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Abstract

This paper describes magnetospheric waves of very long wavelength in thin magnetic filaments. We consider an average
magnetospheric configuration with zero ionospheric conductance and calculate waves using two different formulations: classic
interchange theory and ideal MHD. Classic interchange theory, which is developed in detail in this paper, is basically analytic
and is relatively straightforward to determine computationally, but it can’t offer very high accuracy.The two formalisms agree
well for the plasma sheet and also for the inner magnetosphere. The eigenfrequencies range over about a factor of seven, but
the formulations generally agree with a root-mean-square difference of the $log_{10}$ of the ratio of the interchange to MHD
frequencies to be $\sim 0.0548. The pressure perturbations in the classic interchange theory are assumed constant along each
field line, but the MHD computed pressure perturbations along the field line vary in a range $\sim 30 \%$ in the plasma
sheet but are larger in the inner magnetosphere. The parallel and perpendicular displacements, which are very different in the
plasma sheet and inner magnetosphere, show good qualitative agreement between the two approaches. In the plasma sheet, the
perpendicular displacements are strongly concentrated in the equatorial plane, whereas the parallel displacements are spread
through most of the plasma sheet away from the equatorial plane; and can be regarded as buoyancy waves. In the inner
magnetosphere, the displacements are more sinusoidal and are more like conventional slow modes. The different forms of the

waves are best characterized by the flux tube entropy $PV"\gamma$.
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Key Points:

- We extend the theory of classic interchange by calculating eigenmodes within a thin fil-
ament approximation.

+ We compare the eigenmodes from interchange theory to those from ideal MHD in an av-
erage magnetosphere with zero ionospheric conductance.

+ The eigenmodes, which differ in the plasma sheet and inner magnetosphere, agree roughly
for interchange and MHD calculations.
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Abstract

This paper describes magnetospheric waves of very long wavelength in thin magnetic fil-
aments. We consider an average magnetospheric configuration with zero ionospheric conduc-
tance and calculate waves using two different formulations: classic interchange theory and ideal
MHD. Classic interchange theory, which is developed in detail in this paper, is basically analytic
and is relatively straightforward to determine computationally, but it can’t offer very high accu-
racy.

The two formalisms agree well for the plasma sheet and also for the inner magnetosphere.
The eigenfrequencies range over about a factor of seven, but the formulations generally agree with
a root-mean-square difference between the logarithms of interchange and MHD frequencies to
be ~ 0.054. The pressure perturbations in the classic interchange theory are assumed constant
along each field line, but the MHD computed pressure perturbations along the field line vary in
arange ~ 30% in the plasma sheet but are larger in the inner magnetosphere. The parallel and
perpendicular displacements, which are very different in the plasma sheet and inner magneto-
sphere, show good qualitative agreement between the two approaches. In the plasma sheet, the
perpendicular displacements are strongly concentrated in the equatorial plane, whereas the par-
allel displacements are spread through most of the plasma sheet away from the equatorial plane;
and can be regarded as buoyancy waves. In the inner magnetosphere, the displacements are more
sinusoidal and are more like conventional slow modes. The different forms of the waves are best
characterized by the flux tube entropy PV”.

Plain Language Summary

Ideal magnetohydrodynamic (MHD) ballooning and interchange disturbances have been
studied extensively over the years as they are connected to potentially important phenomena in
the magnetosphere. One such phenomenon consists of magnetospheric buoyancy waves which
are analogous to atmospheric gravity waves, with magnetic tension force replacing gravity as the
restoring force. There are different definitions of ideal ballooning and interchange. In our def-
inition, ballooning is much more general, while interchange applies only to a much more lim-
ited set of conditions, as it applies to the limit of long wavelengths and assumes pressure is con-
stant along each field line. Focusing on waves and using a thin filament approach, we have ex-
tended the classic theory of interchange by calculating eigenfrequencies and eigenfunctions for
pure interchange models using an energy approach. The results are applied on an average force-
balanced magnetosphere configuration and are compared to MHD ballooning oscillation eigen-
frequencies and eigenfunctions. The two approaches show good agreement in the plasma sheet,
but less so in the inner magnetosphere, where the MHD results qualitatively resemble MHD clas-
sic slow modes rather than buoyancy waves.

1 Introduction

This paper explores the relationship between two kinds of linear MHD disturbances, namely
interchange and ideal MHD ballooning. We consider the limit of zero ionospheric conductance.
In that case, the square of the frequency w? is real. If w?> > 0, it represents a wave, and w> <
0, it represents a instability. In this paper, we are mostly concerned with waves. For simplicity,
we consider even waves with kj ~ 0 propagating in the meridional xz plane. (An even wave is
one in which the displacement is symmetric about the equatorial plane.) We define kj := 27/A4,
where A is the wavelength of the thin filament mode.

