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Abstract

The purposes of this work are (1) clarifying the specific latitude range in which the currently physical model of the equatorial
trapped Magnetic-Archimedes-Coriolis (namely eMAC) waves propagating atop the Earth’s core can own the enough accuracy
to describe the hydromagnetic waves; (2) presenting the systematically analytical expressions to represent the physical properties
(e.g., the equatorial confinement and latitudinal distribution, damping rate o, eigen-period T) of the eMAC waves. Here, the
new results indicate that: 1) the eMAC wave model can own the high accuracy (i.e., the relative errors are less than 5%) to
describe the core waves in the regions with latitude below 25 degrees ; 2) the equatorial confinement and latitudinal distribution
law is essentially governed by a specific solution form with the typical Hermite polynomial term of degree n; 3) the damping
rate can be estimated by o [?]-p"2/(ucH"2) (u being the vacuum permeability, o being the core electrical conductivity; H being
the stratified layer thickness of the core), showing that the magnetic diffusivity n (=1/(uo))can cause the ohmic dissipation of
the waves; besides, the H value is predicted to be larger than 20km, when T matches the observed 8.5yr period. This work
also presents the analytical models for the perturbed magnetic fields due to the eMAC waves, presenting that the azimuthal
perturbed magnetic field be(with degree n=1) is mainly confined to the equatorial regions with latitude below “15 degrees, the

profile of which coincides with the observed core surface azimuthal flows.
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Abstract

The purposes of this work are (1) clarifying the specific latitude range in which the currently
physical model of the equatorial trapped Magnetic-Archimedes-Coriolis (namely eMAC) waves
propagating atop the Earth’s core can own the enough accuracy to describe the hydromagnetic
waves; (2) presenting the systematically analytical expressions to represent the physical properties
(e.g., the equatorial confinement and latitudinal distribution, damping rate «, eigen-period 7T) of
the eMAC waves. Here, the new results indicate that: 1) the eMAC wave model can own the high
accuracy (i.e., the relative errors are less than 5%) to describe the core waves in the regions with
latitude below 25 degrees; 2) the equatorial confinement and latitudinal distribution law is

essentially governed by a specific solution form with the typical Hermite polynomial term of
degree n; 3) the damping rate can be estimated by a =~ — u:—;z (u being the vacuum permeability,
o being the core electrical conductivity, H being the stratified layer thickness of the core),
showing that the magnetic diffusivity n (= #—lg) can cause the ohmic dissipation of the waves;
besides, the H value is predicted to be larger than 20km, when T matches the observed 8.5yr
period. This work also presents the analytical models for the perturbated magnetic fields due to the
eMAC waves, presenting that the azimuthal perturbed magnetic field b, (with degree n=1) is

mainly confined to the equatorial regions with latitude below ~15 degrees, the profile of which

coincides with the observed core surface azimuthal flows.
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Plain language Summary

Modern observations show that the fast fluctuations in geomagnetic acceleration and fluid core
surface flow motions always occur at the equatorial regions, which may arise from the rapidly
hydromagnetic waves atop the Earth’s core. But, the exact origins of these waves are still unclear,
though the so-called eMAC waves may provide a potential mechanism. Given that the physical
expressions of describing the physical properties (e.g., equatorial confinement and latitudinal
distribution, damping rate, eigen-period) and the perturbed magnetic fields of the eMAC waves
have not been given before, this work carefully revisits the currently eMAC wave theory and
firstly gives the systematically analytical expressions for these physical properties. Importantly,
the perturbation analysis indicates that the eMAC wave model can own the high accuracy (i.e., the
relative errors are less than 5%) to describe the low-latitude waves with latitude below 25 degrees,
which can cover the regions where the observed equatorial waves mainly locate. In summary, this
work provides an important complement for the currently eMAC wave theory. The results of this
work are significant to understand the physical mechanism responsible for the origins of the
observed equatorial waves, their physical properties and the dynamics of the Earth’s equatorial

regions.

Key points:

1. The systematically analytical expressions about the physical properties of the eMAC waves are
given.

2. Relative errors of the eMAC wave model in describing the hydromagnetic waves with the
latitude below 25 degrees are less than 5%.

3. Discussed implications of the eMAC wave model to the core stratification and equatorial region

dynamics.

1. Introduction

Many recent works (e.g., Gillet et al, 2015; Chulliat et al, 2015; Finlay et al, 2016; Kloss and
Finlay, 2019) showed that the Earth equatorial region is a place of presenting vigorously localized
interannual alternating fluid motions, which reflects the short-period fluctuations in geomagnetic

acceleration. For example, Gillet et al (2015) found that the strongly interannual time-dependent
2
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azimuthal fluid outer core (FOC) flows occur at the equatorial region with latitude below 10
degrees; Finlay et al (2016) showed that the observed pulses in geomagnetic acceleration mainly
locate below the India Ocean between the equator and 30°S from the CHAOS-6 model, while
Kloss and Finlay (2019) presented a new model of time-dependent core flow derived from
geomagnetic measurements by Swarm and CHAMP satellites and ground observatories, which
further confirmed the equatorially confined phenomena (within latitudes ~15°N and S) of the
non-zonal azimuthal core flows and geomagnetic acceleration pulses. Nevertheless, the issue why
these azimuthal flows and geomagnetic acceleration signals perform the equatorially trapped
behaviors and show the generally short-lived features is less clear (e.g., Gillet et al, 2015; Finlay et
al, 2016; Buffett and Matsui, 2019).

Additionally, Chi-Duran et al (2020) suggested that these observed geomagnetic acceleration
signatures may result from the superposition of FOC flows with different frequency components,
and they detected two fluid core traveling waves with ~8.7yr and ~7.08yr periods on the
subdecadal (i.e., 5~10yr) scales, which respectively occur at southeast Asia and Atlantic equatorial
regions, where the propagation direction of the former is eastward, while the latter is westward.
Any further advance of better understanding the physics of the origins of these periodic equatorial
waves is vital, while it is also interesting to explore the physical mechanisms responsible for these
two periodic waves, as length of day (LOD) changes also have the same two periodic components,
i.e., the ~8.6yr and ~7.2yr period signals (Duan and Huang, 2020; Hsu et al, 2021), which are
shown to be unrelated to the Earth surface factors (e.g., AAM/OAM/HAM) (Hsu et al, 2021).
Moreover, Duan and Huang (2020) showed that there is a good correspondence between the
extremes of the ~8.6yr oscillation in LOD and the occurrence epochs of the geomagnetic field fast
changes (i.e., geomagnetic jerks), which means that this ~8.6yr signal and the jerks may originate
from a same physical source, i.e., the fast equatorial waves with subdecadal periods propagating at
the core surface, since many works (e.g., Wardinski et al, 2008; Mandea et al, 2010; Chulliat et al,
2010; Chulliat and Maus, 2014; Kloss and Finlay, 2019; Aubert and Finlay, 2019) showed that the
equatorial waves propagating at the core surface closely correlate with the geomagnetic jerks.

However, the precise mechanisms responsible for these equatorial waves are still unclear,
though they may reflect a type of fluid core surface waves, i.e., the so-called equatorial

Magnetic-Archimedes-Coriolis (eMAC) waves (e.g., Buffett and Matsui, 2019), for example, the
3
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origin of the ~8.6yr periodic equatorial waves was suggested to be attributed to the eMAC wave
mechanism (Chi-Duran et al, 2020), where a strong gradient in the magnetic force at the
core-mantle boundary (CMB) away from the equator can produce the so-called wave guide to
cause the equatorially trapped features for the MAC waves (Buffett and Matsui, 2019). Of course,
these observed equatorial waves may also be related to the quasi-geostrophic Alfvén waves (e.g.,
Finlay et al, 2010; Gillet et al, 2012; Teed et al, 2019; Aubert and Finlay, 2019) or the
Magneto-Coriolis (MC) modes within FOC on the subdecadal scales (Gerick et al, 2020), for
example, Gillet et al (2022) recently also detected the ~7yr periodic magnetic waves in the Earth’s
core from the Satellite data and they interpretated the ~7yr waves as the signatures of MC modes.

Given that the eMAC waves differ from the MC modes, for example, the former only
emerges inside a stratified layer at the FOC surface (Buffett and Matsui, 2019), while the latter
happens in the FOC without requiring the core stratification (Gerick et al, 2020), but interestingly,
both of which can present the same physical properties (with interannual changes) localized near
the equator similar to the observations (e.g., Finlay and Jackson, 2003; Finlay et al, 2016).
Therefore, it is necessary to further clarify the differences between these two modes to explain the
origins of these observed fast equatorial waves with the subdecadal periods, while this work will
mainly focus on the eMAC wave mechanism.

Up to now, many efforts (e.g., Knezek and Buffett, 2018, 2019; Buffett and Matsui 2019)
have been made to study the origins of short-period equatorial waves propagating at the core
surface from the perspective of MAC waves. According to the spatial distribution features of these
observed equatorial waves, Knezek and Buffett (2019) suggested that these waves can be fitted by
a selected Hermite polynomial basis functions of degree n, nevertheless, at that time, they did not
give the rigorous theory basis to prove that why the so-called Hermite polynomial functions can
feature these waves. Through considering the different physical influences (e.g., the spherical
geometry, gradients in the radial magnetic field) and focusing on the low-latitude regions, Buffett
and Matsui (2019) (hereafter BM19) developed a physical model for the equatorial trapped MAC
waves (namely eMAC waves), in particular, they derived a type of second-order differential
equation (see their equations (25), (35), (41) or (46), all of which have the same mathematical
form, which is called as the “Weber equation’ in physics) to describe the perturbed magnetic field

changes with the latitude, while they referred to a specific solution form with the term of
4
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aforementioned Hermite polynomial of degree n (see the equation (27) in BM19).

It should be noted that, the process of deriving the above ‘Weber equation’ involves the
truncation treatment (that is, removing the relevantly higher-order terms, which depend on the
latitude) and this treatment may cause the significant truncation errors for the model results
locating at the high-latitude regions. However, the specific latitude range in which the ‘Weber
equation’ can own the enough accuracy to describe the perturbed magnetic fields is still less clear.
Besides, BM19 mainly focused on the numerical discussion of the above differential equation and
its solution, but they did not give the subsequently analytical expressions to represent the physical
properties (e.g., the equatorial confinement and latitudinal distribution, damping rate, eigen-period,
propagating velocity) of the waves. The detailed physical factors that can influence these
properties are also still less clear.

On the basis of the previous work (i.e., BM19) about the eMAC wave theory, this work will
further carefully derive the aforementioned differential equation (i.e., the so-called ‘Weber
equation’) and discuss its specific solution in an analytical approach as well as making the
perturbation analysis to determine the latitude range of the ‘Weber equation’ and its specific
solution owning the enough accuracy. One of the objectives of this work is to give the
systematically analytical expressions of representing the physical properties of the eMAC waves,
from which, not only can we show that the equatorial confinement and latitudinal distribution
features of the MAC waves are essentially governed by the specific solution with the Hermite
polynomial term of degree n, but also can clearly show the physical factors that determine the
related properties of the waves. Importantly, the perturbation analysis indicates that the related
results of this work can own the high accuracy (i.e., the relative errors are shown to be less than
5%) to describe the hydromagnetic waves in the regions with latitude below 25 degrees, which can
cover the region where the observed equatorial waves mainly locate (e.g., Gillet et al, 2015;
Chulliat et al, 2015; Kloss and Finlay, 2019). Therefore, the results of this work are significant to
understand the origins of the observed equatorial waves and their physical properties.

Finally, we discuss the possible stratification parameters inferred by the eMAC waves, the
equatorial confinement degree influenced by the strength of the radial magnetic field at the CMB

equator and the physical possibility of the eMAC waves carrying the axial angular momentum.
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2. Theory part
2.1. On the theory of MAC waves

Previous works (e.g., Bergman, 1993; Braginsky, 1993) indicated that if a stable stratified
layer exists at the Earth’s core surface, the interaction of Coriolis-Lorentz-Buoyancy forces inside
this layer will enable a type of hydromagnetic waves, i.e., the so-called Magnetic-Archimedes-
Coriolis (MAC) waves. That is to say, the existence of these MAC waves requires a stable
stratified layer, which is characterized by the stratification parameters (the related parameters used
in this work are listed in Table 1), i.e., the thickness H and the stratification degree N. Here, N is

called as the buoyancy (or Brunt-Viiséld) frequency, which is expressed by

_ [foom
v= [-L2 (M)

. . . . . . i
where, g is the acceleration due to gravity; p, is the density of the fluid core, % refers to the

radial derivative.

