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Abstract

Explosive volcanic eruptions radiate seismic waves as a consequence of pressure and shear traction changes within the con-

duit/chamber system. Kinematic source inversions utilize these waves to determine equivalent seismic force and moment tensor

sources, but relation to eruptive processes is often ambiguous and nonunique. In this work, we provide an alternative, for-

ward modeling approach to calculate moment tensor and force equivalents of a model of eruptive conduit flow and chamber

depressurization. We explain the equivalence of two seismic force descriptions, the first in terms of traction changes on the

conduit/chamber walls, and the second in terms of changes in magma momentum, weight, and momentum transfer to the

atmosphere. Eruption onset is marked by a downward seismic force, associated with loss of restraining shear tractions from

fragmentation. This is followed by a much larger upward seismic force from upward drag of ascending magma and reduction

of magma weight remaining in the conduit/chamber system. The static force is upward, arising from weight reduction. We

calculate synthetic seismograms to examine the expression of eruptive processes at different receiver distances. Filtering these

synthetics to the frequency band typically resolved by broadband seismometers produces waveforms similar to very long period

(VLP) seismic events observed in strombolian and vulcanian eruptions. However, filtering heavily distorts waveforms, accen-

tuating processes in early, unsteady parts of eruptions and eliminating information about longer time scale depressurization

and weight changes that dominate unfiltered seismograms. The workflow we have introduced can be utilized to directly and

quantitatively connect eruption models with seismic observations.
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Key Points:8

• We provide expressions for the seismic force in eruptions that can be evaluated9

using outputs from unsteady conduit flow models.10
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• Our modeling suggests that eruptive mass could be inferred by extending seismic13
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Abstract15

Explosive volcanic eruptions radiate seismic waves as a consequence of pressure and shear16

traction changes within the conduit/chamber system. Kinematic source inversions uti-17

lize these waves to determine equivalent seismic force and moment tensor sources, but18

relation to eruptive processes is often ambiguous and nonunique. In this work, we pro-19

vide an alternative, forward modeling approach to calculate moment tensor and force20

equivalents of a model of eruptive conduit flow and chamber depressurization. We ex-21

plain the equivalence of two seismic force descriptions, the first in terms of traction changes22

on the conduit/chamber walls, and the second in terms of changes in magma momen-23

tum, weight, and momentum transfer to the atmosphere. Eruption onset is marked by24

a downward seismic force, associated with loss of restraining shear tractions from frag-25

mentation. This is followed by a much larger upward seismic force from upward drag of26

ascending magma and reduction of magma weight remaining in the conduit/chamber sys-27

tem. The static force is upward, arising from weight reduction. We calculate synthetic28

seismograms to examine the expression of eruptive processes at different receiver distances.29

Filtering these synthetics to the frequency band typically resolved by broadband seis-30

mometers produces waveforms similar to very long period (VLP) seismic events observed31

in strombolian and vulcanian eruptions. However, filtering heavily distorts waveforms,32

accentuating processes in early, unsteady parts of eruptions and eliminating information33

about longer time scale depressurization and weight changes that dominate unfiltered34

seismograms. The workflow we have introduced can be utilized to directly and quanti-35

tatively connect eruption models with seismic observations.36

Plain Language Summary37

Volcanic eruptions radiate seismic waves that can be recorded by seismometers placed38

on and around a volcano. Analysis of seismic data enables one to study eruptions, in par-39

ticular the processes occurring in the magma-filled conduit and chamber that feeds the40

eruption. One process of particular interest is fragmentation, in which magma contain-41

ing a mixture of liquid melt and gas bubbles breaks apart in the conduit and erupts ex-42

plosively from the vent. We perform computer simulations of explosive eruptions and43

then use the output of those simulations to predict seismic radiation. We examine the44

seismograms produced by this workflow to identify features that are diagnostic of pro-45

cess, such as fragmentation, that occur at different times in the eruption. These predic-46

tions will guide interpretation of seismic data from real eruptions.47

1 Introduction48

Seismic monitoring of active volcanoes is a widely used geophysical technique to49

remotely detect and study eruptions. Seismic radiation from volcanic eruptions occurs50

across a wide frequency band, with higher frequency radiation arising from turbulence51

and particle-wall interactions within the conduit (Fee, Haney, et al., 2017), volcano-tectonic52

(VT) fracture events (Roman & Cashman, 2006), and other impulsive or short-duration53

processes. Eruptions often also feature very long period (VLP) seismic signals that are54

simpler, usually involving just one or a few cycles of oscillatory motion on broadband55

seismometers when high-pass filtered above ∼0.01 Hz as is common in most studies. VLP56

radiation is generally attributed to coherent processes associated with magma movement,57

pressure and shear traction changes, and inflation or deflation of dikes, sills, and other58

magma storage structures in the volcanic plumbing system (McNutt & Roman, 2015;59

Kawakatsu & Yamamoto, 2015; B. A. Chouet & Matoza, 2013). Unraveling VLP seis-60

mic waveforms, and relating them to these eruptive processes, thereby provides insight61

into the fluid dynamics and internal structure of volcanoes.62

Typical analysis of VLP seismograms is done using kinematic waveform inversion63

to determine an effective moment tensor and single force time history from which the64
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eruptive source process is inferred (McNutt & Roman, 2015; Kawakatsu & Yamamoto,65

2015; B. A. Chouet & Matoza, 2013). Kinematic inversions have been performed on many66

volcanoes. Studies of vulcanian eruptions often reveal inflation/deflation sources at depths67

of ∼1-2 km, as seen in Popocatépetl, Mexico (B. Chouet et al., 2005), Augustine, Alaska68

(Dawson et al., 2011), and Redoubt, Alaska (Haney et al., 2013), for example. Shallow69

sources have also been observed, such as at Asama, Japan (Maeda et al., 2019), which70

are commonly interpreted as inflation/deflation of cracks within the hydrothermal sys-71

tem. VLP sources in strombolian eruptions also span a range of depths, from ∼1 km at72

Yasur (Matoza et al., 2022) to just a few hundred meters at Stromboli. The source at73

Stromboli may involve both moment and forces (Ripepe et al., 2021) or just moment con-74

tributions from pre-eruptive pressurization and expansion of the cylindrical conduit fol-75

lowed by depressurization and contraction during eruption (Legrand & Perton, 2022).76

In many of these studies, there is often ambiguity regarding the presence of a force com-77

ponent in addition to a moment source. The 2004 eruption of Asama provides some of78

the most convincing evidence for a vertical force from vulcanian eruptions (Ohminato79

et al., 2006). VLP studies have also been conducted for caldera collapse events, such as80

the recent 2018 eruption of Kilauea (Lai et al., 2021), and interpreted in terms of fric-81

tional slip on a ring fault bounding the unsteadily dropping caldera block and pressur-82

ization of an underlying magma chamber (Wang et al., 2021). Kinematic inversions have83

also provided insights into other volcanic events involving ring faulting and intrusions84

(Fukao et al., 2018; Fontaine et al., 2019; Sandanbata et al., 2021).85

However, the interpretation of moment tensor and force sources can be nonunique86

and only ambiguously related to eruptive processes (Dawson et al., 2011). In addition,87

there appears to be some confusion in the literature regarding the origin of the single88

force component, which has been variably attributed to changes in magma momentum89

(i.e., inertia) or tractions on the walls of the conduit and chamber system. Single force90

models have been utilized to describe seismic sources involving transient decoupling of91

a solid or fluid region from the rest of the Earth. Examples include landslides (Kanamori92

& Given, 1982; Eissler & Kanamori, 1987; Hasegawa & Kanamori, 1987; Dahlen, 1993;93

Allstadt, 2013), spalling from shallow explosions (Day & McLaughlin, 1991), iceberg calv-94

ing events (Tsai et al., 2008; Nettles & Ekström, 2010; Murray et al., 2015), pyroclas-95

tic flows (Uhira & Takeo, 1994; Yamasato, 1997; De Angelis et al., 2007), and volcanic96

eruptions (Kanamori et al., 1984; Takeo et al., 1990; Uhira & Takeo, 1994; Ripepe et al.,97

2021). While the seismic representation theorem has been generalized in a manner that98

explains the origin of equivalent force and moment sources from fluid motions and other99

processes (Takei & Kumazawa, 1994, 1995), it has been challenging to connect that rep-100

resentation to commonly used volcanic source descriptions such as conduit flow models.101

An important advance toward this was provided by Brodsky et al. (1999), building on102

Kanamori and Given (1982), who derived an expression for the seismic force in terms103

of changes in the magma momentum, weight, and momentum transfer to the atmosphere104

in the context of the 1980 eruption of Mount St. Helens. This was done using a global105

momentum balance applied to a control volume encompassing the conduit and cham-106

ber, which while correct limits the applicability to point source descriptions of an erup-107

tion.108

Here we provide a theoretical derivation and workflow to calculate equivalent seis-109

mic moment and force histories from unsteady conduit flow and depressurizing cham-110

ber models, which can then be used to generate synthetic seismograms. The derivation111

is based on an extension of the work of Burridge et al. (1993) on seismic radiation from112

pressure changes in a fluid-filled borehole to account also for changes in shear traction113

when that fluid is viscous. We also account for radiation from a magma chamber con-114

nected to the base of the conduit. An important insight provided by our work is the equiv-115

alence of expressions for the single force in terms of either tractions on the walls of the116

conduit and chamber (the traction-based representation) or changes in magma momen-117

tum, weight, and momentum transfer to the atmosphere (the inertial representation).118
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Figure 1. Schematic representation of conduit-chamber system: a vertical, cylindrical conduit

of radius R and length L connected to chamber with initial volume V0. We define the surface

enclosing V0 as the union of the conduit-chamber opening A and the magma-solid Earth interface

S with surface normal vector n̂.