We consider waves in thin magnetic filaments, which have been studied in various geome-
tries (e.g., solar (Parker, 1981); and magnetosphere (Chen & Wolf, 1999; Wolf et al., 2012; Tof-
foletto et al., 2020)). These structures are infinitesimally thin in the y-direction and also in the
xz plane perpendicular to the magnetic field. They slide through the magnetospheric background
without friction. In a uniform medium, there are three MHD wave modes (fast, intermediate, and
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slow). The fast modes don’t propagate in thin filaments (Chen & Wolf, 1999). In the interme-
diate (Alfvén) modes, which have been studied exhaustively in the magnetosphere, the pertur-
bation velocities are in the +y direction in the xz plane. We are most interested in the slow modes
with perpendicular velocities in the xz plane, particularly the ones with very long wavelengths
along the magnetic field (k; = 0). In the xz plane, the Alfvén and slow modes decouple, and

we discuss just the slow modes.

Many space physicists have discussed ballooning and interchange (e.g. Panov et al. (2022);
Khazanov et al. (2020); Sorathia et al. (2020); Southwood and Kivelson (1989); Mazur et al. (2013)
Liu (1997); Cowley et al. (2015); Schindler and Birn (2004); Pritchett and Coroniti (2010); Birn
et al. (2011)). In our definition, ballooning is a much more general phenomenon than interchange.
It includes both short and long wavelengths. Interchange applies only to a much more limited
set of conditions. Specifically, it applies to the limit of long wavelengths (k; = 0), and it also
assumes pressure is constant along each field line. The theory of ballooning does not make that
assumption. The theory of interchange is much easier to apply than the theory of ballooning. In-
terchange theory was developed more than sixty years ago by Bernstein et al. (1958), in a clas-
sic paper written early the controlled-fusion effort. Bernstein et al. (1958) included a full range
of B. A much simpler version of interchange theory was based on the energy principle, a version
that assumes low-f3, was developed Chandrasekhar (1960) and used by many textbook authors
(e.g., Schmidt (1979)). Most of this early work emphasized the threshold of interchange insta-
bility. Our present paper, which is also based on the energy principle, uses the thin-filament ap-
proximation for realistic magnetospheres. It is not limited to calculating the threshold w? = 0,
and it includes the calculation of the eigenfrequencies and eigenfunctions.

In a neutral atmosphere, the buoyancy force is due to gravity and is proportional to the en-
tropy P/p?. If the gradient of P/p” is downward, the system is interchange unstable. If the gra-
dient of P/p” is upward, the system can show stable interchange waves. In the magnetosphere,
gravity is unimportant, but there is an effective buoyancy that is proportional to the curvature of
the magnetic field lines. For this magnetic buoyancy, the crucial physical quantity is the flux tube
entropy PV?. If the gradient of PV?” is earthward the system is unstable to interchange. If the gra-
dient of PV? is anti-earthward, the result is stable waves. In the simplest case, the equation that
governs the frequency of the oscillation is the same as the Taylor-Goldstein equation, which gov-
erns the oscillations of the neutral atmosphere. See Wolf et al. (2018) for details.

In this paper, we consider wave motion as being confined to the xz plane. The case in which
the gradient is not on a plane has been considered theoretically (Xing & Wolf, 2007; Khazanov
et al., 2020) but the results conflict, and the situation has not been resolved. Section 2 of the pa-
per uses analytic theory and the energy principle to derive formulas for the eigenfunctions and
eigenfrequencies within the classic interchange theory. Section 3 displays the results of numer-
ical calculations of eigenfunctions and eigenfrequencies, comparing the classic interchange the-
ory with full MHD calculations for an average magnetosphere. Section 4 discusses the remark-
able differences between plasma sheet and inner magnetosphere, for an average magnetosphere
and the relationship between the flux tube entropy PV?, the boundary between the unstable and
stable region, and the accuracy by which we can estimate eigenfrequencies and eigenfunctions
using full MHD and the interchange approximation. An appendix explains a numerical proce-
dure to determine inner boundary conditions for the case of zero ionospheric conductance.

2 Formulas for the Amplitudes and Buoyancy Frequency for Pure Interchange Oscil-
lation of Thin Filaments

Here we use an energy argument to derive the expressions for the field-transverse and field-
aligned displacement eigenfunctions (¢, , &) and eigenfrequency wp; for the pure interchange
oscillations of a thin filament. The interchange picture is idealized in the sense that it assumes
that £, (s) displaces an equilibrium field line to the shape of an adjacent equilibrium field line and
also that & maintains pressure constancy along the displaced flux tube. These can be compared
with the eigenfunctions and eigenfrequencies derived for MHD normal modes of the thin fila-
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ment to determine how closely those normal modes resemble pure interchange modes, which are
one type of idealization of a thin filament normal mode.

Two Thin Filaments Set Oscillating by Interchange

z

(@) x o Keo
B

(c) O —=—p

(d) - é_
(e) —

Figure 1. Meridional (left) and equatorial (right) views of the oscillating 2-filament problem we are consid-
ering. The two filaments (brown and blue) contain identical amounts of magnetic flux @ and have the same
flux tube entropy PV>/? as the local background. The entropy gradients are anti-Earthward (to the right in

both images).

