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Abstract

A four-dimensional ensemble-variational (4DEnVar) data assimilation (DA) system was developed for global numerical weather
predictions (NWPs). Instead of using the adjoint technique, this system utilizes a dimension-reduced projection (DRP) technique
to minimize the cost function of the standard four-dimensional variational (4DVar) DA. It dynamically predicts ensemble
background error covariance (BEC) initialized from its previous inflated analyses and realizes the flow-dependence of BEC
in the variational configuration during the assimilation cycle. These inflated analyses, linear combinations of the ensemble
analyses increment and balanced random perturbations, aim to prevent the predicted BEC from underestimation as well as
to implicitly achieve the hybrid of the flow-dependent and static BEC matrices. A limited number of leading eigenvectors
of the localization correlation function are selected to filter out the spurious correlations in the BEC matrix (B-matrix). In
order to evaluate the new system, single-point observation experiments (SOEs) and observing system simulation experiments
(OSSEs) were conducted with sounding and cloud-derived wind data. The flow-dependent characteristic was verified in the
SOEs that utilized the localized ensemble covariance and compared with that of 4DVar. In the OSSEs, 4DEnVar reduced the
analysis errors compared with 4DVar. The deterministic forecast initialized from the 4DEnVar ensemble mean analysis has
better (worse) performance in the medium-range (long-range) forecasts in the Northern Extratropics and opposite performance
in the Southern Extratropics, and exhibits slightly worse effects in the Tropics. Moreover, the ensemble mean forecast initialized

from the 4DEnVar ensemble analyses has higher forecast skills than 4DVar.
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Key Points:

e A DRP-4DVar-based 4DEnVar data assimilation system with the flow-dependent BEC

was developed for global numerical weather predictions

e The deterministic forecast initialized from the 4DEnVar ensemble mean analysis has

comparable performance to the 4DVar system

e Higher quality of analyses and ensemble forecasts can be produced by the 4DEnVar system

relative to the 4DVar system
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Abstract

A four-dimensional ensemble-variational (4DEnVar) data assimilation (DA) system was
developed for global numerical weather predictions (NWPs). Instead of using the adjoint
technique, this system utilizes a dimension-reduced projection (DRP) technique to minimize the
cost function of the standard four-dimensional variational (4DVar) DA. It dynamically predicts
ensemble background error covariance (BEC) initialized from its previous inflated analyses and
realizes the flow-dependence of BEC in the variational configuration during the assimilation cycle.
These inflated analyses, linear combinations of the ensemble analyses increment and balanced
random perturbations, aim to prevent the predicted BEC from underestimation as well as to
implicitly achieve the hybrid of the flow-dependent and static BEC matrices. A limited number of
leading eigenvectors of the localization correlation function are selected to filter out the spurious
correlations in the BEC matrix (B-matrix). In order to evaluate the new system, single-point
observation experiments (SOEs) and observing system simulation experiments (OSSEs) were
conducted with sounding and cloud-derived wind data. The flow-dependent characteristic was
verified in the SOEs that utilized the localized ensemble covariance and compared with that of
4DVar. In the OSSEs, 4DEnVar reduced the analysis errors compared with 4DVar. The
deterministic forecast initialized from the 4DEnVar ensemble mean analysis has better (worse)
performance in the medium-range (long-range) forecasts in the Northern Extratropics and opposite
performance in the Southern Extratropics, and exhibits slightly worse effects in the Tropics.
Moreover, the ensemble mean forecast initialized from the 4DEnVar ensemble analyses has higher
forecast skills than 4DVar.

Plain Language Summary

Medium-range numerical weather prediction (NWP) is of great significance to disaster
mitigation and improvement of human living standards. It aims to predict weather states for future
1-10 days from the current state by solving the initial value problem of a set of partial differential
equations. Data assimilation (DA) is one of the key techniques to improve forecast skills, which
attempts to provide an optimal estimation of the current state by combining observations and
forecasts. This study developed a four-dimensional ensemble-variational (4DEnVar) DA system

for global NWPs using the dimension-reduced projection (DRP) four-dimensional variational
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(4DVar) approach. Compared with the standard 4DVar, which is generally recognized as one of
the most advanced DA methods, this new system has three unique features. First, it dynamically
estimates background error covariance (BEC) in the DA cycle instead of adopting a pre-estimated
static BEC as 4DVar does. Second, it uses an ensemble covariance without the Gaussian error
assumption as in 4DVar. Third, it can avoid using adjoint models and handle nonlinear problems
well. 1t shows more obvious flow-dependence of the BEC, smaller analysis errors, and better
ensemble mean forecast skills than 4DVar, and comparable skills of deterministic forecast

initialized from the ensemble mean analysis to 4DVar.
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1 Introduction

Accurately predicting future weather and climate states is of great significance to disaster
mitigation and to the improvement of human living standards. The accuracy of global numerical
weather prediction (NWP) can be significantly improved through the use of new types of data such
as from satellites (Simmons & Hollingsworth, 2002). Therefore, it is necessary to develop an
effective data assimilation (DA) system to make good use of observations to provide more accurate
initial conditions (ICs) for NWPs.

The four-dimensional variational (4DVar) DA is recognized as one of the most advanced
DA methods. This method produces the analysis field constrained dynamically and physically
(Rabier et al., 2000; Wang et al., 2010a), and implicitly implements the flow-dependent
background error covariance (BEC) matrix (B-matrix), which propagates information within the
assimilation window by the tangent linear model (TLM) and the adjoint model (ADM; Lorenc,
2003). The uses of the ADM (Lewis & Derber, 1985; Le Dimet & Talagrand, 1986) and the
incremental 4DVar scheme (Courtier et al. 1994) make the operational application of 4DVar
possible (Rabier et al., 2000; Gauthier & Thépaut, 2001; Koizumi et al., 2005; Rawlins et al., 2007;
Gauthier etal., 2007; Zhang et al., 2019). However, this advanced DA method has not been applied
in most NWP centers in the world, except for very few major advanced centers, e.g., the European
Centre for Medium-range Weather Forecasts (ECMWF). In addition, the standard 4DVar approach
fails to dynamically update the B-matrix during the assimilation cycle, given that it uses the
modeled climatological covariance model that can only be implicitly developed within the

assimilation window (Buehner et al., 2010a).