Furthermore, many works from seismic wave observations, geochemistry and geomagnetism
(e.g., Helffrich and Kaneshima, 2010; Buffett and Seagle, 2010; Gubbins and Davies, 2013;
Buffett, 2014) supported that there is a strongly stratified layer existing at the core surface. In
particular, some works (e.g., Gubbins and Davies, 2013; Helffrich and Kaneshima, 2010) provided
the valuable information about the parameters of H and N. For example, Gubbins and Davies
(2013) indicated that the thickness (H) of the stratified layer is ~100km or less, which is due to the
barodiffusion of the light elements; while Helffrich and Kaneshima (2010) showed a strong
density stratified layer with the buoyancy periods of 1.63~3.43h (corresponding to 7Q~15Q, Q
being the rotation rate) existing at the core surface from the observed core wave speed profile,
though the issue that whether a stable stratification layer exists atop the Earth’s core is still
debated (e.g., Gastine et al, 2019), where, the exact H and N values are still highly uncertain.

In order to further explore the potential physical origins of the observed equatorial
hydromagnetic waves from the eMAC wave mechanism, as in previous studies, this work still
adopts the assumption that a stable stratification layer exists atop the Earth’s core. Meanwhile,
considering the uncertainties of the stratification parameters, this work takes the values of H and N
as the variables (see Table 1).

Table 1 Parameters used in this work.
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Parameter Symbol Value

Fluid core density Po 1.1x10%*%kgm
Earth’s rotation velocity Q 7.272%10rad/s
Vacuum permeability u 47x107H/m
Radius of the CMB R 3.48x10°m
Electrical conductivity at the core surface ? o 10°S/m
Radial magnetic field at CMB equator ° B,-(0) 0.48mT
Strength of the magnetic gradients at CMB ° B 1.58(~ V2.5)
Space wave number © m 7
Buoyancy frequency ¢ N 7Q to 15Q
Thickness of the stratified layer H 10 to 100 km

arefers to Ohta et al (2016); b refers to Buffett and Matsui (2019); ¢ shows Chi-Duran et al (2020); d indicates

Helffrich and Kaneshima (2010).

Here, firstly let’s revisit the previous work (i.e., BM19) about the eMAC wave theory. If the
fluid core is stratified, then the vertical fluid motions can disturb the density field, causing the
pressure perturbation and the large-scale horizontal flows, where the hydromagnetic waves can be
treated as the small perturbation with respect to the background state, where, the background state
is defined by velocity 170, magnetic field §0, pressure P, and density p,. Considering the
non-linear terms exist, for example, the Lorentz force term has the general form §0 Vb +Db- V§0,
here, the vertical length scale H (<100km) is much smaller than the horizontal scale (L~3000km),

so the latter term (i.e., b -V§0) can be much weaker than the first term (§0 -VB), thus, a

linearized momentum equation for perturbed terms with respect to a static background state is

given by
ov = 5 1 1 35 > P1 =
6t+ J Pon-I_ﬂoM o Vh+ Pog 2)
Coriolis force —_— ——

Lorentz force Buoyancy force
where, U is the perturbed fluid core velocity resulting from the interplay of Coriolis-Lorentz-
Buoyancy forces;  is the Earth rotation angular velocity vector; b is called as the perturbed
magnetic field; g = —gé, is the gravity acceleration vector, here €, is the unit radial vector; p

7
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is the perturbed pressure; p is the vacuum permeability; p; is the perturbed density.

The fluid core inside the stratification layer is treated as the incompressible fluid and it
satisfies the continuity condition, i.e., V- ©=0, which is described in the spherical coordinates
(r,6,9), here 0, @ respectively refers to the co-latitude and longitude. Because of H << R (here R

is the CMB radius), so we have

vy 1 0
or Rsin6 00

1 0vy
Rsinf % =0 (3)

(vgsin®) +

where, v, vg and v, respectively express the radial, latitudinal and azimuthal velocities.
Meanwhile, the incompressible fluid core respects the following mass conservation law

Limp e (4)

ot T or
Here, we directly present the relationship between the perturbed magnetic field and the
perturbed flow velocity within the stratification layer, which is expressed by (i.e., the equation (8)
in BM19)

8%b;

v 2
L =B+ (5)

ot Tar+

where, { = 71,0, @; b refers to the perturbed magnetic field; v; reflects the perturbed fluid core
velocities; B, signifies the radial component of the background magnetic field; n(= #—10) is the

magnetic diffusivity, o being the electrical conductivity at the core surface.

The above equations (i.e., (2), (3), (4) and (5)) represent the boundary conditions on the
upper and lower surfaces of the stratified layer (see BM19), where, v, is assumed to vanish at the
CMB, i.e., v. = 0, at r = R; because the horizontal fluid motions below the stratified layer are
opposed by the magnetic friction effects, so the horizontal perturbed velocities are considered to
be stationary, that is, v, = vy =0 (at r = R — H); while by = b, = 0 at the CMB (r = R) is
required by the pseudo-vacuum conditions.

Besides, to conveniently discuss the physical model of the MAC waves, BM19 further
converted the above governing equations from the spherical coordinates (r,8,¢) to the new
coordinates (z,x,¢), here, z=r — R, x refers to a meridional coordinate (i.e., x = cos @),

while they defined two new variables (i.e., by and bg,) for the perturbed magnetic fields (i.e., by

and b,,), that is, by = V1 —x2by and by, = \/%7%' Given that the general expression of the

travelling waves within the stratified layer can be written in the form of f ()_f - I7t), where, X

8
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being the position on the CMB, vV being the wave propagating velocity, the so-called MAC
waves must satisfy the typical wave equation, here the perturbed magnetic fields due to these

MAC waves are expressed in the following form

by = by (x) sin(kz) exp[im(e — VE)] = by (x) sin( kz) exp[ i(mep — &)] 6
b, = b}, (x) sin(kz) exp[ im(¢ — VI)] = b, (x) sin( kz) exp[ i(m¢g — 55)]} ©)

where, by (x) and E(’p (x) respectively express the amplitudes of the perturbed magnetic field,

which also reflect the latitudinal distribution of the MAC waves; t = t — t,, here t, is the initial
time; the boundary condition of perturbed magnetic field requires k = % Jj (F1,2,--+) is the

vertical wave number; m is the space angular frequency or the space wave number; i? = —1; the

complex frequency @ is written as @=w + ia, here, w being the temporal angular frequency (or

the eigen-frequency), a being the damping rate, here a < 0, meaning the typically exponential

decaying oscillation mode; and @ =mV , so V=2 =24 defining V = Re(V)=2==
m m m m

%, here, V refers to the propagation velocity (i.e., phase speed), the sign of which determines the

propagation direction, i.e., the sign “+’ means eastward propagation, while ‘-’ implies westward

propagation; Re means to take the real part, T refers to the eigen-period.

2.2. Derivation of the ‘Weber equation’
According to the above formulas (i.e., (1), (2), (3), (4), (5) and (6)), we show the following

equation (i.e., the equations (16) and (17) in BM19)

= M-I g, P =

0¢by — — by = Cxiby, + imdyby,

[-m? — (M — I)(1 — x?)]b;, = —Cxibj + imd,by

()

20®k?R? VZk*R? @2k2R? . . .
,M=-= , I = , which respectively measure the importance of
N2 AN? N2

where, C =

Coriolis force, Magnetic force and Inertia force with respect to the buoyancy force; here V, =

By

vV Polt

P 2
being the Alfvén wave velocity; y = 1 + %, showing the influence of magnetic diffusion.

On the subdecadal (i.e., 5~10yr) period scales, the inertia force term is shown to be much
weaker than the magnetic force term, i.e., I << M (see the discussion part). Removing the / term

from formula (7), we obtain
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%) by = Cxibj, + imd,b;,
=, _ Cxibp—imd,by (®)
P T m2+(1-x2)M(x)

02by —

where, x = cos 0 and |x| < 1.

Here, we will present the expression of M(x). Given that B, at the CMB is not a constant
value with respect to the latitude (e.g., Jackson, 2003; Christensen and Aubert, 2006), but its
root-mean-square increases towards to the poles, BM19 further indicated that the large-scale trend
of longitudinal averaged value B? can be generally approximated by a quadratic dependence on x,
that is, BZ = B?(0)(1 + f?x?), where, B,(0) (~0.48mT, see Table 1) refers to the radial
magnetic field strength at the CMB equator, the factor [ (~1.58, see Table 1) is a fitting
parameter, reflecting the gradient strength of the magnetic force over the CMB surface. Obviously,
if B =0, then B.(x) = B,.(0), in this case, B, is a constant value regarding x. Thus, the M(x)
term can be expressed by

M(x) = M(0)(1 + B?x?) ©)
Va (0)?k*R?

PR 7,(0) = 5(9) being the Alfvén wave velocity at the CMB equator.

VPoH

Furthermore, BM19 presented a second-order differential equation, i.e., formula (10) (see

where, M(0) =

their equation (44)), which was suggested to be directly derived from the formula (8) after

. . |M(x)|
dropping the small terms with oz & 1.
~, 1-p?%+2p%x? ~, C2x2 mcC m? =,
(1 - Xz)a;be - 2x(W)6xb9 + [W + m - E]be =0 (10)

Given that BM19 did not show the detailed derivation process of equation (10), while this
work will carefully present this process to reproduce the equation (10) (see Appendix A), the
purpose of which is to figure out how to obtain this equation (10) in detail, especially, clarifying
the mathematical and physical conditions that the equation (10) is required to satisfy.

Introducing a variable y(x) as follows

y(x) = (1 —x2)(A + B2x2)by(x) )
Taking the formula (11) into the formula (10), focusing on the low-latitude region and
removing the higher-order term (i.e., 0(x%), see the formula (B8) in Appendix B), we can derive
the following equation (12), which is just the equation (46) in BM19.
3%y

22— (apx® —ay)y =0 (12)

10
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where, ay = O (1—=B%+2(m?—-1)—2B%(p? + 1);
_mc 3 _p2
G =™ +1-—p°.

In physics, the equation (12) is called as the ‘“Weber equation’, the derivation of which
involves the so-called truncation treatment, i.e., discarding the higher-order term (i.e., O(x*)),
which depends on the latitude. Here, the question is that whether removing the O(x*) term can
induce the significant truncation errors for the results? This work further makes the perturbation
analysis (see Appendix C) to check the accuracy of the results, which shows that the ‘Weber
equation’ is valid to study the low-latitude waves. For example, when the latitude is smaller than

25 degrees, the relative errors caused by the truncation treatment is shown to be less than 5%.

2.3. Specific solution of the ‘Weber equation’

Here, we will further focus on the specific solution of the equation (12). Defining & = @&x

1
(here, @ = ay), the equation (12) can be further transformed into

92 ~
sat@—§)y=0 (13)

1
where, 71 = a *a,, the relative errors of 7 (caused by the truncation treatment) are discussed in

Appendix C.

After this transformation, the form of equation (13) is completely same as the energy
eigen-equation of one-dimensional harmonic oscillator in quantum mechanics. Actually, the
specific solution to the equation that has the same mathematical form as the equation (13) has
been discussed in quantum mechanics. Here, we would like to briefly recall it. Assuming the

specific solution to the equation (13) has the following form

Y@ = AHEe™ (14)
where, 4 is a constant coefficient unrelated to ¢£.
Taking y(¢) into the equation (13), we can obtain a second-order differential equation as
follows
H"(§) = 2§H'($) + ([ — DH($) =0 (15)

When 1] satisfies the expression (namely fj — 1 = 2n, here, n=0,1,2:-+), we can show the

11
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specific polynomial solution (i.e., H,(§))to the equation (15), i.e., H, () = (—l)nefz ;—;1 (6_52),

which is called as the Hermite polynomial of degree n and satisfies the following Hermite
differential equation
H,"(§) = 2§H,'(§) + 2nH,(§) = 0 (16)

Furthermore, we can give the specific solution (i.e., y,(£)) of the equation (13) as follows
“Lg2
Yu(§) = Ape 2> Hy($) (17)

where, A, = /\/ﬁ, being a normalized coefficient.