Consider the idealized situation of two adjacent thin filaments shown in Figure 1. In di-
agram (a), we start with two thin filaments from the background that have the same magnetic flux
@. Each matches the local background, so the system is in equilibrium. Between diagrams (a)
and (b), an external force pushes the blue filament past the brown filament, displacing it to the
flux tube volume previously occupied by the brown filament. The filaments have switched lo-
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cations and the external force withdraws, leaving each filament occupying the same volume as

the other had initially. Neither one is left with kinetic energy. However, they are now out of equi-
librium with their surroundings. The gradient of PV?” propels the blue filament anti-Earthward

and the brown filament Earthward. When they reach the positions they had originally occupied,
they now have residual kinetic energy which propels them from their locations in (c) to their lo-
cations in (d). By configuration (d), they have converted all of their kinetic energy into magnetic
energy and have come to rest. This energy now propels them in the opposite directions, blue Earth-
ward and brown anti-Earthward. When they reach configuration (e), the buoyancy forces have
been reduced to zero and the velocities of the equatorial footprints have reversed relative to (c).
These oscillations continue to repeat in the absence of any additional disturbances or damping.

We will here analyze the oscillations of the thin filaments from an energy point of view un-
der the interchange assumption. In configuration (b), the total energy is entirely potential, whereas,
in configuration (c), it is entirely kinetic. Equating the potential energy in configuration (b) to
the kinetic energy in configuration (c) will reveal the frequency of the oscillation.

First, let us compute the potential energy of configuration (b).

2.1 Potential Energy

We calculate the change in potential energy in two steps. In the first step, we assume the
blue filament in configuration (b) has moved to occupy the same volume as the brown filament
had in configuration (a), and vice-versa. Since the two filaments have the same magnetic flux,
the total magnetic energy is unchanged from (a) to (b).

2.1.1 Step 1: Potential Energy Change Due to Exchange of Thin Filaments

We calculate the change in potential energy going from configuration (a) to configuration
(b). Configurations (a) and (c) are identical with respect to their kinetic energy, so we will use
the (a) configuration label from now on rather than (c). The particle pressure part of the inter-
nal energy of the two filaments (distinguished by their color box subscripts), in their initial con-
figuration (a), is given by:

3
U(a) = U(c) = 5 (PV + PV)(D. @))

where @ is the amount of magnetic flux in each flux tube. If we assume the process is adi-
abatic, the particle pressure part of the internal energy of the two filaments in configuration (b)
(in terms of the pressures and flux tube volumes which they occupied in configuration (a)) is given
by:

3 V V 5/3
Uy = P-( -] V- P-( - V D (2)

To first-order, the difference between the initial pressures and flux tube volumes in the brown
and blue filaments is given by:

Vg = V@t Ve 3)
Pmy = Pay+Pés @)

where the primes represent the derivatives in the tailward/poleward direction. The result-
ing change in potential energy to second order in the small parameter & can therefore be written:
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Up)— Uy = PVOE (5)

2V (P 5V
T=l=+z=]
VP 3V
2.1.2 Step 2: Pressure Equilibrium Restoration by Adjacent Thin Filament Boundary
Adjustment

At this point, in configuration (b), the total pressure inside each of the filaments does not
balance the local background pressure, because while the magnetic field inside the blue and brown
filaments has not yet changed in the interchange, the particle pressure has. This is not important
in very low 8 plasmas, but it is in high 8 plasmas.

Without loss of generality, let us consider the blue filament closer to the Earth in config-
uration (b). We will find the additional pressure available to this filament as a result of the ex-
change.

The total pressure in the filament closer to Earth in configurations (a) and (b), respectively,
are given by:

B2
_
ot () 20 * Py ©
B2 5/3
Vo = @ + P (—V] @)
tot,(b)| 240 Vay)
so that to first order (dropping the color box subscripts), we have:
. P 5V
5P.=P )—PZP{,:J_ F+§7 . ®)

Since the gradient of PV>/3 is anti-Earthwards, it follows that 0P > 0Py The blue
filament is no longer in equilibrium with its surroundings, so it will have to expand. The brown
filament will have to contract by an equal amount.

To simplify things, we do not consider the azimuthal motion of the filaments. They are in-
finitesimally thin azimuthally and infinitesimal motion in this direction introduces no changes
in potential energy. Therefore the figures do not include the real, if unimportant, azimuthal slid-
ing of the filaments around one another so that they may exchange locations.

With the expansion of the blue filament towards equilibrium, the boundary between the brown
and blue filaments needs to move up in the diagram. However, the boundary between the two fil-
aments extends along the entire length of the filament, and the boundary location adjustment o
depends on the distance along the field line from the equatorial plane, which we designate s.