Ensemble Kalman Filter (EnKF) is another commonly used ensemble DA method. It is
based on the Monte Carlo method that uses a number of ensembles to estimate the B-matrix with
the explicit flow-dependent characteristic spanning the assimilation windows (Evensen, 1994)
without modeling the B-matrix nor using the ADM. Moreover, EnKF has the advantage of saving
time, implicitly through concurrently generating the ensembles on a parallel computer system due
to the mutual independence of ensemble members. Due to these advantages, EnKF has been
applied to many models, e.g., the National Centers for Environmental Prediction (NCEP) Global
Forecast System (GFS) Model (Whitaker et al., 2008, 2009), the Global Environmental Multiscale
(GEM) Model (Buehner et al., 2010a, 2010b). There have been some studies comparing the
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performance of the variational and EnKF systems. Whitaker et al. (2008) compared 3DVar and
EnKF using low-resolution operational model and observations, except satellite radiation, and
found that the ensemble system outperforms the 3DVar system, especially in data-sparse areas.
Whitaker et al. (2009) further compared 3DVar, 4DVar and EnKF using sparse surface pressure
observations, and discovered that 4DVar and EnKF have comparable performance. Buehner et al.
(2010Db) found slight degradations (improvements) in the short-range (medium-range) forecasts
based on the EnKF ensemble mean analysis over the 4DVar-based forecasts in the Extratropics.
There is not enough evidence to prove that the forecast provided by EnKF is better than that
provided by 4DVar for the NWP models. Also, it is noted that the limited size of ensembles can

result in sampling errors in the ensemble B-matrix.

However, the ensemble method can provide the explicit flow-dependent information for
the variational method (Houtekamer et al., 2005; Whitaker et al., 2008, 2009; Buehner et al.,
2010a, 2010b). Likewise, the variational method can supply the ensemble method with proven
modules, e.g., quality control and minimization iteration modules (Courtier et al. 1994; Zhang et
al., 2019). Therefore, several hybrid DA methods combining the variational and ensemble ideas
have continuously been developed (Hamill & Snyder, 2000; Lorenc, 2003; Qiu et al., 2007; Liu et
al., 2008, 2009; Tian et al., 2008, 2011; Wang et al., 2010a).

Different methods of incorporating the ensemble covariance make the classification of
hybrid methods different. The hybrid ensemble-4DVar methods are mainly divided into En4DVar
methods that include the ADM and 4DEnVar methods that avoid the ADM. En4DVar methods
typically incorporate the ensemble covariance into the variational framework by a weighted sum
of the static and ensemble covariances (Hamill & Snyder, 2000) or extending the original control
variables by the control variables preconditioned by the square root of the ensemble covariance
(Lorenc, 2003). Also, EndDVar methods can use the ensemble information to estimate the
parameters of the covariance model for variational systems (Lei et al., 2020). In addition, the
effects of the hybrid BEC on forecast skills have been investigated in simple models (Hamill &
Snyder, 2000), regional models (Wang et al., 2008a, 2008b; Zhang & Zhang, 2012) and global
models (Raynaud et al., 2011; Bonavita et al., 2012; Buehner et al., 2010a, 2010b, 2013, 2015;
Clayton et al., 2013; Lorenc, 2015; Wang et al., 2013; Wang & Lei, 2014; Kleist & Ide, 2015a,
2015b).
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4DEnVar method, which applies the variational framework and the idea of using ensembles
valid at multiple time slots to avoid the ADM to obtain the optimal analysis, is an efficient DA
method. Several ensemble-based methods, which can reduce the dimension from the model space
to a subspace composed of a limited number of base vectors in optimization and avoid the use of
the ADM, have been proposed in recent decade (Qiu et al., 2007; Tian et al., 2008; Wang et al.,
2010a). The dimension-reduced projection 4DVar (DRP-4DVar) is one of the 4DEnVar methods
that has been successfully applied in regional meso-scale weather forecasts (Wang et al., 2010a;
Zhao & Wang, 2010; Liu & Wang, 2011; Zhao et al., 2012) and global decadal climate predictions
(He et al., 2017, 20204, 2020b; Li et al., 2021a, 2021b; Shi et al., 2021). In global medium-range
NWPs, this approach has not been widely applied and systematically evaluated, although a DRP-
4DVar system (Shen et al., 2015) was preliminarily established using an old version of the global
forecast system of the Global/Regional Assimilation and Prediction System (GRAPES-GFS)
based on the 3DVar system of this version (Chen et al., 2008; Xue et al., 2008). This method uses
a limited number of base vectors composed of initial perturbations to project the incremental
analysis in model space onto a low-dimensional subspace spanned by these base vectors, and
directly obtains an optimal analysis solution to the minimization of the 4DVar cost function in the
subspace. Furthermore, this method calculates the gradient of the cost function based on the
statistical relationship between the model space and observation space, thereby avoiding the use
of the ADM (Wang et al., 2010a).

