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Abstract

Harmonic Earth tide components in well water levels have been used to estimate hydraulic and geomechanical subsurface

properties. However, the validity of various methods based on analytical solutions has not been established. First, we review

the theory and examine the latest analytical solution used to relate well water levels to Earth tides. Second, we develop and verify

a novel numerical model coupling hydraulics and geomechanics to Earth tide strains. Third, we assess subsurface conditions

over depth for a range of realistic properties. Fourth, we simulate the well water level response to Earth tide strains within a

2D poroelastic layered aquifer system confined by a 100 m thick aquitard. We find that the analytical solution matches two

observations (amplitudes and phases) to multiple unknown parameters leading to non-unique results. We reveal that undrained

and confined conditions are necessary for the validity of the analytical solution. This occurs for the dominant M 2 frequency

at depths >50 m and requires specific storage at constant strain of Sε [?] 10-6 m-1, in combination with hydraulic conductivity

of the aquitard kl [?] 5*10-5 ms-1 and aquifer ka [?] 10-4 ms-1. We further illustrate that the analytical solution is valid in

unconsolidated systems, whereas consolidated systems require additional consideration of the Biot modulus. Overall, a priori

knowledge of the subsurface system supports interpretation of the groundwater response. Our results improve understanding

of the effect of Earth tides on groundwater systems and its interpretation for subsurface properties.
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Abstract13

Harmonic Earth tide components in well water levels have been used to estimate hydraulic14

and geomechanical subsurface properties. However, the validity of various methods based15

on analytical solutions has not been established. First, we review the theory and exam-16

ine the latest analytical solution used to relate well water levels to Earth tides. Second,17

we develop and verify a novel numerical model coupling hydraulics and geomechanics18

to Earth tide strains. Third, we assess subsurface conditions over depth for a range of19

realistic properties. Fourth, we simulate the well water level response to Earth tide strains20

within a 2D poroelastic layered aquifer system confined by a 100 m thick aquitard. We21

find that the analytical solution matches two observations (amplitudes and phases) to22

multiple unknown parameters leading to non-unique results. We reveal that undrained23

and confined conditions are necessary for the validity of the analytical solution. This oc-24

curs for the dominant M2 frequency at depths > 50 m and requires specific storage at25

constant strain of Sϵ ≥ 10−6 m−1, hydraulic conductivity of the aquitard of kl ≤ 5 ·26

10−5 ms−1 and aquifer of ka ≥ 10−4 ms−1. We further illustrate that the analytical27

solution is valid in unconsolidated systems, whereas consolidated systems require addi-28

tional consideration of the Biot modulus. Overall, a priori knowledge of the subsurface29

system supports interpretation of the groundwater response. Our results improve un-30

derstanding of the effect of Earth tides on groundwater systems and its interpretation31

for subsurface properties.32

Plain Language Summary33

Earth tide induced strains in the subsurface lead to well water level fluctuations34

in groundwater monitoring wells. This groundwater response has been interpreted with35

analytical solutions to estimate aquifer properties. However, analytical solutions are based36

on simplified assumptions whose conditions of validity have not yet been tested. We de-37

velop a new approach to simulate the influence of Earth tides on groundwater based on38

fundamental physical principles. We simulate realistic conditions and compare our re-39

sults to those from analytical solution to determine the hydraulic and subsurface con-40

ditions under which simplified interpretations are valid. Our results improve understand-41

ing of the effects of Earth tides on groundwater systems and interpretation of subsur-42

face properties from well water levels.43

1 Introduction44

Earth tides have long been observed to influence groundwater systems (Meinzer,45

1939), a phenomenon that is commonly expressed as harmonic water level fluctuations46

in monitoring wells (Merritt, 2004). Analytical solutions based on simplified concepts47

have been developed to enable calculation of subsurface hydraulic and geomechanical prop-48

erties (Cutillo & Bredehoeft, 2011; Wang & Manga, 2021; Rau, Cuthbert, Acworth, &49

Blum, 2020). Since Earth tides are a ubiquitous natural force, their response should be50

contained in the data from numerous wells around the world. In fact, a recent review51

found that interpreting the groundwater response to Earth tides is underutilized and that52

further development offers the potential for widespread application, which in turn would53

lead to increased knowledge of the subsurface (McMillan et al., 2019).54

Estimating subsurface hydro-geomechanical properties requires good quality mon-55

itoring data of groundwater and Earth tides (Merritt, 2004; Rau, Cuthbert, Post, et al.,56

2020). Of main interest are the amplitude ratio and phase shift between the Earth tide57

strain and its well water level response. The first step is to extract the subtle harmonic58

components whose frequencies are well defined (Rojstaczer, 1988; Rojstaczer & Riley,59

1990). Various approaches have been used to identify and extract the dominant ampli-60

tudes and phases (Turnadge et al., 2019). Recent research illustrated that least-squares61
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fitting of the dominant harmonic tidal components to measurements provides the most62

robust results (Schweizer et al., 2021).63

Early research developed and tested an analytical solution to estimate subsurface64

properties from the relationship between strain and water levels in a fully confined aquifer65

(Cooper Jr et al., 1967; Hsieh et al., 1987). This was extended to include leaky condi-66

tions and allow concurrent use of multiple frequencies (Rojstaczer, 1988; Rojstaczer &67

Riley, 1990). Rojstaczer and Agnew (1989) studied the dependency of porosity and elas-68

tic parameters to a real deformation of a poro elastic medium. High sensitivity was re-69

ported when the applied strains occurs in low porosity and the increase with decreas-70

ing compressibility (inverse of the bulk modulus) of the solid matrix.71

Field measurements of the groundwater response to Earth tides has resulted in neg-72

ative and positive phase shifts between strain and well water levels. Negative phase shifts73

are interpreted as fully confined conditions and horizontal flow only (Hsieh et al., 1987).74

For example, hydraulic conductivity and specific storage were estimated from negative75

phase shifts (Xue et al., 2016; Allègre et al., 2016). However, positive phase shifts in the76

field were also observed and attributed to vertical flow through leaky aquitards (Roeloffs77

et al., 1989). This was interpreted using the analytical solution of vertical flow in an ho-78

mogeneous aquifer caused by a harmonic load or stress (Wang, 2017).79

Recent research included modifications to the original analytical solution by Hsieh80

et al. (1987) to account for more realistic conditions. Most notable is the work by Wang81

et al. (2018) who developed an extended analytical solution which includes vertical leak-82

age to model a two-layered aquifer system. Gao et al. (2020) investigated the well skin83

effect which originates from the fact that the formation around a well is disturbed and84

well water storage on the well water level response to Earth tides. The authors found85

that the skin effect may significantly delay the well water level phase response to Earth86

tides. In addition, Guo et al. (2021) developed a model for tidal response with a fault87

passing through the aquifer based on a fault-guided fracture network to estimate frac-88

ture properties. They found that the hydraulic diffusivity in the fault damage zone higher89

than previously established values, but also that it remains below estimates based on in-90

duced seismicity migration. Sun et al. (2020) reviewed four of the most common ana-91

lytical models to estimate hydraulic properties with Earth tidal analysis. They estimated92

hydraulic properties from a real data set and provide a range of applicability of the dif-93

ferent models based on the transmissivity of the aquifer.94

While analytical models offer a convenient approach to estimate hydraulic prop-95

erties, their applicability is limited through simplifying assumptions arising from fun-96

damental physics, conceptual model or boundary conditions. These include for exam-97

ple only radial flow, negligible horizontal displacement of the aquifer, confined conditions98

and undrained conditions, unconsolidated materials and no gravity. But it has been re-99

ported that some of these assumptions may significantly influence the estimated subsur-100

face properties (Wang et al., 2019; Zhu & Wang, 2020).101

Numerical modeling of tidal effects is common in coastal (Abarca et al., 2013; Zhang102

et al., 2021) and adjacent settings (Jardani et al., 2012; Pendiuk et al., 2020; Alcaraz et103

al., 2021), likely because the loading effect of ocean tides is much larger than that caused104

solely by Earth tide forces. So far, modeling the subsurface response to ocean tides has105

considered poro elastic conditions and harmonic loading by the weight of the water, there-106

fore, solved as a consolidation problem. In contrast, the pressurization of an inland aquifer107

is produced by changes in the pore space volume of the porous material due to strains108

