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* The main dominant physical quantity of the migrating speed of alternate bars was found to be the energy slope.
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Abstract

It has been noted that free alternate bars exhibit wave properties. However, these
wave properties, such as the migration speed and spatial distribution, have often
been unknown. In this study, we discovered the existence of a migration speed M
for free alternate bars, quantified the magnitude of M and its spatial distribution,
and further identified the dominant variable of M. Subsequently, we conducted a
flume experiment with continuously flowing water and showed the existence of M

on measurements of the bed deformation. Moreover, to quantify the spatial distri-
bution of M using the advection velocity of a hyperbolic partial differential equation
(HPDE), we assumed that the bottom surface is a continuous function and derived
an HPDE for the bed level. Then, to verify the HPDE, we showed that it adequately
describes the temporal variation in the bed level. We found that the proposed for-
mula of M can calculate the spatial distribution and the temporally varying of M
and in flume experiments. The proposed formula showed that the magnitude of M is
1072 to 10~ orders of magnitude less than the velocity of the uniform flow. We sug-
gested that the dominant physical variables of M are the energy slope, grain size,
and Shields number. Afterward, we showed that M obtained from the proposed
formula is in agreement with those obtained from an instability analysis. Further-
more, we showed that the proposed formula is applicable to actual rivers, in which
the scale and conditions differ from those in experiments.

Plain language summary

Periodic undulating shapes are spontaneously formed in the rivers whose beds
are composed of sediments. Such shapes are called riverbed waves because of their
geometry and physical properties. Sandbars, which are mesoscale among riverbed
waves, are formed on the bottom of the rivers located in alluvial plains. The physi-
cal conditions under which sandbars occur and their geometry have been elucidated,
and sandbars have been noted to exhibit wave properties. However, these wave prop-
erties, which include the migrating speed and spatial distribution, have often been
unknown. In this study, we aimed to discover the migration speed of sandbars. We
also showed that the migration speed can be quantified by the advection velocity
of the partial differential equation of the bottom surface. Furthermore, we showed
that the migrating speed in real rivers can be accurately estimated using the derived
equations. Based on the results of this study, the behaviors of sandbars in real rivers
can be predicted, scientific decisions regarding each of the methods can be made,
and countermeasures can be timed. Besides, Riverbed waves seem to be one of self
organization phenomenon, the derived advection-diffusion equation will be applied to
the elucidation of self organization phenomena.

1 Introduction

Periodic undulating shapes are spontaneously formed in the rivers and streams
whose beds are composed of sediments that can be transported by flowing water.
Such shapes are called riverbed waves because of their geometry and physical prop-
erties. Riverbed waves are classified into small-scale, mesoscale, and mega-scale, de-

pending on the spatial scales, which include the wavelength and wave height (Seminara,

2010). Small-scale riverbed waves have wavelengths on the scale of the flowing depth,
whereas mesoscale riverbed waves have wavelengths on the river width scale and
wave heights on the flowing depth scale. As for mega-scale riverbed waves, they

have a larger meaning. In this study, we mainly focused on the bars corresponding
to mesoscale riverbed waves. Such riverbed waves are often located in alluvial fans
and can be broadly classified into two categories: 1) free alternate bars, which oc-
cur spontaneously in straight channels owing to the instability of the bottom sur-



62

63

64

65

66

67

68

69

70

71

72

73

74

%

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

face; and 2) forced bars, which occur because of steady forces, such as meanders or
gryones (Seminara, 2010). When observing a unique periodic geometry of free al-
ternate bars from the sky using aerial photographs (Figure 1(a)), the shape of the
streams at low flow rates is reflected by left banks or right banks, similar to the
waveguide phenomenon, and deep-water pools are placed downstream of the points
where streams are turned around. The geometry of free alternate bars is shifted
during floods, especially when sediment transport is active, similar to water sur-
face waves (Figure 1(a),(b)). Over the years, various physical properties of free al-
ternate bars have been studied. Through long-term flume experiments, Kinoshita
(1961) investigated the change from flat beds to alternate bars and its development
processes, which can produce meandering streams. Moreover, he reported that 1)
alternate bars have a globally uniform migrating speed and wavelength and that 2)
they have short wavelengths and fast migrating speeds in the early stages of devel-
opment. 3) He also reported that the migrating speed decreases with the increase in
the wavelength. These results have been confirmed in subsequent studies (Fujita &
Muramoto, 1982; Tkeda, 1983; Fujita & Muramoto, 1985; Nagata et al., 1999). More-
over, Kinoshita proposed a formula for calculating the migrating speed of alternate
bars based on his experimental results in the above study. However, the validity of
the formula has not been demonstrated yet.

Callander (1969) extended the instability analysis proposed by Kennedy (1963)
for small-scale riverbed waves to a two-dimensional plane problem in which alter-
nate bars occur. In addition, in the same study, it was indicated that the instability
of movable bed surfaces is related to the channel width. Kennedy’s study led to a
unified study on the occurrence mechanism of small-scale and mesoscale riverbed
waves using an instability analysis with a phase lag distance (Hayashi et al., 1982;
Ozaki & Hayashi, 1983). Moreover, several studies have been conducted to predict
the occurrence conditions of alternate bars and their geometries as wavelength and
wave height during their development (Kuroki & Kishi, 1984; Colombini et al., 1987;
Colombini & Tubino, 1991; Tubino, 1991; Schielen et al., 1993; Izumi & Pornprom-
min, 2002; Bertagni et al., 2018). These studies, which employed instability analyses,
also provided formulas for calculating the migrating speeds of the bed perturbations
at the wavenumbers of the maximum amplification rates. However, these formulas
only allow the calculation of the migrating speeds of specific wavenumbers and not
the spatial distributions of migrating speeds.

Shimizu and Itakura (1989) developed a numerical simulation for reproducing
the transformation of flat beds into alternate bars and its development processes,
and they reported that a simulation can satisfactorily reproduce these processes.
Currently, one of the primary research methods is numerical analysis. In many pre-
vious studies employing numerical analyses, the reproducibility of the geometry of
bars during occurrence and development was mainly discussed. However, neither the
temporal variation of the migrating speed nor its spatial distribution was discussed.
A related study is the study of the migration direction of bed perturbations perform-
ing instability and numerical analyses by Federici and Seminara (2003).