The limited ensemble size may result in introducing sampling errors, which can lead to
spurious correlations in the B-matrix (Evensen, 2003), and localization techniques (Liu et al.,
2009; Hamill et al., 2001; Wang et al., 2010b, 2018) can effectively alleviate the aforementioned
problem and ameliorate analyses and forecasts. Given that conducting localization in model space
is quite inconvenient in implementation and computationally expensive for the non-sequential
ensemble methods, adopting ensemble-sample-based subspace localization schemes is thought to
be an economical choice (Wang et al, 2018). Localization is typically conducted as a Schiir product
between the ensemble-based B-matrix and the correlation matrix composed of the elements
calculated by the correlation model related with their coordinates, so how to decompose the
correlation matrix to avoid the expensive multiplication between high-dimensional matrices
caused by the Schiir product is the key to reduce computational costs. A limited number of leading

eigenvectors expressed by orthogonal functions (e.g., empirical orthogonal function, sine function
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and spherical harmonic function) were used to expand the correlation function so that the high-
dimensional correlation matrix is decomposed into the sum of a set of products between an
eigenvector and its transpose (Liu et al., 2009; Buehner et al., 2010a, 2010b; Bishop et al., 2011;
Kuhl et al., 2013; Wang et al., 2010b, 2018). This approach not only alleviates the spurious
correlations and rank deficiency of the B-matrix, but also efficiently produces the extended
ensemble samples, which converts a very costly Schiir product between two high-dimension

matrices to much more economical Schiir products between ensemble samples and eigenvectors.

Motivated by these studies, many research and operational centers have not only
established their standalone variational systems, but also have been developing hybrid DA systems
for their global NWPs. These centers realized the explicit flow-dependence of the B-matrix based
on the original standard 4DVar framework, so that the forecast skills were further improved. The
ECMWEF (Bonavita et al., 2012) and Météo-France (Raynaud et al., 2011) have developed hybrid
DA systems, which include ensemble information estimated by an ensemble of 4DVars. The Met
Office incorporated the flow-dependent BEC estimated by EnKF into the 4DVar system to develop
a hybrid system (Clayton et al., 2013). Unlike these systems relying on the ADM, some centers
have developed 4DEnVar systems avoiding the use of the ADM. Environment Canada combined
the static BEC with the 4D ensemble BEC obtained from EnKF to develop a 4DEnVar system,
which is considered to be a potential alternative to 4DVar considering the simplicity,
computational efficiency and forecast quality (Buehner et al., 2010a, 2010b, 2013, 2015). The Met
Office developed a hybrid 4DEnVar system (Lorenc et al., 2015; Bowler et al., 2017a) and used
an ensemble of 4ADEnVars instead of the ETKF system to generate ensembles for the hybrid system
(Bowler et al., 2017b). Wang et al. (2013) and Kleist & Ide (2015a) proved the benefits of
including ensemble BECs into 3DVar. Then, perturbations valid at multiple time slots during the
assimilation window were used to estimate the 4D ensemble BEC to develop a 4DEnVar system
in NCEP (Wang et al., 2014, Kleist & lde., 2015b).

This study focuses on developing a 4DEnVar system for global NWPs based on the DRP-
4DVar approach, which not only can be an alternative to DA system to provide deterministic
forecasts, but also to provide ensemble forecasts for hybrid systems. Compared with the theoretical
DRP-4DVar proposed by Wang et al (2010a), the method used for the 4DEnVar system was
improved in its inflation, localization and sampling. The successful applications of the 4DEnVar

algorithm and economical localization technique provide a good foundation to develop the
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4DEnVar system. As the first and necessary step to evaluate the impact of the 4DEnVar system
on analyses and forecasts, single-point observation experiments (SOEs) and observing system
simulation experiments (OSSEs) were conducted. SOEs are easy to study the flow-dependent
characteristic of the BEC. OSSEs can help us evaluate the realistic analysis error because the
“truth” state is known. The remainder of the paper is organized as follows. Section 2 introduces
the formulation, localization and inflation techniques of the 4DEnVar system. Section 3 follows
with the implementation of the 4DEnVar system and the experiment descriptions. Section 4
evaluates the performance of the 4DEnVar system on analyses and forecasts relative to the 4DVar

system. The summary and the prospect for future work are presented in the last section.
2 Description of method

2.1 Incremental 4DVar algorithm

The variational system used in this paper (Zhang et al, 2019) adopts the incremental 4DVar
scheme (Courtier et al., 1994), which usually obtains the optimal analysis of IC by minimizing a

cost function on a low-resolution grid:

J[6x(ty)] = %{595(150) — [xP(to) = x9(t) 1} By {6x(ty) — [xP (o) —

(0
x9 (t)]} + 3 TP o[H;0x(t;) — diTR7  [H;6x(t;) — d],

where x? is the background state vector, x9 is the first guess vector, §x = x — x9 is the
perturbation of the IC, §x(t;) = M;6x(t,) is the perturbation at time t;, B is the static B-matrix,
and R is the observation error covariance matrix. d; = y — H;[x9(¢,)] contains the observation
innovations at time ¢;, y; contains the observations at time ¢t;, involving the observation operator
H; at time t; and the nonlinear forecast model integration M; from the analysis time to time ¢;. H;

is the tangent linear observation operator corresponding to H;, and M; is the TLM of M;.

The convergence rate of the gradient for the optimization problem is dependent on the
condition number of the Hessian matrix (Zupanski, 1996). Operational DA systems generally
reduce the condition number of the Hessian matrix of Eqg. (1) through the preconditioning

transformation, that is 6x = Uv. Thus, the modeled climatological BEC can be estimated by

B.=UUT, 2
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where v is the preconditioned state variable vector. U contains the physical transformation
operator that transforms independent variables to model variables, the diagonal matrix composed
of the background error variance square root of the independent variables, and the background
error correlation transformation matrix (Zhang et al., 2019). After the aforementioned

preconditioning transformation, Eq. (1) becomes

JTw(t)] = 2 v (E)]  [v(te)] + 5 T o [HMUv(ty) -

d; "R H;M; Uv(ty) — d;].

©)

In order to minimize Eq. (3), the corresponding gradient should equal to zero, and the ADM
is required for calculating the gradient of the cost function. Moreover, the calculation of the ADM
requires the backward model trajectories, which are typically provided by the nonlinear forecast
model and expensive in calculation and storage. Thus, the adjoint-free DA method may be an

efficient alternative to 4DVar for operational applications.
2.2 ADEnVar

2.2.1 Algorithm

The 4DEnVar algorithm is based on the DRP-4DVar approach (Wang et al, 2010a) that
projects the initial increment §x in model space onto the subspace expanded by a limited number
of IC perturbation samples as its basis vectors, and obtains the optimal solution directly in the

subspace.