1
Note that the above expression (i.e., (= @,*a;) = 2n + 1) is equivalent to a; = (2n +

ink?
)

1),/ @y, here, both @y and a; are complex numbers and they are related to y(=1+

)
where the magnetic ditfusivity n(= —) can induce the ohmic dissipation (1.e., damping eftects) o
h h ic diffusivi (:g) ind he ohmic dissipation (i.e., d i ffects) of

the waves, the details of which will be shown in section 3.1.

Moreover, we can rigorously prove that the expression (i.e., 7 = 2n + 1 alternatively a; =
(2n+ 1)\/a_0) is the sufficient and necessary condition that the equation (15) owns the Hermite
polynomial solution, i.e., H,(§) (Proof is shown in Appendix D). Nevertheless, here a question
may arise: Whether the specific solution (i.e., y,(§)) and the expression (i.e., a; = (2n + 1)\/a—0)
can be valid in the actual geophysical situation? As mentioned above, Knezek and Buffett (2019)
found that the Hermite basis functions indexed by n (see their formula (1), which owns the same
form as that of the above formula (17)) can be chose to fit the observed equatorial waves, while
the above discussion may just provide the theory basis to show the existence of the Hermite
polynomial of degree n for representing the equatorial waves. Therefore, the previous work
(Knezek and Buffett, 2019) actually provides the observed evidence to show that the specific
solution y,,(&) (or H,(§)) can exist in the reality, which means that, in the actual situation, the
condition (i.e., a; = (Zn + 1)\/61_0) also can be valid (see the ‘Proof of the sufficiency’ in
Appendix D).

Here, we further show the specific solution to the ‘Weber equation’ as follows (Proof is

shown in Appendix E)

1

Yn (%) = Ape 2 X Hy(@x) (18)
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1 1
where, & = ag; a,’a; =2n+1,n=0,1,2,.

In summary, the amplitude of the perturbed magnetic field (i.e., by (x)) changes with latitude
(except the north and south poles due to the singularities) satisfies the equation (10), which is
shown to be valid on the subdecadal (e.g., the 8.5yr period) scales, where the inertia term / is
shown to be much weaker than the magnetic force term M (see the discussion part); when the
region is confined to near the equator, the equation (10) will be further transformed into the
equation (12). The perturbation analysis (see Appendix C) further shows that the related results
(i.e., yn(x), @, 1) derived from the equation (12) are reliable to analyze the low-latitude waves,
e.g., when the latitude is below 25°, the relative errors are shown to be less than 5%, and these
errors will be further reduced as the latitude decreases. Hence, discussion of the equation (12) and
its specific solutions (i.e., formula (18)) is significant to deeply understand the origins of the
observed low-latitude waves on the subdecadal scales. Despite this, the first thing required here is

to determine whether the formula (18) owns the equatorial confinement property.

2.4. Simulation of the low-latitude distribution features

Formula (18) can represent the low-latitude distribution features of the MAC waves of degree
n. Here, we will further show this point. For the sake of simplicity, we only present the Hermite
functions with the several lower degrees (i.e., n=0, 1, 2 and 3): Hy(x) = 1, H{(x) = 2x, H,(x) =
4x2 — 2, Hz(x) = 4x(2x? — 3). Thus, the expressions of y,(x) are listed as following

L1 1x2.2
when n=0, y,(x) = @2n +e 2 ;

3 1 12,2
when n=1, y;(x) = V2@zm "sxe 2%,

11 1 _1n2,2
when n=2, y,(x) = 2 za@zn " +(2&@*x? — 1)e 2" *;

13 _1m2,2
when n=3, y;(x) = 37z +@zx(2a@%x? — 3)e 2% .

1

From these expressions, y,(x) depends on the parameter & (i.e., @ = aj), where, a, is

2
€ _ M 1_B2)+2(m?—1)—2B2(B%+1). Although & is a

expressed by ap = T M@ M©)

complex number, here we synthetically set various & values as the real numbers to show the

potential properties of y,(x). In the section 3.3, we will further use the relevantly physical
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parameters (see Table 1) to estimate the real (or close to be real) & value.

Here, the synthetical results are displayed in Figure 1, showing that & can influence the
equatorial confinement degree. In general, if @ is small (e.g., & < 1), then y,,(x) curves cannot
perform the low-latitude concentration behaviors; if @ is larger, then y,,(x) curves can be more
concentrated to the equatorial areas, especially, when &> ~4, the y,,(x) curves are shown to be
obviously assembled and confined to the low-latitude regions (within ~ +30°). Consequently, the
appearance of eMAC waves requires a relatively larger & value. Additionally, Figure 1 shows
that, when n is an even number (e.g., n=0,2,---), y,(x) is an even function with respect to x (see
Figure 1 (a) and (c)); when n is an odd number (e.g., »=1,3,-+), ¥, (x) will be an odd function

(see Figure 1 (b) and (d)), meaning that the eMAC waves can present the symmetric or

antisymmetric features with respect to the equator.

2.5
(a) n=0
2 -
—e-d=2
1.5 a=3
1 a=4

-90 -60 -30 0 30 60 90 -90 -60 -30 0 30 60 90
Latitude (degrees) Latitude (degrees)

Figure 1. Numerical simulation of the low-latitude distribution of the MAC waves by means of synthetic setting
various & values (here, & is set to be the real numbers). When & value is large enough (i.e., & > ~4), the
amplitudes of these waves can perform the obviously equatorially trapped behaviors, i.e., the wave energy can be
strongly confined to the low-latitude region (within ~ + 30°).

3.Results

3.1. On the damping rate and eigen-period formulas

As mentioned above, this work presents the specific solution (i.e., formula (18)) to the
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equation (12), and we have

a,=(2n+ 1)/ (19)
40%R%y 20 ~
where, @y = — Vaz(ow)g 2z Vaz(g’)‘jfz (1—-B2)&+2(m? —1) — 2B%(B2 + 1);
_ 20my _ p2
a; = 7z (o)kz @+ 1-—m?—p2

Here, we can further write the following formula

~2 ~ —
Dhw“+E,w+F, =0 (20)

R?
where, D,, vz (ow +(2n+ 12K By = ZE[2(1 - m? - B2) + 2n + 1)2(1 - B2)];

By =911 - m? - p2) = 2(2n + 1)*(m* — 1 - B* - 2],
Formula (20) expresses a complex equation, both the imaginary and real parts of which are
required to be 0, from which the formulas of damping rate @ and eigen-frequency w of the
eMAC waves can be derived.

Firstly, the imaginary part of equation (20) is equal to 0, we have

A,a = —nk?B, 21
where, A, = [Vz 220+ D2 o + oo [2(1—m? - B2) + (2n+ DA(1 - 2]
B, = [Vz(o)k4 +(@2n+ 1)2 ] mkz [2(1-m? =)+ (2n+ 1?1 - A

Here, the damping rate a is expressed by
a = —nk’y (22)
BTL
where, y = Y *1.
Formula (22) shows that the damping rate « is proportional to the magnetic diffusivity n(=

1 . . .. . .
ﬂ—a), meaning that the electrical conductivity o atop the Earth’s core plays an important role in

causing the ohmic dissipation of the waves. In order to well understand «, we need to study the y
value, which superficially depends on the space wave number m, the Alfvén wave velocity 1,(0)

at the equator and the stratification (N, H). When N is in the range of 7~15€ (see Table 1) and
w = Z?R (here, T being 8.5yr), the y values are shown in Figure 2. Since A,, can be equal to 0, so

the discontinuous points (DPs) or the singularities (i.e., n=0, H~18.8km; n=1, H~19km; n=2,

H~20km; n=3, H is shown to be in the range of 20~25km) can appear in Figure 2.
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Besides, Figure 2 also shows that when H values (for each degree mode) are on the right side
of the DPs, y values are shown to be close to be 1. It should be noted that, here we will mainly
concern the y values at the right side of DPs, since the estimated H values (reflected by the red
vertical dashed lines in the local enlarged drawings) inferred from the eigen-periods of eMAC
waves matching the 8.5yr (see the following text) are shown to mainly locate at this side.

The exact changes of y values (with N and H) are further shown in the local enlarged
drawings (see Figure 2), which shows that y values can quickly tend toward 1 with H increase,

especially, the greater the buoyancy frequency N is, the faster the y values approach to 1 (note

j2m? .
/io‘Hz’ which

that y #1). When y — 1, the a formula will be simplified as a - —nk? = —
means that the damping effects of the eMAC waves mainly depend on ¢ and H?, while the

oH? . .
”.2 5. Of course, the damping rate a is
j?m

1
|al

corresponding relaxation time 7 is written as T =

also related to the vertical wave number j, but, if j >1 (e.g., 2,3,), the damping dissipation effects

will be too strong to effectively produce these travelling waves. Therefore, we mainly consider the

2
. . . . T
case of j =1 and express the damping rate as a simple formula, i.e., a ~ —nk? = — e
50 50
1.06 T S S ——
(a) - (b) o ‘ T
1.04 102 ‘
40 15Q(green) 40 101 | 150Q(green)
1.02 / ; \ S
1 0.99 .
F 0.98
© 30 0.98 ° 20 0.97 A
0.96
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; 20 0.04 220 0.94
® : o 0.93
= 0.92
= .‘ 092 = 0.01
10 + 1 0 — > |
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Figure 2. The y values change with the stratification parameters (i.e., H and N). Here, N is in the range of 7~15().
The green curves (upper border) being the case of N=15Q, while the blue curves (lower border) being the case of

N=T7Q. The red vertical dashed lines (shown in the enlarged drawings) show the corresponding H values, which are

estimated by the eMAC waves with the 8.5yr eigen-period (see the following text).

Secondly, the real part of equation (20) is equal to 0, we obtain
Dy,w?*+E,w+F, =0 (23)

mZ
VZ(0)k*

_ popum?H*

2R,
B2yt +(2n+1) e

~ RZ
where, D,, = + (2n + 1)? -

By = 525 [201 - m? = B2) + (2n + (1 - B2)] = TL [2(1 — m? = B2) + (2n + 1)*(1 — B2)];

~ mz

RZ
E, =E — W(a +1k?)? — (2n +1)2 F(oc2 + ank?).

Using a = —nk?y (the formula (22)), F, can be further expressed by

~ 2 R2
Fo=Fy = zmyn* (= p)? = @n+ 1)? G (k)?y(y — 1) (24)
T, T,

Vi (0)
402

where, F, = [(1—m2—B22—-202n+1)2(m2 —1-B*—p?)].

Since y (= j—“) includes w (see the formulas (21) and (22)), so E, also includes w, which

means that the equation (23) does not express a quadratic equation with respect to w. However,

using ¥y = 1, both T; and T, terms in formula (24) are shown to be much smaller than F,.

Hence, both T; and T, terms are removed from F,, thus
E, > E,
so, formula (23) is further turned into the following typical quadratic equation regarding w
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D,w?*+E,w+E, =0 (25)

Solving the equation (25), we have

—Ept|B2—4DyF,
— (26)

w = —
2D,

Because the term (i.e., 4 D,F,) is comparable with Enz (e.g., for =0, H=20km, N=7Q,

4 DyF,
—210.95; for n=1, —
En ETL

4D”f 2~0.61), the equation (25) presents two different real roots, which are

respectively expressed by w,; and w,, (the eigen-periods are respectively expressed as T, ; =

21

21
and T, = —)
Wn,1 ! Wn,2

—Ep+ /En2—4 D Fy

Wp1 = =
4 2D
= (27)
- /En2—4 D Fy
Wn2 = 2D,

where, 0 < W, < Wy ;.

