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 14 

Abstract 15 

We present evidence of damping of equatorial noise due to finite-Larmor-radius (FLR) 16 

effect in the inner Van Allen belt. Detailed observations of the FLR phenomenon in the 17 

inner belt region have not been reported until now. Waves primarily damped by the FLR 18 

mechanism can influence the energy dependent proton density structure. We analyze a 19 

typical case recorded by the Van Allen probe that involves FLR damping of equatorial 20 

noise, which was propagating radially towards the Earth, at L-shell ~1.7. As a result of 21 

this damping, protons in the energy range of ~18 – 24 MeV at L-shell 1.7 <L< 2 get 22 

energized. This kind of wave-particle interaction should be included in the future models 23 

of the inner Van Allen belt. The unknown proton loss mechanism reported in Selesnick 24 

and Albert (2019) could be an indirect effect of this energy dependent reorganization of 25 

protons in the inner belt. 26 

1 Introduction 27 

The inner Van Allen Belt typically extends from an altitude of 1000 km to 12000 km 28 

(1<L<3) above the Earth. This belt primarily consists of highly energetic protons with energies 29 

ranging from tens of MeV to hundreds of MeV and electrons with energies of hundreds of keV. 30 

These charged particles are trapped by the Earth’s relatively strong magnetic fields at low 31 

altitude. Protons with energies above 50 MeV in the lower belt are the result of the beta- 32 

decay of neutrons created by cosmic ray collisions with nuclei of the upper atmosphere (Dragt et 33 

al., 1966; Selesnick et al., 2007; Singer, 1958). Inward diffusion of solar protons during medium 34 

to strong geomagnetic storms is the source of the lower energy protons (Hudson et al., 1995; 35 

Looper et al., 2005; Lorentzen et al., 2002). The first realistic proton flux maps of near-Earth 36 

space using the Proton Telescope (PROTEL) detector on Combined Release and Radiation 37 

Effects Satellite (CRRES) was reported by Gussenhoven et al. (1993). The major finding in the 38 

CRRES maps was that there appeared to be two quite distinct regions in the inner magnetosphere 39 

which are populated by high energy protons – a stable inner region at L-values below 1.8, and a 40 
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solar activity-dependent, variable outer region. Selesnick et al. (2018) developed an empirical 41 

model of the proton radiation belt from data taken during 2013–2017 by Van Allen Probes 42 

satellites. From long-term measurements and simulations Li et al. (2020) have shown that there 43 

are no obvious solar cycle variations at L > 1.2 for protons (>36 MeV) mirroring near the 44 

magnetic equator.  45 

The instrument suite on the Van Allen probe mission has revealed the proton flux density 46 

structure in the equatorial region in detail. Measurements of inner radiation belt protons have 47 

been made by the Relativistic Electron-Proton Telescopes (REPT) as a function of kinetic energy 48 

(21–102 MeV), during September 2012 to September 2019. A sparsely populated region at L 49 

~1.8 for protons with energy ~21 MeV can be seen in the top panel of Figure 1. The strength of 50 

the flux density variation reduces with an increase in proton energy (Figure 1 bottom panel). It is 51 

surprising to see that the inner belt, which is not easily affected by solar activity, has a semi-52 

permanent nonuniform flux density structure. Based on observations during October 2013 to 53 

March 2014, Selesnick et al. (2014) suggested that low solar activity prior to 2012 could 54 

contribute to non-uniform flux density. They pointed out that the low-energy main peak in the 55 

proton distribution was formed by inward diffusion of injected solar protons over many years. 56 

The secondary peak is caused by more recent solar proton injections that have not yet diffused 57 

inward to reach the main peak. This double peak structure is most prominent for protons with 58 

energies around 21 MeV during 2012 to 2014. Scarcity of protons with energies around 21 MeV 59 

at L~1.8 could involve additional underlying causes. However, as the solar activity increased, the 60 

strong diffusion of solar protons masked the effect of the weak proton removal phenomenon. An 61 

updated model simulation by Selesnick et al. (2019) shows that most changes can generally be 62 

understood as resulting from effects of radial diffusion combined with steady loss. They have 63 

considered the effects of loss due to various mechanism like increased neutral density, elastic 64 

Coulomb scattering, plasma wave pitch angle scattering, field-line curvature scattering, and 65 

collision with orbital debris. However, these mechanisms could not fully explain the observed 66 

losses in the inner belt structure. They expect another, unknown loss mechanism, which is 67 

responsible for the energy-dependent proton decay.  68 
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 69 

Figure 1. Seven years of (~21.25 MeV) proton flux variation with L-shell and time (top panel). 70 

Comparative proton flux variations with energies ~21.25 MeV (red), ~27.6 MeV(green) and 71 

~35.9 MeV(blue) (bottom panel) for one year (2013-2014). 72 

 73 

In this article, we examine how wave-particle interactions in the inner belt region could 74 

play a part in the observed anomaly of ~21 MeV protons at L~1.8. Particle interactions with 75 

different plasma waves can accelerate charged particles and/or drive pitch angle scattering. 76 

However, many of the waves which can be observed in the inner belt region (e.g., EMIC, 77 

plasmaspheric hiss, etc.) primarily interact with radiation belt electrons and/or lower energy ring 78 

current ions, and are unable to affect protons with high (~MeV) energies. In this study, we 79 

concentrate on the wave particle interaction of perpendicular propagating equatorial noise, which 80 

is abundant in the low latitude region of the inner belt. 81 

 82 
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Equatorial noise is electromagnetic waves observed in the equatorial region of the inner 83 

magnetosphere at frequencies between the proton-cyclotron frequency and the lower hybrid 84 

frequency. As early as 1970, Russell et al. (1970) noticed the electromagnetic noise near the 85 

magnetic equator. Since then, they are rather routinely observed at radial distances between 86 

about 2 to 5 Earth radii (𝑅𝐸) and within about 5° from the geomagnetic equator (Santolík et al., 87 

