these waves. Through considering the different physical influences (e.g., the spherical 112 

geometry, gradients in the radial magnetic field) and focusing on the low-latitude regions, Buffett 113 

and Matsui (2019) (hereafter BM19) developed a physical model for the equatorial trapped MAC 114 

waves (namely eMAC waves), in particular, they derived a type of second-order differential 115 

equation (see their equations (25), (35), (41) or (46), all of which have the same mathematical 116 

form, which is called as the ‘Weber equation’ in physics) to describe the perturbed magnetic field 117 

changes with the latitude, while they referred to a specific solution form with the term of 118 
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aforementioned Hermite polynomial of degree n (see the equation (27) in BM19).  119 

It should be noted that, the process of deriving the above ‘Weber equation’ involves the 120 

truncation treatment (that is, removing the relevantly higher-order terms, which depend on the 121 

latitude) and this treatment may cause the significant truncation errors for the model results 122 

locating at the high-latitude regions. However, the specific latitude range in which the ‘Weber 123 

equation’ can own the enough accuracy to describe the perturbed magnetic fields is still less clear. 124 

Besides, BM19 mainly focused on the numerical discussion of the above differential equation and 125 

its solution, but they did not give the subsequently analytical expressions to represent the physical 126 

properties (e.g., the equatorial confinement and latitudinal distribution, damping rate, eigen-period, 127 

propagating velocity) of the waves. The detailed physical factors that can influence these 128 

properties are also still less clear.  129 

On the basis of the previous work (i.e., BM19) about the eMAC wave theory, this work will 130 

further carefully derive the aforementioned differential equation (i.e., the so-called ‘Weber 131 

equation’) and discuss its specific solution in an analytical approach as well as making the 132 

perturbation analysis to determine the latitude range of the ‘Weber equation’ and its specific 133 

solution owning the enough accuracy. One of the objectives of this work is to give the 134 

systematically analytical expressions of representing the physical properties of the eMAC waves, 135 

from which, not only can we show that the equatorial confinement and latitudinal distribution 136 

features of the MAC waves are essentially governed by the specific solution with the Hermite 137 

polynomial term of degree n, but also can clearly show the physical factors that determine the 138 

related properties of the waves. Importantly, the perturbation analysis indicates that the related 139 

results of this work can own the high accuracy (i.e., the relative errors are shown to be less than 140 

5%) to describe the hydromagnetic waves in the regions with latitude below 25 degrees, which can 141 

cover the region where the observed equatorial waves mainly locate (e.g., Gillet et al, 2015; 142 

Chulliat et al, 2015; Kloss and Finlay, 2019). Therefore, the results of this work are significant to 143 

understand the origins of the observed equatorial waves and their physical properties.  144 

Finally, we discuss the possible stratification parameters inferred by the eMAC waves, the 145 

equatorial confinement degree influenced by the strength of the radial magnetic field at the CMB 146 

equator and the physical possibility of the eMAC waves carrying the axial angular momentum. 147 

 148 
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2. Theory part 149 

2.1. On the theory of MAC waves 150 

Previous works (e.g., Bergman, 1993; Braginsky, 1993) indicated that if a stable stratified 151 

layer exists at the Earth’s core surface, the interaction of Coriolis-Lorentz-Buoyancy forces inside 152 

this layer will enable a type of hydromagnetic waves, i.e., the so-called Magnetic-Archimedes- 153 

Coriolis (MAC) waves. That is to say, the existence of these MAC waves requires a stable 154 

stratified layer, which is characterized by the stratification parameters (the related parameters used 155 

in this work are listed in Table 1), i.e., the thickness H and the stratification degree N. Here, N is 156 

called as the buoyancy (or Brunt-Väisälä) frequency, which is expressed by 157 

𝑁 = √−
𝑔

𝜌0

𝜕𝜌0

𝜕𝑟
                              (1) 158 

where, 𝑔 is the acceleration due to gravity; 𝜌0 is the density of the fluid core,  
𝜕𝜌0

𝜕𝑟
 refers to the 159 

radial derivative. 160 

Furthermore, many works from seismic wave observations, geochemistry and geomagnetism 161 

(e.g., Helffrich and Kaneshima, 2010; Buffett and Seagle, 2010; Gubbins and Davies, 2013; 162 

Buffett, 2014) supported that there is a strongly stratified layer existing at the core surface. In 163 

particular, some works (e.g., Gubbins and Davies, 2013; Helffrich and Kaneshima, 2010) provided 164 

the valuable information about the parameters of H and N. For example, Gubbins and Davies 165 

(2013) indicated that the thickness (H) of the stratified layer is ~100km or less, which is due to the 166 

barodiffusion of the light elements; while Helffrich and Kaneshima (2010) showed a strong 167 

density stratified layer with the buoyancy periods of 1.63~3.43h (corresponding to 7Ω~15Ω, Ω 168 

being the rotation rate) existing at the core surface from the observed core wave speed profile,  169 

though the issue that whether a stable stratification layer exists atop the Earth’s core is still 170 

debated (e.g., Gastine et al, 2019), where, the exact H and N values are still highly uncertain. 171 

In order to further explore the potential physical origins of the observed equatorial 172 

hydromagnetic waves from the eMAC wave mechanism, as in previous studies, this work still 173 

adopts the assumption that a stable stratification layer exists atop the Earth’s core. Meanwhile, 174 

considering the uncertainties of the stratification parameters, this work takes the values of H and N 175 

as the variables (see Table 1).  176 

Table 1 Parameters used in this work. 177 
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Parameter                         Symbol           Value  

Fluid core density                           𝜌0         1.1×104kgm-3 

Earth’s rotation velocity                      Ω         7.272×10-5rad/s 

Vacuum permeability                        𝜇           4π×10-7H/m 

Radius of the CMB                          R           3.48×106m 

Electrical conductivity at the core surface a       𝜎            106S/m 

Radial magnetic field at CMB equator b            𝐵𝑟(0)         0.48mT 

Strength of the magnetic gradients at CMB b      𝛽          1.58(≈ √2.5) 

Space wave number c                        m               7 

Buoyancy frequency d                        N           7Ω to 15Ω 

Thickness of the stratified layer                H           10 to 100 km 

a refers to Ohta et al (2016); b refers to Buffett and Matsui (2019); c shows Chi-Durán et al (2020); d indicates 178 

Helffrich and Kaneshima (2010).  179 

 180 

Here, firstly let’s revisit the previous work (i.e., BM19) about the eMAC wave theory. If the 181 

fluid core is stratified, then the vertical fluid motions can disturb the density field, causing the 182 

pressure perturbation and the large-scale horizontal flows, where the hydromagnetic waves can be 183 

treated as the small perturbation with respect to the background state, where, the background state 184 

is defined by velocity 𝑉⃗ 0, magnetic field 𝐵⃗ 0, pressure 𝑃0 and density 𝜌0. Considering the 185 

non-linear terms exist, for example, the Lorentz force term has the general form 𝐵⃗ 0 ∙ ∇𝑏⃗ + 𝑏⃗ ∙ ∇𝐵⃗ 0, 186 

here, the vertical length scale H (<100km) is much smaller than the horizontal scale (L~3000km), 187 

so the latter term (i.e., 𝑏⃗ ∙ ∇𝐵⃗ 0) can be much weaker than the first term (𝐵⃗ 0 ∙ ∇𝑏⃗ ), thus, a 188 

linearized momentum equation for perturbed terms with respect to a static background state is 189 

given by 190 

𝜕𝑣⃗ 

𝜕𝑡
+ 2𝛺⃗ × 𝑣 ⏟    

Coriolis force

= −
1

𝜌0
𝛻𝑝 +

1

𝜌0𝜇
𝐵⃗ 0 ⋅ 𝛻𝑏⃗ ⏟      

Lorentz force

+
𝜌1

𝜌0
𝑔 

⏟
𝐵𝑢𝑜𝑦𝑎𝑛𝑐𝑦 𝑓𝑜𝑟𝑐𝑒    

      (2) 191 

where, 𝑣   is the perturbed fluid core velocity resulting from the interplay of Coriolis-Lorentz- 192 

Buoyancy forces; 𝛺⃗  is the Earth rotation angular velocity vector; 𝑏  ⃗⃗⃗⃗ is called as the perturbed 193 

magnetic field; 𝑔 = −𝑔𝑒 𝑟  is the gravity acceleration vector, here 𝑒 𝑟   is the unit radial vector;  𝑝  194 
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is the perturbed pressure; 𝜇  is the vacuum permeability; 𝜌1  is the perturbed density.  195 

The fluid core inside the stratification layer is treated as the incompressible fluid and it 196 

satisfies the continuity condition, i.e., ∇ ∙ 𝑣 =0, which is described in the spherical coordinates 197 

(𝑟, 𝜃, 𝜑), here 𝜃, 𝜑 respectively refers to the co-latitude and longitude. Because of H << R (here R 198 

is the CMB radius), so we have 199 

 
𝜕𝑣𝑟

𝜕𝑟
+

1

𝑅𝑠𝑖𝑛𝜃

𝜕

𝜕𝜃
(𝑣𝜃𝑠𝑖𝑛𝜃) +

1

𝑅𝑠𝑖𝑛𝜃

𝜕𝑣𝜑

𝜕𝜑
= 0             (3) 200 

where, 𝑣𝑟, 𝑣𝜃 and 𝑣𝜑 respectively express the radial, latitudinal and azimuthal velocities. 201 

Meanwhile, the incompressible fluid core respects the following mass conservation law 202 

 
𝜕𝜌1

𝜕𝑡
= −𝑣𝑟

𝜕𝜌0

𝜕𝑟
                            (4) 203 

Here, we directly present the relationship between the perturbed magnetic field and the 204 

perturbed flow velocity within the stratification layer, which is expressed by (i.e., the equation (8) 205 

in BM19) 206 

                                   
𝜕𝑏⃗ 𝜁

𝜕𝑡
= 𝐵𝑟

𝜕𝑣⃗ 𝜁

𝜕𝑟
+ 𝜂

𝜕2𝑏⃗ 𝜁

𝜕2𝑟
                         (5)      207 

where, 𝜁 = 𝑟, 𝜃, 𝜑; 𝑏𝜁   refers to the perturbed magnetic field; 𝑣𝜁 reflects the perturbed fluid core 208 

velocities;  𝐵𝑟  signifies the radial component of the background magnetic field; 𝜂(=
1

𝜇𝜎
) is the 209 

magnetic diffusivity, 𝜎 being the electrical conductivity at the core surface. 210 

The above equations (i.e., (2), (3), (4) and (5)) represent the boundary conditions on the 211 

upper and lower surfaces of the stratified layer (see BM19), where, 𝑣𝑟 is assumed to vanish at the 212 

CMB, i.e., 𝑣𝑟 = 0, at 𝑟 = 𝑅; because the horizontal fluid motions below the stratified layer are 213 

opposed by the magnetic friction effects, so the horizontal perturbed velocities are considered to 214 

be stationary, that is, 𝑣𝜑 = 𝑣𝜃 = 0 (at 𝑟 = 𝑅 − 𝐻); while 𝑏𝜃 = 𝑏𝜑 = 0  at the CMB (𝑟 = 𝑅) is 215 

required by the pseudo-vacuum conditions.  216 

Besides, to conveniently discuss the physical model of the MAC waves, BM19 further 217 

converted the above governing equations from the spherical coordinates (𝑟, 𝜃, 𝜑) to the new 218 

coordinates (𝑧, 𝑥, 𝜑), here, 𝑧 = 𝑟 − 𝑅, 𝑥 refers to a meridional coordinate (i.e., 𝑥 = 𝑐𝑜𝑠 𝜃), 219 

while they defined two new variables (i.e., 𝑏𝜃
′  and 𝑏𝜑

′ ) for the perturbed magnetic fields (i.e., 𝑏𝜃 220 

and 𝑏𝜑), that is, 𝑏𝜃
′ = √1 − 𝑥2𝑏𝜃 and 𝑏𝜑

′ =
1

√1−𝑥2
𝑏𝜑. Given that the general expression of the 221 

travelling waves within the stratified layer can be written in the form of  𝑓(𝑋 − 𝑉⃗ 𝑡), where, 𝑋  222 
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being the position on the CMB, 𝑉  ⃗⃗ ⃗⃗  being the wave propagating velocity, the so-called MAC 223 

waves must satisfy the typical wave equation, here the perturbed magnetic fields due to these 224 

MAC waves are expressed in the following form       225 

         
𝑏𝜃
′ = 𝑏̃𝜃

′ (𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝[ 𝑖𝑚(𝜑 − 𝑉̃𝑡̃)] = 𝑏̃𝜃
′ (𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝[ 𝑖(𝑚𝜑 − 𝜔̃𝑡̃)]

𝑏𝜑
′ = 𝑏̃𝜑

′ (𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝[ 𝑖𝑚(𝜑 − 𝑉̃𝑡̃)] = 𝑏̃𝜑
′ (𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝[ 𝑖(𝑚𝜑 − 𝜔̃𝑡̃)]

}

   

(6) 226 

where, 𝑏̃𝜃
′ (𝑥) and 𝑏̃𝜑

′ (𝑥) respectively express the amplitudes of the perturbed magnetic field, 227 

which also reflect the latitudinal distribution of the MAC waves; 𝑡̃ = 𝑡 − 𝑡0, here 𝑡0 is the initial 228 

time; the boundary condition of perturbed magnetic field requires 𝑘 =
𝑗𝜋

𝐻
,  j (=1,2,⋯) is the 229 

vertical wave number; m is the space angular frequency or the space wave number; 𝑖2 = −1; the 230 

complex frequency 𝜔̃  is written as 𝜔̃=𝜔 + 𝑖𝛼, here, 𝜔  being the temporal angular frequency (or 231 

the eigen-frequency), 𝛼  being the damping rate, here 𝛼 < 0, meaning the typically exponential 232 

decaying oscillation mode; and 𝜔̃ = 𝑚𝑉̃ , so 𝑉̃ =
𝜔̃

𝑚
=

𝜔

𝑚
+ 𝑖

𝛼

𝑚
, defining 𝑉 = 𝑅𝑒(𝑉̃) =

𝜔

𝑚
=233 

2𝜋

𝑚𝑇
，here, V refers to the propagation velocity (i.e., phase speed), the sign of which determines the 234 

propagation direction, i.e., the sign ‘+’ means eastward propagation, while ‘-’ implies westward 235 

propagation; 𝑅𝑒 means to take the real part, 𝑇 refers to the eigen-period. 236 

 237 

2.2. Derivation of the ‘Weber equation’ 238 

According to the above formulas (i.e., (1), (2), (3), (4), (5) and (6)), we show the following 239 

equation (i.e., the equations (16) and (17) in BM19) 240 

                     
𝜕𝑥
2𝑏̃𝜃
′ −

𝑀−𝐼

1−𝑥2
𝑏̃𝜃
′ = 𝐶𝑥𝑖𝑏̃𝜑

′ + 𝑖𝑚𝜕𝑥𝑏̃𝜑
′

[−𝑚2 − (𝑀 − 𝐼)(1 − 𝑥2)]𝑏̃𝜑
′ = −𝐶𝑥𝑖𝑏̃𝜃

′ + 𝑖𝑚𝜕𝑥𝑏̃𝜃
′
}             (7) 241 

where,  𝐶 =
2𝛺𝜔̃𝑘2𝑅2

𝑁2
,  𝑀 =

𝑉𝑎
2𝑘4𝑅2

𝜒𝑁2
,  𝐼 =

𝜔̃2𝑘2𝑅2

𝑁2
, which respectively measure the importance of 242 

Coriolis force, Magnetic force and Inertia force with respect to the buoyancy force; here 𝑉𝑎 =243 

𝐵𝑟

√𝜌0𝜇
 being the Alfvén wave velocity; 𝜒 = 1 +

𝑖𝜂𝑘2

𝜔̃
, showing the influence of magnetic diffusion. 244 

On the subdecadal (i.e., 5~10yr) period scales, the inertia force term is shown to be much 245 

weaker than the magnetic force term, i.e., I << M (see the discussion part). Removing the I term 246 

from formula (7), we obtain  247 
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𝜕𝑥
2𝑏̃𝜃
′ −

𝑀(𝑥)

1−𝑥2
𝑏̃𝜃
′ = 𝐶𝑥𝑖𝑏̃𝜑

′ + 𝑖𝑚𝜕𝑥𝑏̃𝜑
′

𝑏̃𝜑
′ =

𝐶𝑥𝑖𝑏̃𝜃
′−𝑖𝑚𝜕𝑥𝑏̃𝜃

′

𝑚2+(1−𝑥2)𝑀(𝑥)

}

      

             (8) 248 

where, 𝑥 = 𝑐𝑜𝑠 𝜃 and |𝑥| < 1. 249 

Here, we will present the expression of 𝑀(𝑥). Given that 𝐵𝑟 at the CMB is not a constant 250 

value with respect to the latitude (e.g., Jackson, 2003; Christensen and Aubert, 2006), but its 251 

root-mean-square increases towards to the poles, BM19 further indicated that the large-scale trend 252 

of longitudinal averaged value 𝐵𝑟
2 can be generally approximated by a quadratic dependence on 𝑥, 253 

that is, 𝐵𝑟
2 = 𝐵𝑟

2(0)(1 + 𝛽2𝑥2), where, 𝐵𝑟(0) (~0.48mT, see Table 1) refers to the radial 254 

magnetic field strength at the CMB equator, the factor  𝛽  (~1.58, see Table 1) is a fitting 255 

parameter, reflecting the gradient strength of the magnetic force over the CMB surface. Obviously, 256 

if 𝛽 = 0, then 𝐵𝑟(𝑥) = 𝐵𝑟(0), in this case, 𝐵𝑟 is a constant value regarding x. Thus, the 𝑀(𝑥) 257 

term can be expressed by 258 

𝑀(𝑥) = 𝑀(0)(1 + 𝛽2𝑥2)                       (9) 259 

where, 𝑀(0) =
𝑉𝑎 (0)

2𝑘4𝑅2

𝜒𝑁2
; 𝑉𝑎(0) =

𝐵𝑟(0)