(i.e., eigenstrains) caused by the gravitational influence from the movement of celestial109

bodies. Moreover, the change of the confined pore pressure is generally measured using110

an observation well which causes fluid movement.111
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To the best of our knowledge, only hydraulic modeling approaches neglecting any112

geomechanical effects, i.e., groundwater flow without coupled poro elasticity, have so far113

been used to investigate the groundwater response to Earth tides. For example, Wang114

et al. (2019) simulated the effect of capillarity of the unsaturated zone in one dimension.115

They found out that the assumption of fixed water table can lead to erroneous estima-116

tion of subsurface properties. Zhu and Wang (2020) simulated a two layered system to117

study the effect of leakage through an aquitard and concluded that simplifications in the118

analytical model lead to overly conservative estimates of vertical flux between layers. Wang119

and Manga (2021) provide a summary of these works.120

The confined pore pressure generated as result of Earth tide strains is a mechan-121

ical phenomenon caused by the elastic deformation of the porous matrix. Furthermore,122

unlike for traditional hydraulic testing approaches, there is a general lack of work inves-123

tigating the effect of realistic conditions and assumptions on interpretations using an-124

alytical solutions. Investigating the influence of limiting assumptions and realistic sub-125

surface conditions to better understand the applicability of analytical solutions requires126

development of more advance numerical models that also consider coupling with geome-127

chanics.128

The objetive of this study is therefore to (1) develop a numerical model for the ground-129

water responses to Earth tides, which couples hydraulic and geomechanical processes,130

(2) critically examine assumptions upon which analytical solutions are based, (3) inves-131

tigate and compare response conditions as well as the influence of geomechanical prop-132

erties. Thus, our work significantly improves our understanding of the coupled physics,133

which controls the well response in a poro elastic medium. These results can act as a prac-134

tical guide for improved estimation of aquifer properties due to the groundwater response135

to Earth tides.136

2 Methodology137

2.1 Fundamental theory of the groundwater response to Earth tides138

Earth tides are displacements of the solid Earth’s crust caused by the gravitational139

forces of celestial bodies that move in relation to the Earth. Such displacements are typ-140

ically expressed as harmonic signals that can be predicted from well-known astronom-141

ical relationships. Earth tide forces are dominant at distinct frequencies within the semi-142

diurnal and diurnal range, e.g., M2 at 1.97322 cycles per day (cpd) or S1 at 1.0 cpd. Un-143

der tidal forcing, the pore volume of the subsurface elastically deforms depending on the144

mechanical properties of the filling material resulting in a small change of volume. If the145

subsurface is saturated, the filling fluid has to adapt to the new available pore space which146

raises or lowers the pore pressure. The processes can be mathematically represented by147

the Biot consolidation theory.148

Biot (1941) developed the constitutive laws which relate the applied forces (stresses)149

with deformation (strains) and motion within a compressible porous medium. For the150

purpose of modeling, these laws are formulated in the form of mathematical equations151

which consist of four basic variables stress (σij), strain (ϵij), pore pressure (pf ) and in-152

cremental of fluid content (ξ). The mechanical variables (stress or strain) can be related153

with one of the fluid quantity (pore pressure or fluid content) to form independent vari-154

able and therefore mathematical equations. For the particular case of Earth tides, is con-155

venient to express the pore elastic equations in terms of stress and pore pressure, also156

termed pure stiffness formulation157

σij =

(
Ku − 2G

3

)
δijϵ+ 2Gϵij − αMδijξ (1)

and158

pf = M(−αϵ+ ξ), (2)
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where α is the Biot poroelastic coefficient, Ku is the undrained bulk modulus, G is the159

shear modulus, ϵ is the volumetric strain (ϵ = ϵxx + ϵyy + ϵzz), δij is the Kronecker160

delta and M is the Biot modulus which is defined as,161

1

M
=

n

Kf
+

(1− α)(α− n)

K
=

α

BKu
, (3)

where n is the porosity, Kf is the bulk modulus of the fluid, K is the drained bulk mod-162

ulus (related to the undrained bulk modulus as K = Ku−α2M) and B is the Skemp-163

ton coefficient. Fluid transport is modeled with the fluid balance equation as164

Sϵ

(
∂p

∂t
+BKu

∂ϵ

∂t

)
= kij∇2pf +Q (4)

where kij is the porous medium permeability tensor, Q represents sinks or sources, ϵij =165

∇ui relates strain with displacement, often prefered in simulation codes (Verruijt, 2013;166

Kolditz et al., 2012; Flemisch et al., 2011; Keilegavlen et al., 2021), and Sϵ is the spe-167

cific storage at constant strain. Sϵ is related to the Biot modulus as168

Sϵ =
1

M
, (5)

Equations 1, 2 and 4 can be solved in a coupled manner with appropriate boundary con-169

ditions and represent the elastic deformation and fluid movement in a porous medium.170

2.2 Analytical solution171

When uniaxial-vertical strain and zero incremental vertical stress are assumed (this172

occurs only when one of the principal stresses is non-zero and the stress does not change173

with depth), the subsurface is mechanically restricted to move only in the vertical di-174

rection, e.g., land surface subsidence due to consolidation occurs primarily in the ver-175

tical direction (Herrera-Garćıa et al., 2021). Under such conditions ϵxx = ϵyy = 0 and176

σzz = 0 which leads to a simplified version of equations 1 and 2 as177

σzz = 0 =

(
K +

4G

3

)
ϵzz − αpf (6)

and178

pf = M(−αϵzz + ξ). (7)

Combining 6 and 7 to eliminate ϵzz gives179

ξ = Spf , (8)

where180

S =
1

M
+

3α2

3K + 4G
. (9)

This is the definition of storage coefficient in hydrology (Cheng, 2016; Verruijt, 2013; Wang,181

2017). The specific storage, Ss, is obtained when the specific weight of the fluid is con-182

sidered as183

Ss = Sρfg, (10)

where ρf is the density of the filling fluid and g Earth’s gravitational acceleration con-184

stant.185

With this derivation, we stress the conceptual difference between the specific stor-186

age at constant strain (equation 5) and the storage coefficient with uniaxial strain (equa-187

tion 9). Please note that S approaches Sϵ when K >> Kf , such as when grains are less188

compressible than water, e.g. sand or gravel (Verruijt & Van Baars, 2007; Lambe & Whit-189

man, 1991; Freeze & Cherry, 1979).190
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Hydraulic head can be used as a proxy for pore pressure in equation 4, h = pρ−1
f g−1.191

Moreover, in a confined aquifer with a constant thickness Ha, hydraulic conductivity can192

be express in terms of transmissivity (T = kaHa) and specific storage at constant strain193

in terms of storativity at constant strain Sϵ,t = SϵHa as (Cheng, 2016; Verruijt, 2013;194

Wang, 2017),195

Sϵ,t

(
∂h

∂t
+

BKu

ρfg

∂ϵ

∂t

)
= T

[
∂2h

∂x2
+

∂2h

∂y2
+

∂2h

∂z2

]
+Q. (11)

For practical reasons, equation 11 can be reformulated into cylindrical coordinates196

assuming only radial flow (C. Jacob & Lohman, 1952; C. E. Jacob, 1946), also vertical197

leakage con be included in the sink/source in terms of hydraulic conductivity of the layer198

on top (kl) and thickness of such layer (Hl) expecting kak
−1
l ≫ 1 as Q = klhH

−1
l ,199

Sϵ,t

(
∂h

∂t
+

BKu

ρfg

∂ϵ

∂t

)
= T

[
∂2h

∂r2
+

1

r

∂h

∂r

]
+

kl
Hl

h. (12)