Again, consider the blue filament in configuration (b) (with superfluous subscripts dropped).
We allow the boundary between the two filaments to shift by o°(s) toward the brown filament as
seen in Figure 2, so that:

Bp()[£.(s) + ()] = B (), €))

where £, () is tailward and positive and By is the final value of the magnetic field in the
blue filament in configuration (b) after the pressure adjustment. The fractional perturbation of
the magnetic inductance is thus given by:
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Pressure Re-equilibration by Expansion and Contraction of Thin Filaments

Initial Boundary

Final Boundary

- = 2z=0

o(0)>0(s)

Figure 2. Meridional diagram of two adjacent thin filaments after they have exchanged locations. The thin

filament closer to the Earth is not in equilibrium and will have to expand to reach equilibrium as the other fil-

ament contracts. This shift of the boundary o(s) between the two thin filaments depends on the field-aligned

coordinate s and takes its maximum value o+(0) in the equatorial plane. The entire initial and final boundary

location is shown. In the equatorial plane, the boundary has shifted anti-Earthward corresponding to the pole-

ward boundary shift of the footprint on the Earth. Recall that the ionospheric conductance is assumed to be

ZEe10.

of the blue filament, due to the boundary adjustment is, to first order,

}

sure:

6B _

B

a(s)

CEu(s)

(10)

where we continue to drop higher order contributions. The change in magnetic pressure

BZ
a(—
210

B B? o(s)

o £1(s)”

The corresponding fractional change in flux tube volume is:

14

B

v _ <6B(s)>
ft

(0
&1(9)

where the angle bracket represents a flux tube average:

1 (d
Dp=y | IO

>fz’

(an

(12)

(13)

Since we assume adiabaticity, we arrive at the following fractional change in particle pres-

(14)
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Finally, the fractional change in the total pressure due to the boundary adjustment is:

2
SPils) _ 5 <g> _B o (15)
P 3\& [, moPEL(s)

It would be advantageous to recast this exclusively in terms of the equatorial plane values
rather than as a general function of s.

This pressure adjustment just needs to balance out the additional pressure given by (8), which
means that

2 / ’
TEIE) —aw| 52300, (16)
pPE(s)  3\&L/,, P 3V
Since P and V are both constant along field lines and &, is proportional to the distance be-
tween nearby field lines, the right side of (16) is constant along field lines, and we can evaluate
it in the equatorial plane (designated by an “e” subscript). Doing this and solving for the frac-
tional shift in flux tube boundary, we arrive at the following expression:

o(s) _ Slo\ &O|p S5V,
.0) _ﬁ(s)[ 6<-§l>f,+ 5 [P 3 VD (17)

Taking the flux tube average of both sides gives and solving for the flux tube averaged frac-
tional boundary shift, we obtain:

o £.0) B (P; 5 Vg)
—) = Ly e 18
<;~‘i >ﬂ 2 (1 i %(ﬁ),«,) P 3V (13)

Now, let’s substitute (18) into (17) to arrive at:

o(s) _£.0) B (P_ L3 Vé). (19)

() 2 (1+%<ﬂ>ﬂ) P 3V

Substitution of (18) and (19) into (15) finally yields an expression for the fractional change
in total pressure which depends only on parameters evaluated at the equatorial plane:

0P

P, 5V,
o = —mm(—e + ——e). (20)

P 3V

Now that we know how much the boundary between the blue and brown filaments moves
to bring the total pressures into equilibrium, we need to know how much that boundary shift re-
duces the potential energy. Imagine there is a horizontal wall between the two filaments in Fig-
ure 2. The work done on this wall would be:

1
oW = > f ds Ay(5) (5) (P ~ Ppmm) = — f ds Ay(s) () S P, @h

where Ay(s) is the width of the filament in the y-direction, which is perpendicular to the
plane of the field lines. The factor of 1/2 comes from the fact that the pressure imbalance goes
from its maximum value of zero as the wall moves to its equilibrium position, and we have in the
last step used the fact that 6 Py = —0Ppggy- Now that we have eliminated the brown color box
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subscript, we will again dispense with the blue color box subscript, which should be now again
be taken as implicit. Now, we can utilize the fact that Ay(s) &, (s) = ®/B(s), so that (21) becomes:

ds o(s) 1 5 B (P; svg)2
SW=-0 [ =—L6P, =—=PVOE(0)—— £ +2-<] . 22
/586 VRO P T3 @

The total difference between the potential energy in state (b), with the boundary adjustment
included, and state (a) is:

AU = U(b) - U(a) + oW. 23)

Using (5) and (22), we therefore obtain our final expression for the change in potential en-
ergy:

AU:PV(I)g-‘L(O)Z; P—;+§Ké Ve _$n k. . (24)
1+2,\P 3VJ]\V. 2 P

The last two factors determine the sign of w?. They are consistent with equation (2) of Xing
and Wolf (2007), which came from equation (6.45) of Bernstein et al. (1958).

2.2 Kinetic Energy

Now that we have computed the total change in potential energy, let us turn to the maxi-
mum kinetic energy of the filaments, which they have at configurations (c) and (e), for example,
of Figure 1.

Noon-Midnight Meridional Geometry of Adjacent Thin Filaments

S (v, +oy)

3 (ﬁEuler potential o

Euler potential o —6c

Figure 3. Geometry of adjacent thin filaments in Euler potential & used in the calculation of &. We imagine
this to be the noon-midnight meridional plane, so that the y-coordinate is fixed. Coordinate grid-lines are

drawn in the (e, y)-plane.