The effects of external factors, such as the amount of sediment supply and flow
discharge, on the deformation of alternate bars have been investigated using labo-
ratory flume experiments (Lanzoni, 2000a, 2000b; Miwa et al., 2007; Crosato et al.,
2011, 2012; Venditti et al., 2012; Podolak & Wilcock, 2013). Crosato et al. (2011,
2012) reported that alternate bars eventually shift from being migrating bars to
steady bars. Then, to verify this conclusion, they further performed flume experi-
ments and a numerical analysis. Venditti et al. (2012) reported that when the sedi-
ment supply is interrupted after the occurrence and development of alternate bars,
the bed slope and Shields number decrease, and the bars accordingly disappear.
Podolak and Wilcock (2013) studied the response of alternate bars to the supply
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of sediments by increasing the sediment supply during the occurrence and develop-
ment of alternate bars. He then reported that nonmigrating bars are transformed
into migrating bars with the increase in the bed slope and Shields number due to
the increase in the sediment supply, and this conclusion was further investigated in a
subsequent study (Nelson & Morgan, 2018).

The deformation processes of alternate bars in actual rivers were investigated
in (Eekhout et al., 2013; Adami et al., 2016). Eekhout et al. (2013) measured the
geometry of alternate bars in rivers for nearly three years and reported that the mi-
grating speed decreases with the increase in the wavelength and wave height of al-
ternate bars and the decrease in the bed slope. Adami et al. (2016) studied the be-
havior of alternate bars in the Alps and Rhine River over several decades, and they
established a relationship between the flow discharge and migrating speed of bars.
In addition, they confirmed that bars move less when the flow rate is very high and
that they move frequently when the flow discharge is in the middle scale of the flow
discharge.

The above studies indicate that free alternate bars have wave properties. How-
ever, the details of these wave properties and a formula for estimating the migrating
speed of free alternate bars have not yet been established. In this study, aiming at
understanding the wave properties of alternate bars, we proved the existence of spa-
tial distribution for the migrating speeds of alternate bars and proposed a formula
for estimating migrating speeds. In §2, an outline of the laboratory flume experi-
ment and the measurement results are described. In §3, to quantify the spatial dis-
tribution of the migrating speed of alternate bars using the coefficient (advection
velocity) of the advection term in a HPDE, we assumed that the bed level is a con-
tinuous function and derived am HPDE for the bed level. We used this coefficient as
a formula for calculating the migrating speed. In §4, to verify the HPDE, we showed
that it adequately describes the temporal variation at the bed level. The spatial dis-
tribution of the migrating speed of alternate bars was also quantified using the de-
rived formula. In §5, we showed the dominant physical quantities of the migrating
speed and determined the magnitude of the migrating speed of alternate bars. In ad-
dition, we showed that the migrating speed obtained from the derived formula is in
agreement with those obtained from instability analyses. In §6, the applicability of
the proposed formula to real rivers is discussed. Finally, §7 summarizes the research
results.

2 Experiments
2.1 Experimental setup

Figure 2 shows a plane view of the laboratory experimental flume, which is
straight and has a rectangular cross section. Moreover, it has a length of 12.0 m, a
width of 0.45 m, and a depth of 0.15 m. 6 m of the total length of this flume were
filled with a 5-cm-thick layer of 0.76-mm grain sand to create a section of the mov-
ing bed. For the steady supply of water to the channel, circulation-type pumping
from a water tank at the downstream end to a water tank at the upstream end was
used, and the accuracy of the water discharge was confirmed using an electromag-
netic flowmeter.

2.2 Experimental conditions

In this study, we aimed at obtaining the spatial distribution of the migrating
speed of free alternate bars and at determining their scale and dominant physical
quantities. In the following experiment, we set up the hydraulic conditions under
which alternate bars are expected to develop and migrate. It has been theoreti-
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cally shown that the occurrence of alternate bars can be estimated using the chan-
nel width B / depth hg ratio 8 (Callander, 1969; Kuroki & Kishi, 1984). Kuroki
and Kishi (1984) showed that the types of occurring bars can be classified based on
BI§?/hg, which is the bed slope Iy added to the channel width/depth ratio. In this
study, we set two conditions that correspond to the region of occurrence of alternate
bars, as shown in Table 1.

Table 1. Experimental conditions.

Case Flow discharge [L/s] width [m] slope ho [m] BIJ?/ho B Th
1 2.0 0.45 1/160  0.014 114 16.07 0.0713
2 2.6 0.45 1/200 0.018 8.7 12.50 0.0714

These experimental conditions exceed the critical Shields number of 0.034,
which can be obtained from the equation of Iwagaki (1956). The sediment feed con-
dition at the upstream end was set to no feed. In preparation for this study, we
examined the spatial distribution of migrating speeds under different sand feeding
conditions and confirmed that the spatial distribution of migrating speeds is clearer
without sand feeding than with sand feeding. The same experiment was conducted
twice for each condition to confirm the reproducibility of the results.

2.3 Measurement method for the bed surface and water surface

In most of the previous studies using flume experiments, the temporal changes
of the bars’ geometry in the development process were not measured in a single con-
tinuous experiment, and the changes in the flowing depth associated with the de-
velopment process were not estimated. In this study, in a single continuous experi-
ment, we measured the bed and water levels in a plane while the water was flowing
using stream tomography (ST) (Moteki et al., 2022). The flowing depth could also
be obtained from the measurements using ST, and this flowing depth is given in the
formula of the migrating speed, which is discussed in §3. We measured the bed and
water levels with a spatial resolution of 2 cm? for every minute. There were no mea-
surements near the sidewalls due to ST limitations. Thus, data for a width of 0.38
m, excluding the places near sidewalls, were used in this study.