Following the derivation, we apply the workflow to compute seismic radiation from119

vulcanian-type explosions idealized with a quasi-1D model of unsteady, two-phase con-120

duit flow coupled to a lumped parameter magma chamber. We examine the relative con-121

tributions of force and moment sources from the conduit and chamber, exploring how122

processes like fragmentation are expressed in the seismic waveforms. This overall work-123

flow opens the possibility of performing seismic source inversions directly for the erup-124

tive processes using conduit flow models, circumventing the need to first perform a kine-125

matic source inversion.126

2 Summary of workflow127

We begin by summarizing a key outcome of our study: a workflow to generate syn-128

thetic seismograms from an unsteady quasi-1D conduit flow model. Steady state con-129

duit flow models have time-independent tractions on the solid and hence do not produce130

seismic radiation. We assume a vertical cylindrical conduit of radius R and cross-sectional131

area A = πR2, venting to the atmosphere and connected to a magma chamber of nom-132

inal volume V0 at the base of the conduit (Figure 1). The conduit is centered on the z133

axis, with z = 0 being the vent, z = −L being the top of the chamber, and z positive134

upward. Elastic compliance of the walls is negligible in comparison to magma compress-135

ibility for this geometry (Costa et al., 2007), so we assume rigid walls in the conduit flow136

model. We model the magma chamber using a lumped parameter model that assumes137

spatially uniform pressure changes within the chamber, derived from the chamber mass138

balance with outflow from the chamber to conduit. Relevant details of the conduit and139

chamber models are provided in the next section.140

I. Solve the conduit flow and chamber depressurization model. This provides the changes141

in pressure ∆p(z, t) and shear traction (i.e., wall shear stress) ∆τ(z, t) in the con-142

duit, as well as the change in chamber pressure ∆pch(t).143
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II. Use the source representation (see Appendix A) to convert the conduit pressure144

change into a moment tensor per unit depth,145

dMij(z, t)

dz
=
A∆p(z, t)

µ
[(λ+ 2µ)δij − 2µδizδjz] , (1)146

where λ is the first Lamé parameter and µ is shear modulus; and the shear trac-147

tion change into a force per unit depth,148

dFi(z, t)

dz
= δiz2πR∆τ(z, t). (2)149

Treating the chamber as a spherical point source, convert the chamber pressure150

change into a moment tensor source (Aki & Richards, 2002; Ichihara et al., 2016),151

M ch
ij (t) =

3V0∆pch(t)

4

(
λ+ 2µ

µ

)
δij . (3)152

This expression can be replaced with moment tensors for nonspherical chambers153

(e.g., Segall, 2010). There is also a force contribution from momentum exchange154

between conduit and chamber and the change in chamber magma weight ∆Mch(t)g:155

F chi (t) = [−A∆pch(t)−∆Mch(t)g] δiz. (4)156

III. Convolve the moment and force distributions with the Green’s function Gij(x,x
′, t)157

of the elastic wave equation to produce synthetic seismograms:158

ui(x, t) =

∫ 0

−L

[
dMjk(z′, t)

dz′
∗ ∂Gij(x,x

′, t)

∂x′k
+
dFj(z

′, t)

dz′
∗Gij(x,x′, t)

]
dz′159

+M ch
jk (t) ∗ ∂Gij(x,x

′, t)

∂x′k

∣∣∣∣
x′=xch

+ F chj (t) ∗Gij(x,xch, t), (5)160

where ∗ denotes time convolution, the Green’s functions in the conduit integrand161

are evaluated on the z′ axis, and xch is the chamber centroid. This treats the cham-162

ber as a point source. When seismic wavelengths are sufficiently long (Aki & Richards,163

2002), then the point source approximation can be used for the conduit contri-164

bution, too, in which case (5) becomes165

ui(x, t) = M co
jk(t) ∗ ∂Gij(x,x

′, t)

∂x′k

∣∣∣∣
x′=xco

+ F coj (t) ∗Gij(x,xco, t)166

+M ch
jk (t) ∗ ∂Gij(x,x

′, t)

∂x′k

∣∣∣∣
x′=xch

+ F chj (t) ∗Gij(x,xch, t), (6)167

where M co
ij (t) and F coi (t) are obtained by integrating the conduit moment and force168

per unit depth over the length of the conduit. Strictly speaking, spatially variable169

force will provide a vertical vector dipole contribution to the conduit moment ten-170

sor. However, we anticipate this will be small in comparison to other contributions171

to the moment tensor, so we neglect it in this work.172

The above workflow is specific to cylindrical conduits of constant cross-sectional area;173

an additional contribution to the vertical force will arise when the cross-sectional area174

varies with depth. Another important generalization is to account for the finiteness of175

the chamber, rather than treating it as a point source.176

The remainder of our study is devoted to justifying the source representation, de-177

riving expressions relating the seismic force to eruptive processes in the conduit and cham-178

ber, and then applying the workflow for several conduit flow example problems.179
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3 Equivalent expressions for seismic force and connection to global mo-180

mentum balance181

Volcano seismology studies have variably attributed the seismic force component182

of the source representation to shear tractions on the conduit walls and to changes in183

the momentum of magma within the conduit. Here we explain the relation between these184

two conceptual interpretations. We also show that when the local momentum balance185

is integrated over the conduit and chamber, we obtain the global momentum balance iden-186

tified by Brodsky et al. (1999) in their study of the 1980 Mount St. Helens eruption. In187

addition we account for time variations of the magma momentum, which were neglected188

by Brodsky et al. (1999). Furthermore, we isolate contributions from the conduit and189

magma chamber, whereas Brodsky et al. (1999) combined them together into a single190

control volume.191

3.1 Conduit momentum balance192

While our workflow is applicable to any quasi-1D conduit flow model that provides193

pressure and shear traction changes on the conduit walls, we specialize the discussion194

and derivation to follow to models in which all phases and components are co-moving195

with a common pressure and particle velocity. The momentum balance is196

ρ

(
∂v

∂t
+ v

∂v

∂z

)
= −∂p

∂z
− ρg − 2τ

R
, (7)197

where ρ is density, v is vertical particle velocity, p is pressure, τ is wall shear stress, and198

g is the gravitational acceleration. At this point we place no restrictions on the specific199

form of the equation of state and model for wall shear stress. The momentum balance200

is paired with the source-free continuity equation,201

∂ρ

∂t
+
∂(ρv)

∂z
= 0. (8)202

Next we add Av times (8) to A times (7) to obtain the momentum balance in conser-203

vation form:204

A
∂(ρv)

∂t
+A

∂(p+ ρv2)

∂z
= −Aρg − 2πRτ. (9)205

Seismic radiation and static displacements arise from changes in pressure and shear trac-206

tion about some initial state. For this initial state, we assume the magma is at rest with207

the initial pressure gradient balancing the weight of the magma and shear traction from208

a plug:209

A
∂p0

∂z
= −Aρ0g − 2πRτ0. (10)210

The subscript 0 indicates values from the initial state. We subtract (10) from (9) to ob-211

tain the perturbation momentum balance:212

A
∂(ρv)

∂t
+A

∂(∆p+ ρv2)

∂z
= −A∆ρg − 2πR∆τ, (11)213

where ∆ = present state - initial state. Finally, we integrate (11) along the length of214

the conduit to obtain the global momentum balance for the conduit:215

d

dt

[
A

∫ 0

−L
ρv dz

]
= A(∆p+ ρv2)|z=−L −A(∆p+ ρv2)|z=0216

−
∫ 0

−L
A∆ρ g dz −

∫ 0

−L
2πR∆τ dz. (12)217

This can be rewritten using a more compact notation:218

Ṗco = Fch→ co − Fvent −∆Mcog − Fco, (13)219
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where Pco is the momentum of the conduit magma, the rate of momentum transfer from220

the chamber to the conduit is221

Fch→ co = A(∆p+ ρv2)|z=−L, (14)222

and the rate of momentum imparted to the atmosphere at the conduit vent is223

Fvent = A(∆p+ ρv2)|z=0. (15)224

The third contribution to the change in conduit momentum arises from mass erupting225

out of the vent leading to a reduction in weight; the change in weight is ∆Mcog, where226

∆Mco =

∫ 0

−L
A∆ρdz = −A

∫ t

0

(ρv)|z=0
z=−Ldt, (16)227

with the latter expression following from the conduit mass balance. And finally, there228

is momentum exchange with the surrounding solid through the change in restraining forces229

(shear tractions) at the conduit walls. This includes frictional drag between the flowing230

magma and conduit walls and the loss of shear traction during rupture of a plug. Us-231

ing Newton’s third law pairs, we define the change in force exerted by the magma on the232

solid Earth along the conduit walls as233

Fco =

∫ 0

−L
2πR∆τ dz, (17)234

which will be one contribution to the seismic force.235

3.2 Chamber momentum balance236

We treat the chamber vertical momentum balance in a similar manner, quantify-237

ing changes relative to an initial magmastatic reference state. In this derivation of the238

seismic force contribution from the chamber, it is essential to go beyond commonly used239

lumped parameter chamber models with spatially uniform pressure. We therefore con-240

sider nonlinear flow of compressible magma within a chamber of arbitrary shape, but,241

as for the conduit, restrict attention to models in which all phases and components have242

a common stress tensor and particle velocity. Let V (t) be the chamber volume in the cur-243

rent state. We assume that changes to the chamber volume are small compared to the244

initial volume, which allows us to linearize geometry changes around the initial (refer-245

ence) state. The chamber volume in the reference state is V0; its surface is split into two246

parts (Figure 1). The first part, denoted by S and having unit outward normal n̂, is the247

interface between the chamber magma and the surrounding solid. The second part is the248

surface connecting the chamber and the conduit at z = −L, denoted as A and having249

unit outward normal in the +z direction. We assume that chamber magma starts from250

rest, with magma weight determining the initial pressure gradient:251

∂p0

∂z
= −ρ0g. (18)252

The vertical momentum balance during the eruption is253

ρ

(
∂vz
∂t

+ vi
∂vz
∂xi

)
=
∂σiz
∂xi

− ρg (19)254

where vi is the particle velocity and the stress tensor σij includes both an isotropic pres-255

sure and deviatoric stresses associated with flow of the viscous magma. Then, we add256

to (19) vz times the continuity equation with no internal mass sources,257

∂ρ

∂t
+
∂(ρvi)

∂xi
= 0, (20)258
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to obtain the momentum balance in conservation form:259

∂(ρvz)

∂t
+
∂(ρvzvi)

∂xi
=
∂σiz
∂xi

− ρg. (21)260

Next, subtract (18) from (21) and denote changes with respect to the reference state us-261

ing the same ∆ notation as for the conduit, e.g., ∆σij = σij + p0δij . Then integrate262

over V , using V0 when appropriate for our linearized deformation model, and apply the263

divergence theorem to obtain the global momentum balance of the chamber magma:264

d

dt

∫
V0

ρvz d
3x =

∫
(S+A)

(∆σiz − ρvzvi)nid2x−
∫
V

∆ρg d3x265

=

∫
S

∆σiznid
2x−A(∆p+ ρv2)|z=−L −

∫
V

∆ρg d3x. (22)266

In going to the second expression, we have neglected advective momentum transfer through267

the chamber walls (ρvzvini = 0 on S) and utilized the interface conditions with the con-268

duit on the surface A, namely,269 ∫
A

ρvzd
2x = ρvA|z=−L (23)270

and271 ∫
A

(
∆σzz − ρv2

z

)
d2x = −A(∆p+ ρv2)|z=−L, (24)272

where ρ, v, and ∆p appearing on the right side of the equations above are for the con-273

duit magma. We denote the global momentum balance as274

Ṗch = −Fch − Fch→ co −∆Mchg. (25)275

In this expression, Pch is the total vertical momentum of magma within the chamber.276

The vertical component of the force exerted by the chamber magma on the surround-277

ing solid is278

Fch = −
∫
S

∆σiznid
2x, (26)279

which will be the second contribution to the seismic force. This includes contributions280

from spatially nonuniform pressure as well as shear tractions along the chamber walls.281

The rate of momentum transfer from the chamber to conduit, Fco→ ch, is identical to the282

definition given earlier in the context of the conduit momentum balance, namely equa-283

tion (14). The change in chamber magma weight is ∆Mchg, where284

∆Mch =

∫
V

∆ρd3x = −
∫ t

0

∫
A

ρvzd
2xdt = −A

∫ t

0

(ρv)|z=−Ldt, (27)285

with the second expression following from the chamber mass balance and the third, in-286

volving ρ and v at the base of the conduit, resulting from the interface condition (23).287

