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Abstract

More and more applications of electrical resistivity tomography (ERT) for cylindrical objects have been rising in recent decades.
This paper presents a 2.5-dimensional differential resistivity reconstruction scheme of cylindrical objects. The forward modeling
algorithm incorporates the modified optimization wavenumbers to achieve an accurate 2.5-dimensional forward modeling. The
modified optimization wavenumber selection is based on the approximate analytic solution of the circumference potential
distribution of an infinitely long homogeneous cylindrical model, making it more accurate for cylindrical objects compared to
the traditional optimization wavenumber selection which is only applicable for the half-space condition. In the laboratory,
we measured the resistivity and resistance distributions of the sodium chloride solution-filled cylindrical tanks with/without a
high resistivity rubber bar in the central. The modified and traditional optimization wavenumbers are included respectively
to calculate the resistance distribution of the measured objects. The comparison results between the calculated and measured
resistance distribution show that the modified optimization wavenumbers proposed in this paper can obtain higher calculation
accuracy. The differential ERT incorporating the modified optimization wavenumbers is then employed to reconstruct the
resistivity distribution of the cylindrical objects. The inversed resistivity values are in good agreement with the measured
values. We, therefore, conclude that the modified optimization wavenumbers can result in better accuracy than the traditional
one and the proposed 2.5-dimensional differential resistivity reconstruction scheme is time-saving and has great promise for the

imaging of cylindrical objects.
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Key Points:

e We present a 2.5-dimensional ERT scheme for cylindrical objects incorporating the
modified optimization wavenumbers.

e The modified optimization wavenumber selection based on the analytic solution of an
infinitely long homogeneous cylinder is firstly analyzed.

e Both numerical analysis and laboratory experiments prove that the modified optimization
wavenumbers can achieve higher computing accuracy.
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Abstract

More and more applications of electrical resistivity tomography (ERT) for cylindrical objects have
been rising in recent decades. This paper presents a 2.5-dimensional differential resistivity
reconstruction scheme of cylindrical objects. The forward modeling algorithm incorporates the
modified optimization wavenumbers to achieve an accurate 2.5-dimensional forward modeling.
The modified optimization wavenumber selection is based on the approximate analytic solution of
the circumference potential distribution of an infinitely long homogeneous cylindrical model,
making it more accurate for cylindrical objects compared to the traditional optimization
wavenumber selection which is only applicable for the half-space condition. In the laboratory, we
measured the resistivity and resistance distributions of the sodium chloride solution-filled
cylindrical tanks with/without a high resistivity rubber bar in the central. The modified and
traditional optimization wavenumbers are included respectively to calculate the resistance
distribution of the measured objects. The comparison results between the calculated and measured
resistance distribution show that the modified optimization wavenumbers proposed in this paper
can obtain higher calculation accuracy. The differential ERT incorporating the modified
optimization wavenumbers is then employed to reconstruct the resistivity distribution of the
cylindrical objects. The inversed resistivity values are in good agreement with the measured values.
We, therefore, conclude that the modified optimization wavenumbers can result in better accuracy
than the traditional one and the proposed 2.5-dimensional differential resistivity reconstruction
scheme is time-saving and has great promise for the imaging of cylindrical objects.

Plain Language Summary

Electrical resistivity tomography as a widely used method has been extended to many new
applications that focus on cylindrical objects. Here we analyze the approximate analytic solution
of the circumference potential distribution of an infinitely long homogeneous cylindrical model,
based on which the modified optimization wavenumber selection is derived. By incorporating the
modified optimization wavenumber, we present a 2.5-dimensional differential resistivity
reconstruction scheme for cylindrical objects. Both numerical analysis and laboratory experiments
demonstrate that the modified optimization wavenumber can improve the accuracy of electrical
resistivity modeling and, ERT, together with the modified optimization wavenumber, has great
promise for detecting cylindrical objects such as tree trunks, human organs, and construction
material.

1 Introduction

In the past decades, ERT as a cost-effective method has shown its advantages in many
areas such as landfill management (Augusto et al., 2017; Dumont et al., 2018), thermal energy
monitoring (Hermans et al., 2012; Lesparre et al., 2019), saltwater intrusion mapping (Franco et
al., 2009; Kazakis et al., 2016), hydrology survey (Apostolopoulos, 2008; Coscia et al., 2012), etc.
These applications all share the commonality that the observed objects are half-space conditions.