For the convenience of implementing 4DEnVar in the standard 4DVar framework, the IC
perturbation samples are obtained by the “randomcv” method, which uses the variational variable
transform 6x = Uv to produce an ensemble of balanced and reasonable perturbations (Baker,
2005). X = [6x4, 8x,, -+, 6xk ] contains the IC perturbation samples, where K is the ensemble
size. The corresponding observational perturbation samples Y = [6y;, 8y,, -+, 8yx| are calculated
using TLMs and tangent linear observation operators. Thus, an ensemble of IC perturbation
samples and observational perturbation samples are chosen to define the following projection

matrices:
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_ 1
Dx = m[
1 —_— —_— —_— !
Py = =6y — 8,6y, — 6y, 6y — 6Y]

5x1 — 8%, 8%, — 8x, -+, 8xy — 6x]

(4)

5% =
5y =

. Defining a = (ay, ay, -, ax)T as a K -dimensional
[6y1 + 6y, + - + 8yk]

where

Im x|

K
vector composed of the weight coefficients of the basis vectors, x and H;5x(t;) can be projected

onto the subspace spanned by the ensemble samples via the following transformation:

{ 0x = pya 5)
H;6x(t;) = py(t)a’

where p,,(t;) is the observational projection matrix at time ¢;. Thus, the ensemble BEC can be

represented by

B, = pxp}cw (6)

and the new cost function with respect to a can be written as:

Jla(to)] = 5 [a(t)I" [a(to)] + 5 Eiolpy (E)a(te) — di] R [y (t)ac(to) - -
d].

T
To minimize Eq. (7), @ must satisfy [aaa(]t )] = 0. Here, no ADM s needed. It is noted
0

that a degraded analysis may result from the approximation in Eq. (5) due to the much smaller
ensemble size than the dimension of the original IC perturbation, which can be alleviated by

localization techniques.

2.2.2 Localization

The major drawback to the ensemble-based method is its spurious correlations and very
small rank in the BEC due to the limited number of the IC perturbation samples, which excessively
constrains the solving subspace of the optimal analysis increment. Localization is considered to be

an effective technique to alleviate the aforementioned problems (Hamill et al., 2001).

The localized B-matrix can be typically expressed as the Schiir product between the
ensemble BEC B, and the correlation matrix of the covariance localization C. Because the direct

use of the localized B-matrix may lead to much computational cost according to Wang et al.



247
248
249

250

251
252
253

254

255

256

257
258

259

260
261

262
263

manuscript submitted to Journal of Advances in Modeling Earth Systems

(2018), this matrix should be expressed in a form that can be used easily and economically. The
correlation matrix can be approximately decomposed into a limited number of leading
eigenvectors and extended IC perturbation samples can be obtained:

Ep, = [(px,l °Px1""»Px1° px,L)v Tty (px,K °Px1,Pxk ° px,L)]! (8)

where p,; (j = 1,2,---,L) is a leading eigenvector in model space, and L is the number of the
selected leading eigenvectors according to the cumulative contribution of variance. In
implementation, each leading eigenvector can be decomposed into zonal, meridional and vertical

components: p, ; = py; °© Py ° Py;,- 1he EOF decomposition method is used to obtain the

zonal and vertical components:

/
pZ, =E2, (22,)"
pZ,,-,, = Ey (Av )1/2 |

X,Ju \"" %, jy

(9)

where E7 ; and Ey ; are eigenvectors for the zonal and vertical components, respectively,
obtained using the empirical orthogonal decomposition. A7 ; and A3 ; are their corresponding

eigenvalues. Then, the sine expansion method is utilized (Wang et al., 2018) to obtain the

meridional component:
1/2
p;r'llm = E;rvljmﬁxgm ’ (10)
Here, E%; s the eigenvector for the meridional component, and g, ;  is its eigenvalue. When
defining the correlation function model, we used the GC correlation function (Gaspari & Cohn,
1999) for the horizontal components:

( 15 14 53 52
—_— —_ — —_— < <
4r +2r +8r 3r +1,0<r<1

C(r)y=+1 1 5 5 2 11
) Er5—§r4+§r3+§r2—5r+4—§r‘1,1<rS2 (1)
0,2<r

Here, r is defined as the dimensionless latitude and longitude distance. The following correlation

function is used for the vertical component:

1
>
1.0+Kpr

C(r) = (12)
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where r is defined as the dimensionless logarithmic pressure distance.

According to Eg. (8) and ignoring the time-variation of the localization leading

eigenvectors, the extended observational perturbation samples can be then represented as

Epy = [(py,l °Py1, Py ° py,L)' Y (py,K °Py1,Pyk ° py,L)]- (13)

Redefining the control variables as an K x L-dimensional vector 3, the analysis increment and

observational increment can be modified as

{ 6x = Ep,.[ (14)

H;0x(t;) = Ep, ()
Finally, the localized cost function is formulated on the extended sample space. In the generation
of the extended observational perturbation samples, the TLM is called for only K times. On one
hand, the ensemble size can be greatly increased from the original samples to the extended samples
without any additional computational cost for TLM calling, and the leading eigenvectors in both
the model and observation space can be pre-calculated according to the coordinates of the model
grid and observation locations. On the other hand, spurious correlations among the original
samples can be significantly eliminated, and the calculation accuracy of the cost function and its
gradient can be improved given that the extended samples have better independence from each

other than the original samples.

2.2.3 Inflation

The 4DEnVar system uses an inflation technique similar to the Relaxation-to-prior-
perturbations (RTPP; Zhang et al., 2004) to mitigate the filter divergence problem during the
assimilation cycle. Different from the RTPP, this inflation adopts random perturbations with

balance constraints from the static BEC of the standard 4DVar system.