From the above formulas, these physical factors (i.e., m, B, py, Br(0), N, H) can influence
the eigen-periods of the eMAC waves. Nevertheless, the following several parameters (i.e., m, S,
Po> Br-(0)) are considered as the known factors (see Table 1), so the eigen-periods will mainly
depend on the stratification parameters (i.e., N and H). Figure 3 shows that the results of the
eigen-periods change with N and H. Although the modes (e.g., =0 and n=1) may present two
eigen-period curves (i.e., T,,; and T, in Figure 3), only one root (i.e., T, ;) can be valid to
match the 8.5yr period, and the target solutions are further displayed by the blue boxes in Figure 3,
where the coordinates (H, T) of these boxes represent the thickness-period values. For example,
the blue box 1 in Figure 3(a) represents H~21km, which is estimated by the eigen-period
Ty 1(=8.5yr); Figure 3(b) shows the mode n=1, when T; ; matches the 8.5yr, H is estimated to be
25km (i.e., the box 2); Figure 3(c) and (d) respectively display the modes »=2 and 3, where, boxes
3 and 4 show that the estimated H values are 30km and 35km respectively, when the eigen-periods
match the 8.5yr period. Besides, the eigen-period curves own the good convergent property,
meaning that the eigen-periods are unrelated to &V, which is due to the large enough N values (i.e.,
7Q~15Q) used in this work. As BM19 suggested, if N is larger than a threshold value, the
eigen-period will not be influenced by N. Here we can verify that this threshold value should be
smaller than 7.

It is worth highlighting that, all the H values (i.e., for »=0, H=21km; for n=1, H=25km; for
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n=2, H=30km; for n=3, H=35km) estimated by the 8.5yr period can make the corresponding y
values be close to 1: For example, for n=0, y will be 0.98~0.99, while for n=1,2,3, y value will
be 0.95~0.99, which can be inferred from the Figure 2 (see the red vertical dashed lines in the
enlarged drawings). Consequently, we confirm that the above expression (i.e., £, — F,) is valid

and the formula (25) is reliable as well.

©
()
b
°
L
@
o
1 5
30 : 30 5 T
= . c n= !
25" . © 25 :
$ 20 : 217 20 !
z : !
E 15 E 15 :‘
d‘j 10 b ;;@'/ """"""""""""" < 8.5yr'1 0 :'/;:% ----------------------- < 8.5yr
5 5 :
0 : 0 \
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Thickness H(km) Thickness H(km)

Figure 3. Eigen-periods of the eMAC waves vary with N and H, where, N is set to be 7~15Q, H>19km (for n=0,1),
H>20km (for n=2), H>25km (for n=3); the gray shadow regions show the subdecadal periods (i.e., 5~10yr scales);
the red horizontal dashed lines show the 8.5yr period; the coordinates of the blue boxes show the corresponding

thickness-period (H, 7) values, i.e., box 1 (21km, 8.5yr), box 2 (25km, 8.5yr), box 3(30km, 8.5yr), box 4 (35km,

8.5yr).

Combining the @ and w formulas, we give the expression of quality factor Q

__ uoH?

Q _Re®w)  w _ m
T 2m@®)  2lal  nyk?T  @yT

(28)
where, T refers to the eigen-period of the eMAC wave modes.

Using 7=8.5, we present the estimated Q values in Table 2 (here, we adopt ¥y =1), which are
shown to be quite small, i.e., only 1~2. Because of these small Q values, the excitations of eMAC
waves should be durative, otherwise, these excited waves will rapidly disappear due to the

strongly ohmic dissipation. However, the exact excitation mechanism responsible for the continual

generation of these eMAC waves is still unclear (e.g., Gillet et al, 2021), though the convection
19
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within the Earth’s core may provide a mainly stochastic excitation source (e.g., Buffett and
Knezek, 2018; Gillet et al, 2021). Additionally, BM19 referred to an alternatively physical
mechanism responsible for these excitations, that is, the westward drift of buoyance plumes in the
equatorial areas, which may generate the eMAC waves through either the influence of fluid rising
into the stratification layer atop of Earth’s core or magnetic disturbances at the bottom of this
stratified layer.

Table 2 Related parameters of eMAC waves with different degrees (here, 7=8.5yr)

degree n H (km) 0 7 (yr) L (km)
0 21.0 0.66 1.78 658.6
1 25.0 0.93 2.52 932.4
2 30.0 1.34 3.63 1343.1
3 35.0 1.83 4.95 1831.5

3.2. Propagation speeds of the eMAC waves
Based on the above discussion, the theoretical propagation velocity (i.e., phase speed) of the

eMAC waves with the 8.5yr period is given by

—Ep+ |Bp =4 Dy Fy
=— (29)

2m Dy,

V=

3le

where, the sign of V' (or w) reflects the propagation direction of the eMAC waves, V > 0 refers
to the eastward propagation, while V < 0 means propagating westward, which is helpful to
identify whether the observed equatorial waves (e.g., Chulliat et al, 2015; Chi-Duran et al, 2020)

are eMAC waves.

- 2
Here, we show that E, = % [2(1—m? - %)+ (2n+ 1)2(1 — ?)]<0 (based on the
. =~ poum?H* R? .
parameters shown in Table 1) and D, = 5200 + (2n + 1)? ~2> 0, so V' > 0, meaning that the

propagation direction of the eMAC waves with the 8.5yr period is predicted to be eastward.

Moreover, the theoretical linear velocity of the eMAC waves can be calculated by VL = RV.

Defining VL —En+ /§n2-45npn
efining =

2m Dy,

R, the results are displayed in Figure 4, which shows that the V£
can match the observed result (i.e., 345~477 km/yr reflected by the shallow area in Figure 4),
where, the predicted velocity is ~370km/yr, which is shown by the red dashed lines. Additionally,
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506  the propagating distances (L) of these waves within the relaxation time (7) are also estimated, see

507  Table 2.
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509 Figure 4. Predicted linear velocities of eMAC waves vary with H and N (here m=7); the blue shallow area shows
510 the rang of the observed liner velocity (i.e., 345~477km/yr) cited from Chi-Duréan et al (2020).

511

512 3.3. On the equatorial confinement property of the MAC waves

513 By synthetically varying the & values, Figure 1 presents the potential latitudinal distribution
514  characteristics of the MAC waves. Here, further using the related parameters (see Table 1), which
515 are considered to be (or close to be) the actual Earth situation, we will estimate the & values to

516  determine whether the MAC waves own the equatorial confinement property. Since a is a

1
517  complex quantity, while @ is determined by @, (i.e., & = ), so & is also a complex quantity.

518 Here, we write

519 ay = Re(ay) + ilm(ay) and @ = Re(&) + ilm(&)
520 Moreover, Re(a,) and Im(a,) are written as
2p2
Re(ag) = ~ g [0? = ala + kD] = 255 (1 - fw + 2(m? — 1) — 282(B* + 1)
591 VZ(0)N o V2(0)k (30)
40%R 20m
Im(ao) = - Vaz(O)NZ (IJ(Z(Z + Ukz) - Va?(O)kz (1 - BZ)(Q + Ukz)

_r _ By (0)

522 where, k = e V,(0) = Tookt
2

523 Using a » —nk? = — %, we present the following equation
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40°R%upy 5 20mupoH?

Re(ag) ~ — 22 EH (2 HOMUPE (g _ g2y, 1 o(m? — 1) - 262(8 + 1)
1 2 3 4 31
. 4upoR*R*m?
Im(a()) ~ BYZ.(O)NZHZ (UT’

Formula (31) shows that these physical factors (i.e., pg» m, B, B,-(0), N and H) jointly
influence the «, value, and then affect the low-latitude confinement degree of the waves. Taking
the related parameters (Table 1) into the formula (31), we can estimate the values of Re(ay),
Im(ay), Re(@&) and Im(&), see Table 3. The results indicate that Im(&) < Re(&), here,
Re(&) values are estimated to be in an approximate range (i.e., 3.5~4.3), which are large enough
(see Figure 1) to enable the equatorial confinement of the waves, see Figure 5(a), (b), (c) and (d),
where the real parts of y,(x) (i.e., Re[y,(x)]; n=0,1,2,3; f =1.58) are displayed and they are
shown to be insensitive to the N values (702 < N < 150). Besides, we also consider the case of
B = 0 (see Figure 5(e) and (f)), which shows that the y,,(x) curves do not present the equatorial
confinement property, meaning that the eMAC waves cannot appear in the case of the CMB radial
magnetic fields being constant with respect to the latitude. The above results imply that the
gradient strength of the radial magnetic field over the CMB surface (characterized by the
parameter [§) may provide the so-called wave guide to produce the low-latitude confinement
property for the MAC waves.

Here, we also note that y,(x) (estimated by the related parameters listed in Table 1) cannot
rapidly decay to O at the regions with the latitude > 30° (especially for the relatively higher degree
modes, e.g., n=3), though y,(x) results can generally present the equatorial confinement
features (Figure 5(a), (b), (c) and (d)). Note that the relatively larger errors for y,(x) itself may
exist in the higher latitude regions, hence y,(x) possibly might not well reflect the real situation
locating at the higher latitude. Hence, it is necessary to make clear all the potential physical factors
that can increase the equatorial confinement degree of the MAC wave model, the detailed
information of which is shown in the discussion part. Nevertheless, the y,,(x) results are shown
to be reliable to characterize the property of the waves locating at the low-latitude regions, for
example, if the latitude is below 25 degrees, then the relative errors of y,(x) are shown to be

smaller than 5% (see the Appendix C).

Table 3 The values of parameters ( @y and &) estimated by the different degree modes with the same
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552 eigen-period (T = %n =8.5yr). Here, N=10Q suggested by Knezek and Buffett (2018).

n H (km) Re(ay) Im(ay) Re(&) Im(&)
0 21.0 158.49 12.13 3.55 0.068
1 25.0 198.53 8.56 3.75 0.040
2 30.0 258.36 5.94 4.01 0.023
3 35.0 329.09 4.37 4.26 0.014
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556 Figure 5. Equatorially trapped characteristics of MAC waves with the degrees (#=0,1,2,3). In this figure, Re (.)
557 refers to taking the real part of y,(x) = Ane_iazx2 w(@x). (a), (b), (c) and (d) present the results of y,(x)
558 (n=0,1,2,3 respectively) in the case of f=1.58, while (e) and (f) show the results in the case of S=0.

559

560  3.4. On the perturbed magnetic field model due to eMAC waves
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According to the formula (6) and the relationship (by = V1 — x2bg and by, = N by), we

can give the perturbed magnetic field models (i.e., by and by,) as follows

bg = \/% by (x) sin( kz) exp[ i(me — &)] (32)

b, = V1 —x2b,,(x) sin( kz) exp| i(mg — &F)]
where, z=1r—R; t =t —t,, t, refers to the initial time.
Defining

= 1
b6, () = i

by (x) and by, (x) = V1—x2b, (x) (33)

So, the perturbed magnetic field models (of the degree n) are expressed by

by, = Bgn (x) sin(kz) exp(ime — @t) }

_ _ _ - (34)
by, = by, (x)sin(kz) exp(ime — &t)

where, Egn(x) and E(pn(x) respectively reflect the amplitudes and the latitudinal distribution

features of bg_and b, .

According to the formula (11), we have bj(x) = y(x). Here, we further

1
V(@-x2)(1+p%x?)

write
,.., _ 1
ben(x) - /(1_x2)(1+32x2)yn(x) (35)
Therefore
bo, (x) = == bp (%) = —————ya(x) 36)
O \X) = Vi—xZ On )= (1-x2),/1+B%x? Yn(X (

Focusing on the low-latitude regions and adopting the series expansion approach, that is,

1
1-x2

— 2 4 6 vee : : _ . . 4 .
=1+x“+x -I-O Z; 4)+ , then, removing the higher-order quantity (i.e., O(x*)), we obtain

~ 1+x2

bg, (x) = WYn(x) (37
where, the truncation errors caused by removing O (x*) are shown to be less than 5%, when the
latitude is below 30°(see the blue curve displayed in Figure S1 of the supporting materials).

Using the formula (8) and (37), we get

iCx 7y

by, () = by, = 0xby, = (38)

iCx im . =,
a0 — 7 9xbe,
where, f =m?+ (1 —x})M(x).
From the formula (33), E(pn (x) is expressed as follows

by, (x) = V1 —x2b), (x) = ENT=x70,b, (39)

iCx (X) _
T ok
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2_q_ 2,2
! x(ﬁl—m Yn(x), which is derived from the

—— X) —
(1—x2)(1+4%x2) xVn(X) [(1-x2)(1+B2x?)]2

where, 0,bp =

formula (35).

Using the series expansion approach, B‘Pn (x) can be further expressed by

c m(B?-1-262%x%)(1+x?)