In recent decades, ERT has been applied to many other areas, which focus on cylindrical
objects. For example, Thanh et al. (2006) proposed using ERT method for evaluating grouting
performance after injection. Karhunen et al. (2010) applied ERT for three-dimensional imaging of
concrete and their results including numerical modeling and experiments indicated that ERT might
be a feasible modality for non-destructive evaluation of concrete. Sapkota et al. (2015) presented
an application of ERT for the visualization of a thrombus in blood. Sardeshpande et al. (2016)
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adopted ERT technique to obtain the mixture distribution across the cross-section of the mixing
vessel. Ren et al. (2017) used ERT to measure the local velocity of shampoo in an in-line pipeline
loop. Ren et al. (2019) investigated the influence of moisture content and water-cement ratio on
resistivities of different kinds of cement specimens by ERT experiment and the results implied that
ERT technique has potential in defect detection and in-situ monitoring in cement mortar. Losso et
al. (2020) used ERT to study seasonal changes in tree trunks. Rao et al. (2021) used ERT to test,
visualize, and evaluate the progress of crystallization processes.

The ERT method utilizes a pair of electrodes as transmitters to inject currents and another
pair of electrodes as receivers to measure the responding voltages, which give a comprehensive
discernment of the object. For cylindrical objects, we usually employ the point currents and
reconstruct the resistivity of the cross-section (Bieker et al., 2010; Elliott et al., 2016; Guyot et al.,
2013). Thus the source is three-dimensional but the object is two-dimensional. We call this the
2.5-dimensional ERT. With the increasing applications of ERT in cylindrical objects, the research
corresponding to the 2.5-dimensional inversion algorithm is becoming more and more important.

There are mainly two kinds of inversion algorithms for the ERT of cylindrical objects, one
of which is the absolute ERT represented by the Guasi-Newton algorithm (Loke and Barker, 1996).
The absolute ERT usually consists of iterative processes and is theoretically applicable. However,
this technique lacks robustness (Brazey et al., 2022). The other inversion algorithm is the
differential ERT, which is a one-step linearized reconstruction algorithm represented by the
maximum a posteriori approach (Adler and Guardo, 1996 ). It is more robust against modeling
errors and can achieve fast (near real-time) image reconstruction. Therefore the differential ERT
has been applied in many works of literature (Cao et al., 2020; Xu et al., 2011; Zhang et al., 2012).

The forward modeling is an essential step of any inversion algorithm (Gao et al., 2020;
Gnther et al., 2006). The commonly employed approaches for solving the Laplace equation in
forward modeling include the finite-difference method (Tsili et al., 2000; Wu et al., 2003),
boundary element method (Mukanova B 2018; Xu et al., 1998), finite element method (Ren
Zhengrong 2010; Wu, 2003; Yang et al., 2017), etc. The finite element method has the advantage
of high flexibility, making it suitable for modeling cylindrical objects. For the 2.5-dimensional
ERT, the Fourier transform is employed to convert the three-dimensional cylindrical model into
the two-dimensional cross-sectional circular model. And the inverse Fourier transform is then
applied to convert the potential in the wavenumber domain to the potential in the spatial domain.
The selection of the wavenumbers for the inverse Fourier transform is very important to improve
the accuracy while reducing the calculation time (Xu et al., 2000). The optimization wavenumber
selection (Xu et al., 2000) can achieve very high accuracy for the half-space condition. However,
when referring to the forward modeling of a cylindrical model, its performance has not been
developed yet. Most of the literature directly use the optimization wavenumbers that are calculated
based on half-space condition. In this paper, we analyze the inapplicability of this kind of
optimization wavenumbers on the 2.5-dimensional ERT of cylindrical objects and modify them
for better modeling of cylindrical objects.

We firstly introduce briefly the basic theory of the 2.5-dimensional forward modeling of
infinitely long cylindrical models using finite elements on unstructured grids. Secondly, we
analyze the approximate analytic solution of the circumference potential distribution of an
infinitely long homogeneous cylindrical model, based on which the corresponding modified
optimization wavenumbers and the apparent resistivity tomography algorithm are proposed.
Thirdly, by combing the modified optimization wavenumbers, we conduct the differential ERT of
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a synthetic model. Lastly, an experiment is conducted to prove the accuracy of this 2.5-dimensional
modified wavenumber selection based resistivity reconstruction method for cylindrical objects
through comparisons.