2.4 Measurement results

We described the migration phenomena of free alternate bars based on high-
resolution spatial measurements by ST, where we used a plane view of the bed level,
as shown in Figure 3, and a longitudinal section, as shown in Figure 4. The fig-
ures show the measurement results of case 2, where typical free alternate bars were
formed. The measurement results for the other conditions only differ from those
of case 2 with regard to the wavelength and wave height; there is no essential dif-
ference. For the measurement results of the other conditions, please refer to the
database (Ishihara & Yasuda, 2022).

Figure 3 shows a plane view of the deviation of the bed level. The origin of the
vertical coordinates of the measurement is the bottom of the flume, and the water
and bed level show the height from the bed of the flume. In this study, the initial
bed was formed as flat in the transverse direction as possible. However, a flatbed
could not be realized due to the limitation of the molding attachment. It can be
inferred that the transverse slope of the initial bed had some effects on the devel-
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opment of the bars. However, the above-measured temporal variation of the bars
corresponds to that of previous studies (Kinoshita, 1958; Federici & Seminara, 2003;
Crosato et al., 2011; Venditti et al., 2012; Podolak & Wilcock, 2013). We also found
that the measured results are compatible with the instability analysis discussed in §5
below. The measured wavelength and wave height of the bars at the final time of the
experiment shown in Figure 3 were approximately 0.01 m and 1.4 m, respectively.
The equilibrium wave heights and wavelengths obtained from the instability analy-
sis are 0.0097 m and 1.42 m. These results suggest that the transverse slope of the
initial bed is not a concern.

Figure 3 from (a) to (d) shows that the bottom shape did not change much
from the initial flat bed. Figure 3(e) shows that an alternating deposition and a
scour were formed in the downstream section, indicating the occurrence of bars.
Since the geometrical features of the alternate bars were first recognized in this fig-
ure, in this study, this time was defined as the occurrence time of the bars. After
that, the measured bars showed more deposition in the deposited areas and more
scours in the scoured areas, which is a typical temporal development. All the bars
were gradually migrating downstream at that time. In the series of observations
from Figure 3(g) 60 min to Figure 3(m) 120 min, the bar was migrating at a con-
stant speed.

Figure 4 shows the longitudinal distribution of the deviation in the bed level
on the green dotted line in Figure 3. Figure 4 shows (a) the initial stage of the ex-
periment, (b) the occurrence of alternate bars, (c¢) the intermediate stage of the ex-
periment, and (d) the final stage of the experiment. Figure 4 shows three results 10
min apart, and Figure 4(a) shows that the deviation of the bed level was almost flat
from 1 to 20 minutes. Figure 4(a) shows that three bed undulations were formed
at 2.5 m, 4.5 m, and 5.5 m from the upstream end after 60 min from the beginning
of the experiment. Then, the amplitudes of their bed undulations were developed,
and they migrated in the downstream direction. From Figure 4(b) 60 to 120 min,
this undulation migrated downstream with an increasing wave height. These results
indicate that the wave property of the bars could be measured. As shown in Fig-
ure 4(d), a decrease in the bed level can be observed in the upstream section. How-
ever, this is because the experimental conditions were set without a sediment supply.
Nevertheless, there was no decrease in the bed level at downstream half the channel,
even at the end of the experiment. This suggests that the effect of the no-sediment
supply condition did not spread downstream of half the channel at the end of the
experiment.

The linear wave theory indicates that a phase propagates without waveform
deformation if a wave propagates with a spatial, temporal, and constant migrating
speed. Conversely, based on the nonlinear wave theory, in which the migrating speed
has spatial distribution and temporal changes, a wave propagates with waveform de-
formation. From the viewpoint of the above wave theories, the migrating speed of
the bars after the occurrence of alternate bars in Figure 4(b) has spatial distribu-
tion and is estimated to change with time. Moreover, it has the characteristics of a
nonlinear wave.

3 2-D Model formulation

As shown in the previous section, the measurement results of this study show
the wave properties of free alternate bars during their occurrence and development.
These results are mostly consistent with those of previous studies (Kinoshita, 1958;
Federici & Seminara, 2003; Crosato et al., 2011; Venditti et al., 2012; Podolak &
Wilcock, 2013).
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The wave phenomena generally describe the wave equation by an HPDE, and
the phase speed of wave is described coefficient (advection velocity) of the advection
term in the equation. The wave equation for water surface waves was derived by as-
suming that the water surface is a continuous function. If the bed surface is assumed
to be a continuous function, the wave equation for the bed surface can be derived,
and the coefficients of the advection term in the equation can be applied to calcu-
late the migrating speed of the bars and its spatial distribution. Indeed, this type
of equation has been previously derived (Fujita et al., 1985). However, its applica-
bility has rarely been investigated. Also, in instability analyses, the migrating speed
can be quantified (Callander, 1969; Kuroki & Kishi, 1984). However, the quantify of
the speed in instability analyses, only the migrating speed for each wavenumber is
estimated, and the spatial distribution of the migrating speed cannot be quantified.
As mentioned above, a method for quantifying the migrating speed and its spatial
distribution has not yet been established.

We derived an HPDE for the bed level to quantify the migrating speed. The
equation of the bed level has a total of four different forms: steady or unsteady for
the description of time and one-dimensional or two-dimensional for the description
of space. We showed that the magnitude of unsteady in the physics of this study
is negligible, as described in Appendix A. Regarding the time description, we only
used the steady form. In the following derivations, we show the derivation of the
steady form. The geometries of the alternate bars and the flow therein have a two-
dimensional characteristic. As for the space description, we only treated the two-
dimensional form. In the following derivations, we show the derivation of the two-
dimensional form.