2004; Nemec et al., 2005; Ma et al., 2013; Hrbácková et al., 2015). These waves propagate 88 

perpendicular to Earth’s magnetic field. Gurnett (1976) first suggested that these waves could 89 

interact with energetic protons, alpha-particles, and other energetic ions near the magnetic 90 

equator. Basic propagation properties of these waves were theoretically analyzed by Russell et 91 

al. (1970). These waves can be classified as fast magnetosonic waves propagating in the 92 

perpendicular direction to Earth’s magnetic field. Propagation properties were verified by 93 

Santolík et al. (2002) using Cluster data. They show that these waves are likely to have been 94 

generated by instability of ion distributions at a distant region and propagate with a significant 95 

radial component. Horne et al. (2011) suggested that the fast magnetosonic mode can cause large 96 

diffusion of ring current protons in energy and to a lesser extent in pitch angle. A global 97 

distribution and empirical models of fast magnetosonic waves is presented in Ma et al. (2019). 98 

In this article, we examine the role of equatorial noise in selectively removing protons with 99 

energy around 21 MeV from L-shells around 1.8.  100 

2 Instrumentation 101 

The Van Allen Probes (A and B) were two identical spacecraft with highly elliptical orbits close 102 

to the equatorial plane. Orbital period of these spacecraft was approximately nine hours during 103 

which they traversed through both inner and outer Van Allen radiation belts. For this study, we 104 

used magnetic and electric field data as well as information about proton flux densities recorded 105 

by probe-A.  106 

The Electric and Magnetic Field Instrument Suite and Integrated Science (EMFISIS) (Kletzing et 107 

al., 2013) fluxgate magnetometer (MAG) recorded continuous time domain data with a sampling 108 

frequency of 64 Hz. As we are interested in waves in the frequency range of 20 to 30 Hz and 109 

their harmonics, this time domain data does not satisfy our requirement. Here we use the onboard 110 

waveform frequency receiver (WFR) of EMFISIS instrument for spectral data. In the survey 111 



Confidential manuscript submitted to JGR-Space Physics 

 

mode, every six seconds, the WFR captures waveforms of electric and magnetic fields for a 112 

duration of ~0.5 second. Combinations of three electric and three magnetic field components are 113 

used to compute a 6x6 power spectral matrix. These matrices are available at 65 quasi-114 

logarithmically spaced frequencies ranging from 2 Hz to 11 kHz, at a cadence of six seconds.  115 

To obtain background cold plasma densities, the upper hybrid method (UHR) is widely used. In 116 

general, total electron density in a plasma can be derived from the EMFISIS UHR frequency 117 

𝑤𝑢ℎ
2 =  𝑤𝑐𝑒

2 +  𝑤𝑝𝑒
2  measurements, which depend on the electron cyclotron frequency 𝑤𝑐𝑒 =118 

 
𝑒𝐵

𝑚
 and the plasma frequency 𝑤𝑝𝑒 =  √𝑛𝑒𝑒2 (𝜀0𝑚)⁄  , where 𝑒 and 𝑚 are the charge and the mass 119 

of electron, 𝑛𝑒 is the cold plasma density, 𝐵  is the background magnetic field and 𝜀0 is the free 120 

space permittivity. However, for low L (~1.7) region, 𝑤𝑐𝑒 is of the order of ~170 kHz and falls 121 

beyond the instrument’s range. Total plasma density can also be estimated from the spacecraft 122 

potential for the positive spacecraft charging. This technique is used by the Electric Field and 123 

Waves Instrument (EFW) (Wygant et al., 2013) to determine the cold plasma density. In this 124 

study, we use data from EFW as well as estimation from plasmaspheric hiss for background cold 125 

plasma densities. The plasma density may be estimated from plasmaspheric hiss through 𝐵2 =126 

1

𝑐2 (1 −
𝜔𝑝𝑒

2

𝜔(𝜔−𝜔𝑐𝑒)
) 𝐸2, where c is the speed of light, 𝐸2 and 𝐵2 are the electric and magnetic field 127 

wave power respectively at angular wave frequency, 𝜔, under the assumption of parallel wave 128 

propagation. The plasma density is determined from 𝜔𝑝𝑒 before applying a statistical calibration 129 

based on the UHR method (Hartley et al., 2018).  130 

The Relativistic Electron Proton Telescope (REPT) (Baker et al., 2013) proton flux 131 

measurements are used to look at the dynamics of the inner belt proton population. REPT uses 132 

silicon particle detectors in a particle telescope configuration to measure the electron and the 133 

proton flux in energy range of 1–20 MeV and 17–200 MeV, respectively. Proton energy bins 134 

represented as channel 0-6 are centered around 21.25 MeV, 27.60 MeV, 35.90 MeV, 46.70 MeV, 135 
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60.70 MeV, 78.90 MeV, and 102.60 MeV, respectively. Channel-7 represents the integral flux of 136 

protons with energies above channel-6 and up to 200 MeV. 137 

3 Observations 138 

We examine data from Van Allen probe-A during its 970 transits through L<3 during March 1st, 139 

2013 to February 28th, 2014. We analyze the six diagonal components of the power spectral 140 

density matrix namely EuEu, EvEv, EwEw, BuBu, BvBv and BwBw for electric and magnetic 141 

fields recorded by EMFISIS WFR. These observations are in instrument’s ‘u-v-w’ coordinates, 142 

where the ‘u’ and ‘v’ components are directed along the two long spin plane antennas, and the 143 

‘w’ component is directed along the short spin axis antenna. The spin axis (w) is generally 144 

pointed in the direction of the sun. Differential flux of protons at different energies are obtained 145 

from REPT spin averaged energy bins namely FPSA 0-7. 146 

3.1 Events 147 

From the WFR power-frequency spectrograms we have identified clear structures of spectral 148 

lines in the frequency range of tens of Hertz within 1.5<L<3.0 in 25% of transits through the 149 

inner belt. All of them show similar harmonic structures which is consistent with properties of 150 

equatorial noise. Approximately 5 - 10% of these equatorial noise observations reveal an 151 

unexpected damping phenomena, where all the harmonics of the waves are attenuated 152 

simultaneously, and the damping location does not match the profile of any local cyclotron 153 

frequency. We perform a detailed analysis of one of these wave damping events, which was 154 

recorded during the outbound section of the inner belt transit on 29th June 2013 between 01:30 155 

and 02:40 UT. 156 

Figures 2, a-f, show frequency-time spectrograms of the three components of the electric and 157 

magnetic fields for the event. Because of the highly eccentric equatorial orbit of Van Allen 158 