√𝜌0𝜇
 being the Alfvén wave velocity at the CMB equator. 260 

Furthermore, BM19 presented a second-order differential equation, i.e., formula (10) (see 261 

their equation (44)), which was suggested to be directly derived from the formula (8) after 262 

dropping the small terms with 
|𝑀(𝑥)|

𝑚2 ≪ 1. 263 

(1 − 𝑥2)𝜕𝑥
2𝑏̃𝜃
′ − 2𝑥(

1−𝛽2+2𝛽2𝑥2

1+𝛽2𝑥2
)𝜕𝑥𝑏̃𝜃

′ + [
𝐶2𝑥2

𝑀(𝑥)
+

𝑚𝐶

𝑀(𝑥)
−

𝑚2

1−𝑥2
]𝑏̃𝜃
′ = 0      (10) 264 

Given that BM19 did not show the detailed derivation process of equation (10), while this 265 

work will carefully present this process to reproduce the equation (10) (see Appendix A), the 266 

purpose of which is to figure out how to obtain this equation (10) in detail, especially, clarifying 267 

the mathematical and physical conditions that the equation (10) is required to satisfy.  268 

Introducing a variable 𝑦(𝑥) as follows 269 

 𝑦(𝑥) = √(1 − 𝑥2)(1 + 𝛽2𝑥2)𝑏̃𝜃
′ (𝑥)                 (11) 270 

Taking the formula (11) into the formula (10), focusing on the low-latitude region and 271 

removing the higher-order term (i.e., 𝑂(𝑥4), see the formula (B8) in Appendix B), we can derive 272 

the following equation (12), which is just the equation (46) in BM19. 273 

   
𝜕2𝑦

𝜕𝑥2
− (𝛼0𝑥

2 − 𝛼1)𝑦 = 0
         

             (12) 274 
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where,  𝛼0 = −
𝐶2

𝑀(0)
−

𝑚𝐶

𝑀(0)
(1 − 𝛽2) + 2(𝑚2 − 1) − 2𝛽2(𝛽2 + 1);  275 

              𝛼1 =
𝑚𝐶

𝑀(0)
−𝑚2 + 1 − 𝛽2.   276 

In physics, the equation (12) is called as the ‘Weber equation’, the derivation of which 277 

involves the so-called truncation treatment, i.e., discarding the higher-order term (i.e., O(x4)), 278 

which depends on the latitude. Here, the question is that whether removing the O(x4) term can 279 

induce the significant truncation errors for the results? This work further makes the perturbation 280 

analysis (see Appendix C) to check the accuracy of the results, which shows that the ‘Weber 281 

equation’ is valid to study the low-latitude waves. For example, when the latitude is smaller than 282 

25 degrees, the relative errors caused by the truncation treatment is shown to be less than 5%. 283 

 284 

2.3. Specific solution of the ‘Weber equation’  285 

Here, we will further focus on the specific solution of the equation (12). Defining 𝜉 = 𝛼̃𝑥 286 

(here, 𝛼̃ = 𝛼0

1

4), the equation (12) can be further transformed into  287 

                                   
𝜕2𝑦

𝜕𝜉2
+ (𝜂 − 𝜉2)𝑦 = 0                       (13) 288 

where, 𝜂 = 𝛼0
−
1

2𝛼1, the relative errors of 𝜂 (caused by the truncation treatment) are discussed in 289 

Appendix C. 290 

After this transformation, the form of equation (13) is completely same as the energy 291 

eigen-equation of one-dimensional harmonic oscillator in quantum mechanics. Actually, the 292 

specific solution to the equation that has the same mathematical form as the equation (13) has 293 

been discussed in quantum mechanics. Here, we would like to briefly recall it. Assuming the 294 

specific solution to the equation (13) has the following form 295 

  𝑦(𝜉) = 𝐴𝐻(𝜉)𝑒−
𝜉2

2                         (14) 296 

where, A is a constant coefficient unrelated to 𝜉.  297 

Taking 𝑦(𝜉) into the equation (13), we can obtain a second-order differential equation as 298 

follows  299 

                            𝐻″(𝜉) − 2𝜉𝐻′(𝜉) + (𝜂 − 1)𝐻(𝜉) = 0                (15)  300 

When 𝜂 satisfies the expression (namely 𝜂 − 1 = 2𝑛, here, n=0,1,2⋯), we can show the 301 
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specific polynomial solution (i.e., 𝐻𝑛(𝜉))to the equation (15), i.e., 𝐻𝑛(𝜉) = (−1)
𝑛𝑒𝜉

2 𝑑𝑛

𝑑𝜉𝑛
(𝑒−𝜉

2
), 302 

which is called as the Hermite polynomial of degree n and satisfies the following Hermite 303 

differential equation  304 

                            𝐻𝑛
″(𝜉) − 2𝜉𝐻𝑛

′(𝜉) + 2𝑛𝐻𝑛(𝜉) = 0                  (16)  305 

Furthermore, we can give the specific solution (i.e., 𝑦𝑛(𝜉)) of the equation (13) as follows  306 

𝑦𝑛(𝜉) = 𝐴𝑛𝑒
−
1

2
𝜉2𝐻𝑛(𝜉)                        (17) 307 

where,  𝐴𝑛 = √
𝛼̃

√𝜋2𝑛𝑛!
, being a normalized coefficient. 308 

Note that the above expression (i.e., 𝜂(= 𝛼0
−
1

2𝛼1) = 2𝑛 + 1) is equivalent to 𝛼1 = (2𝑛 +309 

1)√𝛼0, here, both  𝛼0 and  𝛼1 are complex numbers and they are related to 𝜒(= 1 +
𝑖𝜂𝑘2

𝜔̃
), 310 

where the magnetic diffusivity 𝜂(=
1

𝜇𝜎
) can induce the ohmic dissipation (i.e., damping effects) of 311 

the waves, the details of which will be shown in section 3.1.  312 

Moreover, we can rigorously prove that the expression (i.e., 𝜂 = 2𝑛 + 1 alternatively 𝛼1 =313 

(2𝑛 + 1)√𝛼0) is the sufficient and necessary condition that the equation (15) owns the Hermite 314 

polynomial solution, i.e., 𝐻𝑛(𝜉) (Proof is shown in Appendix D). Nevertheless, here a question 315 

may arise: Whether the specific solution (i.e., 𝑦𝑛(𝜉)) and the expression (i.e., 𝛼1 = (2𝑛 + 1)√𝛼0) 316 

can be valid in the actual geophysical situation? As mentioned above, Knezek and Buffett (2019) 317 

found that the Hermite basis functions indexed by n (see their formula (1), which owns the same 318 

form as that of the above formula (17)) can be chose to fit the observed equatorial waves, while 319 

the above discussion may just provide the theory basis to show the existence of the Hermite 320 

polynomial of degree n for representing the equatorial waves. Therefore, the previous work 321 

(Knezek and Buffett, 2019) actually provides the observed evidence to show that the specific 322 

solution 𝑦𝑛(𝜉) (or 𝐻𝑛(𝜉)) can exist in the reality, which means that, in the actual situation, the 323 

condition (i.e., 𝛼1 = (2𝑛 + 1)√𝛼0) also can be valid (see the ‘Proof of the sufficiency’ in 324 

Appendix D).  325 

Here, we further show the specific solution to the ‘Weber equation’ as follows (Proof is 326 

shown in Appendix E)  327 

                                𝑦𝑛(𝑥) = 𝐴𝑛𝑒
−
1

2
𝛼̃2𝑥2𝐻𝑛(𝛼̃𝑥)                     (18) 328 
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where, 𝛼̃ = 𝛼0

1

4; 𝛼0
−
1

2𝛼1 = 2𝑛 + 1, n=0,1,2,⋯. 329 

In summary, the amplitude of the perturbed magnetic field (i.e., 𝑏̃𝜃
′ (𝑥)) changes with latitude 330 

(except the north and south poles due to the singularities) satisfies the equation (10), which is 331 

shown to be valid on the subdecadal (e.g., the 8.5yr period) scales, where the inertia term I is 332 

shown to be much weaker than the magnetic force term M (see the discussion part); when the 333 

region is confined to near the equator, the equation (10) will be further transformed into the 334 

equation (12). The perturbation analysis (see Appendix C) further shows that the related results 335 

(i.e., 𝑦𝑛(𝑥), 𝛼̃, 𝜂) derived from the equation (12) are reliable to analyze the low-latitude waves, 336 

e.g., when the latitude is below 25°, the relative errors are shown to be less than 5%, and these 337 

errors will be further reduced as the latitude decreases. Hence, discussion of the equation (12) and 338 

its specific solutions (i.e., formula (18)) is significant to deeply understand the origins of the 339 

observed low-latitude waves on the subdecadal scales. Despite this, the first thing required here is 340 

to determine whether the formula (18) owns the equatorial confinement property.  341 

 342 

2.4. Simulation of the low-latitude distribution features 343 

Formula (18) can represent the low-latitude distribution features of the MAC waves of degree 344 

n. Here, we will further show this point. For the sake of simplicity, we only present the Hermite 345 

functions with the several lower degrees (i.e., n=0, 1, 2 and 3): 𝐻0(𝑥) = 1，𝐻1(𝑥) = 2𝑥，𝐻2(𝑥) =346 

4𝑥2 − 2，𝐻3(𝑥) = 4𝑥(2𝑥
2 − 3). Thus, the expressions of 𝑦𝑛(𝑥) are listed as following 347 

when n=0, 𝑦0(𝑥) = 𝛼̃
1

2𝜋−
1

4𝑒−
1

2
𝛼̃2𝑥2

; 348 

when n=1, 𝑦1(𝑥) = √2𝛼̃
3

2𝜋−
1

4𝑥𝑒−
1

2
𝛼̃2𝑥2

; 349 

when n=2, 𝑦2(𝑥) = 2
−
1

2𝛼̃
1

2𝜋−
1

4(2𝛼̃2𝑥2 − 1)𝑒−
1

2
𝛼̃2𝑥2

; 350 

when n=3, 𝑦3(𝑥) = 3
−
1

2𝜋−
1

4𝛼̃
3

2𝑥(2𝛼̃2𝑥2 − 3)𝑒−
1

2
𝛼̃2𝑥2

. 351 

From these expressions, 𝑦𝑛(𝑥) depends on the parameter 𝛼̃ (i.e., 𝛼̃ = 𝛼0

1

4), where,  𝛼0 is 352 

expressed by   𝛼0 = −
𝐶2

𝑀(0)
−

𝑚𝐶

𝑀(0)
(1 − 𝛽2) + 2(𝑚2 − 1) − 2𝛽2(𝛽2 + 1) . Although 𝛼̃  is a 353 

complex number, here we synthetically set various 𝛼̃ values as the real numbers to show the 354 

potential properties of 𝑦𝑛(𝑥). In the section 3.3, we will further use the relevantly physical 355 
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parameters (see Table 1) to estimate the real (or close to be real) 𝛼̃ value.  356 

Here, the synthetical results are displayed in Figure 1, showing that 𝛼̃ can influence the 357 

equatorial confinement degree. In general, if 𝛼̃ is small (e.g., 𝛼̃ ≤ 1), then 𝑦𝑛(𝑥) curves cannot 358 

perform the low-latitude concentration behaviors; if  𝛼̃  is larger, then 𝑦𝑛(𝑥) curves can be more 359 

concentrated to the equatorial areas, especially, when  𝛼̃ ≥ ~4, the 𝑦𝑛(𝑥) curves are shown to be 360 

obviously assembled and confined to the low-latitude regions (within ~ ±30°). Consequently, the 361 

appearance of eMAC waves requires a relatively larger 𝛼̃ value. Additionally, Figure 1 shows 362 

that, when 𝑛 is an even number (e.g., n=0,2,⋯),  𝑦𝑛(𝑥) is an even function with respect to x (see 363 

Figure 1 (a) and (c)); when 𝑛 is an odd number (e.g., n=1,3,⋯),  𝑦𝑛(𝑥) will be an odd function 364 

(see Figure 1 (b) and (d)), meaning that the eMAC waves can present the symmetric or 365 

antisymmetric features with respect to the equator.  366 

 367 

Figure 1. Numerical simulation of the low-latitude distribution of the MAC waves by means of synthetic setting 368 

various 𝛼̃ values (here, 𝛼̃ is set to be the real numbers). When  𝛼̃  value is large enough (i.e., 𝛼̃  ≥ ~4), the 369 

amplitudes of these waves can perform the obviously equatorially trapped behaviors, i.e., the wave energy can be 370 

strongly confined to the low-latitude region (within ~ ± 30°).  371 

3.Results 372 

3.1. On the damping rate and eigen-period formulas 

373 

As mentioned above, this work presents the specific solution (i.e., formula (18)) to the 374 
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equation (12), and we have  375 

 𝛼1 = (2𝑛 + 1)√𝛼0                           (19) 376 

where, 𝛼0 = −
4𝛺2𝑅2𝜒

𝑉𝑎
2(0)𝑁2

𝜔̃2 −
2𝛺𝑚𝜒

𝑉𝑎
2(0)𝑘2

(1 − 𝛽2)𝜔̃ + 2(𝑚2 − 1) − 2𝛽2(𝛽2 + 1);   377 

𝛼1 =
2𝛺𝑚𝜒

𝑉𝑎
2(0)𝑘2

𝜔̃ + 1 −𝑚2 − 𝛽2. 378 

Here, we can further write the following formula 379 

𝐷𝑛𝜔̃
2 + 𝐸𝑛𝜔̃ + 𝐹𝑛 = 0                         (20) 

380 

where, 𝐷𝑛 =
𝑚2𝜒2

𝑉𝑎
2(0)𝑘4

+ (2𝑛 + 1)2
𝑅2𝜒

𝑁2
;  𝐸𝑛 =

𝑚𝜒

2𝛺𝑘2
[2(1 − 𝑚2 − 𝛽2) + (2𝑛 + 1)2(1 − 𝛽2)]; 381 

𝐹𝑛 =
𝑉𝑎
2(0)

4𝛺2
[(1 − 𝑚2 − 𝛽2)2 − 2(2𝑛 + 1)2(𝑚2 − 1 − 𝛽4 − 𝛽2)]. 382 

Formula (20) expresses a complex equation, both the imaginary and real parts of which are 383 

required to be 0, from which the formulas of damping rate 𝛼 and eigen-frequency 𝜔 of the 384 

eMAC waves can be derived. 385 

Firstly, the imaginary part of equation (20) is equal to 0, we have 386 

                              𝐴𝑛𝛼 = −𝜂𝑘
2𝐵𝑛

              
             (21) 387 

where, 𝐴𝑛 = [
2𝑚2

𝑉𝑎
2(0)𝑘4

+ 2(2𝑛 + 1)2
𝑅2

𝑁2
]𝜔 +

𝑚

2𝛺𝑘2
[2(1 −𝑚2 − 𝛽2) + (2𝑛 + 1)2(1 − 𝛽2)]； 388 

𝐵𝑛 = [
2𝑚2

𝑉𝑎
2(0)𝑘4

+ (2𝑛 + 1)2
𝑅2

𝑁2
]𝜔 +

𝑚

2𝛺𝑘2
[2(1 −𝑚2 − 𝛽2) + (2𝑛 + 1)2(1 − 𝛽2)]； 389 

Here, the damping rate 𝛼 is expressed by 390 

                                  𝛼 = −𝜂𝑘2𝛾                             (22) 391 

where, 𝛾 =
𝐵𝑛

𝐴𝑛
, 𝛾 ≠1. 392 

Formula (22) shows that the damping rate 𝛼 is proportional to the magnetic diffusivity 𝜂(=393 

1

𝜇𝜎
), meaning that the electrical conductivity 𝜎 atop the Earth’s core plays an important role in 394 

causing the ohmic dissipation of the waves. In order to well understand 𝛼, we need to study the 𝛾 395 

value, which superficially depends on the space wave number m, the Alfvén wave velocity 𝑉𝑎(0) 396 

at the equator and the stratification (N, H). When N is in the range of 7~15Ω (see Table 1) and 397 

𝜔 =
2𝜋

𝑇
 (here, T being 8.5yr), the 𝛾 values are shown in Figure 2. Since 𝐴𝑛 can be equal to 0, so 398 

the discontinuous points (DPs) or the singularities (i.e., n=0, H~18.8km; n=1, H~19km; n=2, 399 

H~20km; n=3, H is shown to be in the range of 20~25km) can appear in Figure 2.  400 
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Besides, Figure 2 also shows that when H values (for each degree mode) are on the right side 401 

of the DPs, 𝛾 values are shown to be close to be 1. It should be noted that, here we will mainly 402 

concern the 𝛾 values at the right side of DPs, since the estimated H values (reflected by the red 403 

vertical dashed lines in the local enlarged drawings) inferred from the eigen-periods of eMAC 404 

waves matching the 8.5yr (see the following text) are shown to mainly locate at this side. 405 

The exact changes of 𝛾 values (with N and H) are further shown in the local enlarged 406 

drawings (see Figure 2), which shows that 𝛾 values can quickly tend toward 1 with H increase, 407 

especially, the greater the buoyancy frequency N is, the faster the 𝛾 values approach to 1 (note 408 

that 𝛾 ≠1). When 𝛾 → 1, the 𝛼 formula will be simplified as 𝛼 → −𝜂𝑘2 = −
𝑗2𝜋2

𝜇𝜎𝐻2
, which 409 

means that the damping effects of the eMAC waves mainly depend on 𝜎  and 𝐻2, while the 410 

corresponding relaxation time 𝜏 is written as 𝜏 =
1

|𝛼|
→

𝜇𝜎𝐻2

𝑗2𝜋2
. Of course, the damping rate 𝛼 is 411 

also related to the vertical wave number j, but, if j >1 (e.g., 2,3,⋯), the damping dissipation effects 412 

will be too strong to effectively produce these travelling waves. Therefore, we mainly consider the 413 

case of j =1 and express the damping rate as a simple formula, i.e., 𝛼 ≈ −𝜂𝑘2 = −
𝜋2

𝜇𝜎𝐻2
. 414 

 415 

1 1 
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 416 

Figure 2. The 𝛾 values change with the stratification parameters (i.e., H and N). Here, N is in the range of 7~15Ω. 417 

The green curves (upper border) being the case of N=15Ω, while the blue curves (lower border) being the case of 418 