In this work we use the terms aquifer and aquitard to reflect layers of higher and200

lower hydraulic conductivity, respectively, as is consistent with the terminology used in201

previous works. Equation 12 was used to derive analytical solutions that describe the202

groundwater response to Earth tides in a fully confined aquifer (Hsieh et al., 1987) and203

in an aquifer with vertical leakage (Wang et al., 2018). A detailed derivation of the more204

versatile leaky solution is presented in Wang et al. (2018), but is also included in Ap-205

pendix A of this work. The solution describes the water level in a well (hw) in terms of206

the hydraulic conductivity of the aquifer (ka), hydraulic conductivity of the aquitard (kl)207

and the specific storage at constant strain of the aquifer (Sϵ). Fluid level changes in the208

well are caused by forces generated at the far field (far away from the radius of influence209

of the observation well). Assuming undrained conditions (ξ = 0, in equation 2) and as-210

suming α = 1 representing unconsolidated systems such changes can be quantify as211

p = −MϵG, (13)

where ϵG is a external gravitational strain. The change of water level in a well due to212

an areal strain is graphically shown in Figure 1a and 1b for two given times from t0 =213

0 to t = t with gravitational strains from ϵG = 0 to ϵG = ϵG(t).214

The amplitude ratio and phase shift between the piezometric head at a distance215

from the well beyond its radius of influence and the water level in the well are expressed216

as (Hsieh et al., 1987),217

A =

∣∣∣∣hw/
BKuϵ0

ρg

∣∣∣∣ = ∣∣∣∣hwα/
Mϵ0
ρg

∣∣∣∣ (14)

and218

∆ϕ = arg

(
hw/

BKuϵ0
ρg

)
= arg

(
hwα/

Mϵ0
ρg

)
. (15)

Here, ϵ0 is the amplitude of the volumetric strain signal, which can be obtained from219

software based on tidal catalogs, e.g. PyGtide (Rau, 2018), ETERNA PREDICT (Wenzel,220

1996), TSoft (Van Camp & Vauterin, 2005). The analytical solution is subject to the221

assumptions under which it was derived: (1) undrained conditions, (2) the confining layer222

has negligible specific storage, (3) the flow is horizontal in the aquifer, (4) the well is rep-223

resented by a line with length matching the aquifer extent, (5) the deformation is only224

vertical, (6) no gravity.225

Equations 14 and 15 can be inverted to estimate constant values of equation 12 us-226

ing any approach suitable for non-linear algorithm estimation (gradient methods), e.g.227

least squares (Rau, Cuthbert, Acworth, & Blum, 2020). In fact, this approach has been228

used to estimate aquifer hydraulic conductivity, specific storage and aquitard leakage from229
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the amplitude and phase response of groundwater to Earth tides (Rau, Cuthbert, Ac-230

worth, & Blum, 2020). However, estimating three parameters from two inputs leaves the231

problem under-determined and leads to non-unique estimates. We note that neither the232

implications of the assumptions nor the non-uniqueness problem have been investigated233

for practical use of this solution.234

Gradient methods such as the Levenburg-Marquardt often use in least-squares to235

numerically search for the nearest (local) minimum to the given initial condition and are236

readily implemented in SciPy (Virtanen et al., 2020). The obtained solution from the237

function fitting model finds the local minimum and depends on the initial guess. To in-238

vestigate the impact of non-uniqueness by the initial conditions on the parameter esti-239

mation of Wang et al. (2018), we systematically explore the solution space of a fitting240

function. The fitting function was formulated as241

FOAmplitude = Aobs–A(ka, Sϵ, kl) (16)

and242

FOPhase = ϕobs–∆ϕ(ka, Sϵ, kl) (17)

where A(ka, Sϵ, kl) and ∆ϕ(ka, Sϵ, kl) are equation 14 and 15. The aquifer thick-243

ness and aquitard depth were arbitrarily defined to be 1 m and 100 m, respectively; the244

radius of the well to 0.2 m and Earth tide frequency of 1.93 cpd; Aobs and ϕobs are ob-245

jective amplitude ratio and phase shift values given by the user.246

The least-squares solver minimizes the difference between Aobs–A(ka, Sϵ, kl) and247

ϕobs–∆ϕ(ka, Sϵ, kl) of equations 16 and 17 by iterating through a combination of values248

of ka, Sϵ and kl. An array consisting of discrete values within realistic ranges for am-249

plitude ratio (0.001 ≤ A ≤ 1) and phase (−90◦ ≤ ∆ϕ ≤ 90◦) where generated. For250

each pair of amplitude ratio and phase shift, the solution space was solved using least-251

squares of SciPy. The tolerance for termination by the change of the cost function was252

set to be 3·10−6 and units for 16 and 17 where set to days so as to increase the numeric253

values and avoid errors. The sensitivity of the method was tested by generating 1000 sam-254

ples of ka, Sϵ and kl generated by a random log uniform distribution ranging from 1 ·255

10−7 ≤ ka ≤ 1 · 10−3 ms−1, 1 · 10−7 ≤ Sϵ ≤ 1 · 10−5 m−1 and 1 · 10−8 ≤ kl ≤ 1 · 10−4
256

ms−1. Each trio of samples was set as initial condition in equation 16 and 17. Starting257

from different initial values allows the solver to find potentially different local minima.258

The outputs were stored and the maximal difference between each estimated property259

was used as a proxy for non-uniqueness. This approach allows identification of values260

within the solution space where non-uniqueness is an issue.261

2.3 Numerical model262

The generic equations presented in Section 2.1 can be solved analytically for spe-263

cific boundary conditions (Hsieh et al., 1987) but have not been solved numerically in264

the context of Earth tides. Here, we develop a novel numerical approach for simulating265

the groundwater response to Earth tides. This allows a more realistic physical represen-266

tation compared to the limiting assumptions of the analytical solution presented in Sec-267

tion 2.2 and advances the previous study by (Wang & Manga, 2021). The aim is to in-268

vestigate and establish validity constraints for the use of the analytical solution when269

interpreting the groundwater response to Earth tides.270

When modeling Earth tides, an external gravitational strain ϵG(x, y, z, t) is applied271

to deform the Earth’s crust and the resulting fluid pressure pf (x, y, z, t), and displace-272

ment vector uii(x, y, z, t) is calculated. Under the free surface condition, the normal stress273

along the radius is zero. Hence, gravitational strain can be decomposed into its verti-274

–7–
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cal ϵh(x, y, t) and horizontal component ϵv(z, t) (Agnew, 2005),275

ϵG(x, y, t) = ϵh(x, y, t) + ϵv(z, t). (18)

Earth tides induce an eigenstrain, i.e., a strain that does not result directly from276

an applied force. Qu and Cherkaoui (2006) describes the differences and relationships277

between total, elastic and eigenstrains. To simulate the effect in a realistic well-aquifer278

system, in which the hydraulic and geomechanical properties of the material may vary279

in space, we applied vertical and horizontal strain as displacement boundary conditions.280

This fixes the internal strain throughout the model as a function of the filling material281

elastic tensor as (Wang, 2017),282

r = R : urr = ϵh(x, y, t)R, (19)

283

r = 0 : urr = 0, (20)

and284

z = 0 : uzz = ϵv(z, t)L, (21)
285

z = −L : uzz = 0, (22)

where R and L are the horizontal and vertical lengths, respectively. A constant atmo-286

spheric pressure (i.e. drained condition) is assumed at the top of the modelling domain287

as288

z = 0 : pf = 0. (23)

The governing equations follow the traditional Biot (1941) theory of a linear elas-289

tic, saturated and deformable porous medium with water as the fluid (Wang, 2017; Cheng,290

2016). The strong form of the general equations in Subsection 2.1 can be converted into291

the respective weak form and discretized before solving with the finite element (FE) method.292

In this study, we adopt the continuum representation of an elementary volume (REV)293

in a porous medium. To solve the numerical system the Real Heterogeneity App (RHEA),294

a FE application based on the Multiphysics Object Oriented Simulation Environment295