60 random samples with balance constraints (6x;), (k = 1,2,--+,60) are obtained by the
“randomcv” method introduced in Section 2.2.1 (Baker, 2005). They are linearly combined with
the 60 analysis increment samples (8x,), (k = 1,2,--+,60) using the weights y; = 0.2 for the
former and y, = 0.9 for the latter to achieve the inflation of the ensemble BEC for the next

assimilation after a number of model integrations from the beginning to the end of the assimilation

window initialized by the inflated analysis increments (6x,)™ (k = 1,2,--,60), where
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inf _
{(&ck)a =1 +v2(8%da o 6oy, (15)

(6x)f = M[xb + (6xk)ilnf

An obvious advantage of this inflation method is that it is convenient and easy to generate the
random samples with balance constraints directly through the preconditioning process of the
4DVar system. Moreover, the inflation technique implicitly incorporates the climatological BEC
into the ensemble BEC to construct the hybrid B-matrix, which can be represented by

(Be)inf = (px)f(px);- (16)

Here, (py) s = [((le)f, (dxz)f,---,(5x6o)f] contains the updated inflated analysis increments.
Thus, the inflation method not only alleviates the underestimation of the B-matrix, but also

implicitly realizes the hybrid BEC for the 4DEnVar system.
3 Experimental design
3.1 Implementation of 4DEnVar system

In this study, the model used in the 4DEnVar system is the GRAPES-GFS model version
3.0 (Su et al., 2020) and contains 87 vertical levels. The horizontal resolution of the system is
0.5° x 0.5° for the outer loop and 1.0° x 1.0° for the inner loop. The 4DEnVar system combines
the ensemble BEC estimated by 60 samples and the original variational framework to solve the
assimilation problem, and is evaluated in comparison to the available 4DVar system (Zhang et al,
2019) with the same model and same resolutions. The schematic flowchart in Figure 1 describes
the operational process of the 4DEnVar system. In order to mitigate the sampling errors and
spurious correlations in the BEC due to the limited ensemble size (Hamill et al., 2001; Lorenc et
al., 2003; Wang et al., 2010b, 2018), the localization scheme is designed according to the
implementation introduced in Section 2.2.2, with 7° for the filtering radius in the horizontal
direction and 3 for the filtering parameter K,, in the vertical direction. The minimization problem

of the 4DEnVar system is solved in the subspace spanned by the extended samples derived from
the Schiir products between the ensemble members and the leading eigenvectors of the localization
correlation function. The 4DEnVar system not only can realize the implicit flow-dependence of
the BEC within the assimilation window like the standard 4DVar system, but also can achieve the

explicit flow-dependent BEC from one assimilation window to the next. During the assimilation
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cycle, the perturbed observations are continuously assimilated into the ensemble samples, and the

flow-dependent ensemble samples are updated every 6 hours.

To alleviate the underestimation of the BEC in the assimilation cycle, an inflation
technique based on the random perturbations with balance constraints is applied. Collaborated with
the localization and perturbing techniques of observation and SST, the inflation may alleviate the
filtering divergence problem during the assimilation cycle. Observational perturbations are
obtained by superimposing normal distribution random perturbations with zero as their
expectations (or mean values) and the observation errors as their standard deviations onto the
observations. SST perturbations are produced similarly except that the standard deviations of

random perturbations adopts the SST analysis errors.

3.2 Experiment design

In order to evaluate the performance of the 4DEnVar system efficiently, the OSSE is
considered as one of the best choices. Here, two OSSEs are designed using the 0.25° x 0.25°
version of GRAPES-GFS for both the 4DEnVar and standard 4DVar systems. The OSSE for the

latter is to provide a reference for comparisons.

A previous study has demonstrated that the 4DVar system using the GRAPES-GFS model
significantly outperforms the 3DVar system using the same model on both analyses and medium-
range forecasts, especially in the Southern Hemisphere (Zhang et al., 2019). OSSEs can be used
to fairly evaluate the performance of the assimilation system (Wang et al., 2008a; Wang et al.,
2010a; Kleist et al., 2015a, 2015b). In order to further study the influence of the 4DEnVar system,
comparisons between it and the 4DVar system are necessary.

The time period of both experiments was about one month (0900 UTC 13 September 2016
- 0900 UTC 11 October 2016) after a 2-day assimilation cycle covering the period from 0900 UTC
11 September 2016 to 0900 UTC 13 September 2016 to alleviate the influence of the spin-up. Only
the inflation coefficient tuning experiments were analyzed for about one weak (0900 UTC 13
September 2016 - 0900 UTC 18 September 2016). The analysis time was taken at the beginning
of the assimilation window. In the OSSEs, the results from an uninterrupted free run with the
higher-resolution (0.25° x 0.25°) version of GRAPES-GFS were used as the “truth” state. To

eliminate the impact of spin-up, the “truth” state was initiated from the time 24 hours prior to the
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analysis time of the first assimilation window with the ERA-5 reanalysis field as the IC, which
was verified to be consistent with the realistic atmospheric state in terms of geopotential height
and precipitation in the first 8 days. For example, we investigated the rationality of the “truth” state
in the Northern and Southern Extratropics based on a comparison of the 500hPa geopotential
height between the ERA-Interim reanalysis and the “truth” state at 1200 UTC on 14, 16 and 18
September 2016 (Figure 2). Figure 2a shows the 500hPa geopotential height from the ERA-Interim
reanalysis in the Northern Extratropics at 1200 UTC on 14 September 2016, with a low-pressure
system near the Arctic and 4 troughs extended from the low-pressure system near 60°E, 180°,
120°W and 30°W. The low-pressure system extends along 180° and 30°W, and the locations and
intensities of other main systems change slightly as the integration time increases (Figures 2e and
2i). The “truth” state captures these main features and their time-variations (Figures 2b, 2f and 2j).
Similarly, Figure 2c shows the results from the ERA-Interim reanalysis in the Southern
Extratropics. A low-pressure system exists near the Antarctic at 180° with 3 troughs near 0°, 90°W
and 90°E, and some troughs at low and middle latitudes. As the integration time increases, the
intensity of the low-pressure system near the Antarctic weakens and a high value center appears
near 60°E, and the locations and intensities of the main systems at low and middle latitudes change
slightly (Figures 2g and 2k). The “truth” state simulates these main systems well (Figures 2d, 2h
and 21). In general, the “truth” state reasonably captures the main features and the time-variations
of the 500hPa geopotential height from the ERA-Interim reanalysis and gradually degrades

following the increase of integration time.