The equation for the bed level z was derived by coupling three equations: the
continuity equation of the sediment, the sediment function, and the equation of the
water surface profile. For the derivation of the HPDE, the Exner equation, as the
continuous equation of the sediment, only included the Meyer—Peter and Miiller
(MPM) formula as the sediment function and the two-dimensional equation of the
water surface profile, respectively. In this study, MPM was adopted because 1) the
simplified form of the MPM enables plain mathematical operations. Moreover, 2)
we confirmed that MPM can describe the physics of this study, as described in §4.
To describe the sediment flux in planar two dimensions, we used the equations for
each directional component derived by Watanabe et al. (2001), as shown in Eq. (2)
and Eq. (3) . The Shields number calculate Equation (7). To derive an HPDE for
the bed level, we newly derived the steady two-dimensional equation of the water
surface profile of Eq. (5) and Eq. (6). For details on the derivation of the steady
two-dimensional equation for the water surface profile, please refer to Appendix B.
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where z is the bed level, ¢ is the time, A is the porosity of the bed, ¢g, is the lon-
gitudinal sediment flux, = is the distance of the longitudinal direction, ¢p, is the
transverse sediment flux, y is the distance of the transverse direction, 7, is the com-
posite Shields number, 7. is the critical Shields number, s is the specific gravity of
the sediments in water, g is the acceleration due to gravity, d is the sediment size, u
is the longitudinal flow velocity, V' is the composite flow velocity, v is the transverse
flow velocity, ps is the coefficient of static friction, py is the coefficient of dynamic
friction, and h is the depth. In addition, Iy, = —dz/dx is the longitudinal bed slope,
I, is the longitudinal energy slope, Iy, = —0z/0y is the transverse bed slope, and
Iy is the transverse energy slope.

To obtain d¢p,/dx in Eq. (1), the chain rule of differentiation was applied.
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where n is the roughness coefficient.

When the chain rule of differentiation and Manning’s velocity formula of the
uniform flow Eq. (9) as below, dI./0x in Eq. (8) can be obtained.

1
V=L n (9)
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Eq. (10) in Eq. (8) and rearranging, the following equation could be obtained.
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lows.
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Equation (5) was used for 0h/0z. Eq. (5), Eq. (12), Eq. (13), Eq. (14), and Eq.
(15) in Eq. (11). Eq. (11) becomes as follows.
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0qpy /0y was arranged in the same process as Eq. (16), and the following equation
could be obtained.
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Eq. (16) and Eq. (17) in Eq. (1), the following HPDE for the bed level z could be
derived. This equation is classified as an advection—diffusion equation because it in-
cludes a diffusion term.

2 2
%‘FMQ:% +M g Dg z +Dg z _Mw(]ez+F:z) _My(ley+Fy)_Fx2_Fy2 (18)
In the above equation, M, is the advection velocity of the longitudinal component

of the bed level z, and it is assumed to be closely related to the migrating speed of

the longitudinal component of alternate bars, which is the subject of this study. M,

is the transverse migrating speed of the alternate bars. M, and M, are not the ve-
locities of the sediments and are supposed to denote the migrating bpeedb of the bed

level z. M, and M, are given as follows.

A7y — Tue) V2 \[59dP1. | / 1 0z |
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sd(1—X) Vo L2 374 Oz
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v sd(1—\) L 3 (7 ) dy | (20)
Eq. (19) and Eq. (20) indicate that the dominant physical quantities of the migrat-
ing speed are I, 7, and d. The diffusion coefficient D, F,, F,, Fyo, and Fy are
given as follows.
8 (1s — T*C)3/2 sgd3
= 21
b 1-A 12 (21)



336

3 u? Ol.y 3 w2 ol 2 wv Oley 3 wv Il uv Olgy 6£8V

(22)

" 5gl, xr 109l z 5gl, dy 10gl, dy * glen Oy V ox
337
_3 2 01y B 3 v? OI, B 2 w 01y B 3w ol, L uv Olgy 6&67‘/ (23)
Y 5gl, 0y 10gl. 9y 59l Oz  10gl. 0x = gl., Ox V Oy
338
8 (1 — 7*0)3/2 \sgdd (1 0u  u OV
Fpo = _— (24)
1—A Vox V2ox
339
po 8 esgd (100 v OV (25)
2= 1—\ Voy V2oy
340 4 Application of the proposed model to experiments
31 Measurement methods for the spatial distribution of the migrating speed of al-
342 ternate bars have not yet been established. One of the methods for quantifying the
33 spatial distribution is the use of a mathematical model. In the previous section, we
344 derived an HPDE for the bed level to quantity the migrating speed. If the HPDE
345 can adequately describe the temporal variation of the bed level, the migrating speed
346 calculated by the coefficient (advection velocity) of the advection term of the HPDE
347 can be assumed to be reasonable. We show that this HPDE can adequately describe
348 the temporal variation in the bed level and then demonstrated that the coefficients
349 can be used in a formula for calculating the spatial distribution of the migrating
350 speed.
351 4.1 Model validation
352 4.1.1 Validation methods
353 We demonstrated the validity of the temporal variation in the bed level in the

354 HPDE of Eq. (18) by the numerical integration of the HPDE. The time integral of
355 the HPDE can be described by Eq. (26).

0z 0z 0%z 0%z
Aanl = {—Mwax — Myaiy + D@ —|— D87y2 — Mw(lew + F$) - My(Iey + Fy) — FLEQ - FyQ} At (26)

356 Eq. (26) yields the change amount in the bed level for At based on the flowing
357 depth, bed level, flow velocities, and energy slope. We performed this numerical in-
358 tegration using the finite difference method. This integration was performed for each
350 point to obtain the change amount in the bed level, and the results showed the spa-
360 tial distribution of the change amounts in the bed level. Also, this integration was

361 repeated to obtain a temporal waveform of the variation amount in the bed level at
362 a particular point. This integral was driven through measurements, and it is differ-
363 ent from the typical integral driven by the model.

364 4.1.2 Hydraulics required for validation

365 As mentioned above, the numerical integration of Eq. (26) must give three

366 quantities: the flowing depth, bed level, the flowing velocity, and the energy slope

367 at the same time. The flowing depth can be obtained from the bed level and the wa-
368 ter level measured by ST in §2. However, it is difficult to measure the flowing veloc-

369 ity and energy slope that are paired with the flowing depth. Even ST only measures
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the water and bed surface. To determine the flowing velocity paired with the flowing
depth measured by ST, we performed numerical analyses.