(MOOSE) was used (Permann et al., 2020). A detailed description of the system of equa-296

tions to be solved as well as further information of the tight coupling and numerical de-297

scription of the FE implementation utilized in this study can be found in (Bast́ıas Es-298

pejo et al., 2021; Wilkins et al., 2021, 2020). For consistency, we keep the original no-299

tation used in Bast́ıas Espejo et al. (2021), where the field variables are the fluid pres-300

sure pf and the displacement vector uii.301

2.4 Assessing the subsurface response conditions302

Within the theory of linear poroelasticity (equations 1 to 4), one can distinguish303

between two end-members that describe the type of pore pressure response to stresses304

and strains: undrained and drained. When a deformation in a porous medium occurs,305

under drained conditions, the rate of applied distortion is slow in relation to the abil-306

ity of the porous medium to allow dissipation of the pressure wave. This results in the307

flow of fluid caused by the buildup of pressure differences. Under undrained conditions,308

the rate of applied distortion is fast enough for an instantaneous pore pressure response309

to external deformations and fluid cannot flow in response.310

The type of subsurface response is represented by equation 2, in which ξ describes311

an increment of change in fluid content. Under undrained conditions, ξ = 0 and equa-312

tion 2 reduces to equation 13. While under drained conditions ξ ̸= 0. Hence, the con-313

fined pore pressure as a response to Earth tides can be obtained with equation 2 if the314

Earth tide strain (ϵG) is known. According to Rojstaczer and Agnew (1989), an areal315

strain is sufficient for depths that are relevant to hydrogeology.316
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Figure 1. Overview of the conceptual models used in this work. (a) Analytical model of

Wang et al. (2018) when no external force is applied (b) Analytical model of Wang et al. (2018)

when the confined pore pressure generated at the far field is generated and fluid flow towards the

well. (c) A 1D column of the subsurface representative of the aquitard to assess the type of re-

sponse. At t = 0 the column is equilibrium, at t > 0 a harmonic strain is applied which results in

fluid movement in and out of the column. (d) A 2D model of the aquifer bounded by a aquitard

and connected to a well. Earth tide strain is applied which moves fluid towards a well that is

numerically modeled.

For Earth tides, the applied strain depends on the frequency of the harmonic and317

the type of response is a function of the hydro-geomechanical subsurface properties as318

well as depth. To assess the type of response under realistic conditions, we numerically319

modeled an infinitely long 1D (5000 m) section of the subsurface (Figure 1c) using a har-320

monic function as displacement boundary condition as follows321

z = 0, ϵM2 = ϵ0 · sin [2πfM2
t] . (24)

Here, ϵ0 is the amplitude of the Earth strain, fM2
is the frequency of the M2 component322

and t is the time in days. We computed the increment of fluid content, ξ, over depth 0 ≤323

z ≤ 1000 m and repeated the calculations by setting assumed, but realistic discrete val-324

ues of specific storage at constant strain Sϵ, (1 · 10−7 m−1, 1 · 10−6 m−1 and 1 · 10−5
325

m−1), and bulk modulus K, (1·109 Pa, 1·1010 Pa and 1·1011 Pa,) and continue val-326

ues of hydraulic conductivity of the aquifer, 1 · 10−7 ≤ ka ≤ 1 · 10−3 ms−1 within the327
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domain. These values represent realistic conditions as reported in the geoscience liter-328

ature (Das & Das, 2008; Wang, 2017; Cheng, 2016; Lade, 2001).329

When analyzing the groundwater response to Earth tides, undrained conditions have330

to be given for the analytical solution to be valid (Appendix A). However, the type of331

response to Earth tides has not been assessed before and is therefore unknown. To as-332

sess whether the subsurface response is sufficiently undrained, we can use equation 2 as-333

suming α = 1. Under undrained conditions ξ = 0, such condition can be assumed when334

ϵ ≫ ξ. Hence, the effect of ξ can be neglected in equation 2.335

2.5 Numerical model of a coupled well-aquifer system336

To investigate the limitations of the analytical model presented in Section 2.2, a337

2D axial-symmetric cylindrical model was developed. The model accounts for poro elas-338

tic aquifer (Section 2.1) bounded by a low permeable aquitard on top and by a rigid aquiclude339

on the bottom. Gravity and horizontal flows are allowed (Figure 1d). Boundary condi-340

tions are set as described in Section 2.5. The applied Earth strain (ϵG) was calculate the-341

oretically with PyGtide (Rau, 2018), a Python wrapper for ETERNA PREDICT 3.4.342

We chose the city of Berlin (Germany) and a signal frequency of 2 cpd for simplicity as343

it closely resembles M2 with a duration of 30 days. While the location is arbitrary, it does344

not change the conclusions because the context of this study is generic.345

The borehole-subsurface system is modeled as a 1D element outside the 2D sys-346

tem. To relate the porous medium and the borehole-subsurface, the boundary at r =347

0 is modeled as a free drainage boundary, i.e., a sink boundary where the flux is com-348

puted in function of the pressure at r = 0 (Pr=0) and at the bottom of the borehole-349

subsurface (Pw)350

r = 0, −101 ≤ z ≤ 100, ṁf = C(pf − pr=0), (25)

where ṁf is the mass flux, C the conductance (i.e., how efficiently fluid is transported351

though a boundary) between the borehole-subsurface and the model. For this study C =352

10−3 m2s−1 which is high enough to ensure that pf = pr=0 at the end of each non-linear353

iteration.354

As a result, the mass flux through the boundary between the model and the well355

is computed in every non-linear iteration, which fixes the pore pressure at the bound-356

ary for the next iteration. This way, the fluid level in the well is tightly coupled to the357

pressure at the well boundary of the model as the fluid level in the well is computed in358

the same Jacobian matrix with the numerical model and is computed as,359

dhf

dt
=

ṁfAc

ρfAw
. (26)

Here, hf represents the water level in the well (hf = pfg
−1ρ−1

f ), Ac is the exter-360

nal area of a cylinder and Aw is the inner area of a cylinder. Since the model is linear361

elastic, typically, only two non-linear iterations are needed.362

The model domain is R = 5000 m long in the r direction and L = 101 m in depth363

in the z direction. The aquitard is 100 m thick, whereas the aquifer is 1 m thick, and364

we assume that the well is screened throughout this unit. The 101 m long well is located365

at the left boundary of the modeling domain and the well has rw = 0.2 m of radius (Fig-366

ure 1d). The geometry complies with previous studies (Hsieh et al., 1987; Wang et al.,367

2018) and therefore enables a comparison. The finite elements were discretized using the368

built-in mesh generator of MOOSE and the element size increases logarithmically along369

the r-axis away from the well. The mesh is vertically and logarithmically discretized 5370

times across the aquifer, 20 times across the top layer and 100 times in the horizontal371

direction. The material properties of the model are summarized in Table 1. The values372
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of Table 1 were assumed in previous studies (Wang et al., 2018) and extracted from lit-373

erature (Das & Das, 2008; Wang, 2017; Cheng, 2016; Lade, 2001).374

The initial pore pressure condition is set as p0f = −ρfgz and the effective initial375

stress as σ′0
zz = (ρs−αρf )gz, where σ′0

zz is the vertical component of the effective stress376

at time zero. Again, we apply a harmonic displacement function with the M2 frequency377

computed with a tidal catalog, the amplitude of the strain is ϵ0 = 1.2·10−8. The model378

runs until it reaches quasi steady-state, at which point the well physics as well as tidal379

forcing as boundary conditions are activated. This approach minimizes potential numer-380

ical overshooting produced by the free drainage boundary between the porous medium381

and the well. We verify this numerical implementation using the analytical solution of382

Wang et al. (2018) (Subsection 2.2) with the aquitard permeability set to zero, i.e., the383

model represents only one layer.384

3 Results and discussion385

3.1 Analytical solutions386

Previous research has used the analytical solutions by Hsieh et al. (1987), H. F. Wang387