The “observations” were produced by interpolating the “truth” state to the positions at
which sounding and cloud-derived wind observations are located, and then superimposing normal
distribution random perturbations with zero as their expectations and the observation errors as their
standard deviations onto them. Figure 3 shows the spatial distribution of these observations.
Sounding observations are typically sampled in the continental areas of the Northern Extratropics
and are valid at 1200 UTC 13 September 2016. Cloud-derived wind observations are sampled
every 30 minutes, mainly in the central and eastern North Pacific, the eastern South Pacific, the
northern Indian Ocean, the Atlantic Ocean, as well as some continents such as the America and

Africa. The observation errors were taken the same as the 4DVar system.
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For the first assimilation window of the 4DVar system, the background was obtained from
a 15-h forecast by the 0.5° x 0.5° version of GRAPES-GFS initialized from the 6-h forecast of the
ERA-Interim dataset, so that it is different from the “truth” state. Meanwhile, for the first
assimilation window of the 4DEnVar system, 60 IC samples were generated by superimposing 60
random perturbation samples onto this background. These perturbation samples were generated
according to the “randomcv” method introduced in Section 2.2.1 (Baker, 2005). The background
for each assimilation window of the 4DEnVar system is the ensemble mean of the 1C samples of
this window, which are derived from 60 6-h forecasts by the 0.5° x 0.5° version of GRAPES-GFS
with 60 inflated analysis samples produced in the previous assimilation window as their ICs,
respectively, except for the first assimilation window. The 4DEnVar system has the same
background as the 4DVar system in the first assimilation window because the ensemble mean of

60 superimposed random perturbation samples is zero.

In addition, based on the OSSE for the 4DEnVar, two sets of SOEs were also conducted
for both the 4DEnVar and 4DVar systems within a 6-h window covered the period from 0900 UTC
13 September 2016 to 1500 UTC 13 September 2016 after a 2-day assimilation cycle to verify the
flow-dependent characteristic of the BECs. Both sets of SOEs adopted the same filtering radius
that is 15° in the horizontal direction and the same background that is the ensemble mean of the
IC samples produced by the 4DEnVar system. In each set of SOE, the DA system assimilated the
single-point observation valid at the beginning, middle and end of the assimilation window,
respectively. The first single-point observation valid at 1200 UTC 13 September (i.e., at the middle
of the window) was selected from the “observations” in the OSSEs, which is the single-point
temperature observation located upstream at the top of the short-wave ridge in the middle
troposphere, and the other two at the beginning and end of the window took the same location and
observation innovation as the first. The observation error was set to 0.95, and the observation

innovation was -1.53 K.
4 Results

4.1 Single-point observation experiments

Figures 4a and 4d show the analysis increments from the 4DVar and 4DEnVar systems,

respectively, which are produced by assimilating the same single-point temperature observation at
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the beginning of the assimilation window in two SOEs. Both increments show the maximum
negative values near the observation as a response to the low temperature observation. The 4DVar
analysis increment of temperature appears a quasi-Gaussian distribution around the observation
location (Figure 4a). Given that the analysis time the resultant analysis increment is obtained is the
same as the time the single-point observation is located at, this distribution is reasonable. In
contrast, the 4DEnVar analysis increment of temperature, obtained using the ensemble BEC,
extends along the gradient of geopotential height, which is consistent with the northwestern
background flow. This visually demonstrates the explicit flow-dependence of the BEC of the
4DEnVar system. Furthermore, satisfactorily, no spurious correlations are sighted near the analysis
increment produced by the 4DEnVar system when the signal of the observation is preserved in the
analysis increment (Figure 4d). Both experiments also show cyclone wind responses around the
temperature increments, which suggests that the BECs satisfy some balance constraints. These

results are consistent with the SOEs introduced in Kleist et al. (2015b).

We further investigated the implicit flow-dependence of the BECs of both systems within
the assimilation window by visualizing the analysis increments obtained by assimilating single-
point observations valid at different time levels. Unlike those with the observation at the beginning
of the assimilation window, the maximum negative values of the increments produced by both
systems shift towards the northwest of the observation. Moreover, the further the observation is
located from the analysis time, the more the increments from both systems extend along the
gradient of geopotential height (Figures 4b, 4c, 4e and 4f). These suggest that 4DVar realized the
evolution of BEC within the assimilation window using the TLM and the ADM, while 4DEnVar

did through the statistical relationship between the model space and observation space.

4.2 Observing system simulation experiments

We divided the globe into four regions for the statistics and analysis of the following
indicators, including the Northern Extratropics (20°N~90°N, 180°W~180°E; NH-X), Southern
Extratropics (20°S~90°S, 180°W~180°E; SH-X), East Asia (15°N~65°N, 70°E~145°E; EA) and
Tropics (20°S~20°N, 180°W~180°E; TR). Considering that the root mean square error (RMSE)
mainly measures the random error that is not as correctable as the systematic bias, it is usually

applied to statistically analyze the random errors of the background and analysis fields. To exclude
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the systematic error from the RMSE, we use a metrics called anomaly RMSE (ARMSE) instead
of RMSE (He et al. 2020a):

INa1Wn)

ARMSE = \/25—1 w(n)x(M(n)—truth(n)—bias)z. (17)

Here, M,y and truth, represent the analysis (or background) and the “truth” state at the n-th
grid point, respectively. w(,,y denotes the weighted coefficients at the n-th grid point, and bias =

=1 Wy X (M —truthm)
=1 Wn)

represents the systematic bias.