Probes and their quick transit through the inner belt region, the spacecrafts occasionally captured 159 

the whole life cycle of the confined noise in the magnetic equatorial plane. Spectrograms in 160 

Figure 2 show a harmonic structure with a frequency spacing of about 20 Hz. The vertical dotted 161 

lines on the spectrograms indicate the location of damping of the harmonic structure. 162 
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163 

Figure 2. Electric and magnetic power spectral density during the events of 29th June 2013. 164 

Black, magenta, and cyan curves correspond to 𝐻+,  𝐻𝑒+and 𝑂+ cyclotron frequencies, 165 

respectively. Direction of the wave propagation is shown by the arrow and the location at which 166 

significant wave attenuation/damping occurs is shown by the vertical dotted line. 167 

3.2 Wave properties 168 

The wave propagation parameters are determined using the singular value decomposition (SVD) 169 

method (Santolík et al., 2003). Figure 3, a-f show the Poynting flux parameters (magnitude and 170 

polar angle), wave ellipticity, wave normal angle and the orientation of the wave electric vector 171 
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around the event. The coordinate system used here is field-aligned, with axis-3 (z) along the 172 

background magnetic field (𝐵0 ), axis-1 (x) pointing outward from the Earth and axis-2 (y) 173 

pointing eastward. The wave is predominantly linearly polarized (~ zero ellipticity) and 174 

propagates almost perpendicular to the background magnetic field as shown by the wave normal 175 

angle. The wave Poynting flux is also mostly perpendicular with respect to the background 176 

magnetic field. The fundamental frequency of these waves can be determined by the frequency 177 

spacing of the harmonics (Boardsen et al., 1992). This fundamental frequency corresponds to the 178 

proton cyclotron frequency of the generation region (Gurnett, 1976). Thus, we can conclude the 179 

wave with 20 Hz frequency spacing have been generated at around L~2.8 and propagated 180 

inwards to L~1.75. It is to be noted that there was also an outward propagating branch of the 181 

wave, which traveled from L~2.8 to L~3.7. In this study, we focus on the Earthward propagating 182 

arm of the wave. 183 

The dispersion relation of magnetosonic waves can be derived from the system of ideal 184 

magnetohydrodynamics (MHD) equations (Cairns, 1985) 185 

𝜔 =  𝑘𝑣± = 𝑘√
1

2
[ 𝑣𝐴

2 +  𝑣𝑆
2  ±  √(𝑣𝐴

2 +  𝑣𝑆
2 )2 − 4(𝑣𝐴𝑣𝑆 cos 𝛳)2 ]  , 186 

where the wave speed (𝑣) of the fast mode corresponds to the ‘+’ sign and the slow mode to the 187 

‘-’ sign. The dispersion relation of fast magnetosonic mode is relevant in our case. Here 𝑣𝐴 is the 188 

Alfven speed, 𝑣𝑆 is the sound speed, k is the magnitude of the wave vector and 𝛳  is the angle 189 

between the wave vector and the background magnetic field. For waves perpendicular to the 190 

background magnetic field (𝛳~90°), the dispersion relation reduces to  191 

𝜔 = 𝑘√𝑣𝐴
2 +  𝑣𝑆

2 192 

Sound speed can be approximated in terms of plasma parameters using equation  𝑣𝑆
2 =  𝛽𝑣𝐴

2, 193 

where 𝛽 is ratio of the plasma pressure to the magnetic pressure. For our observation, we found  194 

𝛽~0.1 at L~1.7. 195 

In the limit of low 𝛽 plasma and perpendicular wave propagation (𝛳~ 90°), at low L (<2), the 196 

dispersion equation for low (≲ 10) harmonic (Horne et al., 2000) magnetosonic waves can be 197 

further approximated as  198 
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 𝜔~𝑘𝑣𝐴       (1) 199 
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 200 

Figure 3. A. Flux and B. polar angle of the Poynting vector, C. Ellipticity and D. wave normal 201 

angle of the wave, E. Perpendicular and F. parallel components of the electric vector of the wave 202 

for the event on the 29th of June, 2013. 203 

 204 

4 Analysis and discussion 205 
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We perform a detailed analysis of the unusual damping of the equatorial noise on the 29th June, 206 

2013. The two types of damping (Somov, 2013) that are commonly encountered in collisionless 207 

magnetized plasma are Landau / transit time damping given by equation  208 

𝜔 − 𝑘‖𝑣‖ = 0 209 

and cyclotron harmonic damping given by (non-relativistic) equation 210 

𝜔 − 𝑘‖𝑣‖ −  𝑛𝜔𝑐 =  0, where 𝜔 is the wave frequency, 𝑘‖ is the parallel wave number, n is an 211 

integer and 𝑣‖ and 𝜔𝑐 are the parallel velocity and cyclotron frequency of the charged particle, 212 

respectively. All directions referred here are with respect to the background magnetic field. The 213 

non-relativistic forms of the damping equations are a good approximation as the energy range of 214 

the protons in our study is much smaller (<24 MeV) compared to the rest energy (938 MeV) of 215 

the proton. 216 

In our case of predominantly perpendicular wave, which propagated over ~7000 km without any 217 

significant damping,  𝑘‖ ~ 0. To estimate the effect of any Landau damping due to bulk plasma, 218 

we assume the angle of propagation to be close to 90°. The theoretical analysis of the expected 219 

damping rates due to plasma condition at L=1.75 are described in section 4.1. 220 