(2000) and Wang et al. (2018) to estimate hydraulic properties for negative and posi-388

tive phase shifts between groundwater and Earth tides, respectively. We note that Hsieh389

et al. (1987) and Wang et al. (2018) requires undrained conditions whereas H. F. Wang390

(2000) assumes drained conditions. The validity conditions for these assumptions have391

not been investigated for Earth tide frequencies. For drained conditions the relationship392

between stress and strain is no longer linear, as porepressure also plays a role bearing393

loads, i.e. see Equation 2. Furthermore, while H. F. Wang (2000) considers vertical flow394

in a one dimensional poroelastic aquifer, it neglects the influence of an observation well.395

As shown in Figure 2, a well generates phase shifts between the confined far distance pore-396

pressure and the water level in the well as the fluid requires time to move in and out of397

the well. Strictly speaking, this solution was derived for surface loads, such as exerted398

from atmospheric pressure, but not for Earth tide strains. These aspects illustrate that399

H. F. Wang (2000) has limited use when estimating hydraulic properties from the ground-400

water response to Earth tides.401

Wang et al. (2018) provides an extended formulation to Hsieh et al. (1987) con-402

sidering vertical aquitard leakage accounting for both negative and positive phase shifts.403

It is useful to illustrate the solution space of Wang et al. (2018) by providing an overview404

of amplitude ratios and phase shifts (Equations 14 and 15) as a function of realistic ranges405

of the aquifer hydraulic conductivity (ka) and specific storage at constant strain (Sϵ) as406

well as discrete values of leakage, see Figure 2. Note that this is based on the dominant407

harmonic signal frequency of 2 cpd, a well and screen radius of 0.2 m, a screen length408

of 1 m and an aquitard thickness of 100 m. The first row, Figure 2a and 2b, shows the409

case where there is no vertical leakage leading to negative phase shifts only. We confirm410

the reports by Wang et al. (2018) that the analytical solution matches the previous so-411

lution by Hsieh et al. (1987) when the aquitard hydraulic conductivity is set to zero.412

The solution space shows that vertical leakage causes positive phase shifts at rel-413

atively high aquifer hydraulic conductivity, i.e., ka > 1·10−5 ms−1 in Figure 2d. This414

threshold is even more clear for vertical leakage larger than kl > 1 · 10−6 ms−1 where415

the transition to positive phase shift is almost linear. Moreover, in Figures 2d and 2f,416

the phase shift behavior is very similar for the lower part of the specific storage at con-417

stant strain under study (Sϵ < 1·10−5 m−1). A similar case is observed in Figures 2c418

and 2e where the amplitude response of the analytical solution shows very similar re-419

sults.420

The solution space illustrated in Figure 2 shows that the solution is under-determined421

when subsurface parameters are estimated, because three hydraulic properties (hydraulic422
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Figure 2. Amplitude and phase shift response of the analytical solution presented in Wang

et al. (2018) for a realistic range of hydraulic conductivity and specific storage at constant strain

values. (a) and (b) are representative of zero leakage through the aquitard corresponding to

Hsieh et al. (1987). (c) to (f) consider distinct and increasing aquitard hydraulic conductivity

values. The harmonic signal frequency is 2 cpd, the well and screen radius are 0.2 m, the screen

length is 1 m and the aquitard has 100 m thickness

conductivity of the aquifer ka, vertical leakage of the aquitard kl and specific storage at423

constant strain Sϵ) are derived from only two equations (equations 14 and 15) causing424

non-unique solution pairs. Further, solving for the parameters is an optimization prob-425

lem that requires root finding through iteration. The search is based on an initial guess426

and the method may find different potential solutions depending on the initial guess. We427

investigate the effect of the initial guess on the solution space by visualizing the non-uniqueness.428

Figure 3 shows the variability in estimated parameters due to providing different initial429

guesses for least-squares solving. Blue color means less variability whereas red color shows430

a larger difference in the solution space and therefore stronger non-uniqueness.431

In general, higher sensitivity to the initial values is observed in the phase shifts com-432

pared to the amplitude ratios. The sensitivity for inverting the hydraulic conductivity433

of the aquifer ka is relatively low (∆ka < 5 · 10−4 ms−1) at negative phases and in-434
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creases as the phase shift approaches 0◦. For values higher than zero degrees the sen-435

sitivity decreases again until approximately 40◦ where it starts to increase again (Fig-436

ure 3a). The highest sensitivity is found around amplitude ratio of one and positive phase437

shift. Situations where the amplitude ratio is one and the phase shift much higher than438

zero are not realistic and should be disregarded.439

Specific storage at constant strain shows a high contrast in solution variability with440

values that are very close to ∆Sϵ = 1 · 10−5 m−1 for most of the solution space (Fig-441

ure 3b). At low phase shifts (∆ϕ < −70◦) the variability significantly reduces to ∆Sϵ =442

1 · 10−7 m−1. In practice, most of the realistic cases will fall within the high variabil-443

ity zone. Vertical leakage shows relatively low sensitivity where the phase shift is neg-444

ative (∆kl < 5 · 10−5 ms−1, Figure 3c). However, at positive phase sifts the variabil-445

ity increases up to two orders of magnitude, demonstrating the effect of the phase shift446

on vertical leakage.447

In the illustrated case, the sensitivity of the specific storage at constant strain is448

constant throughout the solution space and therefore its initial value does not play a sig-449

nificant role on finding different solutions. Negative phase shifts show a low sensitivity450

to the initial condition and will likely result in an accurate inversion of the hydraulic prop-451

erties without a priori knowledge of the subsurface properties as mentioned in section452

2.2. For positive phase shifts a handle on at least one of the properties is necessary as453

the vertical leakage significantly increases its variability. Further, the hydraulic conduc-454

tivity increases its variability towards high amplitudes which is the range where Earth455

tide methods work best. Overall, this complies with the previous finding that positive456

phase shifts can robustly be interpreted as vertical leakage (Wang et al., 2018).457
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Figure 3. Color map exploring the solution space, i.e., the variability of parameters as a func-

tion of the initial guess, of the under-determined problem by (Wang et al., 2018). Estimating

three hydraulic properties out of two measured parameters: (a) aquifer hydraulic conductivity,

(b) specific storage at constant strain, (c) aquitard hydraulic conductivity. Note that each color

scale has a different range. Blue indicates less variability, whereas red means more variability of

the results.

3.2 Notes on the specific storage458

An interesting implication of Section 2.1 arises when α = 1. The latter refers to459

systems where the compressibility of grains is small compared to the compressibility of460

grains, such as is the case for unconsolidated materials. Here, the specific storage at con-461

stant strain (the inverse of the Biot modulus, equation 3) reduces to462

Sϵ =
1

M
=

n

Kf
. (27)
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Since the bulk modulus of water is known (Kf = 2.2·109 Pa), the porosity of the ma-463

terial can also be estimated from the groundwater response to Earth tides. However, for464

consolidated materials the Biot coefficient may be smaller than one. This can help to465

constrain the expected values of the specific storage at constant strain. For instance, if466

the subsurface material is unconsolidated and has realistic porosity values, i.e., 0.01 ≤467

n ≤ 0.3, then the specific storage at constant strain is constrained to468

4.5 · 10−8m−1 ≤ Sϵ ≤ 1 · 10−6m−1. (28)

We note that previous studies which estimated the specific storage from the ground-469

water response to Earth tides have not considered the appropriate context for this prop-470

erty. The result is referred to as ”specific storage at constant strain” (Sϵ) and it can vary471

significantly from the specific storage generally used in hydrogeology (Ss, see Equation472