We employed Nays2D, which is a solver for two-dimensional plane hydraulic
analyses and is included in iRIC (Shimizu et al., 2019). The calculation was con-
ducted with a bed level measured by ST as a fixed bed. The spatial directional grid
was set as a 2-cm square grid with the same spatial resolution of ST. The boundary
condition at the upstream was given the discharge, and the boundary condition at
the downstream was given the measured flowing depth in §2. Manning’s roughness
coeflicients were constant values over the entire analysis domain at each measure-
ment time of the ST. The coefficients at each measurement time were determined by
iterative calculations with the coefficients as variables. When the difference between
the calculated and measured flowing depths was minimized, a coefficient was deter-
mined to be the coefficient at that time.

The measured flowing depths are shown in Figure 5. The difference between
the measured and calculated flowing depth Ah, is shown in Figure 6, and it is nondi-
mensionalized by measurement. The calculated flowing velocities are shown in Fig-
ure7. Of these, Ah, indicates the computational accuracy of the numerical analysis.
Considering Ah, in Figure 6, Ah, is generally within 10% for the entire channel at
all times regardless of the development of any alternate bars. In the area where the
flowing depth was very shallow, Ah, was greater than 20%. Currently, there are no
methods for obtaining the spatial distribution of the flowing velocity paired with the
spatial distribution of the flowing depth. For this reason, we decided to use the cal-
culated velocity, as shown below.

4.1.8 Validation results

We showed the validation results of the spatial distribution of the change amount
in the bed level and the temporal waveform at a particular point, respectively. We
calculated the change amount in the bed level as follows.

Az, = ‘Azobs — AZzcal

/d x 100

where Az is the difference in the bed level at neighboring measurement times in
§2, Azcq is the difference in the bed level at neighboring calculation times based on
HPDE, and Az, is the difference between Azqns and Azcar.

Figure 8 shows plane view of the bed level, and Az,. Figure 8 shows the re-
sults for 1 min from the beginning of the experiment, where Az, was generally less
than 100%, and Az, was less than the particle size d. Az, from Figure 8(b) 10 min
to (f) 50 min from the beginning of the experiment, areas exceeding 500% occurred
periodically in the longitudinal direction, and their total area accounted for approx-
imately 40%. The bed surface at this time exhibited small irregularities as high as
Az,. 60 min from the beginning of the experiment, Figure 8(g) shows that the small
irregularities of the bed surface disappeared and that distinct bars were formed in-
stead. Moreover, Az, became less than 100%. The above results show that the pro-
posed HPDE is at least sufficiently applicable to the stage of distinct bars.

The HPDE was derived based on the assumption that the bed level is a contin-
uous function. Whether a continuous function of the bed level can be obtained from
the HPDE can be confirmed by obtaining the temporal waveform at a particular
point. The temporal variation in the bed level was obtained by repeating the above
numerical integration during each measurement time by ST. The measurements by
ST were taken at 1-minute intervals, and the time interval At for the numerical inte-
gration of Eq. (26) was also set to 1 minute.
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6.0 m from the upstream end, Figure 9 shows the temporal variation in the
bed level of (a) the left bank side, (b) central part, and (c) right bank side. The red
line shows the bed level of the measured value, and the blue line shows the bed level
calculated from the integrated HPDE. As shown in Figure 9 (a), (b), and (c), the
calculated values after 60 minutes from the beginning of the experiment could well
reproduce the measured values. Their integration interval was set to 1 minute, which
is much more than the time interval in ordinary numerical analyses. Although the
temporal waveform contains high-frequency components, the calculated continuously
values could well reproduce the measured values. Thus, the proposed HPDE in this
study can adequately describe the temporal variation in bed levels.

4.2 Quantification of the migrating speed of alternate bars

In this subsection, we quantified the spatial distribution of the migrating speed
of alternate bars during their occurrence and development by employing the pro-
posed formula of the migrating speed. We provided a function for calculating the
formula in Fortran. Please refer to the details of this function at Ishihara and Ya-
suda (2022).

4.2.1 Spatial distribution of the migrating speed of alternate bars

We used the proposed formula, Eq. (19) and Eq. (20), to obtain the results of
the spatial distribution of the migrating speed of alternate bars. The calculated re-
sults are shown at the bottom of the three figures in Figure 8. The figure shows the
dimensionless migrating speed, where the migrating speed is divided by the velocity
of the uniform flow at initial. M is the migrating speed obtained from the proposed
formula, and wug is the velocity of the uniform flow. The hatched area in the figure
shows that the Shields number is less than the critical Shields number, and the mi-
grating speed in the area is given in a forcing 0.

An almost flat bed 1 min from beginning of the experiments in Figure 8 (a),
M /uo has almost no spatial distribution. The bed surface uniformly migrated at a
speed of approximately 0.0015 at this time. After the bed was slightly changed from
10 min to 40 min, as shown in Figure 8 (b) to (e), M/ug began to show spatial dis-
tribution. Subsequently, the spatial distribution of M /uy was significantly changed
from 60 min to 110 min, as shown in Figure 8 (g) to (1). The spatial distribution
of M/ug increased at the deposited area and the front edge of the bars, and it de-
creased in the other areas.

Figure 10 shows a histogram of the magnitude of the spatial distribution of
M /ug at each time. The red and blue vertical lines in the figure show the mean and
the mean + the standard deviation of M /ug at each time, and each value is shown
at the top of the figure. The shape of the histogram 1 min from the beginning of the
experiment was concentrated around an average value of 0.00143, as shown in Figure
10(a). At this time, the standard deviation was 0.00015, and the spatial distribu-
tion of M /ug was little. When alternate bars occurred from 10 min to 60 min, the
shape of the histogram became flat, the mean value of M /ug was 0.00126, and the
standard deviation was 0.00023, as shown in Figure 10(b) to (g). From 1 min to 60
min, the mean value decreased by approximately 12 %, and the standard deviation
increased to nearly 1.5 times. This change shows that the spatial distribution of the
migrating speed greatly expanded from the flat bed to the occurrence of alternate
bars. As shown in Figure 10(g) to (I), from 60 min to 110 min, the shape of the his-
togram changed from a sharp shape to a flat shape, and the standard deviation in-
creased. Moreover, there was a significant decrease in the mean value of M /ug. The
mean value of M/ug of (1) is 0.78 times that of 1 min, as shown in Figure 10(a), and
the standard deviation of 110 min is 2.4 times that of 1 min.
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Overall, we found that the migrating speed of alternate bars has spatial distri-
bution, which expands from the occurrence stage to the development stage of alter-
nate bars.