3.3 Global momentum balance and expressions for seismic force288

We then add the global momentum balances for the conduit (12) and chamber (25)289

to obtain the global magma momentum balance for the conduit and chamber system:290

Ṗ = −Fvent −∆Mg − Fs, (28)291

where we have defined the rate of change of the magma momentum as Ṗ = Ṗco+Ṗch,292

the total change in magma weight as ∆Mg = ∆Mcog+∆Mchg, and the seismic force293

Fs = Fco + Fch. Note that magma momentum and magma weight refer only to con-294

tributions from magma that remains within the subsurface conduit-chamber system, ex-295

cluding magma that has been erupted; the erupted mass is −∆M . We return to this point296

shortly when discussing the momentum balance of the atmosphere.297
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Seismic radiation within the solid Earth can only be generated through contact forces298

(i.e., ones acting along the interface between the magma and the surrounding solid), which299

we use to define the traction-based representation for the seismic force Fs:300

Fs = Fco + Fch. (29)301

An alternative expression for Fs can be obtained by using the total magma momentum302

balance (28):303

Fs = −Ṗ − Fvent −∆Mg. (30)304

We refer to this as the inertial-based representation. Seismic forces are not solely caused305

by changes in magma momentum; they are also dependent on the conduit-atmosphere306

momentum exchange and the change in weight of the magma in the conduit and cham-307

ber. Equation (30) matches the expression for seismic force derived by Brodsky et al.308

(1999). They then neglected magma momentum changes Ṗ and weight changes −∆Mg309

and approximated Fvent as −ρv2A. This yields Fs ≈ −ρv2A, evaluated at the vent, which310

can also be written as Fs = −Ṁv where Ṁ = ρvA is the eruptive mass rate. This ex-311

pression was the basis of a workflow using seismic estimates of Fs to infer Ṁ and then312

plume height (Prejean & Brodsky, 2011). This approximation neglects the ∆pA term313

in Fvent, as well as changes in magma momentum and weight. Our example simulations314

to follow suggest that this approximation is not well justified, at least for the parame-315

ter space we have explored.316

3.4 Momentum conservation of the conduit-chamber-atmosphere-solid317

Earth system318

The momentum balance concepts applied to the conduit and chamber magma can319

be equally well applied to the atmosphere and solid Earth. Their global vertical momen-320

tum balances are321

Ṗatm = Fvent + ∆Mg − Fsurf (31)322

and323

Ṗsolid = Fs + Fsurf , (32)324

where the total vertical momentum of the atmosphere and solid Earth are Patm and Psolid,325

−∆Mg is the change in weight of the atmosphere (which is opposite in sign to the sub-326

surface magma weight change due to mass conservation), and Fsurf is the change in force327

exerted by the atmosphere on the solid Earth surface. Momentum conservation of the328

entire system is obtained by summing (28), (31), and (32) to show that329

Ṗ + Ṗatm + Ṗsolid = 0, (33)330

as expected.331

In many eruptions, the eruptive fluid rises within a buoyant plume and is then dis-332

tributed horizontally over time scales that are much longer than are relevant for the seis-333

mic radiation problem. The addition of mass to the atmosphere and its increase of weight334

must be compensated for by a slight increase in atmospheric pressure, which acting on335

the solid Earth surface provides the force change Fsurf . The long time scale of this pro-336

cess, as well as the large horizontal length scales over which Fsurf acts, justifies neglect-337

ing Fsurf in comparison to Fs when calculating seismic radiation from eruptions. Ex-338

ceptions to this may arise if the eruption column collapses into a pyroclastic flow and/or339

lahars, and in this case one must connect with the growing body of work studying seis-340

mic wave generation by these sources (e.g., Uhira & Takeo, 1994; Yamasato, 1997; De An-341

gelis et al., 2007; Kumagai et al., 2009; Allstadt, 2013; Zobin et al., 2009; Lai et al., 2018).342

3.5 Specialization to lumped parameter chamber model343

Many volcano modeling studies, including the example models in this work, uti-344

lize lumped-parameter models of magma chambers within which changes to the stress345
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tensor take the form of a spatially uniform change in chamber pressure, pch (e.g., Segall,346

2010). The chamber mass balance, combined with the magma equation of state and an347

elastic deformation model for the solid bounding the chamber, leads to an evolution equa-348

tion for the change in chamber pressure. The linearized version of this model is349

βV0
dpch
dt

= −Q, (34)350

where β is the combined chamber and magma compressibility and Q is the volumetric351

flow rate of magma from the chamber into the conduit. When coupling this model to352

the conduit model given by equations (7) and (8), we use the conditions353

Q(t) = Av(−L, t) and pch(t) = p(−L, t). (35)354

The latter condition neglects viscous or turbulent pressure loss as magma enters the con-355

duit as well as the nonlinear advective momentum transport term ρv2 that appeared in356

the more general coupling condition (24).357

This chamber model neglects contributions to the chamber momentum balance from358

magma momentum changes (i.e., Ṗch = 0), such that (25) reduces to359

0 = −Fch − Fch→ co −∆Mchg. (36)360

Thus in the examples to follow, we calculate the chamber contribution to the seismic force361

as362

Fch = −Fch→ co −∆Mchg, (37)363

with364

Fch→ co = A∆p|z=−L = A∆pch (38)365

and366

∆Mch = −A
∫ t

0

ρv|z=−Ldt. (39)367

4 Example simulation368

In this section, we apply the workflow stated in section 2 to a representative sim-369

ulation from an unsteady conduit flow model. We discuss the force and moment histo-370

ries and then present synthetic seismograms at various distances using Green’s functions371

for a homogeneous elastic half-space. We note that far more sophisticated conduit flow372

models exist, which account for processes thought to be relevant to certain eruption styles373

or magmas, but we choose to use a simple model to highlight how flow processes cou-374

ple to seismic radiation. Likewise, connections to actual seismic observations will require375

Green’s functions that account for the location-specific elastic structure around a vol-376

cano, rather than the idealized structure used here.377

4.1 Conduit flow model378

Here we describe the unsteady conduit flow model used in our examples and show379

a representative eruption history. This is step I in the workflow stated in section 2.380

We simulate conduit flow by simultaneously solving the governing equations for co-381

moving, two-phase magma with a common pressure in a vertical, rigid-walled cylindri-382

cal conduit. The momentum and mass balances are given by equations (7) and (8), re-383

spectively. Parameter choices and initial conditions are selected for idealized, short-duration384

vulcanian eruptions initiated by rupture of a plug that seals the conduit and allows for385

overpressure development beneath it.386
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Table 1. Parameter values used in example simulation in Section 4.

Symbol Description Numerical value

g gravitational acceleration 9.8 m/s2

f0 Darcy-Weisbach friction factor 0.01
µ magma viscosity 106 Pa s
φ0 critical gas volume fraction 0.8
tex exsolution timescale 1 s
k fragmentation transition sharpness 60
Sm solubility constant 4× 10−6 Pa1/2

n0 total gas mass fraction 0.01
RG specific gas constant 461 J/kgK
T mixture temperature 900 K
β0 liquid compressibility 10−10 Pa−1

βch chamber compressibility 2× 10−10 Pa−1

ρl,0 liquid density 2600 kg/m3

p0 exsolution pressure n2
0/S2

m

τp plug traction amplitude 3× 107 Pa
Lplug plug traction width 173 m
zplug plug depth 250 m
tdur rupture duration 1 s
trup time of rupture 10 s
V0 chamber volume 105 m3

R conduit radius 30 m
L conduit length 1 km

The wall shear stress, τ , is written as the sum of the plug shear resistance, τplug,387

and drag from upward magma flow, τdrag. The drag transitions from laminar to turbu-388

lent upon fragmentation, which we idealize as389

τdrag =
f0ρv

2

8
+

8µv

R

1

1 + ek(φ−φ0)
, (40)390

where f0 is the Darcy-Weisbach friction factor for turbulent flow, µ is magma viscosity,391

φ is gas volume fraction, and φ0 is the critical volume fraction for fragmentation. We392

have smoothed the fragmentation process, specifically the transition from laminar to tur-393

bulent drag, using a logistic function in φ, centered around φ0 and with the parameter394

k determining the sharpness of the fragmentation transition (Figure 2). The plug resis-395

tance model is described later.396

The top pressure boundary condition is atmospheric pressure, p(0, t) = patm =397

105 Pa, when the exit velocity is subsonic; otherwise, the flow is choked. The conduit398

is connected at its base to the lumped parameter chamber model given by equations (34)399

and (35).400

The magma, a mixture of liquid melt and gas, obeys the mixture equation of state401

(Wilson & Head III, 1981)402

1

ρ
=

n

ρg
+

1− n
ρl

, ρg =
p

RGT
, ρl = ρl,0 (1− β0(p− p0)) (41)403

where n is the mass fraction of exsolved gas, ρg is gas phase density determined by the404

ideal gas law, and ρl is liquid melt density, given by a linearized equation of state in which405

ρl,0, β0, and p0 are the reference liquid density, compressibility, and reference pressure,406

respectively.407
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Figure 2. Fragmentation transition function in equation (40) that smoothly eliminates lam-

inar drag as gas volume fraction increases above a fragmentation threshold (φ0, marked by the

vertical dashed line).The parameter k determines the sharpness of the transition, with larger k

creating a sharper transition.

Gas exsolution is captured through a simple evolution equation for the gas mass408

fraction n (Woods, 1995):409

∂n

∂t
+ v

∂n

∂z
= −n− neq(p)

tex
. (42)410

The left side is the material derivative of n, and the right side is the gas exsolution rate.411

We determine this rate by comparing the current gas mass fraction to the pressure-dependent412

equilibrium value neq(p) and prescribing an exsolution timescale tex over which n ap-413

proaches that value. The equilibrium gas mass fraction at a particular pressure is given414

by Henry’s solubility law:415

neq(p) = max(n0 − Smpm, 0) (43)416

where n0 is total volatile mass fraction, Sm is the solubility constant for a particular volatile417

species, and m is the empirically determined exponent for that volatile species.418

As mentioned earlier, we account for resistive tractions from a plug, idealized as419

τplug = τpe
−(z−zplug)2/(2L2

plug), (44)420

where τp is the maximum plug traction, zplug is the center of the plug, and Lplug deter-421

mines its depth extent. The net force provided by the plug is422

Fplug =

∫ 0

−L
2πRτplugdz = (2π)3/2RLplugτp. (45)423

The governing equations are solved, assuming v = 0 and n = neq(p), for the ini-424

tial pressure (Figure 3) by integrating downward from z = 0 where pressure equals at-425

mospheric. The initial chamber pressure is set equal to the initial pressure at the bot-426

tom of the conduit. The eruption is initiated by smoothly reducing τplug to zero over rup-427

ture duration tdur at time of rupture trup using a logistic function,
[
1 + e(t−trup)/tdur

]−1
.428

The governing equations are written in conservation form (with dependent vari-429

ables ρ, ρn, and ρu) and spatially discretized using high-order summation by parts (SBP)430

finite differences (Kreiss & Scherer, 1974). Boundary conditions are enforced weakly us-431

ing the simultaneous approximation term (SAT) technique (Carpenter et al., 1994; Del432
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Figure 3. Initial pressure and shear traction along the conduit for an eruption initiated by

plug rupture. A) Overpressure has developed below the plug, reaching almost 20 MPa above

magmastatic pressure at the chamber. Dark blue dot indicates initial magma chamber pressure,

which is the same as the pressure at the bottom of the conduit. B) Shear traction from the plug.