4.1 Theoretical analysis  221 

We carried out a theoretical analysis for the 20 Hz harmonic wave propagating through plasma 222 

and its damping at L~1.75 for the event of 29th June 2013. In the Appendix, we show that the 223 

effect of the inhomogeneous plasma conditions on the nearly perpendicular waves of 224 

approximately 20 Hz and higher harmonic frequencies is to refract the waves away from the 225 

perpendicular direction of propagation. The first five harmonic modes, presumed to be generated 226 

by the ion Bernstein instability (Gary et al., 2010), are generated around L ∼ 2.8. The Poynting 227 

flux of these waves propagated radially inward down to L = 1.75, where the waves appear to 228 

suffer a sudden onset of strong damping (Figure 3A). The propagation of waves in an 229 

inhomogeneous plasma is governed by the ray equations (A1) (Weinberg, 1962). As detailed in 230 

the Appendix, the frequency of the waves ω remains constant as the waves propagate radially 231 

inward, consistent with the observations in Figure 2. Our analysis predicts that the parallel 232 

wavenumber 𝑘‖ also remains constant. The perpendicular wavenumber (𝑘⊥) on the other hand, 233 

decreases in the inhomogeneous plasma conditions. Here we use the normalized values of the 234 

wavenumber 𝑘𝑑𝑖, where 𝑑𝑖  is the ion inertial length (see Appendix). These normalized values 235 

map from 0.8 ≤ 𝑘⊥𝑑𝑖≤ 2.9 for the first five ion Bernstein modes at L = 2.8 down to values 0.3 ≤ 236 
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𝑘⊥𝑑𝑖≤ 1.1 at L = 1.75, decreasing by a factor of approximately 2.6. This decrease in 𝑘⊥𝑑𝑖, along 237 

with the increase in the local ion cyclotron frequency 𝛺𝑖, shifts these waves from the regime of 238 

ion Bernstein modes (at harmonics of the local ion cyclotron frequency) to that of the fast 239 

magnetosonic wave, as shown by the green dots in Figure A2. The decrease of k⊥ with constant 240 

𝑘‖ also leads to a decrease in the angle of propagation relative to the magnetic field, 𝛳 =241 

tan−1 (
𝑘⊥

𝑘‖
), effectively refracting the waves away from nearly perpendicular propagation. Below 242 

we assess how this refraction, along with the presence of a significant population of energetic 243 

protons (a few percent relative density), may lead to the sudden onset of damping of these waves 244 

at L = 1.75. 245 

In Figure 4, we use the PLUME Vlasov-Maxwell linear dispersion relation solver (Klein and 246 

Howes, 2015) to plot the frequency normalized to the local ion cyclotron frequency (𝜔 𝛺𝑖⁄  ) in 247 

panel-a and the normalized damping rate (− 𝛾 𝜔⁄  ) in panel-b as a function of the perpendicular 248 

wavenumber 𝑘⊥𝑑𝑖 for the plasma conditions (ion plasma beta, 𝛽𝑖 = 0.173, ratio of ion 249 

temperature to electron temperature, 𝑇𝑖 𝑇𝑒⁄ = 1, ratio of ion thermal velocity to speed of light, 250 

𝑣𝑡𝑖 𝑐⁄  = 3.3×10−3 ) at L = 1.75, ignoring the presence of any energetic protons. We take the 251 

parallel wavenumber to be 𝑘‖𝑑𝑖 =  10−2 in these calculations, satisfying the nearly perpendicular 252 

limit 𝑘‖ ≪ 𝑘⊥. The Hall MHD dispersion relation for the fast magnetosonic wave, in the limit of 253 

nearly perpendicular propagation 𝑘‖ ≪ 𝑘⊥ and small parallel wavenumber 𝑘‖𝑑𝑖≪ 1, given by 254 

equation A2, is also plotted (red dashed) in panel-a of figure 4 for comparison. At 𝜔 = 𝛺𝑖, the 255 

Vlasov-Maxwell solution (blue) shows that the ion Bernstein mode undergoes a mode 256 

conversion to the fast magnetosonic wave, arising from physical effects excluded from the fluid 257 

theory of Hall MHD (red dashed). Note that in the absence of any energetic proton population, 258 

the damping rate (black) in panel-b is very low for the expected perpendicular wavenumber 259 

range of the five harmonic modes, 0.3 ≤ 𝑘⊥𝑑𝑖≤ 1.1 at L = 1.75. Therefore, in the absence of other 260 

effects, the damping of these fast magnetosonic waves under the plasma conditions at L = 1.75, 261 

with an estimated proton thermal energy of 5 keV, is expected to be weak. 262 

To explore how the presence of a population of energetic protons impacts the damping of these 263 

fast magnetosonic waves, we included a small population of 21 MeV protons to emulate the 21 264 

MeV REPT channel (18.5-24 MeV) in our PLUME calculations. The composite damping effect 265 

is presented in the panel-b of Figure 4 for an energetic to core proton percentage of 𝑛𝑒𝑝 𝑛𝑝⁄ = 266 
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0.01% (blue short dashed), 0.1% (blue dotted), 1% (blue long dashed), and 3% (blue solid). 267 

Energetic protons increased the damping rate by many orders of magnitude, particularly in the 268 

range 0.5 ≤𝑘⊥𝑑𝑖≤ 0.9. Therefore, the presence of an energetic proton population in the inner 269 

radiation belt can significantly enhance the damping of these fast magnetosonic waves at L~1.75. 270 

For a clear understanding of the collisionless damping at L~1.75, it is necessary to separate the 271 

damping contributions from each species. Here we use PLUME solver to evaluate the 272 

contributions due to the Landau/transit-time damping and the cyclotron resonance (n=1) 273 

damping caused by different species, namely the core electrons, the core protons and the 274 

energetic (18.5-24 MeV) protons. In Figure 4c, we consolidate all the damping contributions 275 

including the contribution from the (3%) 21 MeV energetic protons. As seen from Figure 4c, at 276 