2 Theory

2.1 The 2.5-dimensional Forward Modeling of Cylindrical Objects
The direct current potential obeys the Laplace equation (RUcker et al., 2006)

V-lo(x,y, 2)VU(x,y,2)] = =1 - 8(x = x0) - 6(y = ¥o)  6(z — 2) 1)

where o represents the conductivity, U represents the potential, and & represents the Dirac
function related to the point source. For an infinitely long cylinder extending along the y-axis with
center (0,0,0), we conduct the Fourier transform to simplify the three-dimensional equation into
2.5-dimension by converting y into wavenumber A and U into V. And the Neumann boundary
condition is employed

o 0 2

on r, - ( )
A mesh generator (Persson and Strang, 2004) is used to discretize the solution domain into
unstructured triangular meshes, this grid type is flexible and allows for local refinement, thus can
better simulate a round disk model and reduce the number of nodes. The finite element method
(Coggon, 1971) is applied to solve the equation (1) as

K-v=I 3)

where the system matrix K is sparse and symmetric, V is a vector consisting of the potentials in
the wavenumber domain at all nodes and I is a vector representing the source distribution. After
solving equation (3), we conduct the inverse Fourier transform to obtain the potential value

U(x,0,z) = % J V(x,A,z)dA 4)

Because V is a series of discrete points and their values change with wavenumbers, which ranges
from zero to infinity and their relationships are complex, the integral of V with respect to
wavenumber A can not be calculated directly. One approach to solve this problem is to
approximate (4) as a sum gives

U(x,0,2) = z V(x,4,.2) - g; )
=1

where m is the total wavenumbers, 4; is the discretized value of 4 and g; is the corresponding
weighting coefficient selected by the optimization wavenumber selection method (Xu et al., 2000).
This traditional optimization wavenumber selection method is frequently used in 2.5-dimensional
forward modeling of the half-space because of its stability and high accuracy. During the
wavenumber selection, the author employs V as K, (4 - 1) /(2m), where L is the distance between
the current source and the calculated point and K|, is the zero-order modified Bessel function of
the second kind. It is the analytic solution of V when the model is a homogeneous half-space.
However, when the object is a cylinder, the analytic solution of V is definitely different from those



139
140
141

142
143
144
145
146
147
148

149
150

151

152
153

154
155
156
157
158

159
160

Journal of Geophysical Research: Solid Earth

of the half-space. Nevertheless, many researches applied the traditional optimization wavenumbers
to calculate A and g directlyfor the resistivity modeling of cylindrical objects, thus not fitted for
cylindrical models and can cause great errors.

To prove this point of view, we introduce an infinitely long homogeneous cylindrical
model, as is shown in figure 1, to analyze the relationship between VV and 4, and compare its V to
that of the half-space condition. The radius of the cylinder is 0.5m and the resistivity of the cylinder
is 600Q+m. The two current electrodes A and B are placed on (0.5, 0) and (-0.5, 0), and their
current intensities are -0.02A and 0.02A respectively. 8,5 stands for the included angle between
A and B. 6 is the included angle between the current electrode A and the measurement point. 201
wavenumbers ranging from 0.00001 to 81 are employed.

Az

Figure 1. The cross section of the homogeneous cylindrical model.
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Figure 2. The relationship between V and wavenumber A on different measurement points.

The calculated V changing with wavenumbers on different points of the circumference are
shown in figure 2. For a particular point represented by 6, its potential U is the integral of V(1)
multiply by 2/m. When 6 equals 0=and 180< the functions V(1) are not convergent to zero,
illustrating that the potentials in these two points are infinite. These curves correspond to the fact
that the potentials in the point sources are infinite.

For a particular point, take 6 equals 160<as an example. Figure 3 shows the difference of
IV between the cylindrical model and the half-space condition. The difference can influence the
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wavenumber selection results and finally cause errors in forward modeling. To avoid this in the
2.5-dimensional simulation of the cylindrical model, the cross-section potential distribution
should be analyzed in order to modify the optimization wavenumber selection.