~ i im
by, (x) = 7 [JW o Jxyn (x) — Wax}’n(x) (40)

Not that both Egn(x) and E(Pn (x) developed here are dimensionless quantitics and they
essentially reflect the latitudinal distribution law of the waves. Furthermore, considering the initial

time ¢ = ty, then bg and b, can be written as

be, (to,x,2,¢) = bg_(x) sin(kz) exp( imgo)}

- . . (41)
by, (to, x,2,¢) = b, (x) sin(kz) exp(ime)

T
where, z=r — R; k=;.

Here, at the CMB (r = R, i.e.,z = 0) and the bottom of the stratified layer (r = R — H,
ie.,z = —H), we give bg = b, = 0. Therefore, to reveal the latitudinal distribution law of the

waves, we define the vertically average values of the perturbed magnetic fields inside the

thickness H as follows
— 1 0 ~ . 1 00 .
b, =+ J_ b, (to, X, 2, 9)dz = by, (x) exp(ime) + |_, sin(kz)dz @)
— 1 .0 ~ . 1 0 .
by, = Ef—H by, (to,x,z,¢)dz = b, (x) exp(ime) Ef—H sin(kz)dz
where, —H < z < 0.
So
be, = — = bg, (x) exp(im)
B n 7;‘- n ' (43)
by, =— ;bwn (x) exp(ime)
Furthermore,

Egn = Re(Bgn) + lIm(Egn)

Re(l_)gn) = —%{Re[f)gn (x)] cos(my) — Im[Egn (x)]sin(mqo)}

where, _ 2 5 N .
Im(bgn) = —;{Re[bgn (x)]sin(rmp) + Im[bgn (x)] cos(me)}
and
Efpn = Re(Efpn) + lIm(E(Pn)
Re(l_)(pn) =— %{Re[l;(pn (x)] cos(my) — Im[E(pn (x)]sin(mqo)}
where,

im(b,, ) = — %{Re[l;(pn(x)]sin(mw) + Im[b,, (x)] cos(mg)}

Here, real parts of l_)gn and l_)q,n (ie., Re(l_)gn) and Re(l_)(pn)) are considered and their
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results are further displayed in Figure 6, which generally shows the low-latitude distribution
features and the equatorially symmetry or anti-symmetry property. Moreover, Figure 6 also shows
that the results of Re(Egn) (n=0,1) and Re(E(pn) (n=1,2) can well present in the low-latitude
regions below 30 degrees, yet the results of modes (n=2,3) for Re(Egn) can extend to the higher
latitude (i.e., >30 degrees) regions. As to the results that exceed to the higher latitude (e.g., >30°),
they might not accurately reflect the real situation due to the relatively larger errors, but we
suggest that the perturbed magnetic field models (see formulas (37) and (40)) are still significant
to understand the origins and the spatial features of the observed equatorial waves in light of the
following (at least) two points (here, taking Figure 6 (f) for example),

1) Figure 6 (f) shows the spatial distribution feature of the azimuthal perturbed magnetic field
by, (n=1), which is shown to be mainly confined to the equatorial regions between latitude 15°N
and S. Since b, couples to the core surface azimuthal flow v,,, meaning that v, also presents

the same feature as that of b, (see the section 4.3). Meanwhile, the observed core surface

azimuthal flow acceleration (i.e., %) just locate at the same regions with the latitude below 15°

(see the Figure 6(i) cited from Kloss and Finlay, 2019), the profile of which is similar to that of
Figure 6(f).

2) Importantly, within the latitude +15°, the discarded term O(x*) in formula (B8) only
accounts for (less than) 2% of the remaining parts (see Figure A4), meaning that the models
developed here can own the high enough accuracy (the relative errors are smaller than 1%, see
Appendix C) to describe the observed equatorial waves occurring in the regions with latitude

below 15 degrees.
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Figure 6. Results of the perturbed magnetic field models and the observed azimuthal core flows. Spatial
distribution of the perturbed magnetic fields (Re(Egn) and Re(l;q,n), n=0, 1, 2, 3) at the initial time (t =

to),where (a), (b), (c) and (d) show Re(l_)gn); (e), (N, (g) and (h) display Re(l_)(pn); (i) shows the result of the

. ... 2 . . -
observed azimuthal core surface flow acceleration (i.e., %) cited from Kloss and Finlay (see their Figure 13).
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4. Discussion

Theoretical studying the properties of the eMAC waves and detection of them from the
potential observation sources (e.g., the geomagnetic field changes) are significant to solve the
controversial issue that whether the FOC is stratified or not, since the existence of these waves
itself implies a strongly stratified layer existing atop the Earth’s core. The observed equatorially
hydromagnetic waves propagating eastward in the vicinity of 8.5yr period (Chi-Duran et al, 2020)
may just represent the eMAC waves, since the properties (e.g., the equatorial confinement,
eigen-period, propagation velocity and direction) of the eMAC waves can match the observations.
Nevertheless, it is still required to further justify whether the results of the eMAC wave model
studied in this work are reasonable and self-consistent. Here, we need to ensure that the following
two relationships are valid.
Relationship 1: /<< M.

Proof is as follows: Here, we give the complete forms of /7 and M. According to the formula

@%k?R?

N2

(M, I'=

, SO We can write it as

I =Re(I)+ilm(I)

2k?R?
NZ

k2R?
NZ

where, Re(I) = (w? —a?); Im(I) = aw.

Additionally, from the appendix A, M is written as

M = Re(M) + iIm(M)

VEKk*R%[w?+(a?+ank?)].
N2[w?+(a+nk?)?]

WNR?*VZk®

where, Re(M) = T N2 [w2+(a+nk?)2]

Im(M) =

Using a = —nk?y, here y =0.95, 20km<H <100km, 7=8.5yr, we can estimate

(a+nk?)? _ mk*)?(1-y)? _ m?T?(1-y)?
w? w? 4H* 202

<0.0017

a’+ank?

g @k®)’ya-y) _ w01 3

w? 4H*p202

So, (a+1nk?)? K w? and |a? + ank?| K w?.
Thus, Re(M) and Im(M) are further simplified as

VZKk*R?
NZ

NR?>VZk®
N2w

Re(M) =

Im(M) =—

Here, V, =0.0048m/s, 20km<H <50km, 7=8.5yr, we can obtain

Re(D| _ w?-a?  w? _ 4H?

= = <0.006
Re(M) VZk2 V2k2  V2T?
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<0.01

| Im(I)| _ 2wy _ 8yH?
mml ~ vEkz T v2T?

So
|[Re(I)] « [Re(M)| and |Im(D)| < |[Im(M)|
Finally, the relationship 1 (i.e., I << M) is proved.

c?
M (x)]

Relationship 2: |[Im[M(0)]] « |Im[%]| and |Im[B2M(0)]| « |Im[

Note that the relationship 2 is required to derive the equation (10), the detailed information of
which can be seen in the Appendix A. Using the related parameters (Table 1) and the damping rate
derived by this work, we can show that the relationship 2 is valid.

Proof is as follows: According to the Appendix A, we can write the following formulas

ImM©0)| _ wNR2VEKE
mC - 2 2 2 2)2
Im(_M(x)) 2QmN?(a+nk?)[w?+(a+nk?)?]

m(gzm@)| _ UERELS
c? T 402Qa+nk?)[w?+(a+nk?)?
) a+nk?)[ nk?)?]

where, a = —nk?y.

Adopting the related parameters (e.g., y =0.95, H=30km, N=10Q, V, =0.0048m/s), we

2
estimate that w ~0.007, w ~0.003. Therefore, the relationship 2 is proved.
Im(M(x) I m(M(x))

4.1. Stratified parameters required by the eMAC waves

This work mainly considers the parameter N being in the range of 7~15Q suggested by
Helffrich and Kaneshima (2010). What is sure is that, when N>7€), we can present the stable and
logically self-consistent results. As discussed above, when N>7Q, we can estimate y — 1
(Figure 2), which further simplifies the calculation of the eigen-period, while we know that y # 1
(since A, # B,) from the formula (22), which makes the above relationship 2 be valid. Given that
the exact N value is still uncertain, for example, Gastine et al (2019) computed the geodynamo
models by varying it from 0 to 50Q. Here, we would like to further discuss the case of the smaller
N values.

Figure 7 presents the y values (1Q< N <15Q), showing that a threshold N, exists. If N >
Ny, the y value can quickly approach to 1 with the increase of H, where N is close to 5 (see

the green curves in Figure 7), which, of course, is an approximate value; if N <N,, the y values
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will change more slowly with H increase. If ¥ is not close to 1, one will encounter a more

complicate situation, that is, the E, term in formula (24) cannot be displaced by the F, term, for

example, if y =0.6, then ﬂ~0.15, which means that T; can be comparable with F,, so T;
F

cannot be removed from the formula (24). In this case, the equation (23) (i.e., D,w? + E,w +
E, = 0) no longer represents a simple quadratic equation with respect to w, nevertheless, this
work does not concern this case too much, as it is not impossible for the core surface to have a
strong stratified layer (e.g., N>5Q), which makes the y value be close to 1.

Many works (e.g., Gubbins and Davies, 2013; Buffett, 2014; Christensen, 2018) indicated
that when the location is closer to the CMB, the value of N will be larger. Considering the
estimated H values in this work are only 21~35km (from the lower degrees, n=0,1,2,3), which is
very close to the CMB, so N may reach its maximum value, i.e., N4, With the potential
amplitude of ~20Q at the CMB (Gubbins and Davies, 2013). Even though these estimated H
values (i.e., 21~35km) are quite small, the existence of such a thin layer is still physically
plausible, since it may reflect a sublayer within the broader stratification region as suggested by
BM19, and this thin layer formation may be due to the accumulation of the light elements at the

CMB under the action of barodiffusion (e.g., Gubbins and Davies, 2013).
21km 25km

% 5Q (green) 5Q (green)
g
=097 09
0.8 / 0.8
07/ mode of n=0 07 mode of n=1
06 0.6
0.5 05%
20 25 30 35 40 45 50 20 25 30 35 40 45 50
30km 35km
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mode of n=3
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Figure 7. The y values change with N and H (Varying N from 1Q to 15Q). The blue curves show the upper
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boundary (representing the case N=15Q), the red curves display the lower boundary (representing the case N=1Q),
the interval between the two adjacent curves is 0.1Q; the vertical black dashed lines show the H values (see Figure

3) estimated by the eMAC waves with the 8.5yr eigen-period.

Besides, BM19 only considered the first two modes (i.e., #=0,1) of the eMAC waves and
they suggested that the A value is less than 30km when the waves own the periods less than 10yr.
This work further presents the related analytical model with any degree n (the first four degrees,
i.e., n=0,1,2,3, are considered), the results show that the larger H values can be estimated from the
higher degree modes (n =3) with the 8.5yr period, e.g., when n=3, H is ~35km. As for the model
accuracy, we find that the relative errors can be less than 5%, when the latitude is below 25
degrees. Nevertheless, the eMAC waves with the higher degrees (e.g., n =3) are more likely to
extend to the higher latitude regions (see Figure 6) with latitude >30 degrees, though the eMAC
waves can generally show the equatorial confinement property. Considering the results of the
developed eMAC wave model may extend to the relatively higher latitude regions based on the
parameters listed in Table 1, so we need to further discuss the potential physical factors that can

increase the low-latitude confinement degree.

4.2. Equatorial confinement influenced by the radial magnetic field at the CMB

As mentioned above, it is important for the MAC waves to own the equatorial confinement
property, which can theoretically determine the existence of the so-called eMAC waves. Here, we
will further discuss the physical factors which can influence this property. According to the section
3.3, the equatorial confinement property depends on the parameter &, which is related to the
following factors, i.e., pg, m, [, B.(0) and the stratification parameters (N, H). Here,
po=1.1x10%%gm being the core density, which has been widely used; m=7 being the spatial
wave number of the observed eastward propagating waves, which is inferred from the wavelength
of variations in the time-longitude plot of geomagnetic filed acceleration at the CMB (see
Chi-Duran et al, 2020). Here, we consider the two parameters (i.e., py, m) as the well-known
factors. As for the parameter [, it can be taken as an adjustable parameter, the value of which
(~1.58, see Table 1) is estimated by fitting a geodynamo model (Christensen and Aubert, 2006). In

the section 3.3, we have shown the influence of 8 on the equatorial confinement, here B,(0)
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will be further considered to discuss the equatorial confinement of the waves.