9) (Hantush, 1960). The difference between both coefficients originates from the under-473

lying assumptions. The specific storage at constant strain is defined in conditions in which474

the volume of the porous frame is maintained constant but the fluid volume is not, which475

induces changes in the pore volume because fluid has to be accommodated. In contrast,476

for the specific storage used in hydrogeology the porous frame is allowed to deform in477

the vertical direction. This is mathematically represented by the second term of Equa-478

tion 9. Thus, when the subsurface material is much less compressible than the filling fluid479

and the pore space the second term of Equation 9 tends to zero because no deformation480

of the frame takes occurs, hence S ≈ Sϵ. As demonstrated in this study, attention must481

be paid to the conceptual difference between these two parameters.482

3.3 Numerical modeling of the groundwater response to Earth tides483

The fluid continuity equation (equation 4) has been solved in previous studies as-484

suming that the strain term ϵ(t) is known and solely time-dependent with adequate bound-485

ary conditions. This equation is an inhomogenous diffusion equation for which the change486

of volumetric strain is mathematically equivalent to a sink/source in the aquifer stor-487

age term. Therefore, changes of strain result in changes of porepressure in the entire model488

domain. When mechanical coupling is included, the continuity equation needs to be cou-489

pled to the state of stress, hence the strain is tightly coupled to porepressure. Thus, the490

strain term in equation 4 is no longer uniform over the entire model and may vary de-491

pending on the amount of change of fluid. For instance, changes in porepressure (for earth492

tides within the radius of influence of the well) induces changes in the volumetric strain,493

which generate drained conditions (Section 3.4). Therefore, assuming that the applied494

strain is constant within the model domain is inaccurate for our purposes since, as ex-495

plained before, the strain is function of the porepressure. Another common way to ex-496

press the coupling between porepressure and strain is by rearranging Equations 1 and497

2 as498

ϵ =
1

K
σ +

α

K
pf . (29)

The relative movement of celestial bodies in relation to Earth induces variations499

in the gravitational force which results in small deformation of the Earth’s crust. Such500

deformations are not caused by an applied stress. In continuum mechanics, this prob-501

lem is known as eigenstrain, and it is very common in heat transport, e.g., dilatation caused502

by heating of materials. The relationship between deformation and eigenstrain can be503

obtained experimentally leading to a constitutive model (Qu & Cherkaoui, 2006). In this504

work we apply a simpler approach. As FE implementation typically requires displace-505

ment or load as boundary conditions, we set displacement as boundary condition and506

directly applied the strain obtained from an Earth tide catalog multiplied with the length507

of the model, i.e., uii = ϵiiL.508

While this approach is convenient it has limitations. If the mechanical properties509

change over the modeling domain (composite material), the displacement will not be uni-510
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formly distributed across the domain and therefore the resulting strain will also be non-511

uniform. This would produce larger displacements in soft layers resulting in higher pore-512

pressure. One way to solve this problem is to assume vertical heterogeneity and to ap-513

ply the total volumetric strain only at the horizontal boundaries. This would result in514

a uniform displacement distribution in the horizontal axis and therefore result in an ap-515

propriate porepressure response. We note that the effects of distributed mechanical het-516

erogeneity are not further explored in this work.517

Initialization of the numerical model is not trivial since the initial hydrostatic and518

mechanical states (initial porepressure and stresses) has to be in equilibrium (Settari &519

Walters, 2001). This challenge applies in particular for heterogeneous distributions of520

material properties and transient boundary conditions. Achieving mechanical equilib-521

rium at time t = 0 is difficult and may in most cases require a separate initialization522

step during the simulation (Chen et al., 2009). We recommend to first simulate steady-523

state conditions which generates the stress and porepressure distribution within the mod-524

eling domain.525

From a numerical point of view, the simulator is setting the force balance as an ap-526

proximation, i.e., ∇σ = 0. In practice, a non-linear step is finished when the force bal-527

ance falls below a threshold close to zero but residual errors always remain. Earth tides528

generate only small changes in porepressure which are close to the residual error. For529

example, if the acceptable error is e = 1 Pam−2, then in our case the area is 5050000530

m2 leading to total residuals up to R ≈ 5050kPa at the bottom of the model. Since531

Earth tides generate porepressure change in smaller magnitude, minimizing the error is532

an important consideration when modeling. Numerical modeling of Earth tides there-533

fore requires attention to decreasing the tolerance of the numerical solver (e.g., by in-534

creasing the number of linear steps), increasing space discretization (e.g., by increasing535

the size of the Jacobian matrix) or decreasing time discretization (e.g., by increasing the536

number of time steps).537

3.4 Are conditions for the M2 Earth tide drained or undrained?538

When a stress is applied to an undrained subsurface system, the load is shared by539

the bulk material, the grains and the pore fluid. The balance between these three responses540

results in instantaneous deformation of the pore space and a change in fluid pressure.541

If the rate of the applied deformation is slow enough then fluid can flow out of the sys-542

tem which reduces the porepressure. The balance between the rate of Earth tide stress543

and realistic hydro-geomechanical subsurface properties is rarely known. Moreover, fluid544

movement (i.e., drained conditions) may be given leading to ξ ̸= 0. Under such con-545

ditions the assumptions of the analytical solutions are violated potentially leading to er-546

rors when interpreting the groundwater level response to Earth tides.547

To assess the conditions under which an undrained response occurs, we numerically548

simulate a 1D vertical column with depth 0 ≤ z ≤ 5000 m (Figure 1b) and with a range549

of realistic hydraulic and geomechanical properties. Equation (2) can be solved for fluid550

quantity (ξ) assuming the worst scenario (ϵG = 1 · 10−8 corresponding to a low tide551

amplitude) and α = 1,552

ξ =
pf
M

− ϵG = Sϵpf − ϵG, (30)

Figure 4 shows the results of our numerical model which calculates ξ up to 1000 m depth553

and for a range of realistic hydraulic properties as well as discrete values of the bulk mod-554

ulus. As typical Earth tide amplitudes vary between 1·10−7 ≤ ϵG ≤ 1·10−8 (Rojstaczer555

& Agnew, 1989), we define556

ξ < 5 · 10−11 (31)

as a condition for an undrained response for which the analytical solution is valid, i.e.,557

no porepressure changes occur under this value. This is highlighted in Figure 4 and al-558

lows an assessment of the conditions for which the analytical solution should be valid.559
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Figure 4. Change of fluid content ξ over depth and aquitard hydraulic conductivity for a 1D

column (Figure 1b) and Earth tide forcing with M2 frequency. Rows correspond to different val-

ues of specific storage whereas columns are representative for different bulk moduli, e.g., clay (a,

d, g), sand (b, e, h) and hard rock (c, f, i). Values of ξ can be used to infer the depth at which

the system response is undrained, i.e., where application of the analytical solution (Equations 14

and 15) is valid. Value ranges of validity are delineated by the dashed line.

–17–



manuscript submitted to Journal of Geophysical Research: Solid Earth

Figure 4 shows that undrained conditions are more likely the deeper a system. Fur-560

ther, when the hydraulic conductivity of the leaky layer (kl) increases, the system be-561

haves more drained. This is expected as the system becomes more permeable and there-562

fore allows flow in response to pressure gradients. This results in fluid movement which563

causes increased drainage. Similarly, as the specific storage at constant strain increases564

(rows of plots in Figure 4) the level of drainage decreases. This is because as Sϵ increases565

the volume of fluid that the system contains due to deformation increases leading to less566

fluid moving out of the system. This can also be explained using Equation 4 when di-567

viding by Sϵ568 (
∂p

∂t
+BKu

∂ϵ

∂t

)
=

k

Sϵ
∇2p+

Q

Sϵ
. (32)

Equation 32 illustrates that the hydraulic diffusivity of a system (kS−1
ϵ ) decreases with569

the increase of Sϵ.570

As the bulk modulus (K) increases, see columns in Figure 4, the system becomes571

more drained. An explanation for this is that as the filling material becomes stiffer, the572

mechanical coupling becomes less relevant and the system approaches an incompress-573

ible porous skeleton. Under such conditions, only a drained response is allowed and an574

instantaneous pneumatic response of the system is no longer possible. This can also be575

explained by revisiting the definition of the Skempton coefficient (B). Assuming α =576