3.5 T I
\ * Cylindrical Model
3

Half-space Condition
254
2-3%
> H
1.5

1

o0 10 20 30 40 50 60 70 80 90
A
Figure 3. The difference of V between the cylindrical model and the half-space condition when
0 equals 160<

2.2 The Approximate Analytic Solution

Because the optimization wavenumber selection method is based on the analytical solution
of the potential value, we must first analyze the analytic solution of the circumference potential
distribution of an infinitely long homogeneous cylindrical model. During the numerical simulation,
for a specific triangle mesh e

2 (r=ys)
1 (r#5s) (6)

where i, j, m are the numbers of mesh points, A is the area of the mesh, o, is the conductivity, and
b and c stand for the coefficients related only to the location of the mesh. Since o, is proportional
to K and K is inversely proportional to V, it can be easily concluded that the conductivity is
inversely proportional to ¥, which means that the resistivity p is proportional to potential U(8).
Similarly, the current | is proportional to U(@) because it is proportional to V, and V is
proportional to U(6).

1 A-xA? .
K& = o, [ﬁ (bybs + crcs) + XT] s,r=i, j, m;y = {

The relationship between radius R and circumferential potential U(8) can not be directly
seen from the formula. A hypothesis-verification method is used to confirm that R is inversely
proportional to the circumferential potential U ().

In order to avoid the influence of wavenumber selection on the calculation of potential
value, we employ the fitting formula to explicitly solve the inverse Fourier transform of the
wavenumber domain and derive the approximate analytical potential solution on the cross-section
where the point source is located. 201 wavenumbers are included in the fitting. Although the
computing time is relatively longer, the accuracy can be much higher.

The circumference potentials of two homogenous cylindrical models (Model 1 and Model
2) are calculated. The radius of Model 1 is 0.5m and the resistivity of Model 1 is 600Qem. The
two current electrodes are placed on (0.5, 0) and (-0.5, 0), and their current intensities are -0.02A
and 0.02A respectively. The parameter setting of model 2 is the same as model 1 except that the
radius is set to be 0.3m. With U; and U, being the circumferential potential of model 1 and model
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2 respectively, as are shown in figure 4, the ratios between U; and U, are almost equal to 1.667
except for the points around 0< 90< 180 <and 270 < where the potential equals either zero or infinite,
making the ratio meaningless. Nevertheless, for the other points, the ratios stay quite stable at
1.667, which is precisely the same as the ratio between the radius of model 2 and model 1. To date,
all the models we have calculated satisfy this rule. Therefore, we confirm that the radius R is
inversely proportional to the circumferential potential U(8) for an infinitely long homogeneous
cylindrical model. This conclusion can be also seen in the paper of Weidelt and Weller (1997).

£ » N £ — 2
o 1.63 Model 1
™ | R=0.5m
= tho-600ohm-m
[=0.02A
1.59 Model 2
! R=0.3m
rho=600ohm-m
[=0.02A
I‘SS b PO S SRy SrOn S S SRS Sy SNSN e IV G WO S S S S G S G S SN G GGG w—rann .
0 30 60 90 120 150 180 210 240 270 300 330 360
angle(®)

Figure 4. The ratio between U, and U;.

From the above numerical analysis, we can conclude that U = %pngB (). fo,,(8), which

we define as source function, is a function of 8 and its coefficients are determined only by ag. For
a specific homogeneous cylinder, when given a certain 8,5, V of a certain A can be numerically
calculated, thus the V is the function of A. Nevertheless, they are discrete nodes. To overcome the
discrete integration problem, we use the following process to calculate f, . (8). First of all, fitting
the V(1) with an elementary function. Secondly, applying function (4) to calculate the
circumferential potential directly since the V(1) is an elementary function after fitting. For better
understanding, the circumferential potential calculated by this fitting method is denoted by Uy, (6).

Lastly, combining the analyses above, Us;(6) equals to %pngB (6). Then we acquire

feAB(H) = i (7)

p - Usi(6)
It should be noted that for a certain 6as, the f,, . (8) can be calculated and stored on a hard

disk. Summarizing the results in the above sections we write the relationship between the
circumferential potential of a cylindrical model and other parameters as

I .
U(0) == fi,5(6) ®)

We call the formulation (8) the approximate analytic solution of the circumferential potential
distribution of an infinite homogeneous cylindrical model. This function can be used to modify
the optimization wavenumber selection and calculate the geometric factor that are suitable for
cylindrical objects.
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2.3 The Modified Optimization Wavenumber Selection

Assume using n electrodes in the calculation, the included angle between current electrode
A and these nodes are 6, ... 0; ... 8,, and the corresponding coordinates are (xy,z;) ... (x;,2;) ...
(%, z,). m denotes the quantity of the total used wavenumbers. Combining equation (5) and
equation (8) we acquire

m
I-p
L fou 00 = ) V2,20 - 9 ©
j=1
For an infinitely long homogeneous cylindrical model,

D V2,20 g5 RIT P fo,, (0] ~ 1 (10
=1

The matrix form of equation (10) is
Ag = L (11)

with the element of matrix A (n>m dimensions) being a;; = R -V (x;, 4, z,) /[ - p * fo,,(6:)], the
element of matrix g (m>L dimensions) being g; and L being the n>L dimensional unit vector. By

incorporating the optimization wavenumber selection algorithm (Xu et al., 2000), the optimized
wavenumbers and the corresponding weighting coefficients can be calculated iteratively.