Actually, B,(0)~0.48mT (see Table 1) is also an adjusted result to match the rms value of the
radial magnetic field at the CMB inferred from the geodetic observations (i.e., BL™~0.65mT),
see BM19. The exact value of B,.(0) is still not well known. For example, from the
aforementioned geodynamo model, B;™°~0.24mT is estimated, meaning that the smaller value of
B,(0) (<0.24mT) is required to match this value. Therefore, we also adjust B,.(0) (by varying it
from 0.1mT to 0.5mT) to show its potential influences on the equatorial confinement. Figure 8
shows that B,(0) can obviously affect the confinement degree, especially, the weaker the B,.(0)
(<0.5mT) is, the greater degree of the confinement will be, since the weaker B,(0) can result in
the larger Re(&) (see Figure 9), and thus increase the equatorial confinement. Additionally, we
can obtain Im(&) < Re(&) from Figure 9, hence we only need to consider Re(&) to study the
confinement property.

In summary, our results show that, besides the gradient strength (characterized by the factor
B), the weaker B,.(0) also can increase the equatorial confinement degree. That is to say, the joint
effects of the two factors (i.e., the larger B value and the weaker B,(0)) can significantly
increase the equatorial confinement of the waves. Moreover, the result from the joint effects is
shown in Figure 10 (taking the bg  for example), which shows the greater confinement degree
compared to Figure 6. Here, B,(0) is set to be 0.2mT, while B is set to be 3.46 (which is larger
than 1.58). Further using B, (x) = Br(O)\/Tﬁzxz, we can estimate B,(+1)~0.72mT (at the
two poles). Note that these parameter values shown here are appropriate as they are generally well
consistent with the observed palacomagnetic time-average radial magnetic field at the core surface
(with the amplitude ~0.6mT near the poles, see the Figure 3 in Jackson, 2003) and the results from
the numerical geodynamo model (with the amplitude ~0.75mT, see the Figure 3 in BM19).

The above discussion coincides with the previously thought, i.e., the strong gradient strength
of the magnetic force can produce the so-called wave guide, which further results in the
appearance of the equatorial confined features. Nevertheless, differing from the previous work, we

further highlight the joint effects of the two factors (i.e., § and B,(0)).
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Figure 8. Influence of radial magnetic field at the CMB equator on the confinement degree (here, 7Q<N<15Q,

H=25km, B=1.58). three cases (i.e., B,(0)=0.1mT, 0.3mT and 0.5mT) are displayed. The smaller B,(0) value

can result in the greater confinement degree.
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Figure 10. Spatial distribution of the perturbed magnetic fields Re(l_)gn) (here, n=0, 1, 2, 3) at the initial time (t =

to). Here, B,(0)=0.2mT, =3.46, H=25km, N=10Q.

4.3. Preliminary discussing the possibility of the axial AM carried by eMAC waves

Given that the eigen-periods of the eMAC waves can match the observed ~8.6yr period in
LOD changes, a scientific question that whether the eMAC waves can be a potential source to
excite the LOD changes may arise. Hence, it is necessary to theoretically discuss the possibility of
the eMAC waves carrying the axial angular momentum (AM). Actually, the eMAC waves can be
seen as the eigen-modes of FOC stratification system, so the generation of these waves essentially
depends on the information of the excitation sources. However, to our current knowledge, the
detailed information about the excitations is still not well-known. As Gillet et al (2021) suggested,
it remains a challenge to examine the exact excitation sources leading to the eMAC waves. If the
related excitation sources are uniformly distributed within the global range, then the eMAC waves
may present the rigorously periodic feature along the longitude direction on the global scale,
which is similar to the profile shown in Figure 6. If it is this case, the eMAC waves cannot carry
any axial AM, because, in this case, the axial AM will be counterbalance.

However, the reality may be not like this. The actual AM cannot be canceled out, since the
appearance of eMAC waves is more likely to present the significantly localized features. The

modern geomagnetic observations (e.g., Finlay et al,2016; Chi-Duran et al, 2020) may just provide
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the observed evidences to support this point. For example, Finlay et al (2016) indicated that the
most prominent feature of the secular acceleration of radial geomagnetic field at the core surface
is positive-negative pair under the areas of India-South East Asia and northern south America;
while Chi-Duran et al (2020) further detected the ~8.73yr periodic equatorially eastward
propagating travelling waves mainly from the Southeast Asia area (see Figure 11). In addition,
both the equatorial waves and the LOD changes have the same ~8.6yr periodic component. These

observed phenomena imply that the eMAC waves may carry the axial AM.
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Figure 11. Secular acceleration of the geomagnetic field at 2011 (cited from Chi-Duran et al,2020). The red and
blue arrows (respectively expresses the eastward and westward propagation) are added by us to clearly display the
propagation directions of the observed fast equatorial waves, where these waves locating at the Southeast Asia area

and the Atlantic area respectively own ~8.73yr and ~7.1yr periods.

Since the axial AM changes depend on the azimuthal fluid core motions, so we need to
discuss the azimuthal core flows induced by the eMAC waves. According to the coupling between

the perturbed azimuthal magnetic field b, and the azimuthal fluid core motions (denoted by v,),

9%,

ie., —

= — iiﬂ (see the Appendix equation (A14) in BM19), her we can directly give the v,
model as follows

_ i@y by(6) i(mo—at
Vo = B [1 + cos(kz)]elme-&0)

(44)
where, v, satisfies the boundary condition, i.e., v, = 0 at the base of the layer (i.e., z = —H);
0 =w+ia.

Formula (44) owns the form of e~ '@f(= e%e~¥!) which reflects a typical damping

oscillation mode (corresponding to the longitude ¢). However, the observed azimuthal flow
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velocity (denoted by v(zbs) due to the eMAC waves cannot be simply described by the formula
(44), the reason of which is as follows: The forced response of the waves to a local excitation
source should be expressed as a linear combination of global waves, the appearance of the eMAC
waves could be the result of the linear superposition of the eigen-modes of the waves on the
planetary scales, this approach is routinely used in seismology to construct seismograms for a
localized earthquake, based on a linear combination of (global) normal modes (see Gilbert, 1970);
consequently, the v(zbs field (on the global scale) should be due to the superposition of the
excited waves related to the excitation source information, meaning that the amplitude of vq‘o’bs
should change with the longitude ¢ on the whole planetary scales (see Figure 6(i)), which,
however, cannot be shown by the above expression of v,, which shows a constant amplitude
unrelated to ¢.

Nevertheless, the spatial distribution features of the observed eMAC waves indeed can be

reflected by the form of v, that is, along the vertical and latitudinal directions, vgbs

should own
the similar mathematical form as that of v,. Here, we can construct the v(gbs field model as
following
voPS = A(9)b, (6)[1 + cos(kz)]e'mP=50) (45)

where, A(¢@) is an undetermined function with unite ‘m/s’, which reflects the amplitude of the
waves change with ¢ resulting from the superposition of the excited waves on the global scales;
B(p (8) (dimensionless) reflects the latitudinal distribution characteristics of the observed waves;
[1+ cos(kz)] reflects the vertical distribution feature; the part of e™?e~® shows the property
of the wave motion.

Furthermore, the axial AM (i.e., Lgyiq) carried by the eMAC waves is written by

Laxiar = [, povg"°r sin dv (46)
where, p, refers to the core density inside the stratified layer; dV = r2 sin 8 drdde.

Formula (46) shows that U(st can cause L,,;, and further probably induce the LOD
changes, under the action of the electromagnetic coupling effects at the CMB. Obviously, to obtain
the Lgyiqr, the issue is to determine vgbs . In the formula (45), the expression of E(p () has been
theoretically given (see the formula (39)), so the next step is to give A(¢), which might be
inferred from the current core flow model (e.g., Kloss and Finlay, 2019), however, the further

study is beyond the scope of this work.
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Of course, the totally axial AM induced by the eMAC waves confined to the stratified layer
at the top of the core, neglecting coupling to the bulk of the deep core, may be so small that the
eMAC waves might not cause the LOD changes to the detectable level, but a quantitative

discussion on this would be worthy study in future.

5. Conclusions

In this work, we carefully derive the ‘Weber equation’ (i.e., the formula (12)) and its specific
solution (i.e., formula (18)) to determine the time-spatial scales on which they are reliable to
describe the changes of the perturbed magnetic field with latitude. To obtain the ‘Weber equation’,
besides some small quantities are ignored, which are shown to be (at least) two orders of
magnitude weaker than the remaining terms (see Appendix A and the discussion part), the
so-called truncation treatment (i.e., removing the O(x*) terms, which depend on the latitude, see
Appendix B) is also made. We find that, when the latitude is below 15 degrees (where the
observed non-zonal azimuthal core surface flows can appear, see Kloss and Finlay, 2019), the
discarded term (i.e., O(x*)) only accounts for (less than) 2% of the remaining parts (see Figure A4),
meaning that the relative errors of the results caused by the truncation treatment is smaller than
2% (see the Appendix C). Moreover, even though the O(x*) terms account for 10% (corresponding
to the latitude 25°), the relative errors are still small, i.e., ~5%.

Furthermore, using the ‘Weber equation’ (i.e., the formula (12)) and its specific solution (i.e.,
formula (18)), we can give the systematically physical expressions of representing the relevant
properties (i.e., the equatorial confinement, damping rate, eigen-period, propagating velocity) and
the perturbed magnetic field models, where the buoyancy frequency N is required to be larger than

a threshold Ny, which is close to be 5Q. The related results are briefly summarized as follows:

1) We present the analytical formula, i.e., y,(x) =Ane_%ﬁ2x2Hn(dx), to represent the
latitudinal distribution law of the MAC waves. Here, H,(@x) being the Hermite polynomial term
of the degree n, which implies that the MAC waves have the equatorially symmetric and
antisymmetric characteristics, while the equatorial confinement degree is determined by &, which
depends on the joint effects from the (not well-known) physical parameters, i.e., § and B,(0).

Besides the parameter 8 suggested by BM19, the influence on the equatorial confinement from
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B,(0) is also discussed, showing that the weaker B,.(0) (<0.5mT) also can obviously increase
the confinement degree.

2) This work shows that the damping rate a of the eMAC waves can be estimated by a =

2

—#, meaning that the damping effects mainly depend on ¢ and H?. Therefore, detection of

the damping effects of the eMAC waves will be helpful to infer the information of the electrical
conductivity and the stratification atop the Earth’s core. Additionally, the H value is predicted to
be 21~35km, when the eigen-periods of the eMAC waves with the degrees (e.g., n= 0,1,2,3) match
the 8.5yr period.

3) The azimuthal perturbed magnetic field model b, with degree n=1 (see Figure 6()) is
shown to be mainly confined to the equatorial regions with latitude below 15 degrees, the profile
of which is generally consistent with that of the observed core surface azimuthal flows (see Kloss
and Finlay, 2019).

In summary, the results of this work are significant to deeply understand the origins of the
observed equatorial waves, their physical properties and the dynamics of the Earth’s equatorial

regions.
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Actually, from the formula (8), we can rigorously derive the following equation (A1) (the
detailed derivation process is shown in the Supporting Materials), which is different from the

formula (10) (i.e., the formula (44) in BM19).

1-B?+2B%x?

) m? | 2m(1-B2+28%x?) 9
(1= x*)03by — 2x(— )—a b9+[M() s = M) - wa 1bp =0 (A1)
2 3 4
QkZR? , , k k2
where, C=2N2Rw, dD=w+ia, i*?=-1, M(x)—V“NR, 1+m , f=m?+
(1 —x?)M(x).

Here, M(x) and f are respectively expressed by
VEKAR*®D VEk*R?

M(X) = N2(@+ink?) - N2[w?+(a+nk?)?]