Rey Fernández et al., 2014). Specifically, we follow the approach in (Watson et al., 2019),433

which imposes boundary conditions on characteristic variables entering the domain from434

the boundary. The method can be proven to be energy stable for the frozen coefficient435

(linearized) problem. To increase robustness for the nonlinear problem, we add high-order436

artificial dissipation (Mattsson, 2017).437

Time stepping is done using an adaptive Runge–Kutta method. In all simulations,438

we use a uniform grid spacing of 0.98 m, chosen to adequately resolve the (smoothed)439

fragmentation front without introducing artificial oscillations. The exception to this is440

our later study of intermittent fragmentation, in which we purposefully sharpen the frag-441

mentation to produce discretization-dependent effects. The rationale for this is discussed442

later.443

Table 1 lists parameter values for the example simulation in this section. The pa-444

rameter values are similar to those chosen in many class conduit flow models (Wilson445

et al., 1980; Woods, 1995) and are reasonably representative of a moderately viscous magma446

(e.g., dacite). The gas content (n0 = 0.01) is at the lower end of possible values, which447

we purposefully selected so that there is no exsolved gas in the magma beneath the plug448

at the onset of the eruption. This allows us to use the equilibrium solubility model when449

setting the initial conditions for the simulation, thereby avoiding the need to account for450

effects of outgassing prior to the eruption.451

The results are shown in Figure 4 for an eruption in a conduit with of length 1 km452

and radius 30 m connected to a magma chamber with volume of 105 m3. A spherical cham-453

ber of this volume has radius approximately equal to the conduit radius. Rupture of the454

plug reduces the restraining tractions, and the overpressure beneath the plug then ac-455

celerates the magma upward. This upward flow depressurizes the conduit, with the lead-456

ing edge of the decompression front traveling down the conduit at the sound speed in457

the magma. Magma exits the vent at the sound speed (choked flow) in the early parts458

of the eruption for a few hundred seconds, then slows to subsonic exit velocities. Once459

the decompression front reaches the chamber, the chamber begins to depressurize as mass460
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Figure 4. Simulation results for eruption initiated by plug rupture with initial conditions

shown in Figure 3. Rupture initiates upward acceleration of the magma and depressurization of

the conduit and chamber. Dashed lines track the descent of the fragmentation front, also high-

lighted by the high upward drag from acceleration of magma just below the front. The persistent

region of reduced shear traction around 250 m depth marks the plug location prior to rupture.
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Figure 5. Point-source force and moment histories for the simulated eruption triggered by

plug rupture. A: For entire eruption. B: The first 4 minutes (marked by black boxes in A).

Depressurization of the conduit dominates the moment history all throughout the eruption.

The force history illustrates a shift in dominance from the conduit force early in the eruption

to chamber force for the duration of the eruption. Note that only the Mzz component of the

moment tensor is plotted; other components’ histories will be scaled by a ratio of elastic moduli.

flows from the chamber into the conduit. The rate of chamber decompression depends461

on the storage capacity of the chamber, which is determined by the compressibility of462

the magma, the elastic compliance of the chamber, and the chamber volume. As the magma463

decompresses, it becomes saturated with volatiles and gas exsolves from the melt, increas-464

ing the gas volume fraction. Once the gas volume fraction exceeds a threshold value, the465

magma fragments and friction between the magma and the wall is drastically reduced466

as it transitions into a turbulent, gas-continuous flow. Figure 4 shows high upward trac-467

tions on the conduit walls just below the fragmentation front, as magma still within the468

high-drag laminar flow regime is accelerated upward. There is also a region of downward469

shear traction change centered at 250 m depth that persists for the rest of the simula-470

tion; this is the region where the plug was located prior to rupture. The eruption ends471

gradually as depressurization of the conduit and chamber brings the system toward mag-472

mastatic balance.473

4.2 Force and moment histories474

Here we use the source representation to convert the eruption history to seismic475

force and moment. This is step II in the workflow stated in section 2. The conduit con-476

tributions to force and moment for a finite source are proportional to the shear traction477

and pressure change distributions shown in Figure 4. For the point source representa-478

tion for the conduit contribution, moment and force distributions – converted from pres-479

sure and shear traction changes using equations (1) and (2) respectively – are integrated480

along the length of the conduit to get point moment tensor and force histories. The cham-481

ber moment contribution is proportional to changes in chamber pressure (3), while the482

chamber force contribution arises from conduit-chamber momentum exchange (includ-483

ing the change in conduit magma weight) and the change in chamber magma weight (4).484

Point moment and force histories are shown in Figure 5.485
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Figure 6. Seismic force history (positive up) and its decomposition into contributions for the

traction-based (left column) and inertial-based (right column) representations for the eruption

shown in Figure 4. Four transition points are marked: 1) eruption is initiated by plug rupture,

2) flow out of the conduit begins, 3) the seismic force switches direction from downward to up-

ward, 4) the eruption stops when magmastatic balance is reached (see long time limit in Figure

5). For the traction-based representation, Fs = Fco + Fch, where Fco is the integrated shear

traction change on the conduit walls and Fch = −Fch→ co − ∆Mchg, the sum of minus the rate of

momentum transfer from the chamber to conduit (calculated as −A∆pch) and minus the cham-

ber weight change. For the inertial-based representation, Fs = −Ṗ − Fvent − ∆Mg, where Ṗ

is the rate of change of subsurface magma momentum, Fvent is the rate of momentum trans-

fer to the atmosphere, and ∆Mg is the change in weight of the subsurface magma. Note that

Fvent = Ṁv + A∆p at the vent, where Ṁ = ρvA is the mass eruption rate. The commonly used

approximation, Fs ≈ −Ṁv, is not justified for this eruption. Figure 5 shows the force history for

an additional 22 min, during which Fs continues to increase to its static value as the subsurface

magma weight decreases.
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Next we decompose and interpret the seismic force history shown in Figure 5, us-486

ing both the traction-based and inertial-based representations, in Figure 6. We mark dif-487

ferent transition points of the eruption event: 1) eruption initiation, 2) magma begin-488

ning to exit the conduit vent, 3) direction change of seismic force, and 4) eruption ces-489

sation (most clearly seen in Figure 5 because Figure 6 is focused on the early part of the490

eruption).491

First, we discuss the traction-based representation of the seismic force, Fs. The erup-492

tion begins with rupture of the plug (transition 1) and seismic force contributions from493

the conduit (Fco). There is no contribution from the chamber (Fch), as significant flow494

has not yet begun at depth. Prior to rupture, the magma pushes upward on the surround-495

ing solid, such that removal of the restraining shear tractions results in a net downward496

contribution to the seismic force on the solid Earth equal to −Fplug. However, this down-497

ward force is partially canceled by upward drag on the conduit walls as magma flows up-498

ward, such that the maximum force in this phase of the eruption, while downward, is much499

smaller in magnitude than Fplug. As the eruption progresses and magma begins to exit500

the vent (transition 2), already-moving melt continues to be accelerated and flow is ini-501

tiated at greater depths, both of which increase upward drag on the conduit walls. Even-502

tually, this upward drag overcomes the initial loss of restraining tractions from the plug,503

leading to Fco and thus Fs changing direction to become upward (transition 3). The next504

phase of the eruption features substantial depressurization and loss of mass (and weight)505

from the conduit and chamber, such that Fch contributes an upward force to Fs. Note506

that the weight reduction within the conduit appears through the −A∆pch term in Fch.507

As the ascent rate of magma in the conduit decreases, the upward drag decreases un-508

til it is no longer larger than −Fplug. Thus the conduit force becomes downward again,509

with Fco → −Fplug as the eruption wanes. In this phase of the eruption, the chamber510

contribution, Fch, dominates the conduit contribution, Fco, for the remainder of the erup-511

tion. At the end of the eruption, magma returns to rest and magmastatic balance is achieved512

(transition 4, corresponding to the long time limit shown in Figure 5). The seismic force513

is upward and is equal to minus the change in magma weight: Fs = −∆Mg. This can514

be understood from force equilibrium concepts as follows. The expression for Fch is given515

by equation (37), in which the first term (minus the change in force at the base of the516

conduit supporting the overlying magma column, A∆pch) must equal the weight change517

of conduit magma minus the plug force: A∆pch = ∆Mcog−Fplug, and the second term518

is minus the weight change of chamber magma, −∆Mchg. Thus, Fch = −∆Mg+Fplug,519

which is upward (less upward force required to support the magma, which means less520

downward force on the solid Earth). The conduit force contribution, in this equilibrium521

limit, is simply Fco = −Fplug because there is no drag. Thus, Fs = Fco+Fch = −∆Mg,522

which is upward.523

Next we discuss the seismic force history in the inertial-based representation. The524

magma initially starts from rest with zero momentum. Rupture of the plug (transition525

1) removes restraining tractions, accelerating the conduit magma and increasing its up-526

ward momentum. Momentum conservation requires the transfer of downward momen-527

tum to the solid Earth, reflected in the downward Fs. Magma has not yet exited through528

the vent, so there is no momentum exchange with the atmosphere and no loss in weight.529

Once the accelerating magma reaches the vent (transition 2), upward momentum is trans-530

ferred to the atmosphere and the rate of momentum increase within the conduit begins531

to slow, again corresponding to downward momentum imparted to the solid Earth. As532

mass is erupted through the vent, the weight of magma remaining in the subsurface conduit-533

chamber system decreases, providing an upward contribution to Fs. Eventually, the re-534

duced weight overcomes the contribution from the changing magma momentum and mo-535

mentum transfer rate to the atmosphere, and the imparted momentum to the solid Earth536

and therefore Fs change direction (transition 3). Upward momentum continues to be ex-537

changed with the atmosphere over the remainder of the eruption, but at a rate that de-538

creases as the eruption wanes. Likewise decreasing is the rate of change of conduit magma539
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momentum. As these contributions to Fs diminish, the largest contribution during this540

period comes from the weight change of subsurface magma as mass is erupted into the541

atmosphere. At the end of the eruption (transition 4, corresponding to the long time limit542

shown in Figure 5), there is no longer any change in magma momentum and no momen-543

tum exchange with the atmosphere, as magma is now at rest. The final static value of544

the seismic force is the total weight of erupted magma, Fs = −∆Mg.545

The moment tensor histories (Figure 5) capture the depressurization of the con-546

duit and the chamber. For the particular set of parameters chosen for this simulation,547

the moment tensor contribution from the conduit dominates over the chamber contri-548

bution because the conduit volume is greater than chamber volume by an order of mag-549

nitude; this balance will shift as chamber size increases relative to conduit size. This is550

explored later in our study through a parameter-space study varying the chamber vol-551

ume.552

Having discussed the relation between the eruptive history and the seismic force553

and moment tensor histories, we next turn to the expression of eruptive processes in seis-554

mograms. This adds an additional layer of complexity in the interpretation process, as555

contributions from the force and moment are superimposed to produce the overall seis-556

mogram.557

4.3 Synthetic seismograms558

Here we produce synthetic seismograms from the force and moment histories of the559

previous section. This is step III in the workflow stated in section 2. We do this for both560

the finite source and point source representations, discussing when the point source ap-561

proximation is appropriate and highlighting the potential benefits of near-source receivers562

that can resolve finite source effects to better constrain the eruptive processes.563