4.2.2 Magnitude of the migrating speed of alternate bars

We discussed the magnitude of the migrating speed of alternate bars and showed
that the migrating speed has spatial distribution, which gradually expands, as shown
in Figure 10. Their migrating speeds were divided by the velocity of the uniform
flow on the flat bad at the initial time of the experiment. The velocity of the uni-
form flow was 0.28 m/s. The magnitude of the migrating speed was in the order of
10~* to 1072 of the velocity of the uniform flow at any location, regardless of the de-
velopmental state of the bars. We inferred that the deformation velocity of the bed
surface is sufficiently smaller than the flowing velocity.

5 Discussion

We discussed the dominant physical quantity of the migrating speed and its
approximate description in 5.1. Moreover, we discussed the decreasing factor of the
migrating speed of alternate bars in 5.2. We also showed that the migrating speeds
obtained using the proposed formula agree with those obtained from the instability
analysis in 5.3.

5.1 Main dominant physical quantity and an approximate descrip-
tion of the migrating speed

The migrating speed of free bars could be quantified by both measurements
and the proposed formula in this study. Moreover, the validity of the calculated mi-
grating speed was confirmed. In this section, the dominant physical quantity of the
migrating speed is discussed based on the mathematical structure of the formula.

Figure 11 (a) shows relationships between the energy slope, the Shields num-
ber, and the dimensionless migrating speed at the final time of the flume experi-
ment. This figure indicates that the dimensionless migrating speed is proportional
to the Shields number and energy slope. Because the dimensionless migrating speed
is a product of the Shields number and energy slope, it is difficult to say which is
dominant. At least, in this experiment, the energy slope is closer to the order of the
dimensionless migrating speed, indicating that the energy slope is the more domi-
nant physical quantity.

Thus, it can be inferred that the energy slope can describe the approximate
migrating speed. Whether this approximate description is possible was examined
based on the relationship between M /ug and 0.4x I, as shown in Figure 11 (b). The
correlation coefficients between the two at each time are shown in the figure. The
value of 0.4 multiplied by the formula is a coefficient determined from the particle
size, which is one of the variables in the denominator of formulas (19) and (20).

The relationship between M /ug and 0.4 x I, shows that the relationship is
almost linear at all times, and the correlation coefficients are above 0.9 on average,
indicating that the two have a strong positive correlation. These results suggest that
the energy slope can approximately describe the migrating speed of alternate bars.

5.2 Decreasing factor for the migrating speed of alternate bars

In this subsection, the decreasing factor for the migrating speed of alternate
bars is discussed. Figure 12 shows the average longitudinal distributions of the (a)
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migrating speed, (b) energy line, hydraulic headline, and bed line over time. We
conducted the laboratory flume experiment without sediment feed in §2. As shown
in Figure 12(b), the slope of the bed level and each hydraulic head in the upstream
section gradually became more gradual with the progress of time. The water level
and energy head in the upstream section also decreased from the initial stage, and
the water surface slope and energy slope, including the slope of the bed level, be-
came more gradual. The flowing depth did not change much from the initial value
in the whole section. It can also be seen that Figure 12 (a) the migrating speed in
the same section decreased from the initial value. In contrast, at 5.5 m from the
upstream end, the flowing depth hardly changed from the initial value, the energy
slope increased, and the migrating speed increased.

We suggest that the dominant physical quantities of the migrating speed are
the energy slope, grain size, and Shields number, as mentioned in the previous sec-
tion. We estimated the decreasing factors of the migrating speed of alternate bars in
this experiment based on these dominant physical quantities as follows. The grain
size would not change the migrating speed because a single grain size was used in
the experiment. The flowing depth would not change the migrating speed because
the measured flowing depth was constant. In contrast, the energy slope significantly
decreased. This decrease in the energy slope was due to the decrease in the bed
level, which was because there was no-sediment supply at the upstream end. These
results indicate that the reason for the decrease in the migrating speed of the alter-
nate bars in this experiment is the decrease in the energy slope due to the decrease
in the bed slope.

Eekhout et al. (2013) observed the occurrence and development processes of
alternate bars in an actual river. He reported that the migrating speed of bars de-
creased when the bed slope decreased. Their results imply that the decrease in the
migrating speed is not based on the flowing depth and grain size, as their observa-
tion was conducted in the same section and with the same flood magnitude. We as-
sumed that the reason for the decrease in the migrating speed was the decrease in
energy slope associated with the decrease in the bed slope, as in our experiment.

5.3 Comparison between the migrating speed of our method and
that of instability analyses

The conditions for the occurrence of free alternate bars were determined by in-
stability analyses for bed perturbations given as initial conditions (Callander, 1969;
Kuroki & Kishi, 1984). In these analyses, the migrating speed of the bed pertur-
bations was calculated using the formulas below. These formulas were proposed by
Bertagni et al. (2018). Eq. (28) was obtained from a linear analysis, and Eq. (29)
was obtained from a weakly nonlinear analysis as shown below.

Im[Q)

M) = B

Im[0] — Tm[E] S
M,wnNL)=— A

where M, (1, is the nondimensional migrating speed from the linear instability anal-
ysis, M,(w.~.1.) is the nondimensional migrating speed from the weakly nonlinear
instability analysis, € is the amplification factor, &k is the wavenumber, and Z is the
Landau Coefficient. For details on how to calculate the amplification factor 2 and
Landau Coefficient Z, please refer to the original publication (Bertagni et al., 2018).