It should be noted that both 6,5 and R could greatly influence the optimized wavenumber
series. To avoid the influence of R, we propose a new way named as the converting process to
avoid its influences basing on the fact that the radius R is inversely proportional to U(8) for a
cylindrical model. We only store the optimized wavenumber series when the radius equals a
standard value R,. When the radius of the model in the real case equals R, we first enlarge the
discrete model linearly into cylinder R, , apply the stored optimized wavenumber series to the
forward modeling process and then multiply the potential by Ry /R;.

2.4. The Differential ERT Algorithm

Typically, the differential ERT uses the data sets collected before and after the resistivity
change to reconstruct the image. Set the model resistivity and the detected apparent resistivity
distribution at time ty as p’ and p; respectively. At time to, the resistivity and the detected apparent
resistivity distribution change into p’’ and p; respectively. Let x = log.p"' — log.p’ and z =
log.ps — log.ps (Adler and Guardo, 1996 ). For small changes around a background resistivity
the relationship between x and z can be linearized as (Graham and Adler, 2006)

z=Jx+n (12)

where J is the Jacobian matrix (m>n dimensions, m: total measurements, n: total mesh grids) with
; _ 0logpsi i 0logpsi s : .
its element J;; = FMogp; being Ft0gp;” psidenotes the apparent resistivity during the i-th data

collection and p; denotes the model resistivity on the j-th mesh. n denotes the noise matrix. In

order to overcome the ill-conditioning of J we solve (12) using the following regularized inverse
(Graham and Adler, 2006):

x=J™WJ+ BR)YJTWz = Bz (13)
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where R is a regularization matrix, 8 is a scalar hyperparameter (Batu and Cetin, 2008; Braun et
al., 2017; Graham and Adler, 2006) that controls the amount of regularization and W is a m>m
dimensional diagonal matrix with its diagonal element W;; being 1/n2. n? is the noise variance
of the i-th data collection. Usually there are three ways to calculate R. (1) R = I, making equation
(13) the 0-th order Tikhonov algorithm. (2) R = diag(H"H), making equation (13) the
regularization matrix used in the NOSER algorithm (Cheney et al., 2010), (3) R is modeled as a
spatially invariant Gaussian high pass filter (Adler and Guardo, 1996 ).

3. Experimental Experiments

3.1. The Apparent Resistivity Tomography for the Cylindrical Object

By employing the modified optimization wavenumbers in the 2.5-dimensional resistivity forward
modeling, we can obtain the potential distribution of the cylinder cross-section. The process of
converting the potential into apparent resistivity should also be adapted accordingly because this
is also based on the analytic solution of the detected objects. The key to calculate the apparent
resistivity is the geometric factor G. In analogy with the geometric factor calculation of half-space,
we propose an algorithm to calculate the geometric factor of cylindrical models. Name the two
receivers as M and N and the corresponding potentials of the cylinder model are Uy and Uy
respectively. Then we acquire

I .
U =~ oy (B0 (14)

I .
Uy ==L o,y (On) (49

where 8y and 6y stand for their locations on the circumferential surface. The potential difference
between M and N is

I
A Uy = 2 o5 (00) = o1 01)] (16)

Rewrite equation (16) as

_ AUyy R

1 fous6r) = fou5 ()]
Then the geometric factor of the cylindrical model should be:
_ R

" fous(Om) — fo,5(On)

Using the geometric factors introduced above, we conduct the forward modeling of three models
using the Wenner and dipole-dipole array. Figure 5 shows these two kinds of electrode
arrangements. Cz and C; stand for the two current electrodes, P1and P stand for the two receivers,
aand s are the electrode spacing and number, S is the total detected layer and t is the total electrodes.
For the Wenner array, the equally spaced C1-P1-P2-C2 moves one by one and detects t times in each
layer. For dipole-dipole array, C1-C> and P1-P2> remain as a, C>-P1 equals to s>a and still detect t
times in each layer.

p (17)

G (18)
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Wenner array Dipole-dipole array
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Figure 5. Wenner array and dipole-dipole array.