2 2 _ NZm2(@+ink?)+(1-x*)VZKk*R*®
f=m*+({1—-x)M(x) = ECITTS)

[(w? + a® + ank?) — iwnk?]
(A2)

In order to further show that how to carefully obtain the equation (10), we need to consider

every term in formula (A1). Here, defining

2m(1—32+2[32x2)x2£
(1+p2%x2) f

T(0) = 55 To(0) = s = M(0): T3() = 1 Ta(®) =

M(
Then, we can calculate the FC term in T, (x)

@(@+ink?)
NZm2(@+ink?)+(1-x2)V2k*R2%

¢ _ 2p2
r 20k“R

2QKk?R?*®(d+ink?)
Vak

Nz{w[m2+(1 —x2)

Vak R2

]+l[m2(a+17k2)+0£(1 —x2) 1}
_ 2Qk?R? @D (@+ink?)

Nz w[m2+(1 xz)Va ]+l{a[m2+(1 —x2)—4—

Vak ]+m211k2}

. 2k4R2
Adopting H>15km, N =7Q, V,

= <
«/W 1.5,

2
£20.47« m? (=49), thus (1 —x

2
especially, when H>20km, one can obtain that i

2+ VEK*R?
) NZ

Vak R? &« m2. Therefore

C 20k%R? &(@+ink? 20k%R?
¢= @+inl) _ @ (A3)

f N2m? w+i(a+nk?) N2m?2

Here, we respectively write T;(x), T,(x), T3(x) and T,(x) in terms of

N2x? 402R%x?

T;(x) = VAR C?y = VN [(w? —a? — ank?) + i(2aw + nk?w)] (A4)
To(x) = Jiies Cx = M) = oy 0 — STy | (220 (a4 mk?) +

e (*9)
T3(x) = 2 + 0 (A6)
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4Qk?R?*(1—-?%+2B%x?)x?
NZ2m(1+B2x2)

Ty(x) =

(w+ia) (A7)

In order to compare the above quantities, we define the following four ratio factors, i.e.,
r; (i=1,234):

__ Re(Ty) __ Re(Ty) __ Re(Ty) _Im(Ty)
1 7 Re(r1)’ "2 7 Re(m2)’ '3 7 Re(r3) '* T Im(T2)

Here, the possible relationship between the damping effects and the eigen-frequency w is
required to be discussed. According to the formula (6), the eMAC waves own the form of e%tei®t

(here a<0), which means that the free modes represent the typical damping decaying oscillations.
The corresponding relaxation time 7 is expressed by T = —% (namely a = —%), here the

appearance of these eMAC waves requires that T should not be too short, otherwise, these waves

cannot effectively appear due to the strong ohmic dissipation. We can consider that the real part of
@ (= w+ia) is larger than the imaginary part, that is, w (: 2?71') > |al(= %), so T > %
Focusing on the eigen-periods in the vicinity of 8.5yr, 7 is required to be larger than lyr.
Furthermore, we estimated the values of r; (i = 1,2,3,4) varying t from 2yr to 20yr, which are
displayed in Figure A1, from which, we can conclude that |r;| = 0, which are much smaller than
1, that is

|Re(T,)| < |Re(T1)|, Re(T,) < Re(T2), Re(T,) K Re(T3) and Im(T,) K Im(T2).

2m(1-B2+2B2%x?)x? C

According to these results, it is valid to remove the fourth term (i.e., ) ;) from
the formula (A1), thus we have
=, 1-B?%+2p%x?
(1—x?)0%bg — zx(l_‘_ﬁ—zxz)_a bp + [M( ) M( ) ]be

Moreover, we can show that |M(x)| « m? (as suggested by BM19), thus Mjr(lf)l (1—x2) is

1

2
much smaller than 1, so — E—wm——
1+F(1—x2)

7 — 1) can be further removed. Therefore, we obtain

the following equation

1-B%+2p2%x2

_ v2\A2%! _
(1= x2)02bj — 2x (L0, By + [ + e

] =0 (A3

Of course, we have |M(x)| <

can reproduce the equation (10). Nevertheless, here, we need to further compare the M(x) term

c?x? mc

with the other two quantities (i.e., o) Wx))'
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Figure Al. Ratio factor r; vary with the latitude and relaxation t. Here, N=10€, T is set to be in the range of

(2:0.1:20) yr. The results show that all the cases converge on one curve, indicating r; is insensitive to the 7.

Defining Z(x) = — + — M) ——;,

M(x) M(x) which is further expressed by

—| £ _p2
2(x) = |5~ B2MO) |2 + 7= (49)
2
therefore, we will discuss the relationships between the following physical quantities
2
1) M(0) and — ( ), ;2) B*M(0) and —— M( 5
The expressions of the related quantities are written as
_ VE(OKk*R*(w*+a’+ank?) VZ(0)k®R?>wn
M(O) - N2[w?+(a+nk?)?] N2[w?+(a+nk?)?] (AlO)
m_C _ 20m 2
o~z @i kz " (a +nk?) (A11)
c? 4Q%R? 40?%R? 49 R2w

= waz = W[ —ala+nk?)]+ — (2a + nk?) (A12)

Figure A2 shows the relationship between M (0) and (here taking H=20km, 25km,

Re(M(o))

30km, 35km, for examples). Figure A2(a) displays that the value of ratio (i.e., ) changes

M (x)

with H and 7, which shows that the bigger the A value is, the smaller the ratio value is, here

Re((M(O))) <1073 is obtained, so |Re(M(0))| < |Re(M( ))| Figure A2(b) displays the value of
M(x)

Im(M(0))

I’ which shows that the singularity phenomenon appears, which is due to Im(M ® )) =0

™M@
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(when « + nk? = 0). Therefore, to obtain M(x) < —, we must require a # —nk?, i.e., y in

M( )’

formula (22) is required to y # 1.

Figure A3 shows the ratio between the two quantities (i.e., $2M(0) and ) where, the

M()

Re(ﬁzM(O))

ratios of the real parts (i.e., ) are shown in Figure A3(a), in general, the bigger H is, the

¢ M(x)

Re(BZ?M(0))
c2
Re(y0)

smaller of the ratio value is, here, <102 is obtained, therefore, we have

|Re(B*M(0))] « |Re( )| Figure A3(b) also shows that Im(F*M(0)) owns the singularity

c2
Im(M(x))

phenomenon, when 2a + nk? = 0. If the relation (i.e., B2M(0) < ) holds, we require that

M( )
a # —0.5nk?, i.e., y in formula (22) is required to y #0.5.

Here, we can tentatively remove the M(x) term from the formula (AS8) to reproduce the
formula (10), but the final results (i.e., the y value) of this work must be tested to ensure that the

above relationships (i.e., [Im[M(0)]| « |1m ]| and |Im[M(0)B?]| « |Im [M( )]| the proof

of which is shown in discussion part of this work, see the relationship 2) are valid.

0.01 " " T T " " ; ; 1.5
(a) Case (H=20km) (b) Case (H=20km)
Case (H=25km)| | 1t Case (H=25km)| |
/;0.008 Case (H=30km) = Case (H=30km)
§ Case (H=35km) § 05 Case (H=35km)| |
Q o)
EO 006 E L |
i E O 1
£0.004 S
= S-05(
0.002 a4l
0 -1.5
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Relaxation time (Years) Relaxation time (Years)
Figure A2. Comparison between M(0) and — (a) indicates that Re(M(0)) < Re(M & )) (b) shows that the
ratio of Im(M(O)) has the singularity points.

M (x)
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Appendix B: On the derivation of ‘Weber equation’.

Here, we will show the derivation process of the “Weber equation’ (i.e., the equation (12)).

Taking y(x) = /(1 — x2)(1 + B2x2)by(x) into the equation (10), we can get

2 62_y (B?x—x—-2B%x3)2—h2(B?-1-6B%x2) ﬂ mc m? _
A-xf5z+ [ h2(1+82x2) M(x) = M(x) 1-x2]y =0 (BI)
where, 1= /(1 — x2)(1 + f2x2), M(x) = M(0)(1 + B?x?).
Furthermore, we have
2%y (B?x—x—-2B%x3)2—h?(B*-1-6%x?) Cc2%x? mCc] 1 m? _
x2 { (1-x2)2(1+82x2)? M(0) m I [_ (1_x2)z]}y_0 (B2)
Ty T, T3
Defining
7o (B2x—x-2B%x3)2-h2(B2-1-6B%x?) _ (1-B2)+6B%x2+3B2(B2-1)x*—2p*x®
e (1-x2)2(1+f2x2)? a (1-x2)2(1+p2x?)? ’
~ Cc?x? mC 1
T2 = [ t v oy
. m2
I =~

This work mainly focuses on the equatorial regions. Considering |fx| < 1, thatis |x| < % <

1 (here B =1.58), so we can write the following expressions of series expansion

1

1-x2

(T+x?)+x*+x5+ - (B3)
0(x%)
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1 1 —ﬁzxz) +ﬁ4 4 _ﬁ6x6 + - (B4)

1+p2%x2 =
0(x*%)
(1—19-6'2)2 = (1 + 2x2) + 3x4 + 4x6 =+ . (BS)
o(x*)
(1+B12x2)2 = (1 - 2ﬁ2x2) + 3ﬁ4x4 — 4ﬁ6x6 + ... (B6)
0(x*%)

Focusing on the low-latitude regions to ensure that x is small enough. Removing the higher
order terms (i.e., 0(x%)) from the above series, which is called as the truncation treatment, where
changes of the related truncation errors with latitude are further shown in the supporting materials.

Thus, we can write the following approximation expressions

T,=>01- ﬁz) + 208+ B? + Dx? + 0(xh
Ty = [+ mos (1= f)0 + o+ 02 (B7)

Ty = —(m? + 2m?x?) + 0(x*)
Then, the formula (B2) can be turned into

02y + ([ s+ 1= 2 = m?| + 1 + s (1= f2) + 267(8% + 1) — 2(m? = D] x2 + 0D} = 0 (BS)

Temammg

Furthermore, removing the term O(x*) from the formula (B8), and finally, we write the

following simplified equation (i.e., the equation (12))

- (050752 —a)y=0

where, the two coefficients (i.e., @y, and «) are respectively written as

_ ¢ me , i
@y = =25 = oy (L = B%) = 2B%(B* + 1) + 2(m* — 1);
2 _
a = M(O)+1 ﬂ m

Appendix C: On the perturbation analysis.

According to the above discussion, the derivation of the ‘Weber equation’ (i.e., the formula
(12)) involves the so-called truncation treatment (i.e., removing the higher-order quantities
expressed by 0(x*)), where the latitude is required to be low to guarantee that the truncation
errors (due to removing O(x*)) are small enough. Here, we will discuss the specific latitude
range.

Defining the ‘importance’ of the O(x*) term with respect to the ‘remaining’ term in formula

(B8) as
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A= abs (250 ) = gps(E2 (@

remaining A(x)
where, ‘abs’ refers to the absolute value of the complex number; B(x) = 0(x*) =T, + T, +

T; — A(x); A(x) = remaining; the related expressions are further shown as follows

=~ _ (1-BHD+6B%x2+3B%(B2-1)x*—2B*x"

h (1-x2)2(1+42x2)2 ’
—~ Cc?x?  mcC 1
T2 = by T mo! o armey
— m2
s =~ oo
A() = [ +1- 2 —m?| + [ermu—ﬁ )+ 262(B% + 1) = 2(m? — 1)] 22
C= 200 R — (w +ia);
VZ(0)k*R? 2 2 2y _ 2
M(0) = [(w* + a® + ank?) — iwnk?];

N2 [w?+(a+nk?)?]
Furthermore, we can directly adopt the result (i.e., @ ~ —nk?) of this work, then M(0) can

VZ(0)k*R? l.r]kz]

be further simplified as M(0) = Vz [1

Here, f=1.58, m=7, n = % 0 =10%8/m; w =25, T =8.5yr; k ==, V,(0) =0.0048ms.

As for the stratification parameter values, we adopt N=10Q (e.g., Knezek and Buffett, 2018) and
take H=21km, 25km, 30km, 35km for examples. Thus, we can give the A values, see Figure A4,
where the latitude is set to be within +30°. The results show that if the latitude is lower, the A
value will be smaller, i.e., the importance of O(x*) with respect to the remaining term (in
formula (B8)) will be weaker. When latitude is below 25 degrees, the A value will be smaller
than ~0.1 (see Cases 1 and 2) and ~0.15 (see Cases 3 and 4). Moreover, when the latitude is less
than 15° (i.e., the observed equatorial wave region reflected by the grey shadowed area displayed

in Figure A4), the A value will be smaller than ~0.02.
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Figure A4. Variations of the A value with latitude and thickness H. The grey shadowed area (latitude below 15

degrees) indicates the region where the observed equatorial waves locate (Kloss and Finlay, 2019).