1, then577

B =
Kf

Kf + ϕK
(33)

which illustrates that when the bulk modulus increases B decreases. This results in a578

reduction of the overall storativity of the system and consequently also drainage. An-579

other way to understand this result is by considering the coupling of equations. For this580

simulation we assumed mechanical stress balance as follows581

∂σzz

∂z
= 0. (34)

Here, Equation 1 must remain constant when the total stress increases (first two terms582

of the Equation 1) thus the amount of fluid leaving the system must increase (third term583

of the equation 1).584

In general, a larger porosity will increase the value of the specific storage at con-585

stant strain, which will decrease the level of drainage. Our assessment shows that when586

the hydraulic conductivity of the leaky layer exceeds 10−5 ms−1, this leads to drained587

conditions and could result in errors when the analytical solution is used to estimate the588

properties of the aquifer. However, it is worth noting that the level of drainage depends589

on the geomechanical properties of the system, as well as depth and frequency of the sig-590

nal. The amplitude of the signal, ϵ0, for field measurements, as higher amplitudes will591

generate higher confined porepressure and facilitate detection of fluid level changes in-592

side the observation well.593

As shown in Figure 4, the level of confinement depends on the hydraulic and ge-594

omechanical properties of the subsurface under consideration. Consequently, defining con-595

ditions under which an undrained response exists depends on the particular field con-596

ditions, e.g., depth of the borehole and some knowledge of the subsurface properties. Fig-597

ure 4 can be used as a preliminary guide for assessing whether or not it is appropriate598

to apply the analytical solution for interpreting the groundwater level response to Earth599

tides.600

3.5 Validity and limits of analytical Earth tide interpretations601

Determining subsurface properties from Earth tide responses requires system con-602

finement as a basic condition. To study the effects of a realistic well-aquifer system and603
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the effect of (un)drained conditions, the level of confinement is gradually relaxed in a604

layered 2D model in this section. Figure 5 shows the results from our numerical model605

(Section 2.5) compared to the analytical solution without vertical leakage (kl = 0 ms−1)606

for a tidal signal with 2 cpd frequency (Section 2.2). The good agreement of amplitude607

ratios and phase differences verifies our coupled numerical modeling approach. This al-608

lows a rigorous hydraulic and geomechanical assessment of how realistic conditions (e.g.,609

subsurface layered heterogeneity) affects the groundwater response to Earth tides.610
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Figure 5. Verification of the 2D numerical model against Hsieh et al. (1987) for a harmonic

forcing signal with 2 cpd frequency. Here, the simulation of the hydraulic conductivity of the

leaky layer was set to zero.

Numerical simulations consider discrete values of the hydraulic conductivity of the611

aquifer (10−3 ms−1, 10−4 ms−1 and 10−5 ms−1) and varying values of the aquitard, 10−7 ≤612

kl ≤ 10−4 (in ms−1). In addition, discrete values of specific storage at constant strain613

(10−5 m−1, 10−6 m−1 and 10−7 m−1) were investigated. For detailed information of all614

the material parameters used in the simulation please refer to Table 1.615

The effect of the amplitude ratio and the phase shift due to leakage of the aquitard616

are shown in figure 6. The columns represent values of aquifer hydraulic conductivity617

(ka). The first row shows the effect on the amplitude ratio (A) and the second column618

the effect of the phase shift (ϕ) over different levels of aquitard confinement (kl). Each619

line in the figure 6 correspond to the three discrete simulated values of the specific stor-620

age at constant strain (Sϵ). Simulations are shown with marked lines while the analyt-621

ical solution of Wang et al. (2018) is shown with dashed lines.622

The level of drained conditions can be assessed in conjunction with figure 4 for the623

three specific storage at constant strain simulated here (figure 4b, 4e and 4h). For ex-624

ample, at 100 m depth (which is the thickness of the aquitard in the simulations) and625

Sϵ = 10−7 m−1 (Figure 4b), the system shows drained conditions within the entire range626

of confinement (10−7 ≤ kl ≤ 10−4 ms−1, see the blue triangle markers in Figure 6).627

Therefore, the simulated amplitude under these conditions is somewhat lower and the628
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Figure 6. Comparison of the amplitude ratios and phase shifts obtained from numerical

modeling and the analytical solution by Wang et al. (2018).

phase shift higher compared to the analytical solution. This results in an underestima-629

tion of the hydraulic properties of the aquifer (ka and Sϵ) or overestimation of leakage630

from the aquitard (kl) when the analytical solution is used.631

When the specific storage at constant strain of the aquifer is Sϵ = 10−6 m−1, at632

100 m depth, the system is in a transition zone between positive and negative change633

of fluid content when kl = 10−7 ms−1 (Figure 4e). Since the simulated amplitude ra-634

tio and phase shift match the analytical solution, the system can still be assumed as undrained635

within this transition zone. However, for higher levels of leakage (kl > 10−7 ms−1), the636

system is outside this transition zone and completely drained conditions prevail. The lat-637

ter leads to significant differences between numerical and analytical results.638

Similar results are observed when the specific storage at constant strain of the aquifer639

is Sϵ = 10−5 m−1. When the level of leakage is kl ≤ 5·10−5 ms−1 the system is undrained640

or in the transition zone and the numerical results comply with the analytical solution.641

For lower levels of confinement (i.e. kl > 5 · 10−5 ms−1), the system becomes drained642

and the simulation results, once again, differ compared to the analytical solution.643

In the particular case when the hydraulic conductivity of the aquifer is ka = 10−5
644

ms−1, the numerical result do not comply with the ones obtained with the analytical645

solution even under undrained conditions (Figure 6c and 6f). As the hydraulic conduc-646

tivity of the aquifer decreases, the finite time to move fluid in or out of the well increases.647

Hence, it is likely that the fluid velocity is much more influenced by high gradients gen-648

erated by the drained top boundary rather than by the gradients produce inside the open649

well under such conditions.650

In all three columns of Figure 4, as the level of confinement provided by the aquitard651

decreases, the simulated results of phase shift tend towards the same value (90◦ for the652
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simulated system). This means that, as the drainage from the aquitard increases, the653

effect of the top drained boundary over the porepressure in the aquifer increases. The654

same effect is observable on the amplitude ratio, where the final value of the amplitude655

ratio is the same in every specific storage at constant strain under study. This effect in-656

dicates that the hydraulic conductivity of the aquifer loses relevance as the drainage from657

the aquitard increases. And, therefore, if the system is draining, at low levels of confine-658

ments (kl > 5 · 10−5 ms−1), the groundwater level measured in the field can poten-659

tially result in very similar values regardless of the aquifer hydraulic conductivity.660

The effect of drained conditions on the amplitude ratio and phase shift can be bet-661

ter understood when streamlines (i.e., the Darcy velocity field) of the system are plot-662

ted. Figure 7 shows streamlines in an area close to the open well when the amplitude663

of the Earth tide strain is at maximum. This provides understanding of how flow paths664

change as the level of confinement decreases at fixed aquifer specific storage at constant665

strain (Sϵ = 10−6 m−1) and hydraulic conductivity (ka = 10−4 ms−1). At the high666

confinement (kl = 10−7 ms−1) the flow within the aquifer is horizontal and porepres-667

sure gradients are directed towards the well. This complies with the assumption of hor-668

izontal flow inherent to the analytical solution. As confinement decreases (i.e., increas-669

ing leakage of the aquitard), the velocity field shows increasing flow in the vertical di-670

rection through layers which reduces the radius of influence of the well. With the small-671

est confinement investigated (Figure 6c), vertical flow dominates in the aquifer and al-672

most no horizontal flow is observable. This shows that the pressure wave produced by673

the open top boundary has strong effects on the amplitude ratio and phase shift at low674

confinement and dampens the porepressure signal generated by Earth tides.675
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Figure 7. Streamlines show the velocity field towards the observation well during maximum

Earth tide strain for three different aquitards with varying hydraulic conductivities: (a) low, (b)

medium, (c) high. This illustrates that the flow direction changes from horizontal to vertical as

the leakage increases.