Figure 6 shows the calculated apparent resistivity results of three kinds of models. Thirty—two
electrodes are employed and the radius is 0.2m. Compared with Wenner array, the dipole-dipole
array has a higher contrast, which means that it is more sensitive to both anomaly and noise. When
the anomaly locates in the central, the two apparent resistivity contour maps may be able to show
its location, but when the anomalies locate otherwise or have a complex shape, the apparent
resistivity distributions are not enough to recognize the anomaly. In some cases, the apparent
resistivity distribution of the Wenner array is totally contrary to the results of dipole-dipole array
because of the different location of the electrodes. The apparent resistivity can indeed reveal parts
of the information in the cylindrical bodies, especially when there are no anomalies or the
anomalies are located in the central. However, it is somehow limited for the analysis of
complicated objects. For better application of ERT, more works need to be done to reconstruct the
resistivity distribution.
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Figure 6. Apparent resistivity (Q2*m) calculation results of three different models. First column:
(@), (d) and (g) are three different models with unstructured meshes, the red part is 1000 Q2-m and
the blue part is 200 Q2-m. Second column: (b), (e) and (h) are the apparent resistivity distributions
of (a), (d) and (g) respectively using the Wenner array. Third column: (c), (f) and (i) are the
apparent resistivity distributions of (a), (d) and (g) respectively using the dipole-dipole array.

3.2. The differential ERT of the synthetic data

We use the differential ERT mentioned in section 2.4 to retrieve the resistivity distribution of
model 3 (Figure. 7) from the forward modeling result. As is shown in figure 7, model 3 is a cylinder
with two anomalies located on edge, and its radius is 0.2m. The resistivities in the red, blue, and
grey part are 1000Q+em, 200Q+m and 400Qm respectively. Twenty-four electrodes are employed.
The total detected layers for the Wenner and dipole-dipole array are seven and twenty-one. During
the inversion, n? = 700, R = diag(HTH) and £=0.016. The model detected in t; is set as a
homogenous cylindrical model.

Figure 7 displays the parameters and unstructured meshes of model 3 in the first row. The second
row introduces the Wenner array forward (left) and inversion (right) results and the third row
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displays dipole-dipole array forward (left) and inversion (right) results. The reconstructed images
of both the Wenner array and dipole-dipole array show high resolutions of the two adjacent
anomalies and the inversion processes of both arrays only take about 3.67 seconds on a
computer(Intel(R) Core(TM) i3-2100 CPU @ 3.10GHz RAM 16GB) since the Jacobian matrix
can be calculated in advance and stored on the hard disk.
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Figure 7. Apparent resistivity (Qem) distributions of model 3 and their inversed resistivity
distributions. (a): Apparent resistivity distributions of model 3 using the Wenner array. (b):
Inversed resistivity distributions of (a) using the differential ERT. (c) Apparent resistivity
distributions of model 3 by the dipole-dipole array. (d) Inversed resistivity distributions of (c) by
the differential ERT.

4. Experimental Results and Analysis

4.1. Experimental Set-up

For experimental model preparation, four steps are included. (1) Making the cylinder tube tank:
Prepare a cylinder PVC tube of radius 99.75mm and height 1 m with the bottom glued with a
plastic board. Punch equidistantly twenty-four holes of radius about 2mm on the circumference of
height 0.5m. (2) Handcrafting the microelectrode: To decrease as much as possible the influence
of the electrodes, we need to keep the radius as small as possible. Cut the multi-strand copper wire
into 2cm long and peel off the rubber. Each copper thread can be used as a microelectrode. The
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radius of our microelectrodes is less than 0.5mm. Inserting these microelectrodes into the holes of
the tube one by one and seal the hole with glue. (3) Preparing the conductive water: Add 2.85g
sodium chloride (NaCl) crystal to 30L distilled water. The average resistivity of this NaCl solution
is 36.56Q-m after several measurements. Pour the conductive water into the cylindrical tube model.
(4) Simulating the anomaly: We put a homogenous rubber bar of radius 36.485mm and height
1.08m into the cylinder tank. Its average resistivity is estimated at 250 Q-m after several detections.