N=7Ω. The red vertical dashed lines (shown in the enlarged drawings) show the corresponding H values, which are 419 

estimated by the eMAC waves with the 8.5yr eigen-period (see the following text).  420 

 421 

Secondly, the real part of equation (20) is equal to 0, we obtain 422 

 𝐷̃𝑛𝜔
2 + 𝐸̃𝑛𝜔 + 𝐹̃𝑛 = 0                        (23) 423 

where, 𝐷̃𝑛 =
𝑚2

𝑉𝑎
2(0)𝑘4

+ (2𝑛 + 1)2
𝑅2

𝑁2
=
𝜌0𝜇𝑚

2𝐻4

𝐵𝑟
2(0)𝜋4

+ (2𝑛 + 1)2
𝑅2

𝑁2
; 424 

𝐸̃𝑛 =
𝑚

2𝛺𝑘2
[2(1 −𝑚2 − 𝛽2) + (2𝑛 + 1)2(1 − 𝛽2)] =

𝑚𝐻2

2𝛺𝜋2
[2(1 − 𝑚2 − 𝛽2) + (2𝑛 + 1)2(1 − 𝛽2)]; 425 

 𝐹̃𝑛 = 𝐹𝑛 −
𝑚2

𝑉𝑎
2(0)𝑘4

(𝛼 + 𝜂𝑘2)2 − (2𝑛 + 1)2
𝑅2

𝑁2
(𝛼2 + 𝛼𝜂𝑘2).  426 

Using 𝛼 = −𝜂𝑘2𝛾 (the formula (22)), 𝐹̃𝑛 can be further expressed by  427 

𝐹̃𝑛 = 𝐹𝑛 −
𝑚2

𝑉𝑎
2(0)

η2(1 − 𝛾)2
⏟          

𝑇1

− (2𝑛 + 1)2
𝑅2

𝑁2
(ηk2)2𝛾(𝛾 − 1)⏟                  
𝑇2

       (24) 428 

where, 𝐹𝑛 =
𝑉𝑎
2(0)

4𝛺2
[(1 − 𝑚2 − 𝛽2)2 − 2(2𝑛 + 1)2(𝑚2 − 1 − 𝛽4 − 𝛽2)]. 429 

Since 𝛾 (=
𝐵𝑛

𝐴𝑛
) includes 𝜔 (see the formulas (21) and (22)), so 𝐹̃𝑛 also includes 𝜔, which 430 

means that the equation (23) does not express a quadratic equation with respect to 𝜔. However, 431 

using 𝛾 → 1, both 𝑇1 and 𝑇2 terms in formula (24) are shown to be much smaller than 𝐹𝑛. 432 

Hence, both 𝑇1 and 𝑇2 terms are removed from 𝐹̃𝑛, thus 433 

𝐹̃𝑛 → 𝐹𝑛                             434 

so, formula (23) is further turned into the following typical quadratic equation regarding 𝜔  435 

1 1 
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                                𝐷̃𝑛𝜔
2 + 𝐸̃𝑛𝜔 + 𝐹𝑛 = 0                     (25) 436 

Solving the equation (25), we have 437 

𝜔 =
−𝐸̃𝑛±√𝐸̃𝑛

2
−4 𝐷̃𝑛𝐹𝑛

2 𝐷̃𝑛
                      (26) 438 

Because the term (i.e., 4 𝐷̃𝑛𝐹𝑛) is comparable with 𝐸̃𝑛
2
 (e.g., for n=0, H=20km, N=7Ω, 439 

4 𝐷̃𝑛𝐹𝑛

𝐸̃𝑛
2 ~0.95; for n=1, 

4 𝐷̃𝑛𝐹𝑛

𝐸̃𝑛
2 ~0.61), the equation (25) presents two different real roots, which are 440 

respectively expressed by 𝜔𝑛,1 and 𝜔𝑛,2 (the eigen-periods are respectively expressed as 𝑇𝑛,1 =441 

2𝜋

𝜔𝑛,1
 and 𝑇𝑛,2 =

2𝜋

𝜔𝑛,2
) 442 

𝜔𝑛,1 =
−𝐸̃𝑛+√𝐸̃𝑛

2
−4 𝐷̃𝑛𝐹𝑛

2 𝐷̃𝑛

𝜔𝑛,2 =
−𝐸̃𝑛−√𝐸̃𝑛

2
−4 𝐷̃𝑛𝐹𝑛

2 𝐷̃𝑛 }
 
 

 
 

                     (27)   443 

where, 0 < 𝜔𝑛,2 < 𝜔𝑛,1. 444 

From the above formulas, these physical factors (i.e., m, 𝛽, 𝜌0, 𝐵𝑟(0), N, H) can influence 445 

the eigen-periods of the eMAC waves. Nevertheless, the following several parameters (i.e., m, 𝛽, 446 

𝜌0, 𝐵𝑟(0)) are considered as the known factors (see Table 1), so the eigen-periods will mainly 447 

depend on the stratification parameters (i.e., N and H). Figure 3 shows that the results of the 448 

eigen-periods change with N and H. Although the modes (e.g., n=0 and n=1) may present two 449 

eigen-period curves (i.e., 𝑇𝑛,1 and 𝑇𝑛,2 in Figure 3), only one root (i.e., 𝑇𝑛,1) can be valid to 450 

match the 8.5yr period, and the target solutions are further displayed by the blue boxes in Figure 3, 451 

where the coordinates (H, T) of these boxes represent the thickness-period values. For example, 452 

the blue box 1 in Figure 3(a) represents H~21km, which is estimated by the eigen-period 453 

𝑇0,1(=8.5yr); Figure 3(b) shows the mode n=1, when 𝑇1,1 matches the 8.5yr, H is estimated to be 454 

25km (i.e., the box 2); Figure 3(c) and (d) respectively display the modes n=2 and 3, where, boxes 455 

3 and 4 show that the estimated H values are 30km and 35km respectively, when the eigen-periods 456 

match the 8.5yr period. Besides, the eigen-period curves own the good convergent property, 457 

meaning that the eigen-periods are unrelated to N, which is due to the large enough N values (i.e., 458 

7Ω~15Ω) used in this work. As BM19 suggested, if N is larger than a threshold value, the 459 

eigen-period will not be influenced by N. Here we can verify that this threshold value should be 460 

smaller than 7Ω. 461 

It is worth highlighting that, all the H values (i.e., for n=0, H=21km; for n=1, H=25km; for 462 
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n=2, H=30km; for n=3, H=35km) estimated by the 8.5yr period can make the corresponding 𝛾 463 

values be close to 1: For example, for n=0, 𝛾 will be 0.98~0.99, while for n=1,2,3, 𝛾 value will 464 

be 0.95~0.99, which can be inferred from the Figure 2 (see the red vertical dashed lines in the 465 

enlarged drawings). Consequently, we confirm that the above expression (i.e., 𝐹̃𝑛 → 𝐹𝑛) is valid 466 

and the formula (25) is reliable as well.  467 

 468 

Figure 3. Eigen-periods of the eMAC waves vary with N and H, where, N is set to be 7~15Ω, H>19km (for n=0,1), 469 

H>20km (for n=2), H>25km (for n=3); the gray shadow regions show the subdecadal periods (i.e., 5~10yr scales); 470 

the red horizontal dashed lines show the 8.5yr period; the coordinates of the blue boxes show the corresponding 471 

thickness-period (H, T) values, i.e., box 1 (21km, 8.5yr), box 2 (25km, 8.5yr), box 3(30km, 8.5yr), box 4 (35km, 472 

8.5yr). 473 

 474 

Combining the 𝛼 and 𝜔 formulas, we give the expression of quality factor 𝑄 475 

𝑄 =
𝑅𝑒(𝜔̃)

2 𝐼𝑚(𝜔̃)
=

𝜔

2|𝛼|
=

𝜋

𝜂γ𝑘2𝑇
=
𝜇𝜎𝐻2

𝜋γ𝑇
                   (28) 476 

where, T refers to the eigen-period of the eMAC wave modes. 477 

Using T=8.5, we present the estimated Q values in Table 2 (here, we adopt 𝛾 =1), which are 478 

shown to be quite small, i.e., only 1~2. Because of these small Q values, the excitations of eMAC 479 

waves should be durative, otherwise, these excited waves will rapidly disappear due to the 480 

strongly ohmic dissipation. However, the exact excitation mechanism responsible for the continual 481 

generation of these eMAC waves is still unclear (e.g., Gillet et al, 2021), though the convection 482 
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within the Earth’s core may provide a mainly stochastic excitation source (e.g., Buffett and 483 

Knezek, 2018; Gillet et al, 2021). Additionally, BM19 referred to an alternatively physical 484 

mechanism responsible for these excitations, that is, the westward drift of buoyance plumes in the 485 

equatorial areas, which may generate the eMAC waves through either the influence of fluid rising 486 

into the stratification layer atop of Earth’s core or magnetic disturbances at the bottom of this 487 

stratified layer.  488 

Table 2 Related parameters of eMAC waves with different degrees (here, T=8.5yr)    489 

degree n    H (km)       Q        τ (yr)        L (km) 

     0      21.0       0.66        1.78        658.6 

     1      25.0       0.93        2.52        932.4 

     2      30.0       1.34        3.63       1343.1 

     3      35.0       1.83        4.95       1831.5 

 490 

3.2. Propagation speeds of the eMAC waves 491 

Based on the above discussion, the theoretical propagation velocity (i.e., phase speed) of the 492 

eMAC waves with the 8.5yr period is given by 493 

                          𝑉 =
𝜔

𝑚
=
−𝐸̃𝑛+√𝐸̃𝑛

2
−4 𝐷̃𝑛𝐹𝑛

2𝑚 𝐷̃𝑛
                       (29) 494 

where, the sign of 𝑉 (or 𝜔) reflects the propagation direction of the eMAC waves, 𝑉 > 0 refers 495 

to the eastward propagation, while 𝑉 < 0 means propagating westward, which is helpful to 496 

identify whether the observed equatorial waves (e.g., Chulliat et al, 2015; Chi-Durán et al, 2020) 497 

are eMAC waves.  498 

Here, we show that 𝐸̃𝑛 =
𝑚𝐻2

2𝛺𝜋2
[2(1 − 𝑚2 − 𝛽2) + (2𝑛 + 1)2(1 − 𝛽2)]<0 (based on the 499 

parameters shown in Table 1) and 𝐷̃𝑛 =
𝜌0𝜇𝑚

2𝐻4

𝐵𝑟
2(0)𝜋4

+ (2𝑛 + 1)2
𝑅2

𝑁2
>0, so 𝑉 > 0, meaning that the 500 

propagation direction of the eMAC waves with the 8.5yr period is predicted to be eastward. 501 

Moreover, the theoretical linear velocity of the eMAC waves can be calculated by 𝑉𝐿 = 𝑅𝑉. 502 

Defining 𝑉𝐿 =
−𝐸̃𝑛+√𝐸̃𝑛

2
−4 𝐷̃𝑛𝐹𝑛

2𝑚 𝐷̃𝑛
𝑅, the results are displayed in Figure 4, which shows that the 𝑉𝐿 503 

can match the observed result (i.e., 345~477 km/yr reflected by the shallow area in Figure 4), 504 

where, the predicted velocity is ~370km/yr, which is shown by the red dashed lines. Additionally, 505 



21 
 

the propagating distances (L) of these waves within the relaxation time (𝜏) are also estimated, see 506 

Table 2. 507 

 508 

Figure 4. Predicted linear velocities of eMAC waves vary with H and N (here m=7); the blue shallow area shows 509 

the rang of the observed liner velocity (i.e., 345~477km/yr) cited from Chi-Durán et al (2020). 510 

 511 

3.3. On the equatorial confinement property of the MAC waves 512 

By synthetically varying the 𝛼̃ values, Figure 1 presents the potential latitudinal distribution 513 

characteristics of the MAC waves. Here, further using the related parameters (see Table 1), which 514 

are considered to be (or close to be) the actual Earth situation, we will estimate the 𝛼̃  values to 515 

determine whether the MAC waves own the equatorial confinement property. Since 𝛼0 is a 516 

complex quantity, while 𝛼̃ is determined by 𝛼0 (i.e., 𝛼̃ = 𝛼0

1

4), so 𝛼̃ is also a complex quantity. 517 

Here, we write 518 

 𝛼0 = 𝑅𝑒(𝛼0) + 𝑖𝐼𝑚(𝛼0) and 𝛼̃ = 𝑅𝑒(𝛼̃) + 𝑖𝐼𝑚(𝛼̃) 519 

Moreover, 𝑅𝑒(𝛼0) and 𝐼𝑚(𝛼0) are written as 520 

𝑅𝑒(𝛼0) = −
4𝛺2𝑅2

𝑉𝑎
2(0)𝑁2

[𝜔2 − 𝛼(𝛼 + 𝜂𝑘2)] −
2𝛺𝑚

𝑉𝑎
2(0)𝑘2

(1 − 𝛽2)𝜔 + 2(𝑚2 − 1) − 2𝛽2(𝛽2 + 1)

𝐼𝑚(𝛼0) = −
4𝛺2𝑅2

𝑉𝑎
2(0)𝑁2

𝜔(2𝛼 + 𝜂𝑘2) −
2𝛺𝑚

𝑉𝑎
2(0)𝑘2

(1 − 𝛽2)(𝛼 + 𝜂𝑘2)
}(30) 521 

where, 𝑘 =
𝜋

𝐻
, 𝑉𝑎(0) =

𝐵𝑟(0)

√𝜌0𝜇
. 522 

Using 𝛼 ≈ −𝜂𝑘2 = −𝜂
𝜋2

𝐻2
, we present the following equation 523 
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𝑅𝑒(𝛼0) ≈ −
4𝛺2𝑅2𝜇𝜌0

𝐵𝑟
2(0)𝑁2

𝜔2
⏟      

1

−
2𝛺𝑚𝜇𝜌0𝐻

2

𝐵𝑟
2(0)𝜋2

(1 − 𝛽2)𝜔
⏟            

2

+ 2(𝑚2 − 1)⏟      
3

− 2𝛽2(𝛽2 + 1)⏟        
4

𝐼𝑚(𝛼0) ≈
4𝜇𝜌0𝛺

2𝑅2𝜋2

𝐵𝑟
2(0)𝑁2𝐻2

𝜔𝜂
}
 
 

 
 

   (31) 524 

Formula (31) shows that these physical factors (i.e., 𝜌0，𝑚，𝛽, 𝐵𝑟(0), N and H) jointly 525 

influence the 𝛼0 value, and then affect the low-latitude confinement degree of the waves. Taking 526 

the related parameters (Table 1) into the formula (31), we can estimate the values of 𝑅𝑒(𝛼0), 527 

𝐼𝑚(𝛼0), 𝑅𝑒(𝛼̃) and 𝐼𝑚(𝛼̃), see Table 3. The results indicate that 𝐼𝑚(𝛼̃) ≪  𝑅𝑒(𝛼̃), here, 528 

𝑅𝑒(𝛼̃) values are estimated to be in an approximate range (i.e., 3.5~4.3), which are large enough 529 

(see Figure 1) to enable the equatorial confinement of the waves, see Figure 5(a), (b), (c) and (d), 530 

where the real parts of 𝑦𝑛(𝑥) (i.e., 𝑅𝑒[𝑦𝑛(𝑥)]; n=0,1,2,3; 𝛽 =1.58) are displayed and they are 531 

shown to be insensitive to the N values (7𝛺 ≤ 𝑁 ≤ 15𝛺). Besides, we also consider the case of 532 

𝛽 = 0 (see Figure 5(e) and (f)), which shows that the 𝑦𝑛(𝑥) curves do not present the equatorial 533 

confinement property, meaning that the eMAC waves cannot appear in the case of the CMB radial 534 

magnetic fields being constant with respect to the latitude. The above results imply that the 535 

gradient strength of the radial magnetic field over the CMB surface (characterized by the 536 

parameter 𝛽) may provide the so-called wave guide to produce the low-latitude confinement 537 

property for the MAC waves.  538 

Here, we also note that 𝑦𝑛(𝑥) (estimated by the related parameters listed in Table 1) cannot 539 

rapidly decay to 0 at the regions with the latitude > 30° (especially for the relatively higher degree 540 

modes, e.g., 𝑛=3), though 𝑦𝑛(𝑥)  results can generally present the equatorial confinement 541 

features (Figure 5(a), (b), (c) and (d)). Note that the relatively larger errors for 𝑦𝑛(𝑥) itself may 542 

exist in the higher latitude regions, hence 𝑦𝑛(𝑥) possibly might not well reflect the real situation 543 

locating at the higher latitude. Hence, it is necessary to make clear all the potential physical factors 544 

that can increase the equatorial confinement degree of the MAC wave model, the detailed 545 

information of which is shown in the discussion part. Nevertheless, the 𝑦𝑛(𝑥) results are shown 546 

to be reliable to characterize the property of the waves locating at the low-latitude regions, for 547 

example, if the latitude is below 25 degrees, then the relative errors of 𝑦𝑛(𝑥) are shown to be 548 

smaller than 5% (see the Appendix C).  549 

 550 

Table 3 The values of parameters (  𝛼0 and 𝛼̃)  estimated by the different degree modes with the same 551 



23 
 

eigen-period (𝑇 =
2𝜋

𝜔
=8.5yr). Here, N=10Ω suggested by Knezek and Buffett (2018).  552 

   n    H (km)          𝑅𝑒(𝛼0)             𝐼𝑚(𝛼0)           𝑅𝑒(𝛼̃)              𝐼𝑚(𝛼̃) 

   0     21.0       158.49       12.13       3.55        0.068 

   1     25.0       198.53        8.56       3.75        0.040 

   2     30.0       258.36        5.94       4.01        0.023 

   3     35.0       329.09        4.37       4.26        0.014 

 553 

 554 

 555 

Figure 5. Equatorially trapped characteristics of MAC waves with the degrees (n=0,1,2,3). In this figure, Re (.) 556 

refers to taking the real part of 𝑦𝑛(𝑥) = 𝐴𝑛𝑒
−
1

2
𝛼̃2𝑥2𝐻𝑛(𝛼̃𝑥). (a), (b), (c) and (d) present the results of 𝑦𝑛(𝑥) 557 

(n=0,1,2,3 respectively) in the case of 𝛽=1.58, while (e) and (f) show the results in the case of 𝛽=0.  558 