𝑘⊥𝑑𝑖< 0.4, Landau damping by the core 5 kV electrons and transit-time damping by the 21 MeV 277 

protons dominate the overall damping, with nearly equal contribution. Also, at 𝑘⊥𝑑𝑖> 1, the 278 

damping is dominated by the n=1 cyclotron resonance with the core 5 keV protons. However, in 279 

the range 0.5 < 𝑘⊥𝑑𝑖< 0.9, which is most relevant for the fast magnetosonic waves under 280 

investigation here, we find that the damping is dominated by the n = 1 cyclotron resonance with 281 

the 21 MeV protons. 282 

The effects of wave refraction can also significantly enhance the damping of the 20 Hz and 283 

higher harmonic waves. In Figure 4d, we plot the normalized damping rate −𝛾 𝜔⁄  vs. the angle 284 

of propagation θ for the fast magnetosonic wave with 𝑘𝑑𝑖= 0.3 (n = 1 mode, black dotted) and 285 

𝑘𝑑𝑖= 1.1 (n = 1 mode, black dashed) with 𝑛𝑒𝑝 𝑛𝑝⁄  = 0%. Note that the damping rate drops off 286 

precipitously for θ≥ 88◦, meaning that the waves are essentially undamped at nearly 287 

perpendicular propagation, but that a slight refraction towards the parallel direction (by even as 288 

little as 1◦) can lead to a dramatic increase in the damping rate. For example, if the normalized 289 

perpendicular wavenumber decreases by a factor of 2.6 and the normalized parallel wavenumber 290 

decreases by a factor of 1.5, then a net decrease of 𝑘⊥ 𝑘‖⁄  by a factor 1.73 is expected (see 291 

Appendix). For 𝑛𝑒𝑝 𝑛𝑝⁄ = 0%, a wave with an initial angle θ= 89◦ at L = 2.8 would be refracted to 292 

an angle θ= 88.3◦ at L = 1.75, leading to an increase in the damping rate of more than three orders 293 

of magnitude. The presence of 𝑛𝑒𝑝 𝑛𝑝⁄  = 3% energetic protons for 𝑘𝑑𝑖= 0.3 (blue dots) serves to 294 

increase the damping rate but does not change the qualitative finding of dramatic increases in the 295 

damping rate with a slight refraction away from perpendicular propagation. 296 
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In summary, it appears likely that the sudden damping of the 20 Hz and its higher harmonic 297 

waves at L = 1.75 is caused by a combination of the two effects – one being the presence of a 298 

small percentages of 18.5-24 MeV protons and the other being the wave refracting away from 299 

the perpendicular direction. For 𝑛𝑒𝑝 𝑛𝑝⁄   = 3%, the damping rate peaks at about −𝛾 𝜔⁄ = 0.05. 300 

With this damping rate, half of the wave amplitude (or three quarters of the wave energy) is 301 

damped within approximately two perpendicular wavelengths, enabling a sudden onset of the 302 

damping. For the 20 Hz mode with 𝑘⊥𝑑𝑖= 0.3 and 𝑑𝑖= 4.6 km at L = 1.75, we obtain a 303 

perpendicular wavelength of λ⊥ = 96 km, so the wave is expected to be damped out over a 304 

distance of a few hundred kilometers, providing a viable explanation for the sudden damping of 305 

all five harmonics of the fast magnetosonic waves at L ∼ 1.75. 306 

  307 
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 308 

Figure 4. (a) normalized real frequency 𝜔 𝛺𝑖⁄  (blue) along with the Hall MHD linear dispersion 309 

relation for fast magnetosonic waves (red dashed) versus normalized perpendicular wavenumber 310 

𝑘⊥𝑑𝑖. (b) normalized damping rate −γ/ω versus normalized perpendicular wavenumber 𝑘⊥𝑑𝑖 for 311 

different percentages of 21 MeV protons (blue curves). Damping rate without any energetic 312 

proton is also shown (black). (c) various damping contributions from different species for the 313 

nep/np = 3% case versus normalized perpendicular wavenumber 𝑘⊥𝑑𝑖. Contributions from n= 1 314 

cyclotron damping by the core 5 keV protons (red dashed), Landau damping by the core 5 keV 315 

electrons (green long dashed), transit-time damping by the 21 MeV protons (blue dotted), and n= 316 
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1 cyclotron damping by the 21 MeV protons (blue dashed) are shown. (d) the normalized 317 

damping rate −γ/ω versus the angle of propagation θ for the fast magnetosonic wave with 𝑘𝑑𝑖= 318 

0.3 (black dotted) and 𝑘𝑑𝑖= 1.1 (black dashed) without any energetic proton. Effect of the 319 

presence of 3% energetic proton with 𝑘𝑑𝑖= 0.3 (blue dotted) is also shown.  320 

 321 

4.2 Discussion 322 

From the theoretical analysis it is clear that ~21 MeV protons at L~1.75 have an important role 323 

to play in our case of wave damping. The physical mechanism of the subtle damping effect needs 324 

explanation. As Larmor radius of ions with certain energy approaches the perpendicular 325 

wavelength of the waves propagating in the plasma, we observe a wave particle interaction due 326 

to finite Larmor radius (FLR) effect (Stix, 1990). FLR effects depend on the ratio R/L, where R 327 

is the Larmor radius and L is the spatial scale of field/plasma inhomogeneity (Stasiewicz, 1993). 328 

This phenomenon introduces a significant correction to the ideal MHD condition, which assumes 329 

particles gyro-radius to be much smaller than the wavelength. For theoretical studies, FLR 330 

effects are implicitly included in the kinetic Vlasov formulations and electromagnetic particle 331 

simulation codes. FLR effect and cyclotron harmonic effect are closely related. FLR wave 332 

particle interaction requires the resonant condition  𝑘⊥𝑣⊥ ≥ 𝑛𝜔𝑐 (Stix,1990), where  𝑘⊥ is the 333 

perpendicular wave number, 𝜔𝑐 and 𝑣⊥are the cyclotron frequency and the perpendicular 334 

velocity of the charged particle. By substituting 𝑣⊥ = 𝜔𝑐𝑟𝐿 , where 𝑟𝐿 is the Larmor radius of 335 

high energy protons, we get 𝑘⊥𝑟𝐿 ≥ 𝑛. To estimate the significance of the FLR effect due to ~21 336 