Their form of the formula and the derivation process of the formula are quite
different from the proposed formula in this study. However, both formulas have simi-
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lar physical properties and can be used to calculate similar migrating speeds. In this
section, we compared the migrating speed obtained from the proposed formula in
this study with the migrating speed obtained from instability analyses.

Figure 13 shows the relationship between the migrating speed obtained from
the proposed formula in this study and the migrating speed obtained from instabil-
ity analyses. The migrating speed obtained from instability analyses was also ob-
tained from the formulas proposed by Bertagni et al. (2018). The vertical axis of
the figure is the migrating speed of the proposed formula, which is shown as a box-
and-whisker diagram for three time periods: 1 min at the initial bed, 50 min at the
time of bar occurrence, and 120 min at the final time under each hydraulic condi-
tion shown in Table 1. The horizontal axis of the figure is the migrating speed of the
instability analyses, and it shows the obtained results of the linear and weakly non-
linear analyses when the same hydraulic conditions in Table 1 were used.

(a) to (c) in Figure 13 show the migrating speed of the alternate bars from
the occurrence stage to the development stage. The horizontal axis of (a) to (c) in
Figure 13 shows that the migrating speed of the instability analysis and that the
migrating speed of the weakly nonlinear instability analysis is slower than that of
the linear instability analysis. The linear migrating speed is that of the dominant
wavenumber at the time of occurrence of the alternate bars, and the weakly nonlin-
ear migrating speed is that of the same dominant wavenumber when the wave height
increased. The vertical axis of (a) to (c¢) in Figure 13 also shows that the migrat-
ing speed of the authors decreased on average from the occurrence stage to the de-
velopment stage of the alternate bars. We found that similar trends with regard to
the migrating speed from the occurrence stage to the development stage of alternate
bars can be obtained from both our formulas and the instability analyses.

6 Applicability of the formula to rivers

In §4, we confirmed that the formula for calculating the migrating speed, which
was derived in §3, has sufficient applicability to the flume experiment conducted
in §2. Moreover, we determined the dominant quantity of the migrating speed, as
shown in §5. In §6, We also show the applicability of the formula to an actual river,
in which the scale, bed material, and hydraulic conditions were completely different
from those in the flume experiment in §2.

6.1 Flood summary for a target river

We performed the following calculations for Chikuma River. Chikuma River
is part of Shinano River, which is the longest river in Japan, with a channel length
of about 300 km. Chikuma River is located in the upper basin of Shinano River
and flows through Nagano Prefecture, as shown in Figure 14(a). Owing to the flood
caused by Typhoon No. 19 in October 2019, the water level was close to the bank
top for approximately 10 hours (Figure 15(b)). Figure 15(a) shows the discharge ob-
served at the Ikuta observed station in Figure 14(b), where the maximum discharge
during the flood reached over 7,200 m?/s. This is the largest discharge ever recorded
and the 8th highest water level ever recorded in the history of observation.

Figure 1(a), (b) shows aerial photographs of the river channel before and after
the flood in Ueda City (shown in Figure 14(b)). Figure 1 shows that alternate bars
widely migrated downstream after the flood. The sky blue line and the blue line in
Figure 1 (b) show the stream at low flow rates before and after the flood, respec-
tively. Since the planar arrangement of the stream depends on the planar arrange-
ment of the bars, the migrating distance of the stream during flooding was probably
the migrating distance of the bars before and after flooding. The bars seem to have
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migrated 450— 800 m in the downstream direction during this flood, and this migra-
tion would be due to the flood of October 2019.

6.2 Hydraulic analysis for evaluating the migrating speed

To obtain the migrating speed using the proposed formula, we performed one-
dimensional unsteady flow calculations for a general crosssection. The governing
equations used in this calculation are shown below. The reason for the one-dimensional
analysis is that it is difficult to obtain detailed information for hydraulic calculations
in actual rivers.

0A 0Q

il Wi 2 30

o o =0 (30)
0 9 (Q 0 m2QIQ|
8t+8x(A)+gA8x(z+h)+R4/3A?_0 (31)

where A is the flow area, @ is the flow discharge, t is the time, x is the distance, z is
the bed level, h is the flowing depth, n is Manning’s roughness coefficient, and R is
the hydraulic mean depth.

We performed the calculation from the 84-km point at the Kuiseke observation
station to the 109.5-km point at the Ikuta observation station, as shown in Figure
14(b). The calculations used survey data of cross sections taken at 500-m intervals,
measured in 2017 before the flood. We confirmed that from 2017 to 2019, there were
no floods that would significantly change the channel geometry. The river bed mate-
rial was given by varying it as a linear function in the computational section because
it was 20 mm at the downstream end and 70 mm at the upstream end of the com-
putational section. The roughness coeflicient was given by the Manning—Strickler
equation. The upstream boundary condition is the flow discharge at the Tkuta obser-
vation station, as shown in Figure 15(a), and the downstream boundary condition is
the water level at the Kuiseke observation station, as shown in Figure 15(b).

Eq. (32) is a one-dimensionalized expression, and it was obtained by finding
the composite component of equations (19) and (20). The migrating speeds at each
section were obtained by substituting the hydraulic quantities obtained above in Eq.
(32).

sd(1—X) L2 37, oz

6.3 Comparison of the theoretical and field migrating speeds

Figure 16 shows the longitudinal distribution of the calculated and measured
migrating speeds, and Figure 16 only shows the section of the calculation in Figure
1. The green line in the figure shows the calculation results at each flow discharge
marked in Figure 15, from 1,000 m?/s, when sediments began moving throughout
the section, to 7,200 m?3/s, the peak flow discharge. The gray symbols in the figure
show the measured migrating speed, implying an average migrating speed during the
flood period. The average migrating speeds were calculated from the relationship
between the migrating time and migrating distance of the stream at the low flow
rate, assuming that an active sediment transport continued for approximately 29
hours based on the hydrograph of Figure 15.