     559 

3.4. On the perturbed magnetic field model due to eMAC waves 560 
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According to the formula (6) and the relationship (𝑏𝜃
′ = √1 − 𝑥2𝑏𝜃 and 𝑏𝜑

′ =
1

√1−𝑥2
𝑏𝜑), we 561 

can give the perturbed magnetic field models (i.e., 𝑏𝜃 and 𝑏𝜑) as follows  562 

{
 𝑏𝜃 =

1

√1−𝑥2
𝑏̃𝜃
′ (𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝[ 𝑖(𝑚𝜑 − 𝜔̃𝑡̃)] 

𝑏𝜑 = √1 − 𝑥2𝑏̃𝜑
′ (𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝[ 𝑖(𝑚𝜑 − 𝜔̃𝑡̃)]

            (32) 563 

where, 𝑧 = 𝑟 − 𝑅; 𝑡̃ = 𝑡 − 𝑡0, 𝑡0 refers to the initial time. 564 

Defining 565 

 𝑏̃𝜃𝑛(𝑥) =
1

√1−𝑥2
𝑏̃𝜃𝑛
′ (𝑥) and 𝑏̃𝜑𝑛(𝑥) = √1 − 𝑥

2𝑏̃𝜑𝑛
′ (𝑥)      (33) 566 

So, the perturbed magnetic field models (of the degree n) are expressed by 567 

          𝑏𝜃𝑛 = 𝑏̃𝜃𝑛(𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝( 𝑖𝑚𝜑 − 𝜔̃𝑡)

           𝑏𝜑𝑛 = 𝑏̃𝜑𝑛(𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝( 𝑖𝑚𝜑 − 𝜔̃𝑡)
}               (34) 568 

where, 𝑏̃𝜃𝑛(𝑥) and 𝑏̃𝜑𝑛(𝑥) respectively reflect the amplitudes and the latitudinal distribution 569 

features of 𝑏𝜃𝑛 and 𝑏𝜑𝑛.  570 

According to the formula (11), we have  𝑏̃𝜃
′ (𝑥) =

1

√(1−𝑥2)(1+𝛽2𝑥2)
𝑦(𝑥). Here, we further 571 

write   572 

 𝑏̃𝜃𝑛
′ (𝑥) =

1

√(1−𝑥2)(1+𝛽2𝑥2)
𝑦𝑛(𝑥)                 (35) 573 

Therefore 574 

  𝑏̃𝜃𝑛(𝑥) =
1

√1−𝑥2
𝑏̃𝜃𝑛
′ (𝑥) =

1

(1−𝑥2)√1+𝛽2𝑥2
𝑦𝑛(𝑥)         (36) 575 

Focusing on the low-latitude regions and adopting the series expansion approach, that is, 576 

1

1−𝑥2
= 1 + 𝑥2 + 𝑥4 + 𝑥6 +⋯⏟        

𝑂(𝑥4)

, then, removing the higher-order quantity (i.e., 𝑂(𝑥4)), we obtain  577 

  𝑏̃𝜃𝑛(𝑥) =
1+𝑥2

√1+𝛽2𝑥2
𝑦𝑛(𝑥)                      (37) 578 

where, the truncation errors caused by removing 𝑂(𝑥4) are shown to be less than 5%, when the 579 

latitude is below 30°(see the blue curve displayed in Figure S1 of the supporting materials). 580 

Using the formula (8) and (37), we get 581 

 𝑏̃𝜑𝑛
′ (𝑥) =

𝑖𝐶𝑥

𝑓
𝑏̃𝜃𝑛
′ −

𝑖𝑚

𝑓
𝜕𝑥𝑏̃𝜃𝑛

′ =
𝑖𝐶𝑥

𝑓√(1−𝑥2)(1+𝛽2𝑥2)
𝑦𝑛(𝑥) −

𝑖𝑚

𝑓
𝜕𝑥𝑏̃𝜃𝑛

′

    

(38) 582 

where, 𝑓 = 𝑚2 + (1 − 𝑥2)𝑀(𝑥). 583 

   From the formula (33), 𝑏̃𝜑𝑛(𝑥) is expressed as follows 584 

𝑏̃𝜑𝑛(𝑥) = √1 − 𝑥
2𝑏̃𝜑𝑛
′ (𝑥) =

𝑖𝐶𝑥

𝑓√(1+𝛽2𝑥2)
𝑦𝑛(𝑥) −

𝑖𝑚

𝑓
√1 − 𝑥2𝜕𝑥𝑏̃𝜃𝑛

′

      
(39) 585 
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where, 𝜕𝑥𝑏̃𝜃𝑛
′ =

1

√(1−𝑥2)(1+𝛽2𝑥2)
𝜕𝑥𝑦𝑛(𝑥) −

𝑥(𝛽2−1−2𝛽2𝑥2)

[(1−𝑥2)(1+𝛽2𝑥2)]
3
2

𝑦𝑛(𝑥) , which is derived from the 586 

formula (35). 587 

Using the series expansion approach, 𝑏̃𝜑𝑛(𝑥) can be further expressed by 588 

 𝑏̃𝜑𝑛(𝑥) =
𝑖

𝑓
[

𝐶

√(1+𝛽2𝑥2)
+
𝑚(𝛽2−1−2𝛽2𝑥2)(1+𝑥2)

(1+𝛽2𝑥2)
3
2

]𝑥𝑦𝑛(𝑥) −
𝑖𝑚

𝑓√1+𝛽2𝑥2
𝜕𝑥𝑦𝑛(𝑥)

  

 (40) 589 

Not that both  𝑏̃𝜃𝑛(𝑥) and 𝑏̃𝜑𝑛(𝑥) developed here are dimensionless quantities and they 590 

essentially reflect the latitudinal distribution law of the waves. Furthermore, considering the initial 591 

time 𝑡 = 𝑡0, then 𝑏𝜃𝑛 and 𝑏𝜑𝑛 can be written as 592 

                  
𝑏𝜃𝑛(𝑡0, 𝑥, 𝑧, 𝜑) = 𝑏̃𝜃𝑛(𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝( 𝑖𝑚𝜑)

𝑏𝜑𝑛(𝑡0, 𝑥, 𝑧, 𝜑) = 𝑏̃𝜑𝑛(𝑥) 𝑠𝑖𝑛( 𝑘𝑧) 𝑒𝑥𝑝( 𝑖𝑚𝜑)
}             (41) 593 

where, 𝑧 = 𝑟 − 𝑅; 𝑘 =
𝜋

𝐻
.  594 

Here, at the CMB (𝑟 = 𝑅, i.e., 𝑧 = 0) and the bottom of the stratified layer (𝑟 = 𝑅 − 𝐻, 595 

i.e., 𝑧 = −𝐻), we give 𝑏𝜃𝑛 = 𝑏𝜑𝑛 = 0. Therefore, to reveal the latitudinal distribution law of the 596 

waves, we define the vertically average values of the perturbed magnetic fields inside the 597 

thickness H as follows 598 

𝑏̅𝜃𝑛 =
1

𝐻
∫ 𝑏𝜃𝑛(𝑡0, 𝑥, 𝑧, 𝜑)𝑑𝑧 = 𝑏̃𝜃𝑛(𝑥) 𝑒𝑥𝑝( 𝑖𝑚𝜑)

1

𝐻
∫ 𝑠𝑖𝑛( 𝑘𝑧)𝑑𝑧
0

−𝐻

0

−𝐻

𝑏̅𝜑𝑛 =
1

𝐻
∫ 𝑏𝜑𝑛(𝑡0, 𝑥, 𝑧, 𝜑)𝑑𝑧 = 𝑏̃𝜑𝑛(𝑥) 𝑒𝑥𝑝( 𝑖𝑚𝜑)
0

−𝐻

1

𝐻
∫ 𝑠𝑖𝑛( 𝑘𝑧)𝑑𝑧
0

−𝐻

}    (42) 599 

where, −𝐻 < 𝑧 < 0. 600 

So                   601 

𝑏̅𝜃𝑛 = −
2

𝜋
𝑏̃𝜃𝑛(𝑥) 𝑒𝑥𝑝( 𝑖𝑚𝜑)

𝑏̅𝜑𝑛 = −
2

𝜋
𝑏̃𝜑𝑛(𝑥) 𝑒𝑥𝑝( 𝑖𝑚𝜑)

}                (43) 602 

Furthermore,  603 

𝑏̅𝜃𝑛 = 𝑅𝑒(𝑏̅𝜃𝑛) + 𝑖𝐼𝑚(𝑏̅𝜃𝑛)  604 

where, {
𝑅𝑒(𝑏̅𝜃𝑛) = −

2

𝜋
{𝑅𝑒[𝑏̃𝜃𝑛(𝑥)] cos(𝑚𝜑) − 𝐼𝑚[𝑏̃𝜃𝑛(𝑥)]𝑠𝑖𝑛(𝑚𝜑)}

𝐼𝑚(𝑏̅𝜃𝑛) = −
2

𝜋
{𝑅𝑒[𝑏̃𝜃𝑛(𝑥)]𝑠𝑖𝑛(𝑚𝜑) + 𝐼𝑚[𝑏̃𝜃𝑛(𝑥)] cos(𝑚𝜑)}

. 605 

 and 606 

𝑏̅𝜑𝑛 = 𝑅𝑒(𝑏̅𝜑𝑛) + 𝑖𝐼𝑚(𝑏̅𝜑𝑛)  607 

where, {
𝑅𝑒(𝑏̅𝜑𝑛) = −

2

𝜋
{𝑅𝑒[𝑏̃𝜑𝑛(𝑥)] cos(𝑚𝜑) − 𝐼𝑚[𝑏̃𝜑𝑛(𝑥)]𝑠𝑖𝑛(𝑚𝜑)}

𝐼𝑚(𝑏̅𝜑𝑛) = −
2

𝜋
{𝑅𝑒[𝑏̃𝜑𝑛(𝑥)]𝑠𝑖𝑛(𝑚𝜑) + 𝐼𝑚[𝑏̃𝜑𝑛(𝑥)] cos(𝑚𝜑)}

  608 

Here, real parts of 𝑏̅𝜃𝑛  and 𝑏̅𝜑𝑛  (i.e., 𝑅𝑒(𝑏̅𝜃𝑛) and 𝑅𝑒(𝑏̅𝜑𝑛)) are considered and their 609 
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results are further displayed in Figure 6, which generally shows the low-latitude distribution 610 

features and the equatorially symmetry or anti-symmetry property. Moreover, Figure 6 also shows 611 

that the results of 𝑅𝑒(𝑏̅𝜃𝑛) (n=0,1) and 𝑅𝑒(𝑏̅𝜑𝑛) (n=1,2) can well present in the low-latitude 612 

regions below 30 degrees, yet the results of modes (n=2,3) for 𝑅𝑒(𝑏̅𝜃𝑛) can extend to the higher 613 

latitude (i.e., >30 degrees) regions. As to the results that exceed to the higher latitude (e.g., >30°), 614 

they might not accurately reflect the real situation due to the relatively larger errors, but we 615 

suggest that the perturbed magnetic field models (see formulas (37) and (40)) are still significant 616 

to understand the origins and the spatial features of the observed equatorial waves in light of the 617 

following (at least) two points (here, taking Figure 6 (f) for example),  618 

1) Figure 6 (f) shows the spatial distribution feature of the azimuthal perturbed magnetic field 619 

𝑏𝜑 (n=1), which is shown to be mainly confined to the equatorial regions between latitude 15°N 620 

and S. Since 𝑏𝜑 couples to the core surface azimuthal flow 𝑣𝜑, meaning that 𝑣𝜑 also presents 621 

the same feature as that of 𝑏𝜑 (see the section 4.3). Meanwhile, the observed core surface 622 

azimuthal flow acceleration (i.e., 
𝜕𝑣𝜑

𝜕𝑡
) just locate at the same regions with the latitude below 15° 623 

(see the Figure 6(i) cited from Kloss and Finlay, 2019), the profile of which is similar to that of 624 

Figure 6(f). 625 

2) Importantly, within the latitude ±15°, the discarded term 𝑂(𝑥4) in formula (B8) only 626 

accounts for (less than) 2% of the remaining parts (see Figure A4), meaning that the models 627 

developed here can own the high enough accuracy (the relative errors are smaller than 1%, see 628 

Appendix C) to describe the observed equatorial waves occurring in the regions with latitude 629 

below 15 degrees. 630 
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631 

 632 

Figure 6. Results of the perturbed magnetic field models and the observed azimuthal core flows. Spatial 633 

distribution of the perturbed magnetic fields (𝑅𝑒(𝑏̅𝜃𝑛) and 𝑅𝑒(𝑏̅𝜑𝑛), n=0, 1, 2, 3) at the initial time (𝑡 =634 

𝑡0),where (a), (b), (c) and (d) show 𝑅𝑒(𝑏̅𝜃𝑛); (e), (f), (g) and (h) display 𝑅𝑒(𝑏̅𝜑𝑛); (i) shows the result of the 635 

observed azimuthal core surface flow acceleration (i.e., 
𝜕𝑣𝜑

𝜕𝑡
) cited from Kloss and Finlay (see their Figure 13). 636 

 637 

 
 

(i) 
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4. Discussion 638 

Theoretical studying the properties of the eMAC waves and detection of them from the 639 

potential observation sources (e.g., the geomagnetic field changes) are significant to solve the 640 

controversial issue that whether the FOC is stratified or not, since the existence of these waves 641 

itself implies a strongly stratified layer existing atop the Earth’s core. The observed equatorially 642 

hydromagnetic waves propagating eastward in the vicinity of 8.5yr period (Chi-Durán et al, 2020) 643 

may just represent the eMAC waves, since the properties (e.g., the equatorial confinement, 644 

eigen-period, propagation velocity and direction) of the eMAC waves can match the observations. 645 

Nevertheless, it is still required to further justify whether the results of the eMAC wave model 646 

studied in this work are reasonable and self-consistent. Here, we need to ensure that the following 647 

two relationships are valid. 648 

Relationship 1:  I << M. 649 

Proof is as follows: Here, we give the complete forms of I and M. According to the formula 650 

(7), 𝐼 =
𝜔̃2𝑘2𝑅2

𝑁2
, so we can write it as 651 

                          𝐼 = 𝑅𝑒( 𝐼) + 𝑖 𝐼𝑚( 𝐼) 652 

where, 𝑅𝑒( 𝐼) =
𝑘2𝑅2

𝑁2
(𝜔2 − 𝛼2); 𝐼𝑚( 𝐼) =

2𝑘2𝑅2

𝑁2
𝛼𝜔. 653 

Additionally, from the appendix A, M is written as  654 

𝑀 = 𝑅𝑒(𝑀) + 𝑖 𝐼𝑚(𝑀) 655 

where, 𝑅𝑒(𝑀) =
𝑉𝑎
2𝑘4𝑅2[𝜔2+(𝛼2+𝛼𝜂𝑘2)]

𝑁2[𝜔2+(𝛼+𝜂𝑘2)2]
; 𝐼𝑚(𝑀) = −

𝜔𝜂𝑅2𝑉𝑎
2𝑘6

𝑁2[𝜔2+(𝛼+𝜂𝑘2)2]
. 656 

Using 𝛼 = −𝜂𝑘2𝛾, here 𝛾 =0.95, 20km<H <100km, T=8.5yr, we can estimate 657 

(𝛼+𝜂𝑘2)2

𝜔2
=
(𝜂𝑘2)2(1−𝛾)2

𝜔2
=
𝜋2𝑇2(1−𝛾)2

4𝐻4𝜇2𝜎2
<0.0017 658 

                    |
𝛼2+𝛼𝜂𝑘2

𝜔2
| =

(𝜂𝑘2)2𝛾(1−𝛾)

𝜔2
=
𝜋2𝑇2𝛾(1−𝛾)

4𝐻4𝜇2𝜎2
 <0.03 659 

So, (𝛼 + 𝜂𝑘2)2 ≪ 𝜔2 and |𝛼2 + 𝛼𝜂𝑘2| ≪ 𝜔2. 660 

Thus, 𝑅𝑒(𝑀) and 𝐼𝑚(𝑀) are further simplified as 661 

                         𝑅𝑒(𝑀) =
𝑉𝑎
2𝑘4𝑅2

𝑁2
, 𝐼𝑚(𝑀) = −

𝜂𝑅2𝑉𝑎
2𝑘6

𝑁2𝜔
 662 

Here, 𝑉𝑎  =0.0048m/s, 20km<H <50km, T=8.5yr, we can obtain 663 

|
𝑅𝑒(𝐼)

𝑅𝑒(𝑀)
| =

𝜔2−𝛼2

𝑉𝑎
2𝑘2

<
𝜔2

𝑉𝑎
2𝑘2

=
4𝐻2

𝑉𝑎
2𝑇2
 <0.006 664 
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|
𝐼𝑚(𝐼)

𝐼𝑚(𝑀)
| =

2𝜔2𝛾

𝑉𝑎
2𝑘2

=
8𝛾𝐻2

𝑉𝑎
2𝑇2
 <0.01 665 

So 666 

 |𝑅𝑒(𝐼)| ≪ |𝑅𝑒(𝑀)| and  |𝐼𝑚(𝐼)| ≪ |𝐼𝑚(𝑀)| 667 

Finally, the relationship 1 (i.e., 𝐼 << 𝑀) is proved. 668 

Relationship 2: |𝐼𝑚[𝑀(0)]| ≪ |𝐼𝑚[
𝑚𝐶

𝑀(𝑥)
]| and |𝐼𝑚[𝛽2𝑀(0)]| ≪ |𝐼𝑚[

𝐶2

𝑀(𝑥)
]|.  669 

Note that the relationship 2 is required to derive the equation (10), the detailed information of 670 

which can be seen in the Appendix A. Using the related parameters (Table 1) and the damping rate 671 

derived by this work, we can show that the relationship 2 is valid.  672 

Proof is as follows: According to the Appendix A, we can write the following formulas 673 

|
𝐼𝑚(𝑀(0))