For simplicity, we use homogeneous half-space Green’s functions for a solid hav-564

ing density 2700 kg/m3, P-wave speed 3.464 km/s, and S-wave speed 2 km/s. Green’s565

functions are numerically generated using the FK method and associated code (Zhu &566

Rivera, 2002). We treat the conduit and the chamber as two separate sources that are567

added together to get the final synthetic seismogram. The chamber is represented as a568

point source at a depth of 1.028 km (the center of a spherical chamber of the given 105
569

m3 volume) for both the point-source and extended source calculations. In the point-570

source representation, we calculate the conduit contribution by first integrating the mo-571

ment (1) and force (2) contributions over the length of the conduit to get source histo-572

ries for a single source at depth 500 m (the midpoint of the conduit). In the finite-source573

calculation, we first calculate the seismogram contribution from each point along the con-574

duit by treating each simulation spatial grid point as a point source at that depth. For575

each simulation grid point, we get moment and force histories for that position in the576

conduit and convolve those with the Green’s functions specific to that source depth. We577

then add up contributions from all grid points in the conduit. This allows us to account578

for the travel-time difference between different parts of the conduit, as well as the change579

in source-receiver orientation that leads to different radiation patterns at the receiver po-580

sition. We encountered numerical inaccuracies in the Green’s functions for sources close581

to the surface. To mitigate this issue, we used the Green’s function for a source depth582

of 100 m for contributions in the uppermost 100 m of the conduit. Because this scale is583

much shorter than the wavelengths of seismic waves and static deformation, the error584

in this approximation is negligible.585

Figure 7 shows the synthetic seismograms for our example simulation at a receiver586

3 km from the vent. The displacement seismograms from the force and moment contri-587

butions show similar features to the source histories shown in Figure 5. The vertical com-588

ponent is dominated by the force contribution throughout the eruption. Within the first589

minute after the eruption onset, the ground first moves downward and inward in response590
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Figure 7. Synthetic displacement and velocity seismograms for a receiver located 3 km from

the vent. The full waveform combines all contributions from the conduit and chamber. Faint

lines are the extended-source calculation, while dark lines are point-source. For the first minute

after the eruption onset, the conduit force contributions dominate, creating radially inward and

downward motions. Thereafter, the displacements evolve toward their static values, radially

outward and upward. The force, specifically the weight change, produces outward and upward

displacement, whereas the moment, from depressurization, is of opposite sign. These contribu-

tions are comparable on the radial component, with the force contribution being slightly larger in

the static limit. The vertical component is dominated by the force.
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to the downward seismic force from the loss of restraining tractions on the conduit walls.591

Next it moves upward, in response to the upward drag of the accelerating magma at and592

below the fragmentation front. This is followed by downward motion again from the de-593

pressurization moment source. After the seismic force direction changes (transition 3),594

the chamber force, specifically the upward seismic force from the reduction in weight,595

dominates for the remainder of the eruption to cause upward and outward displacement.596

The radial seismograms are more complex. The small inward motion from the downward597

force is followed by a larger inward motion from the depressurization moment source.598

However, after ∼10 min, the displacement direction reverses to outward as the upward599

seismic force from the weight change increases, eventually counteracting the inward mo-600

tion from the depressurization moment source. The static displacements are dominated601

by the upward seismic force from the weight change on the vertical component, whereas602

the radial component has equally important contributions from depressurization (inward,603

moment) and the weight change (outward, force), with the weight change contribution604

being slightly larger.605

Note that any difference between the finite- and point-source calculations arises in606

the conduit contribution, since we treat the chamber as a point source in both represen-607

tations. Therefore in the final vertical waveform, there appears to be little difference be-608

tween the two calculations because the chamber force dominates the vertical signal for609

the majority of the eruption. In the radial signal, the waveform shape looks consistent610

between the two calculations – capturing the same shift in dominant contributions – but611

the timing of the transition is shifted, reflecting the overestimation of the displacement612

and particle velocity from the conduit moment in the point-source calculation.613

Next we explore how the seismograms change with distance from the vent (Figures614

8 and 9). The discussion to follow focuses first on displacements at times greater than615

approximately minute. We then return to the first minute of the eruption, where erup-616

tive processes are most clearly identified in the velocity seismograms. Returning to the617

longer time scales, the vertical displacements at all distances are upward, reflecting the618

weight change contribution to the seismic force. The depressurization moment source619

contributes at distances out to a few km, providing a downward displacement that re-620

duces the upward displacement from the reduction in weight, but this moment contri-621

bution becomes negligible in comparison to the force contribution at greater distances.622

The radial displacements are more complex, with substantial changes in the waveform623

shape and even displacement direction as receiver distance increases. Again we focus on624

times later than the initial minute of eruption. At 1 km from the vent, the radial dis-625

placement is inward for all times, primarily reflecting depressurization of the conduit.626

As the receiver distance increases, the force contribution from the reduction in weight627

becomes increasingly more important, particularly toward the end of the eruption. At628

sufficiently large receiver distances, the weight change force is the dominant contribu-629

tion throughout the seismogram, including in the static upward displacement.630

We also note that differences between the point- and finite-source seismograms are631

most pronounced for receivers close to the vent, as expected. The point-source calcula-632

tion overestimates the velocity/displacements, especially later in time. This is because633

substantial depressurization in the later part of the eruption occurs at depths below the634

source depth used for the point-source calculation (see Figure 4) and thus farther from635

the receiver. However, we note that the general eruption features are captured in both636

point- and finite-source seismograms, so differences in interpretation using a point-source637

approximation would only be quantitative, rather than qualitative.638

Eruptive processes in the first minute or two are most clearly expressed in the ve-639

locity seismograms (Figure 9). At all distances, we see an initial downward and inward640

velocity from the loss of restraining tractions when the plug ruptures. The shift to later641

arrival times of this feature with increasing receiver distance is a consequence of the in-642

creased wave travel time. The vertical velocity then switches to upward, reflecting the643
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Figure 8. Scaled synthetic displacement seismograms at four receiver distances: 1 km, 3 km,

10 km, 30 km. Conduit and chamber contributions are combined. For each receiver distance, all

of the contributing waveforms are scaled by the final point-source full-waveform static displace-

ments noted in the tables at bottom of figure. Faint lines are extended-source and dark lines

are point-source. Receiver positions closer to the conduit exhibit different dominant contribu-

tions to radial displacement, changing the waveform significantly. Beyond a certain distance, the

waveform features have little dependence on receiver position.
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Figure 9. Scaled synthetic velocity seismograms calculated for four different receiver dis-

tances: 1 km, 3 km, 10 km, 30 km. Conduit and chamber contributions are combined. For each

receiver distance, all of the contributing waveforms are scaled by the magnitude of the maximum

particle velocities in the point-source full-waveform noted in the tables at bottom of figure. Faint

lines are extended-source and dark lines are point-source. Different receiver position can highlight

different contributions through changes in waveform features.
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weight change force contribution. The radial velocity, initially inward from the plug rup-644

ture, switches to outward at more distant receivers from the weight change. At close dis-645

tances, the response is a more complex superposition of inward velocity from depressur-646

ization and outward velocity from the weight change. This example demonstrates the647

importance of having receivers at different distances to constrain eruptive source pro-648

cesses.649

5 Interpreting force history through parameter exploration650

We now use the new workflow to investigate how eruptive processes, which we al-651

ter by changing select model parameters, are reflected in the force and moment histo-652

ries and also in the seismograms. In particular, we focus on the sharpness of the frag-653

mentation transition and on the chamber volume. Each simulated eruption starts with654

the same initial pressure and stress conditions along the conduit and chamber and the655

same triggering event of the plug rupture.656

5.1 Fragmentation transition657

Fragmentation is modeled through the drag term in the conduit momentum bal-658

ance (7), which is reduced as the volume fraction fragmentation condition is met. This659

smooth transition is given in equation (40) and shown in Figure 2. Here we vary the pa-660

rameter k, which sharpens the transition as it is increased.661

Figure 10 shows that the fragmentation front descends through the conduit more662

quickly as the fragmentation transition is sharpened. Increasing the sharpness of the frag-663

mentation transition means that the reduction in friction occurs over a smaller range of664

gas volume fractions. This means that there will be a smaller depth range over which665

friction is being reduced, leading to a sharper stress gradient. Therefore, magma just be-666

low the fragmentation front will be accelerated more for higher values of k, as indicated667

by the higher shear stress on the conduit walls just below the fragmentation front and668

the greater erupted mass rate (Figure 10). Faster acceleration of the magma also leads669

to faster decompression and thus volatile exsolution, causing the magma to fragment sooner.670

This leads to the faster descent of the fragmentation front through the conduit, faster671

depressurization of the conduit and chamber, and a larger eruptive mass rate that more672

quickly reduces the weight of the subsurface magma.673

The changes in the eruption described above are reflected in the force and moment674

histories and seismograms (Figure 11). Sharper fragmentation, which leads to more rapid675

descent of the fragmentation front and associated upward acceleration of magma, is ex-676

pressed in the increased amplitude of the initial downward-upward-downward motions677

in the first minute. The initial downward/inward motion is from the loss of restraining678

tractions as the plug ruptures, and the subsequent upward/outward motion is caused by679

upward drag from the accelerating magma just below fragmentation. The switch to down-680

ward motion comes from the depressurization moment contribution that temporarily over-681

comes the upward force contribution. The larger eruption rate from sharper fragmen-682

tation depressurizes the system and reduces the magma weight faster. These changes af-683

fect both the force and moment at later times, increasing the velocity amplitude on both684

components.685

5.2 Chamber volume686

We compare simulated eruptions with three different chamber volumes: V0 = 105
687

m3, 108 m3, and 109 m3 (Figure 12). Larger chambers have larger storage capacity and688

hence smaller pressure changes for the same magma mass removed from them. All sim-689

ulations have the same initial pressure and restraining shear tractions along the conduit690

and in the chamber; therefore, the initial eruption process is identical. However, the slower691
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Figure 10. Simulation results for different fragmentation transitions: increasing k increases

the sharpness of the transition. Initial pressure/shear traction conditions and parameter values