For an interchange motion, the displacement perpendicular to the field line is given by:

o

—|Va|(s) = hyda (25)

£l ==& =

where « is the Euler potential that specifies the field line. This equation guarantees that if
the initial filament location coincides with a background field line that is labeled @ = ay, then
the displaced filament coincides with a background field line that is labeled @ = @y — da. We
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apply this to the midnight meridian (y = 0). The s-dependence of & is determined by the as-
sumption that pressure is constant on the field line defined by the displaced fluid elements.

The geometry is shown in Figure 3. We use a second coordinate ¢, which is used to mea-
sure the distance along the field line. Its gradient is in the midnight meridian plane and is orthog-
onal to Va. The physical distance between ¢ and yo+06y on the field line « is hy (o, ¥o) 6o
and the physical distance along a i = constant line between field line @ and field line @ — da
is &1 (. ) = ho(a, ¥) ba.

The number of particles on field line ¢y between ¢ and ¢ + 6y has to be equal to the

number of particles on field line @y — da between ¥ and ¢ + oy, so that:

n(ag — o) n(ap)

—B(a'() = hy(ao — o) O = Blao. vo) hy (o, Yo) 0. (26)

From Figure 3, we can see that the relationship between 6y and 6y is given by:

hy(ag — 6a, ) oy = hy(ao, o) 0o [1 — khaoa + L (%) ] , 27
hy \ 0y ],

where « is the field line curvature. Flux tube particle conservation, with the application of
this geometric relation, can be written:

-6 1 {0
(e - Oa) (1 — khba + — (ﬂ) ) G 28)
B(ay — da, o + o) hy \ow |,  Blao,¥o)
The difference between the magnetic fields that a given fluid element will experience in
going from (ao, ¥o) to (g — da, Yo + oY) is:
B(a() - oa, l/l() + 61//) 1 (0B 1 (0B
=1-—=|—] da+—=|—]| 6Y —yo). 29
Baw v0 5\, % 5lag), 60 0w (29)
Conservation of particles in the context of frozen-in flux require that:
-0 Vv 1dv
o —b0) V@) g, 1dVe, (30)

n(a)  Viag —6a) - V da

We use (29) to eliminate magnetic inductance, (30) to eliminate the densities, and the fact
that 6y — dyrg = &/hy to rewrite (28) in the following form, retaining only first-order terms in

oa:
IS gi(oB\ | 1 d(&)/B) _ _ 1 dV _ l a_B
h_w (w)a _ 20 ([)_)J - ﬁ( o0 )(Y = [Kha __da' (BG)J oa. 31D

This can easily be integrated in ¢ to yield:

(32)

Bw) | Vda B

W ’ ’
L e ]
B(y) 0 o

where we have made use of the fact that &(0) = 0.

Now, we will make use of some geometry to recast our parallel displacement. We have:

—10-
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Oh
(—“’) = khyhq, (33)
oa v

and we additionally note that one can commute the partial derivative past the integral (un-
der an assumption of “smoothness”) to write:

(ifww) _f‘”(M) d_W_f”’w(“’—Wl(a_B) 34
oa Jy B(a,y") w_ 0 oa v B o B B\ da v (34

Technically, we are here assuming continuity of both #,/B and [6a <h¢/ B)]«J/ in the domain
of interest.

Using these geometric constraints, we can rewrite equation (32) as:

ov V dV
fnw):B(w[ (;’5”) - V”((a‘”)) dff)}éa, 35)
where:
(e w)dy'
V(a, ) = _ 36
pled) jj Bla.y) (0)

is the partial flux tube volume from the equatorial plane up to coordinate . Equation (35)
can now be rewritten in a slightly more general manner:

(37

oVy(a, % oV
£) = B(w[( p(@ w)) poﬁ)( (a))] s,
v v

35, T V) \ s,

where s, is the distance perpendicular to the field line in the direction of the curvature vec-
tor.

The maximum kinetic energy in the two flux tubes that each contain unit flux @ can be writ-
ten:

2
T = pw%,@f%fi [1 + j—'z) (38)

where wpy is the pure interchange frequency associated with the thin filament oscillations.

2.3 Eigenfrequency Formula

Equating the maximum kinetic energy (38) to the maximum potential energy (24) and solv-
ing for the frequency gives:

(39)

where s = 0 represents the equatorial plane and p = mn is the mass density of the thin
filament plasma. This is the oscillation frequency for the pure interchange modes.

—11-



264 3 Results

265 3.1 Average Magnetosphere

Equilibrium Magnetic Field Lines for Average Magnetosphere
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Figure 4. Plot of equilibrium field lines in the noon-midnight plane.
Background Field Profiles for Average Magnetosphere
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Figure 5. Plot of equilibrated magnetosphere models, showing on the left panel the pressure, B,, and

density (left) along the tail axis and the flux tube volume (V, right), entropy PV” and the flux tube-averaged

plasma beta (B) .
266 We now plot the frequency wp; and several others, for a magnetosphere model which rep-
267 resents the xz plane of an average magnetosphere. We use the following background fields:
268 1. Started with a Kp = 2 Tsyganenko (1989) magnetic field model.
260 2. Obtained pressure profile by combining a quiet curve from Lui et al. (1987) for |x| < 8 Rg
270 and Spence et al. (1989) for |x| > 8 R.
271 3. Relaxed the resulting magnetic field and pressure configuration to equilibrium in the xz
272 plane using a 2-D, high-resolution version of the friction code (Lemon et al., 2003).
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4. Densities were chosen using the Kp = 2 Gallagher et al. (2000) model for [x| < 8 Rg
merged smoothly to a Tsyganenko and Mukai (2003) model for |x| > 10 Rg.