𝐼𝑚(
𝑚𝐶

𝑀(𝑥)
)
| =

𝜔𝜂𝑅2𝑉𝑎
4𝑘8

2Ω𝑚𝑁2(𝛼+𝜂𝑘2)[𝜔2+(𝛼+𝜂𝑘2)2]
  674 

|
𝐼𝑚(𝛽2𝑀(0))

𝐼𝑚(
𝐶2

𝑀(𝑥)
)
| =

𝜂𝛽2𝑉𝑎
4𝑘6

4Ω2(2𝛼+𝜂𝑘2)[𝜔2+(𝛼+𝜂𝑘2)2]
  675 

where, 𝛼 = −𝜂𝑘2𝛾. 676 

Adopting the related parameters (e.g., 𝛾 =0.95, H=30km, N=10Ω, 𝑉𝑎  =0.0048m/s), we 677 

estimate that |
𝐼𝑚(𝑀(0))

𝐼𝑚(
𝑚𝐶

𝑀(𝑥)
)
|~ 0.007,  |

𝐼𝑚(𝛽2𝑀(0))

𝐼𝑚(
𝐶2

𝑀(𝑥)
)
|~0.003. Therefore, the relationship 2 is proved. 678 

 679 

4.1. Stratified parameters required by the eMAC waves 680 

This work mainly considers the parameter N being in the range of 7~15Ω suggested by 681 

Helffrich and Kaneshima (2010). What is sure is that, when N≥7Ω, we can present the stable and 682 

logically self-consistent results. As discussed above, when N≥7Ω, we can estimate 𝛾 → 1 683 

(Figure 2), which further simplifies the calculation of the eigen-period, while we know that 𝛾 ≠ 1 684 

(since 𝐴𝑛 ≠ 𝐵𝑛) from the formula (22), which makes the above relationship 2 be valid. Given that 685 

the exact N value is still uncertain, for example, Gastine et al (2019) computed the geodynamo 686 

models by varying it from 0 to 50Ω. Here, we would like to further discuss the case of the smaller 687 

N values.  688 

Figure 7 presents the 𝛾 values (1Ω≤ 𝑁 ≤15Ω), showing that a threshold 𝑁0 exists. If 𝑁 >689 

𝑁0, the 𝛾 value can quickly approach to 1 with the increase of H, where 𝑁0 is close to 5Ω (see 690 

the green curves in Figure 7), which, of course, is an approximate value; if N <𝑁0, the 𝛾 values 691 
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will change more slowly with H increase. If 𝛾 is not close to 1, one will encounter a more 692 

complicate situation, that is, the 𝐹̃𝑛 term in formula (24) cannot be displaced by the 𝐹𝑛 term, for 693 

example, if 𝛾 =0.6, then 
𝑇1

𝐹𝑛
~0.15, which means that 𝑇1 can be comparable with 𝐹𝑛 , so 𝑇1 694 

cannot be removed from the formula (24). In this case, the equation (23) (i.e., 𝐷̃𝑛𝜔
2 + 𝐸̃𝑛𝜔 +695 

𝐹̃𝑛 = 0) no longer represents a simple quadratic equation with respect to 𝜔, nevertheless, this 696 

work does not concern this case too much, as it is not impossible for the core surface to have a 697 

strong stratified layer (e.g., N>5Ω), which makes the 𝛾 value be close to 1. 698 

Many works (e.g., Gubbins and Davies, 2013; Buffett, 2014; Christensen, 2018) indicated 699 

that when the location is closer to the CMB, the value of N will be larger. Considering the 700 

estimated H values in this work are only 21~35km (from the lower degrees, n=0,1,2,3), which is 701 

very close to the CMB, so N may reach its maximum value, i.e., 𝑁𝑚𝑎𝑥 with the potential 702 

amplitude of ~20Ω at the CMB (Gubbins and Davies, 2013). Even though these estimated H 703 

values (i.e., 21~35km) are quite small, the existence of such a thin layer is still physically 704 

plausible, since it may reflect a sublayer within the broader stratification region as suggested by 705 

BM19, and this thin layer formation may be due to the accumulation of the light elements at the 706 

CMB under the action of barodiffusion (e.g., Gubbins and Davies, 2013).  707 

 708 

Figure 7. The 𝛾 values change with N and H (Varying N from 1Ω to 15Ω). The blue curves show the upper 709 
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boundary (representing the case N=15Ω), the red curves display the lower boundary (representing the case N=1Ω), 710 

the interval between the two adjacent curves is 0.1Ω; the vertical black dashed lines show the H values (see Figure 711 

3) estimated by the eMAC waves with the 8.5yr eigen-period.  712 

 713 

Besides, BM19 only considered the first two modes (i.e., n=0,1) of the eMAC waves and 714 

they suggested that the H value is less than 30km when the waves own the periods less than 10yr. 715 

This work further presents the related analytical model with any degree n (the first four degrees, 716 

i.e., n=0,1,2,3, are considered), the results show that the larger H values can be estimated from the 717 

higher degree modes (𝑛 ≥3) with the 8.5yr period, e.g., when n=3, H is ~35km. As for the model 718 

accuracy, we find that the relative errors can be less than 5%, when the latitude is below 25 719 

degrees. Nevertheless, the eMAC waves with the higher degrees (e.g., 𝑛 ≥3) are more likely to 720 

extend to the higher latitude regions (see Figure 6) with latitude >30 degrees, though the eMAC 721 

waves can generally show the equatorial confinement property. Considering the results of the 722 

developed eMAC wave model may extend to the relatively higher latitude regions based on the 723 

parameters listed in Table 1, so we need to further discuss the potential physical factors that can 724 

increase the low-latitude confinement degree. 725 

 726 

4.2. Equatorial confinement influenced by the radial magnetic field at the CMB 727 

As mentioned above, it is important for the MAC waves to own the equatorial confinement 728 

property, which can theoretically determine the existence of the so-called eMAC waves. Here, we 729 

will further discuss the physical factors which can influence this property. According to the section 730 

3.3, the equatorial confinement property depends on the parameter 𝛼̃, which is related to the 731 

following factors, i.e., 𝜌0 , 𝑚 , 𝛽 , 𝐵𝑟(0)  and the stratification parameters (N, H). Here, 732 

𝜌0=1.1×104kgm-3 being the core density, which has been widely used; 𝑚=7 being the spatial 733 

wave number of the observed eastward propagating waves, which is inferred from the wavelength 734 

of variations in the time-longitude plot of geomagnetic filed acceleration at the CMB (see 735 

Chi-Durán et al, 2020). Here, we consider the two parameters (i.e., 𝜌0, 𝑚) as the well-known 736 

factors. As for the parameter 𝛽, it can be taken as an adjustable parameter, the value of which 737 

(~1.58, see Table 1) is estimated by fitting a geodynamo model (Christensen and Aubert, 2006). In 738 

the section 3.3, we have shown the influence of 𝛽 on the equatorial confinement, here 𝐵𝑟(0) 739 
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will be further considered to discuss the equatorial confinement of the waves.  740 

Actually, 𝐵𝑟(0)~0.48mT (see Table 1) is also an adjusted result to match the rms value of the 741 

radial magnetic field at the CMB inferred from the geodetic observations (i.e., 𝐵𝑟
𝑟𝑚𝑠~0.65mT), 742 

see BM19. The exact value of 𝐵𝑟(0)  is still not well known. For example, from the 743 

aforementioned geodynamo model, 𝐵𝑟
𝑟𝑚𝑠~0.24mT is estimated, meaning that the smaller value of 744 

𝐵𝑟(0) (<0.24mT) is required to match this value. Therefore, we also adjust 𝐵𝑟(0) (by varying it 745 

from 0.1mT to 0.5mT) to show its potential influences on the equatorial confinement. Figure 8 746 

shows that 𝐵𝑟(0) can obviously affect the confinement degree, especially, the weaker the 𝐵𝑟(0) 747 

(<0.5mT) is, the greater degree of the confinement will be, since the weaker 𝐵𝑟(0) can result in 748 

the larger 𝑅𝑒(𝛼̃) (see Figure 9), and thus increase the equatorial confinement. Additionally, we 749 

can obtain 𝐼𝑚(𝛼̃) ≪  𝑅𝑒(𝛼̃) from Figure 9, hence we only need to consider 𝑅𝑒(𝛼̃) to study the 750 

confinement property.  751 

In summary, our results show that, besides the gradient strength (characterized by the factor 752 

𝛽), the weaker 𝐵𝑟(0) also can increase the equatorial confinement degree. That is to say, the joint 753 

effects of the two factors (i.e., the larger 𝛽 value and the weaker 𝐵𝑟(0)) can significantly 754 

increase the equatorial confinement of the waves. Moreover, the result from the joint effects is 755 

shown in Figure 10 (taking the 𝑏𝜃𝑛 for example), which shows the greater confinement degree 756 

compared to Figure 6. Here, 𝐵𝑟(0) is set to be 0.2mT, while 𝛽 is set to be 3.46 (which is larger 757 

than 1.58). Further using 𝐵𝑟(𝑥) = 𝐵𝑟(0)√1 + 𝛽2𝑥2, we can estimate 𝐵𝑟(±1)~0.72mT (at the 758 

two poles). Note that these parameter values shown here are appropriate as they are generally well 759 

consistent with the observed palaeomagnetic time-average radial magnetic field at the core surface 760 

(with the amplitude ~0.6mT near the poles, see the Figure 3 in Jackson, 2003) and the results from 761 

the numerical geodynamo model (with the amplitude ~0.75mT, see the Figure 3 in BM19).  762 

The above discussion coincides with the previously thought, i.e., the strong gradient strength 763 

of the magnetic force can produce the so-called wave guide, which further results in the 764 

appearance of the equatorial confined features. Nevertheless, differing from the previous work, we 765 

further highlight the joint effects of the two factors (i.e., 𝛽 and 𝐵𝑟(0)). 766 
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 767 

Figure 8. Influence of radial magnetic field at the CMB equator on the confinement degree (here, 7Ω≤N≤15Ω, 768 

H=25km, 𝛽=1.58). three cases (i.e., 𝐵𝑟(0)=0.1mT, 0.3mT and 0.5mT) are displayed. The smaller 𝐵𝑟(0) value 769 

can result in the greater confinement degree.      770 

             771 

Figure 9. Influence of the radial magnetic field at the CMB equator on the 𝛼̃ values. The vertical arrow shows the 772 

values of 𝑅𝑒(𝛼̃) and 𝐼𝑚(𝛼̃), when 𝐵𝑟(0) is adopted to be 0.48mT. 773 

 774 

 775 
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 776 

 777 

 778 

Figure 10. Spatial distribution of the perturbed magnetic fields 𝑅𝑒(𝑏̅𝜃𝑛) (here, n=0, 1, 2, 3) at the initial time (𝑡 =779 

𝑡0). Here, 𝐵𝑟(0)=0.2mT, 𝛽=3.46, H=25km, N=10Ω. 780 

 781 

4.3. Preliminary discussing the possibility of the axial AM carried by eMAC waves 782 

Given that the eigen-periods of the eMAC waves can match the observed ~8.6yr period in 783 

LOD changes, a scientific question that whether the eMAC waves can be a potential source to 784 

excite the LOD changes may arise. Hence, it is necessary to theoretically discuss the possibility of 785 

the eMAC waves carrying the axial angular momentum (AM). Actually, the eMAC waves can be 786 

seen as the eigen-modes of FOC stratification system, so the generation of these waves essentially 787 

depends on the information of the excitation sources. However, to our current knowledge, the 788 

detailed information about the excitations is still not well-known. As Gillet et al (2021) suggested, 789 

it remains a challenge to examine the exact excitation sources leading to the eMAC waves. If the 790 

related excitation sources are uniformly distributed within the global range, then the eMAC waves 791 

may present the rigorously periodic feature along the longitude direction on the global scale, 792 

which is similar to the profile shown in Figure 6. If it is this case, the eMAC waves cannot carry 793 

any axial AM, because, in this case, the axial AM will be counterbalance.  794 

However, the reality may be not like this. The actual AM cannot be canceled out, since the 795 

appearance of eMAC waves is more likely to present the significantly localized features. The 796 

modern geomagnetic observations (e.g., Finlay et al,2016; Chi-Durán et al, 2020) may just provide 797 

(a) (b) 

(c) (d) 

n=0 n=1 

n=2 
n=3 
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the observed evidences to support this point. For example, Finlay et al (2016) indicated that the 798 

most prominent feature of the secular acceleration of radial geomagnetic field at the core surface 799 

is positive-negative pair under the areas of India-South East Asia and northern south America; 800 

while Chi-Durán et al (2020) further detected the ~8.73yr periodic equatorially eastward 801 

propagating travelling waves mainly from the Southeast Asia area (see Figure 11). In addition, 802 

both the equatorial waves and the LOD changes have the same ~8.6yr periodic component. These 803 

observed phenomena imply that the eMAC waves may carry the axial AM. 804 

 805 

Figure 11. Secular acceleration of the geomagnetic field at 2011 (cited from Chi-Durán et al,2020). The red and 806 

blue arrows (respectively expresses the eastward and westward propagation) are added by us to clearly display the 807 

propagation directions of the observed fast equatorial waves, where these waves locating at the Southeast Asia area 808 

and the Atlantic area respectively own ~8.73yr and ~7.1yr periods. 809 

 810 

Since the axial AM changes depend on the azimuthal fluid core motions, so we need to 811 

discuss the azimuthal core flows induced by the eMAC waves. According to the coupling between 812 

the perturbed azimuthal magnetic field 𝑏𝜑 and the azimuthal fluid core motions (denoted by 𝑣𝜑), 813 

i.e., 
𝜕𝑣𝜑

𝜕𝑧
= −

𝑖𝜔̃𝜒𝑏𝜑

𝐵𝑟
 (see the Appendix equation (A14) in BM19), her we can directly give the 𝑣𝜑 814 

model as follows  815 

𝑣𝜑 =
𝑖𝜔̃𝜒

𝑘

𝑏̃𝜑(𝜃)

𝐵𝑟
[1 + cos(𝑘𝑧)]𝑒𝑖(𝑚𝜑−𝜔̃𝑡)               (44) 816 

where, 𝑣𝜑 satisfies the boundary condition, i.e., 𝑣𝜑 = 0 at the base of the layer (i.e., 𝑧 = −𝐻); 817 

𝜔̃ = 𝜔 + 𝑖𝛼. 818 

Formula (44) owns the form of 𝑒−𝑖𝜔̃𝑡(= 𝑒𝛼𝑡𝑒−𝑖𝜔𝑡 ), which reflects a typical damping 819 

oscillation mode (corresponding to the longitude 𝜑). However, the observed azimuthal flow 820 
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velocity (denoted by 𝑣𝜑
𝑜𝑏𝑠) due to the eMAC waves cannot be simply described by the formula 821 

(44), the reason of which is as follows: The forced response of the waves to a local excitation 822 

source should be expressed as a linear combination of global waves, the appearance of the eMAC 823 

waves could be the result of the linear superposition of the eigen-modes of the waves on the 824 

planetary scales, this approach is routinely used in seismology to construct seismograms for a 825 

localized earthquake, based on a linear combination of (global) normal modes (see Gilbert, 1970); 826 

consequently, the 𝑣𝜑
𝑜𝑏𝑠 field (on the global scale) should be due to the superposition of the 827 

excited waves related to the excitation source information, meaning that the amplitude of 𝑣𝜑
𝑜𝑏𝑠 828 

should change with the longitude 𝜑 on the whole planetary scales (see Figure 6(i)), which, 829 

however, cannot be shown by the above expression of 𝑣𝜑, which shows a constant amplitude 830 

unrelated to 𝜑. 831 

Nevertheless, the spatial distribution features of the observed eMAC waves indeed can be 832 

reflected by the form of 𝑣𝜑, that is, along the vertical and latitudinal directions, 𝑣𝜑
𝑜𝑏𝑠 should own 833 

the similar mathematical form as that of 𝑣𝜑. Here, we can construct the 𝑣𝜑
𝑜𝑏𝑠 field model as 834 

following  835 

  𝑣𝜑
𝑜𝑏𝑠 = 𝐴(𝜑)𝑏̃𝜑(𝜃)[1 + cos(𝑘𝑧)]𝑒

𝑖(𝑚𝜑−𝜔̃𝑡)             (45) 836 

where, 𝐴(𝜑) is an undetermined function with unite ‘m/s’, which reflects the amplitude of the 837 

waves change with 𝜑 resulting from the superposition of the excited waves on the global scales; 838 

𝑏̃𝜑(𝜃) (dimensionless) reflects the latitudinal distribution characteristics of the observed waves; 839 

[1 + cos(𝑘𝑧)] reflects the vertical distribution feature; the part of 𝑒𝑖𝑚𝜑𝑒−𝜔̃𝑡 shows the property 840 

of the wave motion. 841 

Furthermore, the axial AM (i.e., 𝐿𝑎𝑥𝑖𝑎𝑙) carried by the eMAC waves is written by 842 

𝐿𝑎𝑥𝑖𝑎𝑙 = ∫ 𝜌0𝑣𝜑
𝑜𝑏𝑠𝑟 𝑠𝑖𝑛 𝜃 𝑑𝑉

𝑉
                      (46)    843 

where, 𝜌0 refers to the core density inside the stratified layer; 𝑑𝑉 = 𝑟2 𝑠𝑖𝑛 𝜃 𝑑𝑟𝑑𝜃𝑑𝜑.  844 

Formula (46) shows that 𝑣𝜑
𝑜𝑏𝑠  can cause 𝐿𝑎𝑥𝑖𝑎𝑙  and further probably induce the LOD 845 

changes, under the action of the electromagnetic coupling effects at the CMB. Obviously, to obtain 846 

the 𝐿𝑎𝑥𝑖𝑎𝑙, the issue is to determine 𝑣𝜑
𝑜𝑏𝑠. In the formula (45), the expression of 𝑏̃𝜑(𝜃) has been 847 

theoretically given (see the formula (39)), so the next step is to give 𝐴(𝜑), which might be 848 

inferred from the current core flow model (e.g., Kloss and Finlay, 2019), however, the further 849 

study is beyond the scope of this work.  850 
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Of course, the totally axial AM induced by the eMAC waves confined to the stratified layer 851 

at the top of the core, neglecting coupling to the bulk of the deep core, may be so small that the 852 

eMAC waves might not cause the LOD changes to the detectable level, but a quantitative 853 

discussion on this would be worthy study in future.  854 

 855 

5. Conclusions 856 

In this work, we carefully derive the ‘Weber equation’ (i.e., the formula (12)) and its specific 857 

solution (i.e., formula (18)) to determine the time-spatial scales on which they are reliable to 858 

describe the changes of the perturbed magnetic field with latitude. To obtain the ‘Weber equation’, 859 

besides some small quantities are ignored, which are shown to be (at least) two orders of 860 

magnitude weaker than the remaining terms (see Appendix A and the discussion part), the 861 

so-called truncation treatment (i.e., removing the O(x4) terms, which depend on the latitude, see 862 