Here, a question arises: Whether it is reliable for ‘Weber equation’ (i.e., formula (12)) and its
specific solution (i.e., formula (18)) to describe the properties of the equatorial waves (e.g., with
latitude below 15°, see Kloss and Finlay, 2019). Here, we adopt the perturbation analysis approach

to discuss it. Based on the above discussion, the formula (B8) can be further expressed by

O L [A(X) + By =0 (C2)

dx?
where, A(x) = a; — agx? (see Appendix B); B(x) = 0(x*) (see formula (C1)).

B(x)

Introducing a ratio factor € = ——=,
A(x)

here ¢ is called as the perturbation factor and it is a

small quantity relative to 1. Note that there is a slight difference between ¢ and A in definition,
(i.e., A= abs(g)), while the & value can be inferred from the A value. Moreover, due to

B(x) = €A(x), the formula (C2) can be further written as the following equation
T2+ AWy = 22 — (agx® — a))y = 0 (C3)
where, ay = (1 + &)ay, a; = (1 + &)a;.
Differing from the formula (12) (i.e., 22732] — (agx? — a;)y = 0), formula (C3) includes the

perturbation effect from &. Because we mainly focus on the low-latitude regions, the ¢ value can
be quite smaller than 1. Here, the specific solution to the equation (C3) is still written in terms of

1.
—=&?x?

the same form as that of the formula (18) (i.e., y,,(x) = A,e 2 n(&x)), that is
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1.y
Fn(X) = Ape 2@l (@'x) (C4)

! 1
where, A;, = ﬁ, @' = (a,)* meanwhile, the @) and a; satisfy the following relationship,

1
ie., 7'=(ap) za; = 2n+ 1.
'=(ap) 204

1
Comparing the formula (C4) with the formula (18), the relative errors of @(= a;) is

expressed by |%| Therefore,

1 1
~ T 4 1
|“ . | = [(m); % — (1 +e)a—1 (C5)

a
1
Additionally, the relative errors of 7j(= a,*a;) is written as follows

poppey 1
|%| =1+ ¢e)2—1 (C6)
When £=0.1, i.e., A= abs(e) =0.1, corresponding to the latitudes 22°~25°, which can be

inferred from Figure A4, at this moment, the relative errors for both & and 77 are small:

|a_; | ~2.4% and |%| ~4.9%. Moreover, when latitude is lower, the & value will be smaller,

and the relative errors will be further weaker as well, e.g., when & <0.02 (corresponding to the
. . a-a' -7’

latitude below 15°, see Figure A4), then |T| < 0.5% and |T| < 1%.

Next, we will further discuss the relative errors of y,, (x), which is expressed by

Yn(x)

n

(C7)

The results of €, (with degrees n=0,1,2,3) are displayed in Figure AS, which shows that €,
values will decrease as the latitude is lower. Generally, if the latitude is below 25°, €, is shown to
be less than 5% (expect the mode n=3, which reaches to 10%), while if the latitude is lower than
20°, the €, values (n=0,1,2) will be obviously smaller than 5%, except the mode n=3, whose
relative errors yet exceeds 15%, which probably reflects the instability of the errors (for the higher
degree modes) locating at the relatively larger latitude regions. Nevertheless, when the latitude is
reduced to 15° (or smaller, e.g., 13°), the relative errors of all the modes are shown to be stable
and quite small (i.e., < 3%).

In summary, the perturbation analysis indicates that, even though the perturbation factor &
value reaches to 0.1 (corresponding to the latitude 25°), the relative errors caused by the truncation

treatment are still quite small (i.e., < 5%), and the relative errors will be further reduced as the
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latitude is lower. Hence, the developed models and the related results of this work are reliable to

study the observed low-latitude hydromagnetic waves and their related physical properties.
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Figure A5. The relative errors of y,(x) change with the latitude and degree n.

Appendix D: Proof of the sufficient and necessary condition.

1
Here, we can prove that the expression (i.e., fj(= a,*a;) = 2n+ 1) is the sufficient and

necessary condition that the equation (15) owns the Hermite polynomial solution H,(§). Here the

equation (15) is repeated as follows

H"(§) —=2§H'(§) + ([ —1H(E) =0 (D1)
The Hermite polynomial solution (i.e., H,(§)) is written as
dTL
_ _ n 52 et _52
Hu() = (-1 g )

In mathematics, H,,(§) owns the following important recurrence relations (n >1):
Hyy1(§) — 2§H, () + 2nH,_1(§) = 0 (D2)
Hn’(g) = 2nH,_4(§) (D3)

1) Proof of the necessity

1
If the expression (i.e., (= a,’a;) = 2n+ 1) is valid, then the equation (D1) can be
expressed by
H"(§) = 2§H'(§) +2nH () = 0 (D4)

Thus, we need to prove that H, () is the solution to the equation (D4).
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According to the formula (D2), we can give that (n >2)
Hn(§) — 2§H,-1(§) + 2(n — DH,2(§) =0 (D5)
Using the formula (D3), we have (n >2)
Hy"(§) = 2nHy_1(§) = 4n(n — 1) Hy5(§) (Do)
Taking H,(§), H,'(§) and H," (&) into the left hand of the equation (D4), and considering
the formulas (D3), (D5) and (D6), we can obtain (n =>2)
H,"(§) = 2§Hy' (§) + 2nHy (§) = 2n[Hp(§) — 28Hp—1(§) + 2(n — DH, ()] =0
Furthermore, considering the cases of n=0 and 1 respectively as follows:
whenn = 0, Hy(§)=1,s0 Hy" (&) —2&H,' () +2-0-H,y(&) = 0;
when n =1, H;(§)=2&, so H;"(§) —28H,"(§) +2-1-H,(§) = —4& + 4& = 0.
To summarize, n = 0, we have H,"(§) — 2&H,' () + 2nH,,(§) = 0.
Therefore, the necessity is proved.
2) Proof of the sufficiency
If the equation (D1) owns the Hermite polynomial solution (i.e., H,(£)), then H,(§)
satisfies
Hy"(§) — 28H,'(§) + (1 — DH,(§) = 0 D7)
Here, we need to prove that 77 = 2n + 1 (alternatively a; = (2n+ 1)\/a—0) is valid.
Taking the formulas (D3) and (D6) into the formula (D7), we can obtain
(7l = DH,(§) — 4n[§Hp-1(§) — (n — 1) Hp—2 ()] = 0 (D8)

Using the formula (D2) or the formula (D5), we have

EHp1(§) — (= DHy_5(§) = 5 Hy (§) (DY)
Taking the formula (D9) into the formula (D8), we have

(fi—1-2n)H,(§) =0 (D10)

1
Here, Hy(§) # 0,50 fj(= a,*a;) = 2n+ 1, thatis a; = (2n + 1),/a,.

Therefore, the sufficiency is proved.

Appendix E: Proof of the specific solution to the equation (12).

According to the formula (18)

1
y(x) = Ape 2 Hy(@x)
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Here, H,(§) is the Hermite polynomial, which satisfies the following Hermite differential

equation
Hy"(§) — 2§H,'(§) + 2nHo(§) = 0 (ED)
The second-order partial derivative of y(x) is written as
9%y ~2 —lazx? "~ ~ 1( ~2.92 ~
PPV A dce 2 [H," (@x) — 2@xH, (a@x) + (@*x* — 1) H,(a@x)] (E2)
1 1

Here, @ = aj and 7j = a*a; = 2n+ 1, so we obtain ay = &* and a; = /a,fj = @>.

We can write the following formula

2 1~
I (@ox? — ay)y = Api2e 2% ' [H," (&x) — 2axH,’ (@x) + (i — 1)Hy, (@x)]

ax2
1.
—A,@%e X [H," (@x) — 2axH, (@x) + 2nH,, (@x)] (E3)
where, & = @x.

Thus, we have

P _ (aox? — ay)y = Ap@2e ™55 [H," (§) — 28, (8) + 2nH, (510

ax?

aZ

Therefore, y(x) = Aje 2 X H,(&x) is proved to be the specific solution of equation (12),

where, the existence condition of this specific solution is that these two coefficients (i.e., @, and

aq) satisfy a; = (2n+ 1), /ay.
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Supplementary Materials

1) On the derivation process of the equation (A1)

Here, we have the following formula (S1), i.e., the formula (8) in the manuscript.

M(x) 1, P =

1_(2 by = Cxiby, + imd, by,

=) _ Cxibp—imd,bj (S1)
? T m2+(1-x2)M(x)

825 —

where, M(x) = M(0)(1 + B?x?).
Defining f = m? + (1 — x?)M(x), so we have

=y _ Cxibg—imdybg

by - (S2)
Furthermore, we can obtain the first-order derivative of f, which is expressed as
Oy f = —2xM(x) + (1 — x2)a,M(x) = 2x(? — 1 — 28%x?)M(0) (S3)

So, we can get

0.5 = f8x(Cxibg—imdyby)—(Cxibg—imdybg)d,f _ (Cibg+Cxid,bg—imdZby)f—(Cxiby—imd,by)df
xMp T fz - fZ

Taking the formulas(S2) and (S3) into the formula (S1), we have

_ - s =7 =1 . zl_ 25! - nl_ )
a,%bé _ 11\/1_(392 bé = Cxi Cxibg—imO,bg +im (Clb9+Cxlaxb9 Lmaxb;zf+(1m6xb9 Cxibg)0yf (S4)
SO
r M(x) 7, 1 r Oxf = Oxf c? cm, 1y
a)?be - mbe = szagbg —%mzaxbe + (%me —sz - T)be (SS)
Furthermore
m Axf c cm M)  0xf
(1—7)6,§b(’,+7 Zaxbé+(7x2+7—1_—xz—f26 )bé=0
SO
(f —m*)dzby + i’j—fmzaxb'(’, + (sz2 +Cm— zlw_(zz - %me) by =0 (S6)
That is
~ 2 ~
(1= xIM()32by + 2x(B2 = 1 = 262%2)M(0) 2 9B + (C2x% + Cm — 15 f —

2_1_ 2,2 ~
2 MO ) by = 0

So, we have

(1 —x?)a2b

_2x(1-B*+2B*x*)m? o =, Cc?%x? cm  f  2m(B?-1-2B%*)x*C\ 7y _
1+52x2 f Oxbg + (M(x) M(x) 1-x2 (1+82x?) f) by =0

Finally, we derive the following equation, i.e., the equation (A1) in the manuscript.



2x(1-B?+2p%x%) m?

Cc2x? cm m?
1+B2x2 f

M) T M) 1-x2

(1 - x?)a2b) — 0xby + ( — M) + MEEEOC O g (ST)

(1+p%x?) f

2) The truncation error analysis

= 14x? b xt xS (S8)
1-x2
remaining 0(x*)
1 _ 4 _p2,2 4,4 _ p6,6 3 ...
1+B2x2_1 Bexc + p*x* — px° + (S9)
remaining 0(x%)
ﬁ: 1+42x2 + 3x% +4x° + - (S10)
remaining 0(x*)
1
m=1—2ﬁ2x2+3ﬁ4x4—4ﬁ6x6+~~- (Sll)
remaining o(x*)

where, f =1.58.

Defining the following residual series:

Res; = 1_1x2 —(1+x?) =x*+x5+-
\’O";’ remaining
1
ReSZ = 1+82x2 - (1 - [))ZXZ) = ﬁ4x4 - ﬁ6x6 +
— remaining
0,
_ 1 _ 2y — 2.4 6 1 ...
Res; = ) (14 2x°) = 3x* + 4x° + --+;
— remaining
03
_ 1 (1 —9R2,2) — AR4y4 _ A 6,6 4 ...
Res, = VR (1—-2B°x°) =3B%* —4L°x° + -+
T’ remaining

where, 0; (i=1,2,3,4) refers to the iy, original term.
Consequently, the relative errors are expressed by

€ = (S12)

Resi|
0;

The result is shown in the Figure S1
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Figure S1. The truncation errors change with latitude (¢; <0.05 is shown)