MeV protons, we calculate 𝑟𝐿 and 𝜆⊥ for our observation. 337 

Since 𝑘⊥ ~ 𝑘 , from equation 1, ω~k⊥vA .     338 

λ⊥ =
2π

k⊥
≈

vA

f
=

B0 √μ0n0mi⁄

f
               (2), 339 

Where f is the frequency of the wave in hertz, 𝑣𝐴 is the Alfven velocity, 𝐵0 is the background 340 

magnetic field, 𝜇0 is the free space permeability, 𝑛0 is the plasma density and 𝑚𝑖 is the mass of 341 

ion. Wavelengths (𝜆⊥) for equatorial noise with 20 Hz frequency at various L-shells are 342 

calculated from equation-2. 343 

The gyro-radius of protons at the equatorial plane are calculated by: 344 

𝑟𝐿 =  
1

2𝜋𝑓𝑐𝑝
 √

2𝐸

𝑚𝑝
                    (3), 345 
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where E is the energy of the proton;  𝑓𝑐𝑝 and 𝑚𝑝 are the cyclotron frequency and the mass of the 346 

proton, respectively. 347 

To determine the region of effective FLR wave particle interaction, we plot (Figure 5) the 348 

perpendicular wavelength (𝜆⊥) of the 20 Hz wave and the Larmor radius (𝑟𝐿) of 21 MeV and 27 349 

MeV protons with respect to L-shell. The shaded region shows the L-shell values, where the 350 

Larmor radius of 21 MeV proton is approximately equal to the wavelength. We can clearly see 351 

that around L~1.8, 21 MeV proton can interact with n*20 Hz waves. Theoretical estimate of the 352 

damping rate due to presence of small (<3%) amount of 18.5-24.0 MeV (referred as 21MeV) 353 

proton around L~1.7 is shown in Figure 4b. Flux density of 18.5-24.0 MeV proton at L~1.7 is 354 

estimated to be ~1-2% by NASA’s AP-8 radiation belt model (Vette, 1966; Sawyer and Vette, 355 

1976). For a perpendicularly propagating waves with the wave magnetic field parallel and the 356 

wave electric field perpendicular to the static magnetic field, wave-particle interactions modify 357 

the energy of the ions rather than cause pitch angle scattering (Gurnett, 1976). Figure 3. Panel e 358 

and f confirms that the direction of the wave electric field vector is perpendicular. The FLR 359 

interaction results in an energy exchange process, where the n*20 Hz wave loses its energy, and 360 

~21 MeV protons gain energy and shift to higher energy level. This phenomenon would lead to a 361 

reduction in the number of observed ~21 MeV proton around L~1.75. This is consistent with the 362 

observation of paucity of ~21 MeV protons at L~1.75 in Figure 1.  363 

 364 

 365 

Figure 5. Gyro-radii and wavelengths versus L-shell. Shaded region represents the L-shell 366 

domain of expected proton energization. 367 
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 368 

For the event on 29th June 2013, the overall damping at L~1.75 is a combination of FLR effect 369 

caused by 18.5-24.0 MeV protons and Landau damping by the thermal electrons. A detailed 370 

examination of especially Figure 2, panel C and Figure 3 panel E, reveals that the wave was 371 

damped in two stages. The first stage damping was encountered at L~1.75, where all the 372 

harmonics of the wave was attenuated by ~2 orders of magnitude. A second stage cyclotron 373 

harmonic damping of the remaining wave energy was observed at 𝐻𝑒+ cyclotron frequency as 374 

the wave changed to left hand polarization (Figure 3C) and became less oblique (Figure 3D).  375 

In this paper for the first time, we report the evidence of FLR interaction of equatorial noise with 376 

energetic protons trapped near the magnetic equator at low L. Protons with energies around 21 377 

MeV at 1.7<L<1.9 become energized by equatorial noise. This causes the apparent reduction of 378 

the number of 18.5-24.0 MeV protons at 1.7<L<1.9 as they are shifted to higher energies. Thus, 379 

presence of this type of equatorial noise plays a crucial role in structuring the inner Van Allen 380 

belt proton density profile. This loss mechanism should be included in future models of the inner 381 

Van Allen belt. The unknown cause of energy dependent proton loss reported in Selesnick et al. 382 

(2019) could be due to the specific wave-particle interactions described here. 383 

5 Conclusions 384 

This paper presents the observation and theoretical analysis of a new mechanism of damping of 385 

the equatorial noise at L < 2. Previous studies suggest that the waves are cutoff at the frequency 386 

slightly above the helium gyrofrequency due to the absorption of helium ions, or the wave power 387 

could be converted into left-hand polarized EMIC waves (Horne and Miyoshi, 2016). Here, we 388 

show that substantial damping of the wave could also be caused due to the finite Larmor radius 389 

effect by a small percentages of high energy (18.5- 24.0 MeV) protons. Moreover, we show that 390 

the interaction between the equatorial noise and the energetic protons results in energization of 391 

the protons due to the particular orientation of the wave electric field. This energy dependent 392 

wave-particle interaction will affect the proton density structure of the inner Van Allen belt. 393 

 394 

Appendix 395 

The Van Allen Probes observations of the radial distribution of approximately 20 Hz and higher 396 

harmonic waves over the range of radial distances given by 1.75 ≲ L ≲ 3.75 suggests a picture of 397 
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radially separated locations of wave generation, propagation, and damping. In particular, we 398 

observe in Figure 2 what appears to be a fundamental mode at f ≃ 20 Hz and four higher 399 

harmonics n = 2,3,4,5. Looking at the magnitude of the Poynting flux in Figure 3(A) and the 400 

polar angle of the Poynting flux in Figure 3(B), we observe clear trains of waves in the range 401 