(except k) are the same as example simulation in Section 4. Sharper fragmentation produces

faster decompression and greater acceleration of magma just below the fragmentation front.
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Figure 11. (top) Point-source force and moment histories and (bottom) velocity seismograms

for different sharpness of fragmentation from eruption simulations shown in Figure 10. Sharper

fragmentation increases the force-dominated contribution in the first minute of the seismograms

and also produces larger amplitude upward/outward motions from more rapid loss of weight at

later times.
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Figure 12. Simulation results for different chamber volumes, V0. Initial conditions and pa-

rameter values (except V0) are the same as example simulation in Section 4. The larger storage

capacity of high volume chambers slows the depressurization and return to magmastatic bal-

ance. In addition to extending the eruption duration, this slow depressurization maintains a

larger upward pressure gradient and hence larger particle velocities and more drag below the

fragmentation front.
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depressurization of larger chambers serves to maintain a greater pressure gradient and692

delays the return to magmastatic balance. This is evident in plots of the conduit and693

chamber pressure change. In addition, the fragmentation front descends more slowly for694

larger chambers because the higher pressures inhibit gas exsolution and expansion. The695

steeper pressure gradient also leads to more magma flow, both out of the vent (see erupted696

mass rate) and deeper in the conduit. The faster flow produces greater upward drag ev-697

erywhere below the fragmentation front (see shear traction changes).698

The force and moment histories and seismograms (Figure 13) capture the differ-699

ences in eruption features. The chamber depressurization dominates the moment con-700

tributions as chamber volume becomes large compared to the conduit volume. Larger701

chambers also produce larger upward forces in the conduit from the upward drag of the702

ascending magma. While the conduit force ultimately becomes downward, with Fco →703

−Fplug as the eruption ends, the amplitude and duration of the upward conduit force704

phase increases with increasing chamber volume. That said, the upward force contribu-705

tion from the weight change, which increases slightly as the chamber volume and erup-706

tion rate increase, is the dominant contribution to the net force.707

Turning to the seismograms, we again see that the vertical force from plug rupture708

and upward drag in the conduit controls the seismic signal for the first minute after erup-709

tion onset. Then, when the chamber volume is larger than the conduit volume, the in-710

ward/downward motions from chamber depressurization dominate the seismograms. The711

force contribution from the weight change becomes negligible in comparison to this de-712

pressurization moment source, except for the smallest chamber volume studied here (which713

is the same as in previous examples in our study). The final static displacement will be714

a balance between the outward/upward static displacement from the loss of erupted magma715

weight (force) and the inward/downward displacement from the depressurization of the716

large chambers (moment). Thus it may be challenging or impossible to determine the717

weight change force contribution except for eruptions with small chamber contributions.718

6 Intermittent fragmentation descent719

As we increase the fragmentation parameter k, the length scale over which frag-720

mentation occurs shortens. When this length scale becomes smaller than the grid spac-721

ing along the conduit, fragmentation occurs in discrete bursts as the fragmentation front722

passes each grid point. This manifests as the intermittent descent of the fragmentation723

front through the conduit. While this effect is numerical, and dependent on the spatial724

discretization, we speculate that similar intermittency occurs in actual eruptions as a725

consequence of heterogeneity in magma strength, bubble distributions, and related small-726

scale processes controlling fragmentation. Thus we utilize our underresolved simulations727

with intermittent fragmentation descent to examine how this is expressed in the force728

and moment histories and seismograms. Simulation results are shown in Figure 14 for729

initial conditions shown in Figure 3 with k = 1500 (though the specific value is irrel-730

evant once it is sufficiently high).731

As evident in Figure 15, intermittent fragmentation manifests as high frequency732

features in both the force and moment histories, though contributions to the seismogram733

are dominated by the force. As each points fragments, the restraining tractions at that734

point drop abruptly, creating an downward seismic force. Immediately after this, the par-735

cel of newly fragmented magma is accelerated upwards, expanding the magma above frag-736

mentation and creating a drop in pressure. The magma below fragmentation quickly ac-737

celerates, producing an upward force. Thus each fragmentation event is reflected in a two-738

sided down-up force cycle. This is similar to the force history from plug rupture, except739

at a smaller scale.740
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Figure 13. (top) Point-source force and moment histories and (bottom) velocity seismo-

grams for different chamber volumes from eruption simulations shown in Figure 12. The eruption

process is identical for the first minute or so. Later, the slower depressurization of the larger

chambers leads to higher pressure gradients, faster flow, and higher upward drag that appears

in the conduit force. The depressurization of the chamber dominates the moment histories as

chamber volume becomes large compared with the conduit volume.
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Figure 14. Simulation results exhibiting intermittent fragmentation descent from numerically

underresolved sharp fragmentation (k = 1500, though the specific value is irrelevant once it it

sufficiently high). Initial conditions and parameter values (except k) are the same as example

simulation in Section 4. As parcels of magma fragment, impulsive acceleration of the magma

triggers advected acoustic waves that propagate up to the vent.
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Figure 15. (top) Point-source force and moment histories and (bottom) velocity seismo-

grams for intermittent fragmentation descent from eruption simulations shown in Figure 14. The

conduit force captures the impulse from parcels of melt fragmenting.
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Figure 16. High-pass filtered synthetic velocity seismograms for receiver placed 3 km from

conduit vent (shown in Figure 7). The filter applied is a 3rd order Butterworth high-pass filter

with cutoff frequency 0.01Hz. Faint lines are extended-source and dark lines are point-source.

The dominant contribution in the filtered signal is now arising from the conduit force, rather

than chamber force.

7 Effects of instrument response741

The synthetic seismograms presented in earlier sections feature a wide range of time742

scales, including contributions from the weight change and depressurization occurring743

over minutes to tens of minutes and even a static response. These may be challenging744

or impossible to observe, especially with short period instruments. Broadband seismome-745

ters can potentially go to much longer periods, if one corrects for instrument response.746

That said, the majority of volcano seismology studies of VLP events work with band-747

passed seismograms. Here we examine how the seismograms change if we remove low fre-748

quencies. To simulate the effect of instrument response on the observed signal, we ap-749

ply a 3rd order Butterworth high-pass filter with a cutoff frequency 0.01 Hz to the ve-750

locity seismograms shown in Figure 7. The results are shown in Figure 16.751

As expected, high-pass filtering emphasizes the contribution from the early stages752

of the eruption, where the seismogram is controlled by changes in shear traction and pres-753

sure in the top portion of the conduit. The conduit force largely dominates the filtered754

signal, with the conduit depressurization moment contribution becoming comparable at755

the tail-end of the signal on the radial component. There is no longer any information756

constraining the change in weight or even the chamber depressurization, as those occur757

over much greater time scales. This simple example demonstrates the bias, or at least758

limited view of the eruption process, that might be introduced in volcano seismology stud-759

ies when working with band-limited data.760

8 Discussion761

Our workflow to generate synthetic seismograms from conduit flow and chamber762

models offers many new opportunities for studying explosive volcanic eruptions. While763
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the conduit flow model used in our example simulations is relatively simple, we believe764

it captures most of the fundamental eruptive processes that can be studied using seis-765

mic waves. Here we discuss the implications of our work and offer suggestions for future766

research directions.767

8.1 Joint inversions of seismic, acoustic, and internal gravity waves us-768

ing eruption modeling769

Foremost, our workflow opens the possibility of complementing kinematic inver-770

sions of seismic data for independent force and moment histories with inversions that771

directly employ conduit flow models to self-consistently predict both force and moment772

histories. Similar efforts are being pursued using quasi-steady conduit flow models to con-773

nect with deformation data and other observations (K. Anderson & Segall, 2011, 2013;774

Segall, 2013; K. R. Anderson & Poland, 2016). More recently, seismic and geodetic data775

from the 2018 Kilauea caldera collapse events have been inverted using a dynamic source776

model of the caldera block dropping into an underlying reservoir, producing both a seis-777

mic force and moment tensor from which synthetic seismograms were constructed (Wang778

et al., 2021). In fact, their seismic source model can be viewed as a special case of ours.779

The down-dropping caldera block replaces the conduit magma in our model and is as-780

sumed to descend as a rigid body; changes in frictional tractions contribute to a verti-781

cal force (our Fch), along with the force transmitted through the chamber magma to the782

solid Earth (the −∆pchA contribution to Fch). Because there is negligible mass loss, there783

is no change in weight or momentum transfer to the atmosphere. The seismic force is784

therefore most concisely written in the inertial-based representation as Fs = −Ṗ , show-785

ing that it must start and end at zero. Pressurization of the chamber provides a moment786

tensor source, exactly as in our model. One can envision using a Bayesian inversion of787

the sort used in the aforementioned studies to invert VLP seismic data from explosive788

eruptions for parameters characterizing restraining tractions from a plug, volatile con-789

tent and viscosity of the magma, parameters controlling fragmentation, chamber depth790

and size, etc.791

There is also an opportunity for self-consistent joint inversions of multiple data sets.792

For example, infrasound and visual observations have been used to determine the rate793

at which the eruptive jets and plumes displace the surrounding atmosphere (Johnson &794

Miller, 2014; Kim et al., 2015; Fee, Izbekov, et al., 2017; A. Iezzi et al., 2019). This acous-795

tic monopole source contribution can then be used to infer the eruptive mass rate by cor-796

recting for entrainment and expansion from heating, which requires assumptions. It seems797

possible to reduce uncertainty in the eruptive mass rate by seeking consistency with the798

seismically constrained eruptive mass rate from our new workflow.799

In addition, advances in infrasound instrumentation deployments and inversions800

are placing constraints on dipole and higher order multipole acoustic sources (Jolly et801

al., 2017; A. Iezzi et al., 2019; A. M. Iezzi et al., 2022), which may be related to the mo-802

mentum imparted to the atmosphere by the eruption. This momentum transfer is one803

contribution to the seismic force in the inertial-based representation (Fvent), and is there-804

fore potentially constrainable from seismic waves using our modeling workflow.805

In addition to infrasound (acoustic) waves, large volcanic eruptions also excite in-806

ternal gravity waves in the atmosphere, which can be recorded on microbarometers, seis-807

mometers, and through changes in the total electron content of the ionosphere (Liu et808

al., 1982; Kanamori et al., 1994; Ripepe et al., 2010; Nakashima et al., 2016). These geo-809

physical measurements can be inverted for mass and energy sources (Baines & Sacks,810

2014; Ripepe et al., 2016). In addition, internal gravity waves will also be excited by a811

momentum source (Fvent), though this appears to have been neglected in previous work.812

All of these additional observational constraints could be integrated into a joint inver-813
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sion workflow in which the same source model is used to predict seismic, infrasound, and814

internal gravity waves, as well as visual observations of the jet and plume structure.815

There is an opportunity to use simulations of the eruptive jet and atmospheric re-816

sponse (Ogden et al., 2008; Koyaguchi et al., 2018; Cerminara et al., 2016; Watson et817

al., 2021) as part of the forward modeling workflow to bypass assumptions and biases818

that may be introduced when using simple source models (e.g., point monopoles or dipoles;819

point mass, energy, and momentum sources) that are only indirectly linked to eruptive820

processes. To pursue this approach, we must develop coupled models of conduit flow and821

the response of a compressible atmosphere.822

8.2 Band-limited seismograms provide a limited view of eruptive pro-823

cesses824

Our work suggests that seismic data, from either short-period seismometers or broad-825

band records filtered below 100 s, will be most useful in constraining shorter period, im-826

pulsive processes in eruptions. The filtered seismograms in Figure 16 are quite similar827

to those in some VLP studies, most notably of the 2004 Asama eruption for which in-828

versions by Ohminato et al. (2006) identified a down-up-down vertical force of order 1010
829