After model preparation, we use the DUK-2B Multi-Electrode Resistivity Survey System (CGE
(Chongging) Geological Instrument Co., Ltd) for data collection and artificially transfer the
electrode. Figure 8 shows the detections of the two models in the lab. Model 4 is a homogenous
cylinder filled with NaCl solution and model 5 has a rubber bar as an anomaly standing in the
center.

Figure 8. The detection process.

=]

NaCl solution

rubber bar

Model 4 Model 5

Figure 9. The cross sections of model 4 and model 5 in lab.

4.2. Experimental Results

To compare the accuracy of the forward modeling results using different kinds of wavenumbers,
the resistance: U/l of both experimental results and numerical modeling results are calculated. For
the numerical calculation, the other parameters are set the same with the laboratory model except
for the wavenumbers in order to highlight its affection on accuracy. The difference between
simulated resistance rs and the experimental resistance re is calculated using (rs - re)/ re. As is shown
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in figure 10, the difference between the experimental resistance and the simulated resistance when
using the traditional optimization wavenumbers ranges from -80% to -5%. The closer to the surface,
the greater the difference can be. Nevertheless, when using the modified optimization
wavenumbers, the difference ranges from 0% to 18% with few points reaching 34% randomly
occurring because of the noise of the experimental data. Comparing the two kinds of simulated
resistance data, we can easily draw the conclusion that the modified optimization wavenumbers
can significantly reduce the error for 2.5-dimensional resistivity forward modeling of cylindrical
objects. Although there are still some differences between the experimental data and the simulated
data using the modified optimization wavenumbers, the simulation is not the only one to be
responsible for that because the experimental data can be affected by many other factors. The fact
that the modified optimization wavenumbers can achieve better 2.5-dimensional resistivity
forward modeling results of cylindrical models is not a coincidence because this is also true for
model 5. Figure 11 displays the simulated resistance distribution of both the Wenner and dipole-
dipole array of model 5. The simulation results match pretty well with the experimental data.
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Figure 10. The experimental and simulated resistance (€2) distribution of model 4 and their
differences (%). (a) The experimental resistance distribution. (b) The simulated resistance
distribution using the traditional optimization wavenumbers. (c) The simulated resistance
distribution using the modified optimization wavenumbers. (d) The difference between the
experimental resistance and the simulated resistance when using the traditional optimization
wavenumbers. (e) The difference between the experimental resistance and the simulated resistance
when using the modified optimization wavenumbers.
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Figure 11. The experimental and simulated resistance () distribution of model 5. (a) The
experimental resistance distribution using the Wenner array. (b) The simulated resistance
distribution using the Wenner array. (c) The experimental resistance distribution using the dipole-
dipole array. (d) The simulated resistance distribution using the dipole-dipole array.

To test the performance of the differential ERT method on the lab data, the experimental result of
model 5 is employed in the calculation. During the image reconstruction, R = diag(H'H), n? =
700 and £=0.016. The inversion results are shown in figure 12.

Though the inversion processes do not include the removal of bad points, the reconstructed images
still match well with the real model. The inversions are done immediately since the Jacobian matrix
is calculated and stored on a hard disk. This is to say that the differential ERT has the advantages
of both time-saving and high anti-interference ability. When comparing the reconstructed images
of the Wenner array and dipole-dipole array, we can see directly that the results of the dipole-
dipole array have higher contrast. The total independent measuring points of the dipole-dipole
array are more than those of the Wenner array, increasing its certainty greatly. Unlike in the half-
space ground condition, the dipole-dipole array is less affected by electrode distance in cylindrical
objects due to the relatively small detection area. The more independent measurements we take,
the more accurate the inversion results will be. Therefore in the case of applying a certain number
of electrodes, making as many independent measurements as possible in cylinder detection is an
essential idea in designing electrode arrangements.
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Figure 12. Inversion results of model 5 by the differential ERT. (a) The experimental apparent
resistivity distribution by the Wenner array (left) and the Inversed resistivity distribution (right).
(b) The experimental apparent resistivity distribution by the dipole-dipole array (left) and the
inversed resistivity distribution (right).