5. For a specified equatorial crossing point, a field line is traced to both the Northern and South-
ern ionosphere.

Figure 4, reproduced from Toffoletto et al. (2020), shows the corresponding field lines for
the nightside of the background equilibrium. More details on the average magnetosphere model
can be found in Wolf et al. (2018). Figure 5, reproduced from Wolf et al. (2018), shows the re-
sulting equilibrated magnetosphere from the equilibrium code of pressure, number density, and
B, profiles along the tail axis, along with the flux tube volume, entropy PV?, and flux tube-averaged
plasma beta (B) ;,. The magnetic field and pressure are also smoothed to remove any small grid-
scale fluctuations introduced by the equilibrium code.

3.2 Eigenfrequencies for an Average Magnetosphere

Figure 6 plots three different eigenfrequencies: (i) the pure interchange oscillation frequency
wpy derived in equation 39; (ii) the oscillation frequencies wygyp for MHD normal modes of thin
filaments in an average magnetosphere (described in Section 3.1); and (iii) the frequency of os-
cillations of the thin filament treated as a simple harmonic oscillator in a simple plasma sheet mag-
netic field model with most of its mass concentrated at the equatorial plane (equation (33) of Wolf
et al. (2012) and equation 42 below). The comparison between the first two of these is the most
important, as it is one indicator of how much the MHD normal modes resemble those of clas-
sic interchange theory, at least for an average magnetosphere.

The main frequency we’re comparing to is that of the MHD thin filaments. In Toffoletto
et al. (2020), numerical solutions to an eigenvalue problem consisting of two coupled differen-
tial equations for the normal modes &, (s) and &(s) at different values of x,,. In effect, one ar-
rives at a detailed picture for a realistic magnetosphere of the normal modes in the xz plane along
with the corresponding buoyancy frequency wy, as a function of equatorial crossing point x,,. This
frequency is determined numerically and has no analytic expression. These normal modes them-
selves will be discussed in greater detail shortly. The MHD thin filament frequency has been de-
termined numerically from the oscillations of the lowest even mode.

We define relative differences from the MHD normal modes as follows:

Vlosa[222])
Albsslizza]).

The first relative difference, again, is the most important for our purposes. The agreement
between the frequency from the classic interchange theory and that of the MHD normal mode
results is quite good. Note that here our differences contain averages over equatorial crossing point
Xeq» denoted (f >xﬂ,-

0.054 (40)

0.112 1)

3.3 Eigenfunction Calculation

We can also examine the normal mode eigenfunctions and compare them against the pure
interchange modes for fieldlines that have various equatorial crossing points. The agreement is
quite pronounced, especially in the plasma sheet. As one approaches the inner magnetosphere,
the deviation between the parallel modes is greater. In the transition region between x., = —11 Rg
and x,, = —6 Rg, the perpendicular modes also deviate from one another, but the agreement
is somewhat closer Earthward of that.
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Figure 6. Comparison of eigenfrequencies for pure interchange mode wp;, MHD normal mode w), (with
zero conductivity at the ionosphere), and a simple harmonic oscillator formula for a thin filament with mass
concentrated at the equatorial plane wy. All three are plotted as a function of x,,, the equatorial crossing dis-
tance for the footprint of the filament in Rg. They agree to within an order of magnitude (more details below).
This makes the classic interchange theory, which assumes that B Vp = 0, auseful simplified model for a
more realistic magnetosphere. Note that this result depends on the density model described in point 4 of the

preceding section. The sharp gradient in frequency at around x,, = 5 R is due to the plasmapause.

Figure 7 shows displacements & and &, = —¢, for seven filaments and for pure interchange
and MHD full normal modes. We will begin by explaining how the displacements are calculated
numerically for pure interchange. Note that these are the displacements normalized to their max-
ima, denoted in Toffoletto et al. (2020) by =. There is no loss of generality since the maxima are
arbitrary. Also, note that each of the modes are normalized by the value max(|&, |&]). Note that
a positive value of &, represents a fieldline that moves Earthward from its equilibrium point, while
a positive/negative value of & in the northern/southern hemisphere represents a fieldline that gets
shorter whereby mass points on the fieldline move closer to the Earth.