The calculation results of the migrating speed at each flow discharge show that
the migrating speed had spatial distribution at each flow discharge and that it in-

—16—



647

648

649

650

653

654

655

656

657

658

659

660

662

663

664

665

666

667

670

671

672

673

674

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

creased with the increase in the flow discharge. The spatial distributions of the cal-
culated migrating speeds were generally similar, with the exception of the 104-km
point, although the magnitude of the calculated values was about half that of the
measured values. These results suggest that the migrating speed depends on the
spatial distribution of hydraulic quantities.

7 Conclusion

In this study, we discovered the existence of a migrating speed for free alter-
nate bars, quantified the magnitude of the migrating speed and its spatial distri-
bution, and further identified the dominant quantity for the migrating speed. The
main results obtained from this study are as follows.

1) We conducted a flume experiment with continuously flowing water and showed
the existence of migrating speeds based on measurements of bed level defor-
mations.

2) To quantify the spatial distribution of the migrating speed of alternate bars
using the coefficient (advection velocity) of the advection term in an HPDE,
we assumed that the bottom surface is a continuous function and derived an
HPDE for bed levels.

3) To verify the derived HPDE, we showed that it adequately describes the tem-
poral variation in the bed level.

4) We found that the proposed formula of the migrating speed of alternate bars
can calculate the spatial distributions of migrating speeds in flume experi-
ments. We also showed that its spatial distribution is temporally varying.

5) We showed that the magnitude of the migrating speed of alternate bars is ap-
proximately 102 to 10~ orders of magnitude less than the velocity of the
uniform flow at flat beds before the occurrence of alternate bars.

6) We suggested that the dominant physical quantities of the migrating speed
are the energy slope, grain size, and Shields number. We also showed that the
reason for the decrease in the migrating speed of alternate bars is the decrease
in the energy slope due to the decrease in the bed slope.

7) We showed that the migrating speed obtained from the derived formula is in
agreement with that obtained from instability analyses.

8) We showed that the proposed formula is applicable to actual rivers, in which
the scale and hydraulic conditions differ from those in flume experiments.
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Appendix A Validity of the Pseudo-steady Flow Assumption Ap-
plied to Bars-Scale Riverbed Waves

We describe the validity of the pseudo-steady flow assumption applied to the
bar-scale riverbed waves. In this study, we introduced the assumption of a pseudo-
steady flow when deriving the HPDE for bed level z. This assumption is often intro-
duced in instability analyses of bar-scale riverbed waves (Callander, 1969; Kuroki &
Kishi, 1984). In the above instability analysis, we assumed that the migrating speed
of the bed is sufficiently slower than the migrating speed of the flow, and the flow
can be treated as a pseudo-steady flow if the flow rate is constant. Based on this
assumption, for instability analysis, we ignore the term of the time gradient in the
continuity equation of flow and the equation of motion of flow among the governing
equations that are used in the analysis. The above assumptions would be reasonable
because the previous instability analysis explains the occurrence and developmen-
tal mechanisms of alternate bars. On the other hand, this assumption is probably
unproven. Therefore, we verified whether the term of the flow time gradient can be
ignored with ST measurement values and hydraulic analysis.

The verification was performed by comparing the magnitude of each term in
the equation of motion for flow.

got goxr ox
where H is the water level. The magnitude of each term in the equation was calcu-
lated for each measurement time of ST, and the magnitudes were compared.

OH/0x was obtained with the measured value of the water level of the ST.
Other terms were obtained with the results of the hydraulic analysis, which is de-
scribed in §4. The time interval and spatial interval of the calculation were 1 min
and 2 cm, respectively, which are the time resolutions and spatial resolutions of ST.
The flow velocity and migrating speed of the y component under the experimental
conditions were 10~* to 10! of the 2 components at any location regardless of the
developmental state of the alternate bars. For simplicity, the y component is ignored
in this section.

Figure A1 shows the time change of the box-beard diagram that displays the
magnitude of each term. This Figure shows the (a) local term, (b) advection term,
(c) pressure term, and (d) friction term, which correspond to the order of each term
in Eq. (Al). The figure shows that although the (b) advection term, (c) pressure
term, and (d) friction term dominate the flow at any time, it can be confirmed that
(a) the local term can be ignored because it is smaller than the three terms. Even
if the advection term with the smallest magnitude in (b), (c), and (d) is compared
with the local term, the magnitude of the local term is 10~% to 1072 of the (b) ad-
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vection term, the local term is extremely small. From this, it is inferred that it is
physically appropriate to ignore the time gradient of flow in the alternate bars.

Appendix B Derivation of the Two-Dimensional Equation of the

Water Surface Profile

We show the derivation processes of the two-dimensional equation of the water
surface profile to derive the HPDE for the bed level. The governing equations used
for the derivation consist of the following continuous equations and the equations of
motion. When deriving the equation, the flow can be treated as a pseudo-steady-
state flow based on the verification results in Appendix A. Therefore, the following

continuous equations and equations of motion were used for the derivation.

As explanation of the various physical quantities has already been provided, it is

omitted here.

The derivation of 9h/0x is described as follows. First, applying the product

Olhu] ﬁ[hv]io

Ox oy
wlu w0 0z Oh  _g
gox gody Ox Ox o
3@4,8@ %+%+I =0
gz gdy oy oy Y

rule to Eq. (B1) results in the following equation.

oh v oh

For the first and third terms on the left side of Eq. (B4),

ou _ ouon
0r  Ohox
ov _ o0 ok
Oy  Oh oy

After differentiating the composite function (Eq. (B7) and Eq. (B8)) using Man-
ning’s formula (Eq. (B5), Eq. (B6)), substituting it into Eq. (B4), and rearranging

ou
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ou 0l
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Oh/0x, the following equation is obtained.
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After substituting Eq. (B7) and the following Eq. (B10) into the first and sec-
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Eq. (B9), which was organized earlier into Eq. (B11), we get
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After substituting Eq. (B12) into Eq. (B9) and rearranging it, the following 0h/0x
is derived.
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By rearranging 0h/Jy using the same process as before, the following equation for
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