Appendix B) is also made. We find that, when the latitude is below 15 degrees (where the 863 

observed non-zonal azimuthal core surface flows can appear, see Kloss and Finlay, 2019), the 864 

discarded term (i.e., O(x4)) only accounts for (less than) 2% of the remaining parts (see Figure A4), 865 

meaning that the relative errors of the results caused by the truncation treatment is smaller than 866 

2% (see the Appendix C). Moreover, even though the O(x4) terms account for 10% (corresponding 867 

to the latitude 25°), the relative errors are still small, i.e., ~5%.  868 

Furthermore, using the ‘Weber equation’ (i.e., the formula (12)) and its specific solution (i.e., 869 

formula (18)), we can give the systematically physical expressions of representing the relevant 870 

properties (i.e., the equatorial confinement, damping rate, eigen-period, propagating velocity) and 871 

the perturbed magnetic field models, where the buoyancy frequency N is required to be larger than 872 

a threshold 𝑁0, which is close to be 5Ω. The related results are briefly summarized as follows: 873 

1) We present the analytical formula, i.e., 𝑦𝑛(𝑥) = 𝐴𝑛𝑒
−
1

2
𝛼̃2𝑥2𝐻𝑛(𝛼̃𝑥), to represent the 874 

latitudinal distribution law of the MAC waves. Here, 𝐻𝑛(𝛼̃𝑥) being the Hermite polynomial term 875 

of the degree n, which implies that the MAC waves have the equatorially symmetric and 876 

antisymmetric characteristics, while the equatorial confinement degree is determined by 𝛼̃, which 877 

depends on the joint effects from the (not well-known) physical parameters, i.e., 𝛽 and 𝐵𝑟(0). 878 

Besides the parameter 𝛽 suggested by BM19, the influence on the equatorial confinement from 879 
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𝐵𝑟(0) is also discussed, showing that the weaker 𝐵𝑟(0) (<0.5mT) also can obviously increase 880 

the confinement degree. 881 

2) This work shows that the damping rate 𝛼 of the eMAC waves can be estimated by 𝛼 ≈882 

−
𝜋2

𝜇𝜎𝐻2
, meaning that the damping effects mainly depend on 𝜎 and 𝐻2. Therefore, detection of 883 

the damping effects of the eMAC waves will be helpful to infer the information of the electrical 884 

conductivity and the stratification atop the Earth’s core. Additionally, the H value is predicted to 885 

be 21~35km, when the eigen-periods of the eMAC waves with the degrees (e.g., n= 0,1,2,3) match 886 

the 8.5yr period.  887 

3) The azimuthal perturbed magnetic field model 𝑏𝜑 with degree n=1 (see Figure 6(f)) is 888 

shown to be mainly confined to the equatorial regions with latitude below 15 degrees, the profile 889 

of which is generally consistent with that of the observed core surface azimuthal flows (see Kloss 890 

and Finlay, 2019). 891 

In summary, the results of this work are significant to deeply understand the origins of the 892 

observed equatorial waves, their physical properties and the dynamics of the Earth’s equatorial 893 

regions. 894 
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Actually, from the formula (8), we can rigorously derive the following equation (A1) (the 909 

detailed derivation process is shown in the Supporting Materials), which is different from the 910 

formula (10) (i.e., the formula (44) in BM19). 911 

(1 − 𝑥2)𝜕𝑥
2𝑏̃𝜃
′ − 2𝑥(

1−𝛽2+2𝛽2𝑥2

1+𝛽2𝑥2
)
𝑚2

𝑓
𝜕𝑥𝑏̃𝜃

′ + [
𝐶2𝑥2

𝑀(𝑥)⏟
1

+
𝑚𝐶

𝑀(𝑥)
−𝑀(𝑥)

⏟        
2

−
𝑚2

1−𝑥2⏟
3

+
2𝑚(1−𝛽2+2𝛽2𝑥2)𝑥2

(1+𝛽2𝑥2)

𝐶

𝑓⏟            
4

]𝑏̃𝜃
′ = 0 (A1)

      

912 

where, 𝐶 =
2Ω𝑘2𝑅2

𝑁2
𝜔̃ , 𝜔̃ = 𝜔 + 𝑖𝛼 , 𝑖2 = −1 , 𝑀(𝑥) =

𝑉𝑎
2𝑘4𝑅2

𝜒𝑁2
, 𝜒 = 1 +

𝑖𝜂𝑘2

𝜔̃
, 𝑓 = 𝑚2 +913 

(1 − 𝑥2)𝑀(𝑥).  914 

Here, M(x) and 𝑓 are respectively expressed by 915 

{
𝑀(𝑥) =

𝑉𝑎
2𝑘4𝑅2𝜔̃

𝑁2(𝜔̃+𝑖𝜂𝑘2)
=

𝑉𝑎
2𝑘4𝑅2

𝑁2[𝜔2+(𝛼+𝜂𝑘2)2]
[(𝜔2 + 𝛼2 + 𝛼𝜂𝑘2) − 𝑖𝜔𝜂𝑘2]

𝑓 = 𝑚2 + (1 − 𝑥2)𝑀(𝑥) =
𝑁2𝑚2(𝜔̃+𝑖𝜂𝑘2)+(1−𝑥2)𝑉𝑎

2𝑘4𝑅2𝜔̃

𝑁2(𝜔̃+𝑖𝜂𝑘2)

    (A2) 916 

In order to further show that how to carefully obtain the equation (10), we need to consider 917 

every term in formula (A1). Here, defining 918 

 𝑇1(𝑥) =
𝐶2𝑥2

𝑀(𝑥)
; 𝑇2(𝑥) =

𝑚𝐶

𝑀(𝑥)
−𝑀(𝑥); 𝑇3(𝑥) =

𝑚2

1−𝑥2
; 𝑇4(𝑥) =

2𝑚(1−𝛽2+2𝛽2𝑥2)𝑥2

(1+𝛽2𝑥2)

𝐶

𝑓
. 919 

Then, we can calculate the 
 𝐶

𝑓
 term in 𝑇4(𝑥)        920 

  
𝐶

𝑓
= 2Ω𝑘2𝑅2

𝜔̃(𝜔̃+𝑖𝜂𝑘2)

𝑁2𝑚2(𝜔̃+𝑖𝜂𝑘2)+(1−𝑥2)𝑉𝑎
2𝑘4𝑅2𝜔̃

 921 

= 
2Ω𝑘2𝑅2𝜔̃(𝜔̃+𝑖𝜂𝑘2)

𝑁2{𝜔[𝑚2+(1−𝑥2)
𝑉𝑎
2𝑘4𝑅2

𝑁2
]+𝑖[𝑚2(𝛼+𝜂𝑘2)+𝛼(1−𝑥2)

𝑉𝑎
2𝑘4𝑅2

𝑁2
]}

 922 

= 
2Ω𝑘2𝑅2

𝑁2
𝜔̃(𝜔̃+𝑖𝜂𝑘2)

𝜔[𝑚2+(1−𝑥2)
𝑉𝑎
2𝑘4𝑅2

𝑁2
]+𝑖{𝛼[𝑚2+(1−𝑥2)

𝑉𝑎
2𝑘4𝑅2

𝑁2
]+𝑚2𝜂𝑘2}

 923 

Adopting 𝐻>15km, 𝑁 ≥7Ω, 𝑉𝑎 =
𝐵𝑟

√𝜇𝜌0
~0.0041m/s, one can estimate that 

𝑉𝑎
2𝑘4𝑅2

𝑁2
 <1.5, 924 

especially, when 𝐻>20km, one can obtain that 
𝑉𝑎
2𝑘4𝑅2

𝑁2
<0.47≪ 𝑚2 (=49), thus (1 − 𝑥2)

𝑉𝑎
2𝑘4𝑅2

𝑁2
≤925 

𝑉𝑎
2𝑘4𝑅2

𝑁2
≪ 𝑚2. Therefore 926 

     
𝐶

𝑓
=
2Ω𝑘2𝑅2

𝑁2𝑚2

𝜔̃(𝜔̃+𝑖𝜂𝑘2)

𝜔+𝑖(𝛼+𝜂𝑘2)
=
2Ω𝑘2𝑅2

𝑁2𝑚2 𝜔̃                   (A3)                     927 

  Here, we respectively write 𝑇1(𝑥), 𝑇2(𝑥), 𝑇3(𝑥) and 𝑇4(𝑥) in terms of 928 

𝑇1(𝑥) =
𝑁2𝑥2

𝑉𝑎
2𝑘4𝑅2

𝐶2𝜒 =
4Ω2𝑅2𝑥2

𝑉𝑎
2𝑁2

[(𝜔2 − 𝛼2 − 𝛼𝜂𝑘2) + 𝑖(2𝛼𝜔 + 𝜂𝑘2𝜔)]                 (A4) 929 

𝑇2(𝑥) =
𝑚𝑁2

𝑉𝑎
2𝑘4𝑅2

𝐶𝜒 −𝑀(𝑥) = {
2Ω𝑚

𝑉𝑎
2𝑘2
𝜔 −

𝑉𝑎
2𝑘4𝑅2(𝜔2+𝛼2+𝛼𝜂𝑘2)

𝑁2[𝜔2+(𝛼+𝜂𝑘2)2]
} + 𝑖{

2Ω𝑚

𝑉𝑎
2𝑘2
(𝛼 + 𝜂𝑘2) +930 

𝑉𝑎
2𝑘6𝑅2𝜔𝜂

𝑁2[𝜔2+(𝛼+𝜂𝑘2)2]
}                                                              (A5)

 

931 

𝑇3(𝑥) =
𝑚2

1−𝑥2
+ 𝑖0                                                            (A6) 932 



40 
 

𝑇4(𝑥) =
4Ω𝑘2𝑅2(1−𝛽2+2𝛽2𝑥2)𝑥2

𝑁2𝑚(1+𝛽2𝑥2)
(𝜔 + 𝑖𝛼)                                           (A7) 933 

In order to compare the above quantities, we define the following four ratio factors, i.e., 934 

𝑟𝑖  (𝑖 = 1,2,3,4):  935 

𝑟1 =
𝑅𝑒(𝑇4)

𝑅𝑒(𝑇1)
 , 𝑟2 =

𝑅𝑒(𝑇4)

𝑅𝑒(𝑇2)
,  𝑟3 =

𝑅𝑒(𝑇4)

𝑅𝑒(𝑇3)
, 𝑟4 =

𝐼𝑚(𝑇4)

𝐼𝑚(𝑇2)
  936 

Here, the possible relationship between the damping effects and the eigen-frequency 𝜔 is 937 

required to be discussed. According to the formula (6), the eMAC waves own the form of 𝑒𝛼𝑡𝑒𝑖𝜔𝑡 938 

(here 𝛼<0), which means that the free modes represent the typical damping decaying oscillations. 939 

The corresponding relaxation time 𝜏  is expressed by 𝜏 = −
1

𝛼
 (namely 𝛼 = −

1

𝜏
), here the 940 

appearance of these eMAC waves requires that 𝜏 should not be too short, otherwise, these waves 941 

cannot effectively appear due to the strong ohmic dissipation. We can consider that the real part of 942 

𝜔̃  (= 𝜔 + 𝑖𝛼)  is larger than the imaginary part, that is, 𝜔 (=
2𝜋

𝑇
) > |𝛼|(=

1

𝜏
), so 𝜏 >

𝑇

2𝜋
. 943 

Focusing on the eigen-periods in the vicinity of 8.5yr, 𝜏 is required to be larger than 1yr. 944 

Furthermore, we estimated the values of 𝑟𝑖  (𝑖 = 1,2,3,4) varying 𝜏 from 2yr to 20yr, which are 945 

displayed in Figure A1, from which, we can conclude that |𝑟𝑖| → 0, which are much smaller than 946 

1, that is  947 

|𝑅𝑒(𝑇4)| ≪ |𝑅𝑒(𝑇1)|, 𝑅𝑒(𝑇4) ≪ 𝑅𝑒(𝑇2), 𝑅𝑒(𝑇4) ≪ 𝑅𝑒(𝑇3) and 𝐼𝑚(𝑇4) ≪ 𝐼𝑚(𝑇2). 948 

According to these results, it is valid to remove the fourth term (i.e.,
2𝑚(1−𝛽2+2𝛽2𝑥2)𝑥2

(1+𝛽2𝑥2)

𝐶

𝑓
) from 949 

the formula (A1), thus we have  950 

(1 − 𝑥2)𝜕𝑥
2𝑏̃𝜃
′ − 2𝑥(

1−𝛽2+2𝛽2𝑥2

1+𝛽2𝑥2
)
𝑚2

𝑓
𝜕𝑥𝑏̃𝜃

′ + [
𝐶2𝑥2

𝑀(𝑥)
+

𝑚𝐶

𝑀(𝑥)
−𝑀(𝑥) −

𝑚2

1−𝑥2
]𝑏̃𝜃
′ = 0  951 

Moreover, we can show that |𝑀(𝑥)| ≪ 𝑚2 (as suggested by BM19), thus 
|𝑀(𝑥)|

𝑚2
(1 − 𝑥2) is 952 

much smaller than 1, so 
𝑚2

𝑓
 (=

1

1+
𝑀(𝑥)

𝑚2
(1−𝑥2)

→ 1) can be further removed. Therefore, we obtain 953 

the following equation 954 

(1 − 𝑥2)𝜕𝑥
2𝑏̃𝜃
′ − 2𝑥(

1−𝛽2+2𝛽2𝑥2

1+𝛽2𝑥2
)𝜕𝑥𝑏̃𝜃

′ + [
𝐶2𝑥2

𝑀(𝑥)
+

𝑚𝐶

𝑀(𝑥)
−𝑀(𝑥) −

𝑚2

1−𝑥2
]𝑏̃𝜃
′ = 0   (A8) 955 

Of course, we have |𝑀(𝑥)| <<
𝑚2

1−𝑥2
. If directly removing 𝑀(𝑥) from the formula (A8), we 956 

can reproduce the equation (10). Nevertheless, here, we need to further compare the M(x) term 957 

with the other two quantities (i.e., 
𝐶2𝑥2

𝑀(𝑥)
, 
𝑚𝐶

𝑀(𝑥)
).  958 
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 959 

Figure A1. Ratio factor 𝑟𝑖 vary with the latitude and relaxation 𝜏. Here, N=10Ω, 𝜏 is set to be in the range of 960 

(2:0.1:20) yr. The results show that all the cases converge on one curve, indicating 𝑟𝑖 is insensitive to the 𝜏.  961 

Defining Ζ(𝑥) =
𝐶2𝑥2

𝑀(𝑥)
+

𝑚𝐶

𝑀(𝑥)
−𝑀(𝑥) −

𝑚2

1−𝑥2
, which is further expressed by 962 

Ζ(𝑥) = [
𝐶2

𝑀(𝑥)
− 𝛽2𝑀(0)

⏟          
1

] 𝑥2 +
𝑚𝐶

𝑀(𝑥)
−𝑀(0) −

𝑚2

1−𝑥2⏟            
2

           (A9) 963 

therefore, we will discuss the relationships between the following physical quantities 964 

1) 𝑀(0) and 
𝑚𝐶

𝑀(𝑥)
; 2) 𝛽2𝑀(0) and 

𝐶2

𝑀(𝑥)
.  965 

The expressions of the related quantities are written as 966 

𝑀(0) =
𝑉𝑎
2(0)𝑘4𝑅2(𝜔2+𝛼2+𝛼𝜂𝑘2)

𝑁2[𝜔2+(𝛼+𝜂𝑘2)2]
− 𝑖

𝑉𝑎
2(0)𝑘6𝑅2𝜔𝜂

𝑁2[𝜔2+(𝛼+𝜂𝑘2)2]
                                 (A10) 967 

𝑚𝐶

𝑀(𝑥)
=

2Ω𝑚

𝑉𝑎
2𝑘2
𝜔 + 𝑖

2Ω𝑚

𝑉𝑎
2𝑘2
(𝛼 + 𝜂𝑘2)                                               (A11) 968 

𝐶2

𝑀(𝑥)
=
4Ω2𝑅2

𝑉𝑎
2𝑁2

𝜒𝜔̃2 =
4Ω2𝑅2

𝑉𝑎
2𝑁2

[𝜔2 − 𝛼(𝛼 + 𝜂𝑘2)] + 𝑖
4Ω2𝑅2𝜔

𝑉𝑎
2𝑁2

(2𝛼 + 𝜂𝑘2)                 (A12) 969 

Figure A2 shows the relationship between 𝑀(0) and 
𝑚𝐶

𝑀(𝑥)
 (here, taking H=20km, 25km, 970 

30km, 35km, for examples). Figure A2(a) displays that the value of ratio (i.e., 
𝑅𝑒(𝑀(0))

𝑅𝑒(
𝑚𝐶

𝑀(𝑥)
)
) changes 971 

with H and 𝜏, which shows that the bigger the H value is, the smaller the ratio value is, here 972 

|
𝑅𝑒(𝑀(0))

𝑅𝑒(
𝑚𝐶

𝑀(𝑥)
)
| <10-3 is obtained, so |𝑅𝑒(𝑀(0))| ≪ |𝑅𝑒(

𝑚𝐶

𝑀(𝑥)
)|. Figure A2(b) displays the value of 973 

𝐼𝑚(𝑀(0))

𝐼𝑚(
𝑚𝐶

𝑀(𝑥)
)
, which shows that the singularity phenomenon appears, which is due to 𝐼𝑚(