4.2.1 Inflation impact

In order to study the impact of the inflation technique introduced in Section 2.2.3 on the
4DEnVar system, we compared the forecast skills of the experiments initialized by the 4DEnVar

system adopting different sets of inflation coefficients.

The inflation coefficients in the 4DEnVar system were set to be larger for the ensemble
analyses than for the random perturbations with balance constraints, so that a significant reduction
of the flow-dependent characteristic of the ensemble covariance was avoided during the
assimilation cycle. We tested several sets of inflation coefficients, including (0.1, 1.0), (0.2,0.9),
(0.3,0.8) and (0.5, 0.6), where the first and second numbers in the parentheses are the coefficients
for the random perturbations and ensemble analyses, respectively, and the results of the overall
scores of the experiments were given in Figure 5. The scorecard shows that the 4DEnVar system
using the inflation coefficient of (0.2,0.9) has the best performance in reducing ARMSE of the
forecast initialized from the ensemble mean analysis than those of tests using other sets of inflation
coefficients. A proper inflation improve the ensemble spread, but too strong inflation may lead to
excessive spread of some variables in the ensemble. These suggest that the inflation technique can

help the 4DEnVar system reduce the forecast errors.

4.2.2 Analysis error

To facilitate comparisons with reanalysis data that are located at the middle of the
assimilation window, all background and analysis fields from both DA systems are transformed

from the beginning to the middle of the window through 3-h forecasts using the 0.5° x 0.5°
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version of GRAPES-GFS, which is similar to Zhang et al. (2019). Figure 6 shows the vertical
profiles of the ARMSEs of the background and analysis fields from the 4DVar and 4DEnVar
systems relative to the “truth” state. On one hand, comparing with the background fields, the
analysis fields from both assimilation approaches basically improve most variables at most vertical
levels. These analyses significantly reduce the ARMSE of zonal wind at almost all vertical levels
in the Northern Extratropics, Southern Extratropics, East Asia and Tropics (Figures 6a-6d). No
significant differences of temperature between the backgrounds and analyses can be observed
(Figures 6e-6h) except that the 4DEnVar system improves the temperature in the middle and
higher troposphere in the Southern Extratropics (Figure 6f) and the temperatures from the analyses
in the lower troposphere in the East Asia by both the 4DEnVar and 4DVar systems are obviously
degraded (Figure 6g). As for the specific humidity, no distinct changes from the backgrounds to
analyses can be found except the degradations near the surface by both assimilation approaches
(Figures 6i-6l). On the other hand, 4DEnVar fully outperforms 4DVar on the backgrounds and
analyses of zonal wind, temperature and specific humidity in the aforementioned four regions.
4DEnVar makes the biggest improvement in zonal wind (temperature) in the stratosphere in the
East Asian (Tropics) relative to 4DVar (Figures 6¢ and 6h). Significant improvements in specific

humidity by 4DEnVar are mainly in the lower troposphere comparing with 4DVar.

The analysis error structures of the 4DEnVar and 4DVar experiments are very similar
(Figure 7 left and middle), which are also consistent with the analysis error structures of the 3DVar
experiment and the corresponding 3D hybrid assimilation experiment in Kleist et al. (2015a). As
shown in Figures 7a-7b, the zonal wind error maxima are distributed in the middle and upper
troposphere at middle latitudes in the Southern Extratropics, and large zonal wind errors even
extend to the lower troposphere near 60 °S. Compared with 4DVar, 4DEnVar reduces the analysis
errors of zonal wind mainly at the latitudes between 60°S and 60°N, although it increases the
analysis errors in the middle and higher troposphere at high latitudes in the Northern Extratropics
and the analysis errors in the stratosphere at middle and high latitudes in the Southern Extratropics
(Figure 7c). Large temperature errors in the analyses of both assimilation approaches are
concentrated in the lower troposphere, especially in the region from the Antarctica to 60°S, which
extend to the middle and upper troposphere near 60°S (Figures 7d-7e). 4DEnVar has smaller
ARMSEs of temperature than 4DVar over most latitudes except for lower troposphere at high

latitudes and stratosphere at the latitudes around 60°S in the Southern Extratropics (Figure 7f).
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Specific humidity shows analysis error structures quite different from the zonal wind and
temperature, which have semicircular shapes located between 60°S and 60°N in the lower and
middle troposphere (Figures 7g-7h). In the regions large humidity errors locate at, 4DEnVar
improves the accuracies of almost all humidity analyses (Figure 7i). In a word, 4DEnVar reduces
most analysis errors of zonal wind, temperature and specific humidity in comparison to 4DVar.

4.2 .3 Forecast skill

From the above discussions, it can be found that the analysis accuracy of the 4DEnVar
system is basically higher than that of the 4DVar system. Based on these encouraging results, our
attention is now drawn to the impact of these more realistic analysis ICs on the forecasts. We want
to know whether the improved analysis IC can lead to improved forecasts. For this reason, the
analysis fields at 0900 UTC covered the period from 0900 UTC 13 September 2016 to 0900 UTC
11 October 2016 produced by the 4DEnVar and 4DVar systems were used as ICs to conduct a set
of 10-day forecasts. Similar to the analyses that were extended to the middle of the assimilation
window for evaluation, these forecasts with 3-hour extension for each lead forecast day were used
for evaluation. Because the 4DEnVar is an ensemble-based assimilation approach that produced
60 analysis ICs in the OSSE, 60 sets of 10-day forecasts were obtained using these analysis ICs.
For convenience of comparing with the single set of 10-day forecast initialized from the 4DVar
analysis, the ensemble mean 10-day forecast initialized from the 60 sets of 4ADEnVar analyses was
used. Also, for a more comprehensive comparison with 4DVar, the results of the deterministic
forecast initialized from the 4DEnVar ensemble mean analysis were given. The forecasts were
evaluated using the “truth” state as the reference and adopting the anomaly correlation coefficient
(ACC) and ARMSE as the metrics.