Figure 2 can be used in conjunction with the results shown in Figure 6 to assess676

the potential error due to requiring undrained conditions when the analytical solution677

is utilized. For example, assuming a typical specific storage at constant strain of Sϵ =678

10−6 m−1, leakage of kl = 10−6 ms−1 and hydraulic conductivity of the aquifer ka =679
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10−3 ms−1, the simulated amplitude ratio is 0.61 and the phase shift is 55.0 ◦ (Figure680

6a). Figures 2e and 2f show that for that amplitude ratio and phase shift, the hydraulic681

conductivity of the aquifer is between ka = 3·10−4 ms−1 ≤ ka ≤ 5·10−2 ms−1, while682

the specific storage at constant strain between 7 · 10−5 m−1 ≤ Sϵ ≤ 10−6 m−1. This683

range is comparable with traditional field methods that estimate subsurface properties,684

for example applying hydraulic tests.685

Our results show that a high specific storage at constant strain (Sϵ ≥ 10−6 m−1)686

in combination with a high confinement (kl ≤ 5 · 10−5 ms−1) and hydraulic conduc-687

tivity of the aquifer (ka ≥ 10−4 ms−1) allow application of the analytical solution. Ap-688

plication to real world system further requires a high contrast in hydraulic conductiv-689

ity between the layers (kak
−1
l ≥ 103) with specific storage values that are typical (≈10−6

690

m−1). In reality, the confined porepressure is damped by the movement of fluid and fully691

undrained conditions may be rare. Any a priori knowledge of the formation (e.g., thick-692

nesses and hydraulic properties) is key in the assessment of Earth tidal analysis, not only693

to have a good approximation when inverting equations, but also to approximate the level694

of drainage and therefore assess potential errors when the analytical solutions are uti-695

lized.696

For unconsolidated systems the soil matrix is more compressible than the grains697

(i.e., an unconsolidated subsurface) which leads to α = 1. Moreover, hydraulic conduc-698

tivity and porosity for what can be considered an aquifer varies between 10−2 ms−1 ≤699

ka ≤ 10−4 ms−1 and 0.2 ≤ n ≤ 0.3, respectively. This means that the specific stor-700

age at constant strain varies between 9.1 · 10−7 m−1 ≤ Sϵ ≤ 1.4 · 10−6 m−1 (with the701

bulk modulus of water, Kf = 2.2 · 10−9 Pa). Considering these ranges and given suf-702

ficiently high confinement between layers, application of the analytical solution to well703

fluid levels is valid. For example, this would be the case for hydraulic properties of sands704

and gravels overlain by clays or silts.705

For consolidated systems, Earth tidal analysis poses a challenge as the Biot coef-706

ficient generally is α < 1. In order to use the groundwater response to Earth tides, the707

Biot coefficient has to be known as it directly attenuates the porepressure response to708

strain (Equation 2). Although some values of the Biot coefficient have been reported for709

different rock types varying from 0.1 to 1 (Cheng, 2016), real world measurements are710

difficult to find in the literature (C. Wang & Zeng, 2011; Cosenza et al., 2002). Our work711

shows that the Biot coefficient requires estimation when the groundwater response to712

Earth tides is quantitatively evaluated for wells screened in consolidated systems. Hence,713

for real systems, this leads to the following trade-off: As deeper wells are more likely to714

contain Earth tide influences because undrained conditions exists, but they are also more715

likely consolidated, in which case an estimate of the Biot modulus is required. Overall,716

our results show that a presence of Earth tide components in wells that are screened in717

deep and unconsolidated systems are likely to have undrained conditions and are there-718

fore suitable for interpretation.719

4 Conclusions720

The amplitude and phase of the groundwater response to harmonic Earth tide com-721

ponents can be used to estimate hydraulic conductivity and specific storage values of aquifer722

systems. However, this approach is based on simplified analytical solutions to the ground-723

water flow equation, which has various assumptions that have not been tested yet. To724

assess the effect of such assumptions, we present a numerical method to simulate the ground-725

water response to Earth tides by coupling compressible flow to geomechanics. We demon-726

strated that this can be solved numerically using the Multi Object Oriented Simulation727

Environment (MOOSE) and verify this using a simplified analytical solution of the ground-728

water flow equation. We further use simulations to assess the conditions of validity for729
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simplified analytical solutions when estimating hydraulic properties from the groundwa-730

ter response to Earth tides.731

By first focusing on the aquitard layer, we assess the subsurface response type, i.e.,732

drained or undrained conditions, to the dominant harmonic Earth tide component at M2733

with frequency of 1.93227 cycles per day (cpd) for depths up to 5 km and a range of hy-734

draulic conductivities. Based on typical Earth tide strains, we define that undrained con-735

ditions exist when the incremental of fluid content is smaller than 5 · 10−11 for which736

the groundwater equation and associated analytical solution should be valid. Our results737

show that this is the case for specific storage at constant strain larger than 1·10−6 m−1
738

and depths higher than 50 m for low conductivity systems (ka < 10−7 ms−1) and depths739

up to 1 km for high conductivity systems (ka ≥ 10−3 ms−1).740

We revisited previously interpretations based on analytical solutions and showed741

that the specific storage has been often misinterpreted. Moreover, non-uniqueness could742

influence estimation of values of the three hydraulic properties such as (1) aquifer hy-743

draulic conductivity, (2) specific storage at constant strain and (3) aquitard hydraulic744

conductivity. A comparison between the analytical solution and a 2D two-layered aquitard-745

aquifer system coupled to a well shows that amplitudes and phases diverge when the hy-746

draulic conductivity contrast between aquifer and aquitard reduces. This is caused by747

decreasing confinement leading to flow paths that change from horizontal to vertical as748

the vertical leakage increases. Applicability of the analytical solution to real-world prob-749

lems requires a hydraulic conductivity contrast of at least 3 orders of magnitude.750

Overall, the confined porepressure generated by Earth tide strains can be signif-751

icantly attenuated by the movement of fluid through boundaries (i.e., drained conditions).752

Furthermore, any additional a priori knowledge about the hydraulic or geomechanical753

properties of the subsurface formation is crucial, if the groundwater response to Earth754

tides is evaluated using analytical solutions. Our numerical approach developed and doc-755

umented can be extended to investigate the influence of other variables on results from756

analytical solutions. Finally, results obtained from the groundwater response to Earth757

tides should be validated with established hydraulic and geophysical methods.758

Appendix A Response of well water levels to harmonic forcing759

Hsieh et al. (1987) assumed unidirectional radial flow to a well which changes the760

water level in a well located at a boundary of the aquifer. The head gradient in the aquifer761

is given by the volumetric strain of an Earth tide which is assumed to be known. Later762

on, Wang et al. (2018) complemented Hsieh et al. (1987) work by considering a two lay-763

ered system by adding a leaking term to the equation 12 expressed by764

Q = − kl
Hl

h, (A1)

with boundary conditions given by765

t > 0, r = r∞ : h(r, t) = h∞ (A2)

766

t > 0, r = rw : h(r, t) = hw(t) (A3)
767

t > 0, r = rw : 2πrwT (∂h/∂r) = πr2c (∂hw/∂t) (A4)

where kl is the hydraulic conductivity of the leaky layer and Hl the thickness of the leaky768

layer. Wang et al. (2018) presented a solution for changes in well water levels are given769

by770

hw =
iωSt

(iωSt + kl/Hl)γ

(
BKuϵ0

ρg

)
, (A5)
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where ω is the angular frequency, hw,e is the change in water level in the well caused by771

Earth tides, ϵ0 the amplitude of the Earth strain772

γ = 1 +

(
rc
rw

)2
iωrw
2Tβ

K0(βrw)

K1(βrw)
, (A6)

where rw is the well radius, rc is the radius of the well case, K0 and K1 are the mod-773

ified Bessel functions of the first and second kind respectively and774

β =

(
kl

THl
+

iωSt

T

)0.5

. (A7)
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