The algorithm for computing the displacements &, and & for the pure interchange and nor-
mal modes, plotted in Figure 7 is as follows:

1. The first step in this procedure involves determining the field line that crosses the equa-
torial plane at a specified location x (labeled F) and another nearby field line (labeled F)
that has equatorial crossing location x—dx, where dx is chosen to be a small number (typ-
ically 0.1 Rg). The background magnetic field is based on the same magnetic field model
used in the Toffoletto et al. (2020), which is a Tsyganenko (1989) with an empirical back-
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Displacement Eigenfunctions for Pure Interchange and MHD Thin Filaments
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Figure 7. Displacements of mass points parallel and perpendicular to the magnetic field lines at various
equatorial crossing points (x.,) from the inner magnetosphere to the further out in the plasma sheet. Solid
lines show the displacements according to the classic interchange theory, while dashed lines show the results
of MHD normal mode calculations. These deviate further from one another as one approaches the inner mag-

netosphere. Displacements are normalized to their maxima. Recall that & = —¢, .

ground pressure that has been relaxed to equilibrium using a 2-D version of the friction
technique (Lemon et al., 2003).
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Equatorial crossing point

tug(Re) (rr—amoy) (e -gmey)
-3 0.0958 0.357
-5 0.136 0.252
-7 0.297 0.214
-9 0.199 0.202
-12 0.0336 0.151
- 15 0.0172 0.135
- 18 0.00983 0.0388

Table 1. Root-mean-square differences, averaged over a fieldline s, between the pure interchange (PI) and
MHD eigenfunctions for both the x and parallel modes for various fieldlines that cross the equatorial plane at

X = Xeg-

2. For each grid point on field line F, the intersection point on field line F; along the & is
found.

3. The distance from the grid point on field line F to the intersection point on field line F;
is used to determine &,.

4. Equation (37) is then used to compute &, by computing V, (1), the flux tube volume V and
using the locations of the two field lines Fjy and F'; to compute the necessary derivatives.

For the normal mode calculation, the basic procedure is described in Toffoletto et al. (2020),
except that the ionospheric boundary condition is replaced with a zero conductance, to be con-
sistent with the interchange assumption. The details of the boundary condition are described in
the Appendix. To accurately reproduce the boundary condition, and satisfy equations (A4) and
(A12) it was necessary to move the location of the inner boundary out to 2 Rg. This is due to the
limited number of grid points used to store the background magnetic field, which was a Carte-
sian grid with a resolution of 0.03 Rg.

In addition to comparing the eigenmodes for the MHD thin filament calculation and those
corresponding to a pure interchange assumption, we can examine just how much the pressure per-
turbations deviate from constancy for the MHD thin filaments. For pure interchange modes, the
0P would be constant.

Table 1 shows the root-mean-square differences between the pure interchange and MHD
normal modes at each equatorial crossing point value. Note that here our differences involve av-
erages along the field line s. This is different than the flux tube average (f), defined above.

4 Discussion and Conclusion

The most striking feature of the eigenfunctions is how different they are in the plasma sheet
and the inner magnetosphere. In the plasma sheet (x,; = =12 Rg to x,, = —18 Rg), £, is very
concentrated at the equatorial plane. & = 0 at the equatorial plane (because of symmetry), but
|§”| has a very sharp maximum just off the equatorial plane. (See Figure 7.) Earthward of that max-
imum, |§||| gradually declines earthward. The total velocity is basically in the x-direction. It is
also striking how similar the eigenfunctions for interchange and MHD modes are. The interchange
and MHD eigenfunctions are a little different near the inner edge of the plasma sheet, but they
are still very similar. Note that in the plasma sheet, V1og PV” is tailward but very small (right
side of Figure 5). We associate all of these features with buoyancy waves.
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Figure 8. Plot of the pressure perturbation profiles along the field line coordinate s for the MHD thin fila-
ments at various equatorial crossing points x,,. They are normalized to the maximum pressure, given above
each panel. Note that the pressure perturbation deviates little from constancy out in the plasma sheet, but

deviates more substantially as one approaches the inner magnetosphere.

The form of the eigenfunctions are dramatically different for the inner magnetosphere (x,, =
=3 Rg to x,q = =7 Rg). £, and & are now approximately sinusoidal and do not show strong peaks.
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These eigenfunctions qualitatively resemble classic slow modes, and we don’t refer to them as
buoyancy waves. The interchange and full MHD eigenfunctions are not exactly the same, but they
are not strikingly different. Vlog PV? is tailward and much stronger than in the plasma sheet. The
interchange and MHD eigenfrequencies are again very similar.

Figure 8 indicates that P always has a minimum at the equatorial plane. The §P varies very
modestly for a filament that crosses the equatorial plane at x,;, = —18 Rg, and that is consis-
tent with the fact that interchange and MHD eigenfrequencies and eigenfunctions are almost the
same. 0p varies more substantially as |x| decreases.

It is helpful to discuss the Wolf 2012 formula displayed in Figure 6 in Wolf et al. (2012),
which identifies the oscillation frequency with that of a simple harmonic oscillator undergoing
small oscillations about the equatorial crossing point x,, of the filament. It assumes that the ef-
fective net force on the filament is just the force difference between force transverse to the fil-
ament and in the background. The magnetic field is assumed to have a simple form B= B, +
B’ zX, where B,, and B, are constants. This approach uses Newton’s second law for the net force
in the x-direction at the equator and treats the mass as oscillating with the equatorial crossing point
at frequency wy. The result is:

<P 1k, (00741H2) 1, K,
PB.eqVeq (1 . @)Km N (1 . sw%) BeogVeq Keg’

Wiy (x) = (42)

where the prime denotes a derivative wrt to x in equatorial crossing point x,,. In this cal-
culation, it was assumed that electrons are cold and ions are protons. Figure 6 indicates that the
Wolf et al. (2012) formula is close to interchange and MHD frequencies. Ion temperature has keV
units in the second formula. The same formula also is reasonably consistent with ULF wave ob-
servations (Figure 4 of Panov et al. (2013)). It is remarkable that equation (42) was derived the
plasma sheet (B = B, + B’zX), but it also works quite well for the inner magnetosphere. It is
not clear why that is true, it could be that the determining factor for the eigenfrequencies is the
Vlog PV7; we will address this in a future study.