1.75 ≲ L ≲ 2.8 propagating approximately radially inward perpendicular to the Earth’s dipolar 402 

magnetic field. 403 

To illuminate the underlying kinetic plasma physics that is responsible for these wave 404 

observations, it is important to examine the profiles of the plasma parameters as a function of the 405 

radial distance L. In Figure A1, we plot (a) the magnitude of the magnetic field, (b) the electron 406 

density, and (c) the ion plasma beta 𝛽𝑖 versus L. In calculating the plasma beta value, we have 407 

estimated the ion and electron temperatures to be 𝑇𝑖 = 5 keV and 𝑇𝑒 = 5 keV. A key observation 408 

in Figure A1(c) is that the value of 𝛽𝑖 peaks at approximately L≃ 2.9, suggesting the possibility 409 

that a kinetic instability at this radial distance is responsible for generating the waves we observe 410 

that propagated inward from this region. 411 

A likely candidate for this instability is the ion Bernstein instability driven by a proton ring 412 

distribution with ∂fp(v⊥) ∂v⊥⁄  > 0. Gary et al. (2010) explored the detailed linear physics of the 413 

ion Bernstein instability, finding that it drives unstable ion Bernstein modes with nearly 414 

perpendicular wave vectors, 𝑘‖ ≪ 𝑘⊥, and growth rates that peak for plasma 𝛽𝑖 values of 0.1 ≤415 

𝛽𝑖 ≤ 1. We therefore suggest that it is likely that the waves reported in this paper arise from the 416 

ion Bernstein instability driven by a proton ring distribution at L ∼ 2.8, and these waves then 417 

propagate radially inward nearly perpendicular to the magnetic field. 418 

To further explore the properties of the linear kinetic wave modes around L ∼ 2.8, we 419 

numerically solve the Vlasov-Maxwell linear dispersion relation using the PLUME code (Klein 420 

and Howes, 2015). We take the plasma parameters to be 𝛽𝑖 =1.19, 𝑇𝑖 𝑇𝑒⁄ = 1, and 𝑣𝑡𝑖 𝑐⁄ = 3.3 × 421 

10−3. Choosing 𝑘‖𝑑𝑖= 10−2, we solve the frequency of the linear wave modes normalized to the 422 

local ion cyclotron frequency 𝜔 𝛺𝑖⁄  vs. the normalized perpendicular wavenumber 𝑘⊥𝑑𝑖, as 423 

shown in Figure A2(a). Here the ion inertial length is given by 𝑑𝑖 = 𝑐 𝜔𝑝𝑖⁄ = 𝑣𝐴 𝛺𝑖⁄ , where c is 424 

the speed of light, ωpi is the ion plasma frequency, vA is the Alfven velocity, and 𝛺𝑖 = 𝑞𝐵 𝑚𝑖⁄  is 425 

the (angular) ion cyclotron frequency. The fast magnetosonic wave (black dotted) at 𝑘⊥𝑑𝑖  < 0.5 426 

converts to the n = 1 Bernstein mode at 𝑘⊥𝑑𝑖> 0.5. The ion Bernstein modes up to n = 7 (blue) 427 
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show that, for these parameters, there exist frequency gaps over the frequency ranges (2n+1)/2 428 

≤ω 𝛺𝑖⁄ ≤ n+1 for n = 1,2,3..., consistent with the gaps between the harmonics in Figure 2. Note 429 

that, since the group velocity at which a wave propagates in the perpendicular direction is given 430 

by ∂ω/∂k⊥, the figure shows that each harmonic propagates only over a narrow range of 𝑘⊥𝑑𝑖  431 

where the slope of ω vs. k⊥ is nonzero. We have plotted green dots on Figure A2(a) to be 432 

representative of these perpendicularly propagating ion Bernstein harmonic modes. Using linear 433 

instability calculations, Gary et al. (2010) show that, for a given choice of parameters, a finite 434 

number of harmonic modes are driven unstable, with the growth rates generally decreasing for 435 

higher mode number, and with nearly perpendicular angles of propagation over the range 86◦ ≤θ≤ 436 

89◦ that increase with the unstable wave mode number. In the analysis below, we focus on first 437 

five harmonic modes, n = 1,2,3,4,5. 438 

 439 

Figure A1. Measured profiles of (a) the magnitude of the magnetic field (blue), (b) the electron 440 

density (blue– inbound, black–outbound), and (c) the ion plasma beta 𝛽𝑖 versus L (blue), and 441 

simple fitted models of these profiles (red) over the range 1.6 ≤ L ≤ 3. Note: On the outbound 442 

pass of Van Allen Probes from 01:30 to 02:15 during which the event occurred, the electron 443 

density information was not available for L< 2 (black), so we have substituted the electron 444 

density for the previous inbound pass from 00:00 to 01:15 (blue). 445 
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 446 

To interpret the Van Allen Probes observations of the radial distribution of 20 Hz and higher 447 

harmonic waves, we must analyze the propagation of wave modes primarily perpendicular to the 448 

magnetic field in the inhomogeneous plasma conditions of the Earth’s magnetosphere. Of 449 

particular importance is the evolution of the wave vector k as the wave propagates from where 450 

the waves are generated to where the waves are ultimately damped. The propagation of waves in 451 

an inhomogeneous medium is governed by the ray equations (Weinberg, 1962) 452 

dk

dt
= − (

∂ω

∂x
)

𝐤,𝑡
            

dx

dt
= (

∂ω

∂k
)

𝐱,𝑡
           

dω

dt
= (

∂ω

∂t
)

𝐱,𝐤
           (A1) 453 

where the linear dispersion relation for the wave gives the dependence of the wave frequency 454 

ω(k,x,t) on the wave vector k, position x, and time t. 455 

In the limit of nearly perpendicular propagation 𝑘‖≪k⊥ and small parallel wavenumber 𝑘‖𝑑𝑖  ≪ 456 

1, the Hall MHD dispersion relation for the fast magnetosonic wave can be approximated by 457 