N over approximately 10 s. Their conceptual explanation of the force history is similar830

to what is revealed in the first minute of our simulations. However, our work also sug-831

gests some caution when performing inversions of band-limited data and using those in-832

versions to infer the eruptive source process. A key question is whether the inferred force833

and moment history from inversions of band-passed data will be a filtered version of the834

actual force and moment history. This will depend on how the inversion is set up. For835

an unconstrained, linear least squares inversion with given Green’s functions and source836

location, the inversion operator is linear with respect to model parameters Fi and Mij837

and commutes with a filtering operator. In this case, the inverted force and moment his-838

tories will be filtered versions of the actual ones. However, most inversions are nonlin-839

ear with respect model parameters (e.g., source location or parameterized source time840

functions) and/or involve constraints that make the problem nonlinear. In this case, work-841

ing with filtered data may lead to incorrect estimates of even the filtered force and mo-842

ment histories.843

Our models also predict seismic radiation at longer periods than can be resolved844

with short period seismometers, thereby emphasizing the importance of using broadband845

instruments and extending their bandwidth to longer periods than are commonly used846

by correcting for instrument response. This may permit quantification of the time his-847

tory of the weight change, expressed in the seismic force, and depressurization of the con-848

duit and chamber, expressed in the moment tensor. Constraints on depressurization could849

be compared to independent inversions using geodetic data, though we remark that the850

displacement amplitude from these sources may be too small to be measured with GNSS851

or InSAR, unless the chamber is sufficiently large.852

Furthermore, the synthetic seismograms in this study were limited to distances no853

longer than a few tens of km from the source, and it will be important to extend our anal-854

ysis to regional and teleseismic distances. Large explosive eruptions, like 1980 Mount St.855

Helens, 1991 Pinatubo, and the recent 2022 Hunga Tonga eruptions, generate seismic856

waves that can be recorded across Earth. We recommend that focus be placed at time857

scales of minutes to tens of minutes. Seismic waves at these ultra long periods are now858

widely used to characterize earthquake sources, for example through W-phase moment859

tensor inversions (Duputel et al., 2012). Similar inversions, but including a force, ought860

to be possible for large volcanic eruptions. It is unclear if trade-offs between the verti-861

cal force component and an axisymmetric moment tensor source, both radiating axisym-862

metric waves and subject to destructive interference of direct waves and free surface re-863

flections, would render the inversion nonunique. In that case, the preferable alternative864
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is to replace inversions for independent force and moment with an actual eruption source865

model that self-consistently predicts force and moment, as articulated earlier.866

8.3 Appropriateness of seismic force Fs = −Ṁv thrust approximation867

Brodsky et al. (1999), building on Kanamori and Given (1982), introduced the seis-868

mic force model Fs ≈ −ρv2A, evaluated at the vent. Defining the eruptive mass rate869

Ṁ = ρvA, this can be written as Fs ≈ −Ṁv. This is often described as the thrust870

approximation, given its similarity to the thrust force provided by a jet engine. Prejean871

and Brodsky (2011) used this approximation to convert seismic inversions of Fs into es-872

timates of Ṁ for assumed values of the exit velocity v. The theory developed in Section873

3 allows us to examine the validity of this approximation. We start with inertial-based874

representation of the seismic force given in equation (30): Fs = −Ṗ − Fvent − ∆Mg,875

where Fvent = Ṁv+∆pA at the vent. Brodsky et al. (1999) used a steady state erup-876

tion model to argue that ∆pA should be proportional to Ṁv, with the proportionality877

constant depending on Mach number at the vent. Uncertainty in the Mach number led878

to a factor of 4 uncertainty in their estimates of Ṁ . Our models for small vulcanian erup-879

tions show a similar proportionality between ∆pA and Ṁv (Figure 6). However, we also880

find substantial contributions to Fs from the other terms in the representation, especially881

the weight change −∆Mg. It is unclear how filtering (i.e., working with band-limited882

seismic data) would alter the seismic expression of the weight change contribution, and883

how this might map into errors or biases in eruptive mass rate histories inferred using884

the Fs ≈ −Ṁv approximation. Furthermore, we are generally most interested in the885

eruptive mass history, ∆M(t) =
∫
Ṁdt, rather than the mass rate history, which re-886

quires integration of Ṁ . One could approach this in a different manner by first perform-887

ing inversions of ultra long period data, for which Fs ≈ −∆Mg, to determine ∆M(t).888

This could then be used as a constraint on inversions of shorter period data to more uniquely889

determine contributions from magma momentum changes, Ṗ , and the two contributions,890

∆pA and Ṁv, to Fvent.891

8.4 High frequency seismic radiation892

High frequency (> 1 Hz) radiation from volcanic eruptions has a stochastic char-893

acter and is often described as eruptive tremor (McNutt & Nishimura, 2008; Fee, Haney,894

et al., 2017). Here we discuss how our modeling workflow might be used to better un-895

derstand the origins of eruptive tremor and high frequency radiation.896

First, fragmentation might contribute to eruptive tremor. Our simulations of erup-897

tions with intermittent descent of the fragmentation front show large, high frequency seis-898

mic events. Each event is triggered by the abrupt fragmentation of a parcel of magma,899

loss of restraining tractions, and generation of upward tractions as the magma just be-900

low the fragmentation front accelerates. In our simulation, the timing of the fragmen-901

tation events, and details of the magma response and its reflection in the seismograms,902

is controlled by the grid spacing and the average speed of the descending fragmentation903

front. Thus, the time interval between successive fragmentation events increases as the904

fragmentation front decelerates. In reality, intermittent fragmentation will be determined905

by whatever heterogeneity temporarily impedes the fragmentation process, and we do906

not expect this to occur in a quasi-periodic manner as in our simulation. However, if the907

spatial scales characterizing the relevant heterogeneity are independent of depth, then908

we do expect a shift toward lower frequencies as the fragmentation front slows its de-909

scent.910

High frequency seismic radiation during eruptions is also generated above fragmen-911

tation by turbulent pressure fluctuations and particle-wall interactions (McNutt & Nishimura,912

2008; Fee, Haney, et al., 2017). Like the fragmentation process itself, these add a stochas-913

tic component to the seismic radiation. One could approach this problem by using con-914

–34–



manuscript submitted to JGR: Solid Earth

duit flow models that directly capture turbulence and particle-wall interactions (Dufek915

et al., 2012). Alternatively, one could combine simpler, quasi-1D conduit flow models of916

the sort used in our study together with some parameterization relating the unresolved917

turbulence and particle-wall interactions to the modeled mean flow. Seismic source mod-918

els for these processes have been used in studies of streams, rivers, and debris flows (Burtin919

et al., 2008; Hsu et al., 2011; Tsai et al., 2012; Gimbert et al., 2014; Kean et al., 2015;920

Lai et al., 2018). Similar models, tailored for upper volcanic conduit flow, could be in-921

corporated into conduit flow models.922

It is presently unclear which processes provide the dominant control on eruptive923

tremor, but forward modeling efforts of the sort discussed above, combined with back-924

projection and related seismic array analyses to locate and track the source location of925

eruptive tremor, may be useful.926

9 Conclusion927

In this study, we derived two equivalent representations of the seismic force from928

volcanic eruptions and introduced a workflow for generating synthetic seismograms from929

models of unsteady magma flow in conduits and chambers. We applied the workflow to930

conduit flow models of small vulcanian eruptions. At periods of ∼100 s and less, seis-931

mic radiation reflects unsteady processes in the conduit, such as loss of restraining trac-932

tions during rupture of plugs and upward drag from rapidly ascending magma. At longer933

periods, radiation is dominated by changes in the weight of magma remaining in the sub-934

surface conduit-chamber system (producing an upward seismic force) and depressuriza-935

tion of the conduit and chamber (reflected in a moment tensor source). This new work-936

flow offers many exciting possibilities for inverting seismic data using conduit flow mod-937

els as part of the forward modeling process, thereby complementing or even circumvent-938

ing inversions for independent force and moment histories.939
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caldera formation on La Réunion Island. Scientific Reports, 9 (1), 1–15.1015

Fukao, Y., Sandanbata, O., Sugioka, H., Ito, A., Shiobara, H., Watada, S., & Sa-1016

take, K. (2018). Mechanism of the 2015 volcanic tsunami earthquake near1017

Torishima, Japan. Science Advances, 4 (4), eaao0219.1018

Gimbert, F., Tsai, V. C., & Lamb, M. P. (2014). A physical model for seismic noise1019

generation by turbulent flow in rivers. Journal of Geophysical Research: Earth1020

Surface, 119 (10), 2209–2238.1021

Haney, M. M., Chouet, B. A., Dawson, P. B., & Power, J. A. (2013). Source char-1022

acterization for an explosion during the 2009 eruption of Redoubt Volcano1023

from very-long-period seismic waves. Journal of Volcanology and Geothermal1024

Research, 259 , 77–88.1025

Hasegawa, H., & Kanamori, H. (1987). Source mechanism of the magnitude 7.21026

Grand Banks Earthquake of November 1929: Double couple or submarine1027

landslide? Bulletin of the Seismological Society of America, 77 (6), 1984–2004.1028

Hsu, L., Finnegan, N. J., & Brodsky, E. E. (2011). A seismic signature of river bed-1029

load transport during storm events. Geophysical Research Letters, 38 (13).1030

Ichihara, M., Kusakabe, T., Kame, N., & Kumagai, H. (2016). On volume-source1031

representations based on the representation theorem. Earth, Planets and1032

Space, 68 (1), 1–10.1033

Iezzi, A., Fee, D., Kim, K., Jolly, A., & Matoza, R. (2019). Three-dimensional acous-1034

tic multipole waveform inversion at Yasur Volcano, Vanuatu. Journal of Geo-1035

physical Research: Solid Earth, 124 (8), 8679–8703.1036

Iezzi, A. M., Matoza, R. S., Fee, D., Kim, K., & Jolly, A. D. (2022). Synthetic eval-1037

uation of infrasonic multipole waveform inversion. Journal of Geophysical Re-1038

search: Solid Earth, e2021JB023223.1039

Johnson, J. B., & Miller, A. J. (2014). Application of the monopole source to quan-1040

tify explosive flux during vulcanian explosions at Sakurajima Volcano (Japan).1041

Seismological Research Letters, 85 (6), 1163–1176.1042

Jolly, A. D., Matoza, R. S., Fee, D., Kennedy, B. M., Iezzi, A. M., Fitzgerald, R. H.,1043

. . . Johnson, R. (2017). Capturing the acoustic radiation pattern of strom-1044

bolian eruptions using infrasound sensors aboard a tethered aerostat, Yasur1045

Volcano, Vanuatu. Geophysical Research Letters, 44 (19), 9672–9680.1046

Kanamori, H., & Given, J. W. (1982). Analysis of long-period seismic waves excited1047

by the May 18, 1980, eruption of Mount St. Helens—A terrestrial monopole?1048

–37–



manuscript submitted to JGR: Solid Earth

Journal of Geophysical Research: Solid Earth, 87 (B7), 5422–5432.1049

Kanamori, H., Given, J. W., & Lay, T. (1984). Analysis of seismic body waves ex-1050

cited by the Mount St. Helens eruption of May 18, 1980. Journal of Geophysi-1051

cal Research: Solid Earth, 89 (B3), 1856–1866.1052

Kanamori, H., Mori, J., & Harkrider, D. G. (1994). Excitation of atmospheric os-1053

cillations by volcanic eruptions. Journal of Geophysical Research: Solid Earth,1054