𝑚𝐶

𝑀(𝑥)
)=0 974 
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(when 𝛼 + 𝜂𝑘2 = 0). Therefore, to obtain 𝑀(𝑥) ≪
𝑚𝐶

𝑀(𝑥)
, we must require 𝛼 ≠ −𝜂𝑘2, i.e., 𝛾 in 975 

formula (22) is required to 𝛾 ≠ 1. 976 

Figure A3 shows the ratio between the two quantities (i.e., 𝛽2𝑀(0) and 
𝐶2

𝑀(𝑥)
), where, the 977 

ratios of the real parts (i.e., 
𝑅𝑒(𝛽2𝑀(0))

𝑅𝑒(
𝐶2

𝑀(𝑥)
)

) are shown in Figure A3(a), in general, the bigger H is, the 978 

smaller of the ratio value is, here, |
𝑅𝑒(𝛽2𝑀(0))

𝑅𝑒(
𝐶2

𝑀(𝑥)
)
| < 10-3 is obtained, therefore, we have 979 

|𝑅𝑒(𝛽2𝑀(0))| ≪ |𝑅𝑒(
𝐶2

𝑀(𝑥)
)|. Figure A3(b) also shows that 

𝐼𝑚(𝛽2𝑀(0))

𝐼𝑚(
𝐶2

𝑀(𝑥)
)

 owns the singularity 980 

phenomenon, when 2𝛼 + 𝜂𝑘2 = 0. If the relation (i.e., 𝛽2𝑀(0) ≪ 
𝐶2

𝑀(𝑥)
) holds, we require that 981 

𝛼 ≠ −0.5𝜂𝑘2, i.e., 𝛾 in formula (22) is required to 𝛾 ≠0.5. 982 

Here, we can tentatively remove the 𝑀(𝑥) term from the formula (A8) to reproduce the 983 

formula (10), but the final results (i.e., the 𝛾 value) of this work must be tested to ensure that the 984 

above relationships (i.e., |𝐼𝑚[𝑀(0)]| ≪ |𝐼𝑚[
𝑚𝐶

𝑀(𝑥)
]| and |𝐼𝑚[𝑀(0)𝛽2]| ≪ |𝐼𝑚 [

𝐶2

𝑀(𝑥)
]|, the proof 985 

of which is shown in discussion part of this work, see the relationship 2) are valid. 986 

 987 

Figure A2. Comparison between 𝑀(0) and 
𝑚𝐶

𝑀(𝑥)
. (a) indicates that 𝑅𝑒(𝑀(0)) ≪ 𝑅𝑒(

𝑚𝐶

𝑀(𝑥)
); (b) shows that the 988 

ratio of 
𝐼𝑚(𝑀(0))

𝐼𝑚(
𝑚𝐶

𝑀(𝑥)
)
 has the singularity points. 989 
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 990 

Figure A3. Comparison between 𝑀(0) and 
𝑚𝐶

𝑀(𝑥)
. (a) refers to the value of 

𝑅𝑒(𝛽2𝑀(0))

𝑅𝑒(
𝐶2

𝑀(𝑥)
)

; (b) shows the value of 991 

𝐼𝑚(𝛽2𝑀(0))

𝐼𝑚(
𝐶2

𝑀(𝑥)
)

. 992 

 993 

Appendix B：On the derivation of ‘Weber equation’. 994 

Here, we will show the derivation process of the ‘Weber equation’ (i.e., the equation (12)).   995 

Taking 𝑦(𝑥) = √(1 − 𝑥2)(1 + 𝛽2𝑥2)𝑏̃𝜃
′ (𝑥) into the equation (10), we can get 996 

          (1 − 𝑥2)
𝜕2𝑦

𝜕𝑥2
+ [

(𝛽2𝑥−𝑥−2𝛽2𝑥3)2−ℎ2(𝛽2−1−6𝛽2𝑥2)

ℎ2(1+𝛽2𝑥2)
+
𝐶2𝑥2

𝑀(𝑥)
+

𝑚𝐶

𝑀(𝑥)
−

𝑚2

1−𝑥2
] 𝑦 = 0    (B1) 997 

where, h= √(1 − 𝑥2)(1 + 𝛽2𝑥2), 𝑀(𝑥) = 𝑀(0)(1 + 𝛽2𝑥2). 998 

Furthermore, we have 999 

𝜕2𝑦

𝜕𝑥2
+ {

(𝛽2𝑥−𝑥−2𝛽2𝑥3)2−ℎ2(𝛽2−1−6𝛽2𝑥2)

(1−𝑥2)2(1+𝛽2𝑥2)2⏟                  
𝑇1̃

+ [
𝐶2𝑥2

𝑀(0)
+

𝑚𝐶

𝑀(0)
]
1

ℎ2⏟          
𝑇2̃

+ [−
𝑚2

(1−𝑥2)2
]

⏟      
𝑇3̃

}𝑦=0     (B2) 1000 

Defining 1001 

𝑇1̃ =
(𝛽2𝑥−𝑥−2𝛽2𝑥3)2−ℎ2(𝛽2−1−6𝛽2𝑥2)

(1−𝑥2)2(1+𝛽2𝑥2)2
=
(1−𝛽2)+6𝛽2𝑥2+3𝛽2(𝛽2−1)𝑥4−2𝛽4𝑥6

(1−𝑥2)2(1+𝛽2𝑥2)2
; 1002 

𝑇2̃ = [
𝐶2𝑥2

𝑀(0)
+

𝑚𝐶

𝑀(0)
]

1

(1−𝑥2)(1+𝛽2𝑥2)
; 1003 

𝑇3̃ = −
𝑚2

(1−𝑥2)2
. 1004 

This work mainly focuses on the equatorial regions. Considering |𝛽𝑥| < 1, that is |𝑥| <
1

𝛽
<1005 

1 (here 𝛽 =1.58), so we can write the following expressions of series expansion 1006 

                                               
1

1−𝑥2
= (1 + 𝑥2) + 𝑥4 + 𝑥6 +⋯⏟        

𝑂(𝑥4)

                            (B3) 1007 
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1

1+𝛽2𝑥2
= (1 − 𝛽2𝑥2) + 𝛽4𝑥4 − 𝛽6𝑥6 +⋯⏟            

𝑂(𝑥4)

                    (B4) 1008 

                                            
1

 (1−𝑥2)2
= (1 + 2𝑥2) + 3𝑥4 + 4𝑥6 +⋯⏟          

𝑂(𝑥4)

                        (B5) 1009 

                                  
1

(1+𝛽2𝑥2)2
= (1 − 2𝛽2𝑥2) + 3𝛽4𝑥4 − 4𝛽6𝑥6 +⋯⏟            

𝑂(𝑥4)

                (B6) 1010 

Focusing on the low-latitude regions to ensure that x is small enough. Removing the higher 1011 

order terms (i.e., 𝑂(𝑥4)) from the above series, which is called as the truncation treatment, where 1012 

changes of the related truncation errors with latitude are further shown in the supporting materials. 1013 

Thus, we can write the following approximation expressions 1014 

𝑇1̃ = (1 − 𝛽
2) + 2(𝛽4 + 𝛽2 + 1)𝑥2 + 𝑂(𝑥4)

𝑇2̃ = [
𝐶2

𝑀(0)
+

𝑚𝐶

𝑀(0)
(1 − 𝛽2)]𝑥2 +

𝑚𝐶

𝑀(0)
+ 𝑂(𝑥4)

𝑇3̃ = −(𝑚
2 + 2𝑚2𝑥2) + 𝑂(𝑥4)

}              (B7) 1015 

Then, the formula (B2) can be turned into 1016 

𝜕𝑥
2𝑦 + {[

𝑚𝐶

𝑀(0)
+ 1 − 𝛽2 −𝑚2] + [

𝐶2

𝑀(0)
+

𝑚𝐶

𝑀(0)
(1 − 𝛽2) + 2𝛽2(𝛽2 + 1) − 2(𝑚2 − 1)] 𝑥2

⏟                                                  
𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 

+ 𝑂(𝑥4)} = 0  (B8)                                                                                         1017 

Furthermore, removing the term 𝑂(𝑥4) from the formula (B8), and finally, we write the 1018 

following simplified equation (i.e., the equation (12)) 1019 

                               
𝜕2𝑦

𝜕𝑥2
− (𝛼0𝑥

2 − 𝛼1)𝑦 = 0      1020 

where, the two coefficients (i.e., 𝛼0 and 𝛼1) are respectively written as  1021 

𝛼0 = −
𝐶2

𝑀(0)
−

𝑚𝐶

𝑀(0)
(1 − 𝛽2) − 2𝛽2(𝛽2 + 1) + 2(𝑚2 − 1)；  1022 

𝛼1 =
𝑚𝐶

𝑀(0)
+ 1 − 𝛽2 −𝑚2. 1023 

 1024 

Appendix C: On the perturbation analysis. 1025 

According to the above discussion, the derivation of the ‘Weber equation’ (i.e., the formula 1026 

(12)) involves the so-called truncation treatment (i.e., removing the higher-order quantities 1027 

expressed by 𝑂(𝑥4)), where the latitude is required to be low to guarantee that the truncation 1028 

errors (due to removing 𝑂(𝑥4)) are small enough. Here, we will discuss the specific latitude 1029 

range. 1030 

Defining the ‘importance’ of the 𝑂(𝑥4) term with respect to the ‘remaining’ term in formula 1031 

(B8) as  1032 
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∆= 𝑎𝑏𝑠 (
𝑂(𝑥4)

𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔
) = 𝑎𝑏𝑠(

𝐵(𝑥)

𝐴(𝑥)
)                    (C1) 1033 

where, ‘abs’ refers to the absolute value of the complex number; 𝐵(𝑥) = 𝑂(𝑥4) = 𝑇1̃ + 𝑇2̃ +1034 

𝑇3̃ − 𝐴(𝑥); 𝐴(𝑥) = 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔; the related expressions are further shown as follows 1035 

𝑇1̃ =
(1−𝛽2)+6𝛽2𝑥2+3𝛽2(𝛽2−1)𝑥4−2𝛽4𝑥6

(1−𝑥2)2(1+𝛽2𝑥2)2
; 1036 

𝑇2̃ = [
𝐶2𝑥2

𝑀(0)
+

𝑚𝐶

𝑀(0)
]

1

(1−𝑥2)(1+𝛽2𝑥2)
; 1037 

𝑇3̃ = −
𝑚2

(1−𝑥2)2
; 1038 

𝐴(𝑥) = [
𝑚𝐶

𝑀(0)
+ 1 − 𝛽2 −𝑚2] + [

𝐶2

𝑀(0)
+

𝑚𝐶

𝑀(0)
(1 − 𝛽2) + 2𝛽2(𝛽2 + 1) − 2(𝑚2 − 1)] 𝑥2; 1039 

𝐶 =
2Ω𝑘2𝑅2

𝑁2
(𝜔 + 𝑖𝛼); 1040 

𝑀(0) =
𝑉𝑎
2(0)𝑘4𝑅2

𝑁2[𝜔2+(𝛼+𝜂𝑘2)2]
[(𝜔2 + 𝛼2 + 𝛼𝜂𝑘2) − 𝑖𝜔𝜂𝑘2]； 1041 

Furthermore, we can directly adopt the result (i.e., 𝛼 ≈ −𝜂𝑘2) of this work, then 𝑀(0) can 1042 

be further simplified as 𝑀(0) =
𝑉𝑎
2(0)𝑘4𝑅2

𝑁2
[1 − 𝑖

𝜂𝑘2

𝜔
].  1043 

Here, 𝛽=1.58, m=7, 𝜂 =
1

𝜇𝜎
, 𝜎 = 106S/m; 𝜔 =

2𝜋

𝑇
, 𝑇 =8.5yr; 𝑘 =

𝜋

𝐻
, 𝑉𝑎(0) =0.0048m/s. 1044 

As for the stratification parameter values, we adopt N=10Ω (e.g., Knezek and Buffett, 2018) and 1045 

take H=21km, 25km, 30km, 35km for examples. Thus, we can give the ∆ values, see Figure A4, 1046 

where the latitude is set to be within ±30°. The results show that if the latitude is lower, the ∆ 1047 

value will be smaller, i.e., the importance of 𝑂(𝑥4) with respect to the remaining term (in 1048 

formula (B8)) will be weaker. When latitude is below 25 degrees, the ∆  value will be smaller 1049 

than ~0.1 (see Cases 1 and 2) and ~0.15 (see Cases 3 and 4). Moreover, when the latitude is less 1050 

than 15° (i.e., the observed equatorial wave region reflected by the grey shadowed area displayed 1051 

in Figure A4), the ∆ value will be smaller than ~0.02. 1052 
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 1053 

Figure A4. Variations of the ∆ value with latitude and thickness H. The grey shadowed area (latitude below 15 1054 

degrees) indicates the region where the observed equatorial waves locate (Kloss and Finlay, 2019). 1055 

 1056 

Here, a question arises: Whether it is reliable for ‘Weber equation’ (i.e., formula (12)) and its 1057 

specific solution (i.e., formula (18)) to describe the properties of the equatorial waves (e.g., with 1058 

latitude below 15°, see Kloss and Finlay, 2019). Here, we adopt the perturbation analysis approach 1059 

to discuss it. Based on the above discussion, the formula (B8) can be further expressed by  1060 

 
𝜕2𝑦

𝜕𝑥2
+ [𝐴(𝑥) +  𝐵(𝑥)]𝑦 = 0                    (C2) 1061 

where, 𝐴(𝑥) = 𝛼1 − 𝛼0𝑥
2 (see Appendix B); 𝐵(𝑥) = 𝑂(𝑥4) (see formula (C1)). 1062 

Introducing a ratio factor 𝜀 =
𝐵(𝑥)

𝐴(𝑥)
, here 𝜀 is called as the perturbation factor and it is a 1063 

small quantity relative to 1. Note that there is a slight difference between 𝜀 and ∆ in definition, 1064 

(i.e., ∆= 𝑎𝑏𝑠(𝜀)), while the 𝜀  value can be inferred from the ∆ value. Moreover, due to 1065 

𝐵(𝑥) = 𝜀𝐴(𝑥), the formula (C2) can be further written as the following equation 1066 

𝜕2𝑦

𝜕𝑥2
+ [(1 + 𝜀)𝐴(𝑥)]𝑦 =

𝜕2𝑦

𝜕𝑥2
− (𝛼0

′𝑥2 − 𝛼1
′ )𝑦 = 0        (C3) 1067 

where, 𝛼0
′ = (1 + 𝜀)𝛼0, 𝛼1

′ = (1 + 𝜀)𝛼1. 1068 

Differing from the formula (12) (i.e., 
𝜕2𝑦

𝜕𝑥2
− (𝛼0𝑥

2 − 𝛼1)𝑦 = 0), formula (C3) includes the 1069 

perturbation effect from 𝜀. Because we mainly focus on the low-latitude regions, the 𝜀 value can 1070 

be quite smaller than 1. Here, the specific solution to the equation (C3) is still written in terms of 1071 

the same form as that of the formula (18) (i.e., 𝑦𝑛(𝑥) = 𝐴𝑛𝑒
−
1

2
𝛼̃2𝑥2𝐻𝑛(𝛼̃𝑥)), that is 1072 

The observed equatorial wave region 

     (Kloss and Finlay, 2019) 
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                            𝑦̃𝑛(𝑥) = 𝐴𝑛
′ 𝑒−

1

2
(𝛼̃′)2𝑥2𝐻𝑛(𝛼̃

′𝑥)                  (C4) 1073 

where, 𝐴𝑛
′ = √

𝛼̃′

√𝜋2𝑛𝑛!
, 𝛼̃′ = (𝛼0

′ )
1

4, meanwhile, the 𝛼0
′  and 𝛼1

′  satisfy the following relationship, 1074 

i.e., 𝜂′=(𝛼0
′ )−

1

2𝛼1
′ = 2𝑛 + 1. 1075 

Comparing the formula (C4) with the formula (18), the relative errors of 𝛼̃(= 𝛼0

1

4 ) is 1076 

expressed by |
𝛼̃−𝛼̃′

𝛼̃
|. Therefore,  1077 

|
𝛼̃−𝛼̃′

𝛼̃
| =

[(1+𝜀)
1
4−1]𝛼0

1
4

𝛼̃
= (1 + 𝜀)

1

4 − 1               (C5)  1078 

Additionally, the relative errors of 𝜂(= 𝛼0
−
1

2𝛼1) is written as follows 1079 

|
𝜂̃−𝜂̃′

𝜂̃
| = (1 +  𝜀)

1

2 − 1                       (C6) 1080 

When 𝜀=0.1, i.e., ∆= 𝑎𝑏𝑠(𝜀) =0.1, corresponding to the latitudes 22°~25°, which can be 1081 

inferred from Figure A4, at this moment, the relative errors for both 𝛼̃  and 𝜂  are small:  1082 

|
𝛼̃−𝛼̃′

𝛼̃
| ~2.4% and |

𝜂̃−𝜂̃′

𝜂̃
| ~4.9%. Moreover, when latitude is lower, the 𝜀 value will be smaller, 1083 

and the relative errors will be further weaker as well, e.g., when 𝜀 ≤0.02 (corresponding to the 1084 

latitude below 15°, see Figure A4), then |
𝛼̃−𝛼̃′

𝛼̃
| ≤ 0.5% and |

𝜂̃−𝜂̃′

𝜂̃
| ≤ 1%. 1085 

Next, we will further discuss the relative errors of 𝑦𝑛(𝑥), which is expressed by 1086 

𝜖𝑛 = |
𝑦𝑛(𝑥)− 𝑦̃𝑛(𝑥)

𝑦𝑛(𝑥)
|                            (C7) 1087 

The results of 𝜖𝑛 (with degrees n=0,1,2,3) are displayed in Figure A5, which shows that 𝜖𝑛 1088 

values will decrease as the latitude is lower. Generally, if the latitude is below 25°, 𝜖𝑛 is shown to 1089 

be less than 5% (expect the mode n=3, which reaches to 10%), while if the latitude is lower than 1090 