𝜔

𝛺𝑖
= 𝑘𝑑𝑖√1 + 𝛽𝑖(1 + 𝑇𝑒 𝑇𝑖⁄ )                    (A2) 458 

plotted as the dashed red line in Figure A2(a), showing that the combination of the propagating 459 

segments of the ion Bernstein modes (blue) are reasonably well approximated by this fluid linear 460 

dispersion relation for the fast magnetosonic wave. To solve the ray equations for the evolution 461 

of the normalized wave vector 𝐤di as the wave propagate from L = 2.8 to L = 1.75, we fit the 462 

magnetic field magnitude and electron density profiles over the range 1.6 ≤ L ≤ 3 using 463 

B(L) = M L3⁄                                (A3) 464 

where M = 30.4×103 nT and  465 

ne(L)=ne
' (L - L0) + ne0              (A4) 466 

With ne
' = -1290cm-3, L0=1.7, ne0=2424cm-3, plotted as red lines in Figure A1. 467 

We take the plasma parameters to be constant in time over the measurement interval we 468 

examine, so the third equation in A1 yields a constant value of ω, consistent with the 469 

observations which show the waves have constant frequency vs. L. The second ray equation 470 

governs that the wave propagates in the direction of the group velocity vg = ∂ω ∂k⁄ , and for the 471 

dispersion relation (A2), the ratio of the parallel to perpendicular components of the group 472 

velocity is vg,‖ vg,⊥⁄ = k‖ k⊥⁄ ≪1. Therefore, we may safely neglect the variation of the plasma 473 

parameters in direction parallel to the magnetic field (which is expected to be weak anyway), and 474 
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the first ray equation then implies that 𝑘‖ is constant as the wave propagates radially inward 475 

across the magnetic field. 476 

The evolution of the perpendicular wavenumber vs. L can be computed by combining the ray 477 

equations to obtain 478 

dk⊥

dL
=

dk⊥ dt⁄

dL dt⁄
= - 

(∂ω ∂L)⁄
k⊥,t

(∂ω ∂k⊥)⁄ 𝐿,𝑡

                         (A5) 479 

This equation for k⊥ can be integrated from the proposed generation region at L = 2.8 down to the 480 

observed region where the waves are damped at L = 1.75 using the simplified models of the 481 

variation of the plasma parameters with L given in (A3) and (A4). A simpler approach, 482 

exploiting the fact that the frequency ω is constant, is to rearrange (A2) in the nearly 483 

perpendicular limit 𝑘‖ ≪ k⊥ to solve for the normalized perpendicular wavenumber k⊥d𝑖  in terms 484 

of the spatially varying ion cyclotron frequency 𝛺𝑖(L) and ion plasma beta 𝛽𝑖(L), giving 485 

𝑘⊥𝑑𝑖=
ω

𝛺𝑖√1+𝛽𝑖(1+𝑇𝑒 𝑇𝑖⁄ )
                         (A6) 486 

The result is that the values of the normalized perpendicular wavenumbers 𝑘⊥𝑑𝑖  of each of the 487 

harmonic wave modes (indicated by green dots in Figure A2(a)) decrease by a factor of 488 

approximately 2.6 as they propagate through the inhomogeneous plasma conditions from L = 2.8 489 

to L = 1.75. 490 

In Figure A2(b), we plot the linear kinetic wave modes at L = 1.75, where the plasma parameters 491 

are 𝛽𝑖  = 0.173, 𝑇𝑖 𝑇𝑒⁄  = 1, and 𝑣𝑡𝑖/𝑐= 3.3×10−3. Note that at the lower 𝛽𝑖   values closer to the 492 

Earth, the frequency gaps between the ion Bernstein modes nearly disappear, so that the Hall 493 

MHD dispersion relation (red dashed) for the fast magnetosonic wave is an even better 494 

approximation to combined propagating segments of the ion Bernstein waves. Here we have 495 

mapped each of the five harmonic wave modes to their new values of 𝑘⊥𝑑𝑖  (green dots). The 496 

plots show that ion Bernstein waves from L= 2.8 have mapped largely down to the fast 497 

magnetosonic mode (black dotted) when normalized to the local ion cyclotron frequency at L = 498 

1.75. Therefore, we must explore the damping of the fast magnetosonic waves at this position to 499 

understand the physical mechanisms for damping these waves, as shown in Figure 4. 500 
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 501 

Figure A2. Linear dispersion relation for the spectrum of ion Bernstein waves (blue) and fast 502 

magnetosonic wave (black dotted) at (a) the presumed source region at L= 2.8 and (b) the 503 

damping region at L= 1.75. The frequency normalized to the local ion cyclotron frequency ω 𝛺𝑖⁄  504 

is plotted vs. the perpendicular wavenumber normalized to the local ion inertial length 𝑘⊥𝑑𝑖. The 505 

Hall MHD prediction for the fast magnetosonic wave is also plotted for comparison (red dashed). 506 

The ray equations are used to evolve the perpendicular wavenumbers in the inhomogeneous 507 

background plasma of the first five ion Bernstein modes from L = 2.8 in panel (a) to L = 1.75 in 508 

panel (b) (green dots). 509 

Note that although we find that the parallel wavenumber 𝑘‖ remains constant, the normalized 510 

parallel wavenumber 𝑘‖𝑑𝑖  decreases because the ion inertial length changes, decreasing 𝑘‖𝑑𝑖  by a 511 

factor of approximately 1.5 from L= 2.8 to L= 1.75. Along with the decrease in 𝑘⊥𝑑𝑖  by a factor 512 

of 2.6, our findings indicate that the wave refracts as it propagates radially inward through the 513 
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inhomogeneous plasma conditions. The angle of propagation relative to the magnetic field 514 

θ=tan-1 (
k⊥

k‖
) decreases with L, and this refraction has significant implications for the onset of 515 

strong wave damping at L = 1.75 as observed by the Van Allen Probes, as discussed in Section 516 

4.1. 517 

 518 
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