5. Discussions

For decades, massive researches have proved that the ERT method performs pretty well in
identifying low-resistivity (or high-resistivity) anomalies in the shallow half-surface. The
numerical modeling and inversion algorithm together with the experiment described in this paper
illustrate that the ERT can also be well applied to determine contrast resistivity anomalies of a
cylindrical object. Thus enabling the ERT method to be applied to more areas such as tree trunk
imaging for environmental protection, defect detection in construction materials, lung imaging for
medical science, etc. However, there are several issues that still need to be addressed: the selection
of hyperparameter in time difference imaging, the array arrangements, etc. Our next interest, for
numerical imaging, is to study the high order differential ERT, and for in situ application is to
propose a more suitable array arrangement and finally lead to better applications.
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For the inversion part, the hyperparameter in this paper is chosen as 0.016 directly from an
empirical point of view. Graham and Adler (2006) introduced five ways to objectively select
hyperparameters. But for specific survey issues, the corresponding hyperparameter selection may
need more specific discussions. The inversion results of model 3 in figure 7 show high resolutions
of the two adjacent anomalies, however, two problems still remain. Firstly, their true resistivities
are not revealed well. That’s because the differential ERT method we use is a one-order linearized
approximation. To achieve both high resolutions and true resistivity reconstructions, the high order
image construction (Chan et al., 2000; Jiang et al., 2014) is suggested to be carefully studied and
introduced into the geophysical inversion. Secondly, there are regular noises near the electrodes in
the inversion results. These are also regular in other papers (D. Bieker et al., 2010; Bieker and
Rust, 2010; Wang et al., 2016), we think that the main cause is that the potential around the current
nodes are complicated and can’t be perfectly matched with the fitted values. There are mainly two
kinds of ways to solve this problem. One is to increase the accuracy of the approximate analytic
solution of the infinitely long homogeneous cylindrical model and the other is to place the receivers
far from the current nodes.

Vauhkonen et al. (1999) described that it is yet not clear to which task one should direct the effort,
for example, the increase of the number of electrodes, estimation of feasible conditions for the
termination boundary or the accuracy of the geometrical modeling of the object boundary. Well,
in this paper we might have the answer. First, theoretically, the increasing number of electrodes
does increase the accuracy of image reconstruction since it brings more information. Nevertheless,
the number of electrodes we use should depend on the detection precision required. Second, the
geometrical modeling of the object boundary does have a great influence on the forward modeling
results. In our numerical analysis, the effect of boundary geometry is transferred into the effect of
wavenumber selections on the forward modeling results. The error caused by wrongly selected
wavenumbers, or wrongly described boundary geometry, can reach as many as 80%. Therefore,
both the number of electrodes and the boundary conditions should be studied seriously.

6. Conclusions

For an infinitely long homogeneous cylindrical model, we summarize its circumferential potential
distribution as U(9)=%pf9AB(9). Thus the circumferential potential U(8) is inversely

proportional to the radius R and proportional to the current intensity I, the resistivity p and the
source function fy, . (0). fp,,(8) is a function of 6 and its coefficients are determined only by the
included angle between two current electrodes. This relationship is easy but very significant
because it is the basis of many other numerical approximations and no other papers have proposed
this as far as we know. Basing on this newly proposed approximate analytic solution for the
infinitely long homogeneous cylindrical model, the modified optimization wavenumber selection
is derived, which is used for selecting wavenumbers for 2.5-dimensional resistivity modeling of
cylindrical objects. The core idea of this adaption is to replace the analytic solutions of half-space
ground with the approximate analytic solution of the infinitely long homogeneous cylindrical
model. Both numerical results and experimental results have proved that it can greatly improve
the accuracy of 2.5-dimensional forward modeling of cylinder objects.

In order to erase the effect of radius on wavenumber selection, which means preventing from
selecting the optimized wavenumbers every time, we need to include the converting process in the
computing process. The concept is to model the cylinder in a unified radius firstly and then convert
the potential to the actual value basing on the fact that the potential is inversely proportional to the
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radius. The apparent resistivity of cylindrical models can be pretty different due to their special
geometry. Basing on the approximate analytic solution for the infinitely long homogeneous
cylindrical model, we presented the geometric factor calculation method for apparent resistivity
tomography of cylindrical objects in analogy with the geometric factor calculation of half-space.

By incorporating all these new concepts in numerical simulation, we present the resistivity
reconstruction method for cylindrical objects. It is timesaving, cost-effective and has good anti-
interference capacity. The experimental results correlate pretty well with the numerical modeling
results, furtherly verifying that the modified optimization wavenumbers can result in better
accuracy than the traditional optimization wavenumbers and the proposed 2.5-dimensional fast
resistivity reconstruction scheme has great promise for cylindrical object imaging.
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