20°, the 𝜖𝑛 values (n=0,1,2) will be obviously smaller than 5%, except the mode n=3, whose 1091 

relative errors yet exceeds 15%, which probably reflects the instability of the errors (for the higher 1092 

degree modes) locating at the relatively larger latitude regions. Nevertheless, when the latitude is 1093 

reduced to 15° (or smaller, e.g., 13°), the relative errors of all the modes are shown to be stable 1094 

and quite small (i.e., < 3%). 1095 

In summary, the perturbation analysis indicates that, even though the perturbation factor 𝜀 1096 

value reaches to 0.1 (corresponding to the latitude 25°), the relative errors caused by the truncation 1097 

treatment are still quite small (i.e., < 5%), and the relative errors will be further reduced as the 1098 
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latitude is lower. Hence, the developed models and the related results of this work are reliable to 1099 

study the observed low-latitude hydromagnetic waves and their related physical properties.  1100 

 1101 

Figure A5. The relative errors of 𝑦𝑛(𝑥) change with the latitude and degree n.  1102 

 1103 

Appendix D: Proof of the sufficient and necessary condition. 1104 

Here, we can prove that the expression (i.e., 𝜂(= 𝛼0
−
1

2𝛼1) = 2𝑛 + 1) is the sufficient and 1105 

necessary condition that the equation (15) owns the Hermite polynomial solution 𝐻𝑛(𝜉). Here the 1106 

equation (15) is repeated as follows 1107 

                            𝐻″(𝜉) − 2𝜉𝐻′(𝜉) + (𝜂 − 1)𝐻(𝜉) = 0                (D1)        1108 

The Hermite polynomial solution (i.e., 𝐻𝑛(𝜉)) is written as  1109 

𝐻𝑛(𝜉) = (−1)
𝑛𝑒𝜉

2 𝑑𝑛

𝑑𝜉𝑛
(𝑒−𝜉

2
) 1110 

In mathematics, 𝐻𝑛(𝜉) owns the following important recurrence relations (𝑛 ≥1): 1111 

𝐻𝑛+1(𝜉) − 2𝜉𝐻𝑛(𝜉) + 2𝑛𝐻𝑛−1(𝜉) = 0                   (D2) 1112 

                    𝐻𝑛
′(𝜉) = 2𝑛𝐻𝑛−1(𝜉)                                 (D3) 1113 

1) Proof of the necessity  1114 

If the expression (i.e., 𝜂(= 𝛼0
−
1

2𝛼1) = 2𝑛 + 1) is valid, then the equation (D1) can be 1115 

expressed by  1116 

  𝐻″(𝜉) − 2𝜉𝐻′(𝜉) + 2𝑛𝐻(𝜉) = 0                    (D4) 1117 

Thus, we need to prove that 𝐻𝑛(𝜉) is the solution to the equation (D4). 1118 
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According to the formula (D2), we can give that (𝑛 ≥2) 1119 

                        𝐻𝑛(𝜉) − 2𝜉𝐻𝑛−1(𝜉) + 2(𝑛 − 1)𝐻𝑛−2(𝜉) = 0              (D5)  1120 

Using the formula (D3), we have (𝑛 ≥2) 1121 

𝐻𝑛
′′(𝜉) = 2𝑛𝐻𝑛−1

′ (𝜉) = 4𝑛(𝑛 − 1)𝐻𝑛−2(𝜉)               (D6) 1122 

Taking 𝐻𝑛(𝜉), 𝐻𝑛
′(𝜉) and 𝐻𝑛

′′(𝜉) into the left hand of the equation (D4), and considering 1123 

the formulas (D3), (D5) and (D6), we can obtain (𝑛 ≥2) 1124 

 𝐻𝑛
″(𝜉) − 2𝜉𝐻𝑛

′(𝜉) + 2𝑛𝐻𝑛(𝜉) = 2𝑛[𝐻𝑛(𝜉) − 2𝜉𝐻𝑛−1(𝜉) + 2(𝑛 − 1)𝐻𝑛−2(𝜉)] = 0 1125 

    Furthermore, considering the cases of 𝑛=0 and 1 respectively as follows: 1126 

when 𝑛 = 0, 𝐻0(𝜉)=1, so 𝐻0
″(𝜉) − 2𝜉𝐻0

′(𝜉) + 2 ∙ 0 ∙ 𝐻0(𝜉) = 0;  1127 

when 𝑛 = 1, 𝐻1(𝜉)=2𝜉，so 𝐻1
″(𝜉) − 2𝜉𝐻1

′(𝜉) + 2 ∙ 1 ∙ 𝐻1(𝜉) = −4𝜉 + 4𝜉 = 0. 1128 

To summarize, 𝑛 ≥ 0, we have 𝐻𝑛
″(𝜉) − 2𝜉𝐻𝑛

′(𝜉) + 2𝑛𝐻𝑛(𝜉) = 0. 1129 

Therefore, the necessity is proved. 1130 

2) Proof of the sufficiency 1131 

   If the equation (D1) owns the Hermite polynomial solution (i.e., 𝐻𝑛(𝜉)), then 𝐻𝑛(𝜉) 1132 

satisfies  1133 

𝐻𝑛
″(𝜉) − 2𝜉𝐻𝑛

′(𝜉) + (𝜂 − 1)𝐻𝑛(𝜉) = 0               (D7) 1134 

Here, we need to prove that 𝜂 = 2𝑛 + 1 (alternatively 𝛼1 = (2𝑛 + 1)√𝛼0) is valid. 1135 

Taking the formulas (D3) and (D6) into the formula (D7), we can obtain  1136 

(𝜂̃ − 1)𝐻𝑛(𝜉) − 4𝑛[𝜉𝐻𝑛−1(𝜉) − (𝑛 − 1)𝐻𝑛−2(𝜉)] = 0        (D8)     1137 

Using the formula (D2) or the formula (D5), we have  1138 

𝜉𝐻𝑛−1(𝜉) − (𝑛 − 1)𝐻𝑛−2(𝜉) =
1

2
𝐻𝑛(𝜉)              (D9) 1139 

   Taking the formula (D9) into the formula (D8), we have  1140 

                              (𝜂̃ − 1 − 2𝑛)𝐻𝑛(𝜉) = 0                        (D10) 1141 

Here, 𝐻𝑛(𝜉) ≠ 0, so 𝜂(= 𝛼0
−
1

2𝛼1) = 2𝑛 + 1, that is 𝛼1 = (2𝑛 + 1)√𝛼0. 1142 

   Therefore, the sufficiency is proved. 1143 

 1144 

Appendix E: Proof of the specific solution to the equation (12). 1145 

According to the formula (18) 1146 

 𝑦(𝑥) = 𝐴𝑛𝑒
−
1

2
𝛼̃2𝑥2𝐻𝑛(𝛼̃𝑥)                        1147 
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Here, 𝐻𝑛(𝜉) is the Hermite polynomial, which satisfies the following Hermite differential 1148 

equation 1149 

                           𝐻𝑛
′′(𝜉) − 2𝜉𝐻𝑛

′(𝜉) + 2𝑛𝐻𝑛(𝜉) = 0                  (E1)  1150 

The second-order partial derivative of 𝑦(𝑥) is written as 1151 

𝜕2𝑦

𝜕2𝑥
= 𝐴𝑛𝛼̃

2𝑒−
1

2
𝛼̃2𝑥2[𝐻𝑛

′′(𝛼̃𝑥) − 2𝛼̃𝑥𝐻𝑛
′(𝛼̃𝑥) + (𝛼̃2𝑥2 − 1)𝐻𝑛(𝛼̃𝑥)]     (E2) 1152 

Here, 𝛼̃ = 𝛼0

1

4 and 𝜂 = 𝛼0
−
1

2𝛼1 = 2𝑛 + 1, so we obtain 𝛼0 = 𝛼̃
4 and 𝛼1 = √𝛼0𝜂̃ = 𝜂𝛼̃

2. 1153 

We can write the following formula 1154 

𝜕2𝑦

𝜕𝑥2
− (𝛼0𝑥

2 − 𝛼1)𝑦 = 𝐴𝑛𝛼̃
2𝑒−

1

2
𝛼̃2𝑥2[𝐻𝑛

′′(𝛼̃𝑥) − 2𝛼̃𝑥𝐻𝑛
′(𝛼̃𝑥) + (𝜂 − 1)𝐻𝑛(𝛼̃𝑥)]  1155 

=𝐴𝑛𝛼̃
2𝑒−

1

2
𝛼̃2𝑥2[𝐻𝑛

′′(𝛼̃𝑥) − 2𝛼̃𝑥𝐻𝑛
′(𝛼̃𝑥) + 2𝑛𝐻𝑛(𝛼̃𝑥)]                        (E3) 1156 

where, 𝜉 = 𝛼̃𝑥. 1157 

Thus, we have 1158 

𝜕2𝑦

𝜕𝑥2
− (𝛼0𝑥

2 − 𝛼1)𝑦 = 𝐴𝑛𝛼̃
2𝑒−

1

2
𝜉2[𝐻𝑛

′′(𝜉) − 2𝜉𝐻𝑛
′(𝜉) + 2𝑛𝐻𝑛(𝜉)]=0       1159 

Therefore, 𝑦(𝑥) = 𝐴𝑛𝑒
−
1

2
𝛼̃2𝑥2𝐻𝑛(𝛼̃𝑥) is proved to be the specific solution of equation (12), 1160 

where, the existence condition of this specific solution is that these two coefficients (i.e., 𝛼0 and 1161 

𝛼1) satisfy 𝛼1 = (2𝑛 + 1)√𝛼0. 1162 
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                     Supplementary Materials 

1）On the derivation process of the equation (A1) 

Here, we have the following formula (S1), i.e., the formula (8) in the manuscript. 

 
𝜕𝑥
2𝑏̃𝜃
′ −

𝑀(𝑥)

1−𝑥2
𝑏̃𝜃
′ = 𝐶𝑥𝑖𝑏̃𝜑

′ + 𝑖𝑚𝜕𝑥𝑏̃𝜑
′

𝑏̃𝜑
′ =

𝐶𝑥𝑖𝑏̃𝜃
′−𝑖𝑚𝜕𝑥𝑏̃𝜃

′

𝑚2+(1−𝑥2)𝑀(𝑥)

}                    (S1) 

where, 𝑀(𝑥) = 𝑀(0)(1 + 𝛽2𝑥2). 

Defining 𝑓 = 𝑚2 + (1 − 𝑥2)𝑀(𝑥), so we have  

                              𝑏̃𝜑
′ =

𝐶𝑥𝑖𝑏̃𝜃
′−𝑖𝑚𝜕𝑥𝑏̃𝜃

′

𝑓
                            (S2) 

Furthermore, we can obtain the first-order derivative of 𝑓, which is expressed as  

𝜕𝑥𝑓 = −2𝑥𝑀(𝑥) + (1 − 𝑥
2)𝜕𝑥𝑀(𝑥) = 2𝑥(𝛽

2 − 1 − 2𝛽2𝑥2)𝑀(0)         (S3) 

 So, we can get 

𝜕𝑥𝑏̃𝜑
′ =

𝑓𝜕𝑥(𝐶𝑥𝑖𝑏̃𝜃
′−𝑖𝑚𝜕𝑥𝑏̃𝜃

′ )−(𝐶𝑥𝑖𝑏̃𝜃
′−𝑖𝑚𝜕𝑥𝑏̃𝜃

′ )𝜕𝑥𝑓

𝑓2
=
(𝐶𝑖𝑏̃𝜃

′+𝐶𝑥𝑖𝜕𝑥𝑏̃𝜃
′−𝑖𝑚𝜕𝑥

2𝑏̃𝜃
′ )𝑓−(𝐶𝑥𝑖𝑏̃𝜃

′−𝑖𝑚𝜕𝑥𝑏̃𝜃
′ )𝜕𝑥𝑓

𝑓2
  

Taking the formulas(S2) and (S3) into the formula (S1), we have  

𝜕𝑥
2𝑏̃𝜃
′ −

𝑀(𝑥)

1−𝑥2
𝑏̃𝜃
′ = 𝐶𝑥𝑖

𝐶𝑥𝑖𝑏̃𝜃
′−𝑖𝑚𝜕𝑥𝑏̃𝜃

′

𝑓
+ 𝑖𝑚

(𝐶𝑖𝑏̃𝜃
′+𝐶𝑥𝑖𝜕𝑥𝑏̃𝜃

′−𝑖𝑚𝜕𝑥
2𝑏̃𝜃
′ )𝑓+(𝑖𝑚𝜕𝑥𝑏̃𝜃

′−𝐶𝑥𝑖𝑏̃𝜃
′ )𝜕𝑥𝑓

𝑓2
 (S4) 

so 

𝜕𝑥
2𝑏̃𝜃
′ −

𝑀(𝑥)

1−𝑥2
𝑏̃𝜃
′ =

1

𝑓
𝑚2𝜕𝑥

2𝑏̃𝜃
′ −

𝜕𝑥𝑓

𝑓2
𝑚2𝜕𝑥𝑏̃𝜃

′ + (
𝜕𝑥𝑓

𝑓2
𝐶𝑚𝑥 −

𝐶2

𝑓
𝑥2 −

𝐶𝑚

𝑓
)𝑏̃𝜃
′       (S5) 

Furthermore  

(1 −
𝑚2

𝑓
) 𝜕𝑥

2𝑏̃𝜃
′ +

𝜕𝑥𝑓

𝑓2
𝑚2𝜕𝑥𝑏̃𝜃

′ + (
𝐶2

𝑓
𝑥2 +

𝐶𝑚

𝑓
−
𝑀(𝑥)

1−𝑥2
−
𝜕𝑥𝑓

𝑓2
𝐶𝑚𝑥) 𝑏̃𝜃

′ = 0  

so 

 (𝑓 − 𝑚2)𝜕𝑥
2𝑏̃𝜃
′ +

𝜕𝑥𝑓

𝑓
𝑚2𝜕𝑥𝑏̃𝜃

′ + (𝐶2𝑥2 + 𝐶𝑚 −
𝑀(𝑥)

1−𝑥2
𝑓 −

𝜕𝑥𝑓

𝑓
𝐶𝑚𝑥) 𝑏̃𝜃

′ = 0  (S6) 

That is  

(1 − 𝑥2)𝑀(𝑥)𝜕𝑥
2𝑏̃𝜃
′ + 2𝑥(𝛽2 − 1 − 2𝛽2𝑥2)𝑀(0)

𝑚2

𝑓
𝜕𝑥𝑏̃𝜃

′ + (𝐶2𝑥2 + 𝐶𝑚 −
𝑀(𝑥)

1−𝑥2
𝑓 −

2𝑥(𝛽2−1−2𝛽2𝑥2)𝑀(0)

𝑓
𝐶𝑚𝑥) 𝑏̃𝜃

′ = 0        

So, we have 

(1 − 𝑥2)𝜕𝑥
2𝑏̃𝜃
′ −

2𝑥(1−𝛽2+2𝛽2𝑥2)

1+𝛽2𝑥2
𝑚2

𝑓
𝜕𝑥𝑏̃𝜃

′ + (
𝐶2𝑥2

𝑀(𝑥)
+

𝐶𝑚

𝑀(𝑥)
−

𝑓

1−𝑥2
−
2𝑚(𝛽2−1−2𝛽2𝑥2)𝑥2

(1+𝛽2𝑥2)

𝐶

𝑓
) 𝑏̃𝜃

′ = 0  

Finally, we derive the following equation, i.e., the equation (A1) in the manuscript. 



(1 − 𝑥2)𝜕𝑥
2𝑏̃𝜃
′ −

2𝑥(1−𝛽2+2𝛽2𝑥2)

1+𝛽2𝑥2
𝑚2

𝑓
𝜕𝑥𝑏̃𝜃

′ + (
𝐶2𝑥2

𝑀(𝑥)
+

𝐶𝑚

𝑀(𝑥)
−

𝑚2

1−𝑥2
−𝑀(𝑥) +

2𝑚(1−𝛽2+2𝛽2𝑥2)𝑥2

(1+𝛽2𝑥2)

𝐶

𝑓
) 𝑏̃𝜃

′ = 0     (S7) 

 

2）The truncation error analysis 

1

1−𝑥2
= 1 + 𝑥2⏟  
𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔

+ 𝑥4 + 𝑥6 +⋯⏟        
𝑂(𝑥4)

                              (S8) 

1

1+𝛽2𝑥2
= 1 − 𝛽2𝑥2⏟      

𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔

+ 𝛽4𝑥4 − 𝛽6𝑥6 +⋯⏟            
𝑂(𝑥4)

                        (S9) 

                                            
1

 (1−𝑥2)2
= 1+ 2𝑥2⏟    
𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔

+ 3𝑥4 + 4𝑥6 +⋯⏟          
𝑂(𝑥4)

                        (S10) 

                                  
1

(1+𝛽2𝑥2)2
= 1 − 2𝛽2𝑥2⏟      

𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔

+ 3𝛽4𝑥4 − 4𝛽6𝑥6 +⋯⏟            
𝑂(𝑥4)

                   (S11) 

where, 𝛽 =1.58.  

Defining the following residual series: 

𝑅𝑒𝑠1 = 
1

1−𝑥2⏟
𝑂1

− (1+ 𝑥2)⏟    
𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔

= 𝑥4 + 𝑥6 +⋯; 

𝑅𝑒𝑠2 = 
1

1+𝛽2𝑥2⏟  
𝑂2

− (1 − 𝛽2𝑥2)⏟      
𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔

= 𝛽4𝑥4 − 𝛽6𝑥6 +⋯; 

𝑅𝑒𝑠3 =  
1

 (1−𝑥2)2⏟    
𝑂3

 − (1 + 2𝑥2)⏟      
𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔

= 3𝑥4 + 4𝑥6 +⋯;  

𝑅𝑒𝑠4 = 
1

(1+𝛽2𝑥2)2⏟    
𝑂4

 − (1 − 2𝛽2𝑥2)⏟        
𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔

= 3𝛽4𝑥4 − 4𝛽6𝑥6 +⋯; 

where,  𝑂𝑖 (i=1,2,3,4) refers to the ith original term.  

Consequently, the relative errors are expressed by  

𝜖𝑖 = |
𝑅𝑒𝑠𝑖

𝑂𝑖
|                              (S12) 

The result is shown in the Figure S1 

 

 Figure S1.  The truncation errors change with latitude (𝜖𝑖 ≤0.05 is shown) 