Both the classic interchange and MHD thin filament treatments made use of simplifying
assumptions beyond the standard assumptions implicit in the relevant theories. Some of these
simplifications are shared between the two treatments. For example, both are one-dimensional,
neglecting motion of the flux tubes transverse to the noon-midnight meridional (xz—)plane. How-
ever, for the interchange of two flux tubes to occur, they must move past one another in such a
way that both cannot remain in-plane. Both treatments also ignore feedback from the background
fields, assuming that the filaments glide freely through the magnetosphere without influence from
their surroundings.

However, the difference in simplifying assumptions between the two models is more rel-
evant to their comparison than the oversimplifications they share. For example, the MHD thin
filament code neglects feedback not only from the background, but from any other filament. This
coupling is explicitly included in the classic interchange derivations performed above, hence the
need for color indices to reference specific filaments. Strictly speaking, the coupling to the other
filament must be included to properly compare some features of the MHD thin filament model
to the classic interchange model. It is surprising how well the frequencies agree given that the
MHD thin filament code neglects this important coupling aspect of the interchange process.

Appendix A Conductivity Model

In this section, we derive boundary conditions that are suitable for comparing the classic
interchange theory with the modes one obtains from MHD calculations for thin filaments. To mean-
ingfully include the interchange of flux tubes, we must use zero ionospheric conductance, as the
filaments must be free to move in the ionosphere.
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Unit Vectors for a Given Magnetic Field Line

zZ (Re)

Figure Al. Shown above is an individual magnetic field line, along with all of the relevant unit vectors
used in various calculations throughout this paper. There are three coordinate systems: one is the standard
fixed Cartesian xyz coordinate system, second is relative to the Earthward boundary footprint of the field line,
normal 7 and tangential 7 to that boundary, and the third is local and relative to the field-line directions, with

field-transverse & and field-aligned b unit vectors. Note that 1 = —&.

Let 71 be the outward normal to the modeling region, § the dawn-to-dusk direction trans-
verse to the plane of calculation and 7 the northward tangent to the boundary. Note that we have
$ = bx k& = i x f. See Figure Al above for a reminder of the various coordinate systems and
unit vectors involved in our calculations.

Boundary conditions on the velocity:

Eyj)xﬁ

= (AD)

V= VHb +

will be translated into conditions on the linear wave displacements & and &, using v = —iw.g?.

The normal boundary velocity vanishes ¥ - A = 0, giving us a condition on the parallel
displacement:

1 b-7E,
=——2 A2
9= wh B (A2)

We can similarly determine the curvature-directed boundary displacement in terms of the
fields:

b= ———. (A3)
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This allows us to arrive at one boundary condition relating the two displacements:

>

~>

&= -

& (A4)

S

i

Our second boundary condition can be obtained from the tangential boundary velocity:

v-fz—y[(k-a(@.ﬁ)—(é-f)z], (A5)

which in general depends on the conductance of the boundary. Note that we have abbre-
viated B - i1 as B,,. The current line density along the west side of the filament (y = €) is given
by:

% AB
J 20 50y —€), (A6)

j=-

where AB = B f»ilamen,—ﬁbackground. This current is completed across the ionospheric foot-
print by the Pedersen conduction current, so we have:

AB-t
XE, = - . (A7)
Mo
We write AB-7 in terms of the linear wave displacements using equations (21)—(25) and
(44)—(45) from Toffoletto et al. (2020) and eliminate the electric field from the tangent bound-
ary velocity using (A7) to arrive at the following condition:
. 9B . _ B, |(b-1)&+ & D&
£ (b-0)|0:8) = =€) - 26E | + (k- D) (D& — C&) = iwptoZ,— (G | . (A8)
B B | pou 22
(K-f)(b-n)—(b~t)
where:
i o (A9)
N o C% + ci )
2
Ca
fa = 5 (A10)
cs+cy
C = k[&-V)b]. (Al1)
This is a general condition for thin filament calculations that work for boundary orienta-
tion and ionospheric conductance. However, as mentioned above, compatibility with the clas-
sic interchange theory demands that the ionospheric conductance vanish. Assuming zero con-
ductance and f; < 1, we arrive at our second boundary condition:
056 = C&y, (Al2)

where C has been calculated numerically. We can see that the zero conductance case has
mixed (Neumann and Dirichlet) boundary conditions. The reason that d,&, must be a nonvan-
ishing fraction of &, is that the direction of the background field lines depends on position so that
the filament line must rotate when displaced in order to remain parallel to the local background.
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