99 (B11), 21947–21961.1055

Kawakatsu, H., & Yamamoto, M. (2015). Volcano Seismology. Earthquake Seismol-1056

ogy , 389–419.1057

Kean, J. W., Coe, J. A., Coviello, V., Smith, J. B., McCoy, S. W., & Arattano, M.1058

(2015). Estimating rates of debris flow entrainment from ground vibrations.1059

Geophysical Research Letters, 42 (15), 6365–6372.1060

Kim, K., Fee, D., Yokoo, A., & Lees, J. M. (2015). Acoustic source inversion to1061

estimate volume flux from volcanic explosions. Geophysical Research Letters,1062

42 (13), 5243–5249.1063

Koyaguchi, T., Suzuki, Y. J., Takeda, K., & Inagawa, S. (2018). The condition of1064

eruption column collapse: 2. Three-dimensional numerical simulations of erup-1065

tion column dynamics. Journal of Geophysical Research: Solid Earth, 123 (9),1066

7483–7508.1067

Kreiss, H.-O., & Scherer, G. (1974). Finite element and finite difference methods1068

for hyperbolic partial differential equations. Mathematical Aspects of Finite El-1069

ements in Partial Differential Equations., Academic Press, Inc., 195–212.1070

Kumagai, H., Palacios, P., Maeda, T., Castillo, D. B., & Nakano, M. (2009). Seismic1071

tracking of lahars using tremor signals. Journal of Volcanology and Geothermal1072

Research, 183 (1-2), 112–121.1073

Lai, V. H., Tsai, V. C., Lamb, M. P., Ulizio, T. P., & Beer, A. R. (2018). The seis-1074

mic signature of debris flows: Flow mechanics and early warning at Montecito,1075

California. Geophysical Research Letters, 45 (11), 5528–5535.1076

Lai, V. H., Zhan, Z., Brissaud, Q., Sandanbata, O., & Miller, M. S. (2021). Inflation1077

and asymmetric collapse at Kı̄lauea summit during the 2018 eruption from1078

seismic and infrasound analyses. Journal of Geophysical Research: Solid Earth,1079

126 (10), e2021JB022139.1080

Legrand, D., & Perton, M. (2022). What are VLP signals at Stromboli Volcano?1081

Journal of Volcanology and Geothermal Research, 421 , 107438.1082

Liu, C., Klostermeyer, J., Yeh, K., Jones, T., Robinson, T., Holt, O., . . . others1083

(1982). Global dynamic responses of the atmosphere to the eruption of Mount1084

St. Helens on May 18, 1980. Journal of Geophysical Research: Space Physics,1085

87 (A8), 6281–6290.1086

Maeda, Y., Takeo, M., & Kazahaya, R. (2019). Comparison of high-and low-1087

frequency signal sources for very-long-period seismic events at Asama Volcano,1088

Japan. Geophysical Journal International , 217 (1), 389–404.1089

Mastin, L. G. (2002). Insights into volcanic conduit flow from an open-source nu-1090

merical model. Geochemistry, Geophysics, Geosystems, 3 (7), 1–18.1091

Matoza, R. S., Chouet, B. A., Jolly, A. D., Dawson, P. B., Fitzgerald, R. H.,1092

Kennedy, B. M., . . . others (2022). High-rate very-long-period seismicity1093

at Yasur Volcano, Vanuatu: Source mechanism and decoupling from surficial1094

explosions and infrasound. Geophysical Journal International .1095

Mattsson, K. (2017). Diagonal-norm upwind SBP operators. Journal of Computa-1096

tional Physics, 335 , 283–310.1097

McNutt, S. R., & Nishimura, T. (2008). Volcanic tremor during eruptions: Tempo-1098

ral characteristics, scaling and constraints on conduit size and processes. Jour-1099

nal of Volcanology and Geothermal Research, 178 (1), 10–18.1100

McNutt, S. R., & Roman, D. C. (2015). Volcanic Seismicity. In The Encyclopedia of1101

Volcanoes (pp. 1011–1034). Elsevier.1102

Melnik, O., & Sparks, R. (2002). Dynamics of magma ascent and lava extrusion1103

–38–



manuscript submitted to JGR: Solid Earth

at Soufrière Hills Volcano, Montserrat. In The eruption of Soufriére Hills Vol-1104
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Appendix A Derivation of volcanic source representation1197

Conduit flow models capture the evolution of pressure and shear traction along the1198

conduit throughout an eruption. In this appendix, we derive expressions that convert1199

pressure and shear traction changes to equivalent moment tensor and force sources for1200

use in our seismic wave calculation. Our derivation closely follows Burridge et al. (1993),1201

who studied seismic wave radiation from pressure changes in borehole filled with invis-1202

cid fluid. Our derivation extends their work by accounting for shear tractions that man-1203

ifest in a seismic force. For simplicity, we restrict attention to a straight, cylindrical con-1204

duit of radius R and cross-sectional area A = πR2 oriented along the z axis contained1205

within an elastic medium.1206
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The conduit radius is assumed small in comparison to the wavelengths of deforma-1207

tion and waves outside the conduit, their ratio denoted as ε. It is well known that when1208

ε� 1, fluid motions within the conduit are well described with quasi-1D models in which1209

changes in pressure ∆p and shear traction ∆τ depend only on z and t. The elastic com-1210

pliance of the walls appears in this solution through a local (at each z) 2D elastostatic1211

response. This additional compliance is generally negligible in comparison to magma com-1212

pressiblity for cylindrical conduits but may be important for dike-like conduits (e.g., Costa1213

et al., 2007). This quasi-1D approximation forms the basis of most volcanic conduit flow1214

models in the literature (e.g., Wilson & Head III, 1981; Melnik & Sparks, 2002; Woods,1215

1995; Mastin, 2002), including the one in our study, and we assume in the derivation to1216

follow that ∆p and ∆τ are known from solving such a model.1217

Our objective is to determine the equivalent body force distribution fi that appears1218

in the elastic wave equation, describing the response of an idealized model Earth in which1219

the conduit is replaced with elastic material (Takei & Kumazawa, 1994):1220

ρ
∂2ui
∂t2

− ∂

∂xj

(
Cijkl

∂uk
∂xl

)
= fi, (A1)1221

where ρ is the density of the elastic solid and Cijkl is the stiffness tensor. When ε �1222

1, we anticipate that fi will be a singular distribution involving delta functions and their1223

derivatives that localize the source to the z axis, namely1224

fi(x, t) =
∂Fi(z, t)

∂z
δ(x)δ(y)− ∂Mij(z, t)

∂z

∂

∂xj
δ(x)δ(y), (A2)1225

where ∂Fi/∂z and ∂Mij/∂z are the force and seismic moment tensor per unit distance1226

along the conduit. Thus ui must be regarded as a weak solution that is not differentiable1227

at the z axis. An appropriate starting point is the weak form of (A1) given in equation1228

(4.2) of Burridge et al. (1993):1229

I =

∫∫
V

φifidV dt (A3)1230

=

∫∫
V

[
ρ
∂2φk
∂t2

− ∂

∂xl

(
Cijkl

∂φi
∂xj

)]
ukd

3xdt, (A4)1231

where φi is a infinitely differentiable test function, the volume V includes the conduit1232

region in which ui is defined to be zero, and the time integral is over all time. Insert-1233

ing the anticipated body force distribution (A2) into (A3) and integrating by parts gives1234

I =

∫∫ (
φi
∂Fi
∂z

+
∂φi
∂xj

∂Mij

∂z

)
dzdt. (A5)1235

The goal of the derivation to follow is to identify ∂Fi/∂z and ∂Mij/∂z by manipulat-1236

ing (A4), together with interface conditions on the conduit walls and an asymptotic ex-1237

pansion for narrow conduits, into the form of (A5).1238

Burridge et al. (1993) use the divergence theorem, definition of ui as zero within1239

the conduit, and vanishing of fi outside the conduit to rewrite (A4) as1240

I =

∫∫
Σ

(
∂φi
∂xj

Cijkluknl − φiCijkl
∂uk
∂xl

nj

)
d2xdt, (A6)1241

where Σ is the surface of the conduit and the unit normal ni to Σ points outward from1242

the conduit into the solid. Thus far no approximations have been made. We Taylor ex-1243

pand Cijkl and φi in the two horizontal dimensions about z axis, keeping only leading1244

order terms in ε, and utilize the interface traction condition, expressed to leading order1245

as1246

Cijkl
∂uk
∂xl

nj = −∆pni −∆τδiz. (A7)1247
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Defining ∂Σ as the perimeter of the conduit at fixed z and s as the arclength along ∂Σ,1248

we obtain1249

I =

∫∫∫
∂Σ

{
∂φi
∂xj

[Cijkluknl + xj(∆pni + ∆τδiz)] + φi(∆pni + ∆τδiz)

}
dsdzdt, (A8)1250

where Cijkl, φi, ∂φi/∂xj are now evaluated on the z axis and are independent of s.1251

Burridge et al. (1993) also show that boundary displacements ui along the walls1252

of the conduit, as appear in (A8), and just outside it are described, to leading order in1253

ε, by a locally 2D elastostatic response at fixed z, namely1254

∂σiα
∂xα

= 0, σij = Cijkα
∂uk
∂xα

, (A9)1255

where α = x, y, subject to the traction condition (A7). Next we specialize to an isotropic1256

solid, such that1257

Cijkluknl = λδijuknk + µ(uinj + ujni), (A10)1258

and the 2D elastostatic problem decomposes into the familiar plane strain and antiplane1259

shear problems with traction boundary conditions (A7). The plane strain problem pro-1260

duces radial displacement1261

ur =
R2∆p

2µr
(A11)1262

and the antiplane shear problem produces vertical displacement1263

uz =
∆τR

µ
ln (R∞/r), (A12)1264

where r is the radial distance from z = 0 and the conduit wall is at r = R. For the1265

plane strain problem, ur → 0 as r → ∞. However, for the antiplane shear problem,1266

we set uz = 0 at r = R∞, where R∞ is assumed to be much larger than R. The choice1267

of R∞ is irrelevant, as it drops out of the problem in the next step.1268

We utilize this asymptotic elastostatic solution to evaluate the following integrals1269

that appear in (A8):1270 ∫
∂Σ

uknkds =
∆pA

µ
,

∫
∂Σ

(uinj + ujni)ds =
∆pA

µ
(δij − δizδjz), (A13)1271 ∫

∂Σ

xjnids = A(δij − δizδjz),
∫
∂Σ

xjδizds = 0. (A14)1272

It follows that1273 ∫
∂Σ

[Cijkluknl + xj(∆pni + ∆τδiz)] ds =
∆pA

µ
[(λ+ 2µ)δij − 2µδizδjz] (A15)1274

and hence (A8) becomes1275

I =

∫∫ {
∂φi
∂xj

∆pA

µ
[(λ+ 2µ)δij − 2µδizδjz] + φi2πR∆τδiz

}
dzdt. (A16)1276

Comparing to (A2), we identify1277

∂Fi
∂z

= 2πR∆τδiz,
∂Mij

∂z
=

∆pA

µ
[(λ+ 2µ)δij − 2µδizδjz] . (A17)1278
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