ACC is one of the important metrics to investigate the skill of a forecast, which is used to
qualitatively measure the similarity between the anomalies of this forecast and the “truth” state. In
terms of this metrics, the 4DEnVar-based 10-day deterministic and ensemble mean forecasts of
500hPa geopotential height have comparable skills to and higher skills than the 4DVar-based
forecast on most lead forecast days, respectively (Figure 8). In the Northern Extratropics, the
4DEnVar-based deterministic and 4DVar-based forecasts have comparable skills on the lead days
1-5, and the former has slightly higher skills on the lead days 6-8 and slightly lower skills on the
lead days 9-10 (Figure 8a). In contrast, in the Southern Extratropics (Figure 8b), where
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observations are much sparser than in the Northern Extratropics (Figure 3), the former has skills
comparable to or even slightly lower than the latter on the first 6 lead days and slightly higher
skills than the latter on the lead days 7-10. Similar to the Northern Extratropics, the 4DEnVar-
based deterministic forecast has comparable or even slightly higher skills on the lead days 1-7, but
slightly lower skills on the lead days 8-10 in the East Asia (Figure 8c). In the Tropics, the
4ADEnVar-based deterministic forecast has lower skills on the first 5 lead days, and slightly higher
skills on the lead days 6-10 than the 4DVar-based forecast (Figure 8d). In comparison, the
4DEnVar-based ensemble mean forecast has significantly higher forecast skills on almost all lead
forecast days than the 4DEnVar-based deterministic and 4DVar-based forecasts (Figures 8a-8d).
In particular, the most significant improvements on the last few days in the Southern Extratropics
can be easily sighted in the 4DEnVar-based ensemble mean forecast comparing with the 4DVar-
based forecast. In summary, more accurate 1Cs from 4DEnVar generally achieve to higher forecast
skills in the ensemble mean forecast on almost all lead days than those from 4DVar in the single

forecast.

ARMSE is also an indispensable metrics to evaluate the skill of a forecast, which is used
to quantitatively measure the difference between the anomalies of this forecast and the “truth”
state. To facilitate the comparison between 4DEnVar and 4DVar on their contributions to forecast
skill, the difference of ARMSE between 4DEnVar and 4DVar is used, on which the confidence
test is conducted. The difference of ARMSE with a negative (positive) value indicates a further
improvement (degradation) of the forecast by 4DEnVar comparing with that by 4DVar. Figure 9
shows the differences of ARMSE of the 500hPa geopotential height forecasts between 4DEnVar
and 4DVar. The skill of the 4DEnVar-based forecast under this metrics basically matches that
under the metrics of ACC, i.e., the 4DEnVar-based deterministic and ensemble mean forecasts
have comparable performance to and better performance than the 4DVar-based forecast on most
lead days, respectively. This deterministic forecast has a performance comparable to or even better
than the 4DVar-based forecast on the first 9 lead days (the first 7 lead days), while the errors are
larger on the last 1 lead day (the last 3 lead days) in the Northern Extratropics (East Asia) as shown
in Figures 9a and 9c. In contrast, the former has larger errors on the first 6 lead days (the first 4
lead days) and smaller errors on the last few days than the latter in the Southern Extratropics
(Tropics) from Figures 9b and 9d. In addition, the 4DEnVar-based ensemble mean forecast reduce

errors significantly relative to the two abovementioned deterministic forecasts on almost all lead
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days. In particular, the most significant improvements by the 4DEnVar-based ensemble mean
forecast relative to the 4DVar-based forecast can be sighted on the last few lead days in the
Southern Extratropics (Figure 9b), suggesting that the analysis ICs from the 4DEnVar system may
have much better capability to reduce the forecast errors of 500hPa geopotential height in the
regions with sparse observations. Due to the maximum improvements by 4DEnVar in the
ensemble mean forecast of the 500hPa geopotential height on the lead day 10 in both the Northern
and Southern Extratropics comparing with the 4DVar-based forecast (Figures 8a-8b and 9a-9b),
the horizontal distributions of the forecasts on this lead day were also analyzed and compared.
Figure 10 shows the “truth” state and the 240-h forecasts of the 500hPa geopotential height
respectively initialized from the 4DVar and 4DEnVar analyses on 1200 UTC 13 September 2016
in the Northern Extratropics. In the “truth” state, a low-pressure system is distributed around the
Acrctic, with three troughs near 75°E, 160°W and 60°W, respectively. In addition, there is a high
value center at middle and high latitudes near the longitude 0° (Figure 10a). The main circulation
situations in the 4DVar-based (4DEnVar-based deterministic) forecast are basically similar to
those in the “truth” state (Figures 10b-10c), although the low-pressure trough (high value center)
near 160°W (the longitude 0°) is not correctly presented. Moreover, the main circulation situations
in the 4DEnVar-based ensemble mean forecast is similar to the 4DEnVar-based deterministic
forecast. As shown in Figure 10e, the 4DVar-based forecast has large errors with a “negative-
positive-negative” distribution between 90°W and 60°E at middle and high latitudes. It also
presents significant positive errors near 160°W at middle latitudes. In comparison, the 4DEnVar-
based deterministic forecast mainly reduces the magnitude of the errors in the regions between
90°E to 30°W at middle and high latitudes, especially the regions near 160°W and 40°W at middle
and high latitudes, but increases the errors in the regions between 30°W and 60°E at middle and
high latitudes, especially the regions near 30°E at high latitude (Figure 10f). In contrast, compared
with the 4DVar-based and 4DEnVar-based deterministic forecasts, the 4DEnVar-based ensemble
forecast significantly reduces errors in almost all regions, except the region between 30°E to 60°E.
Similar to Figure 10, Figure 11 shows the results in the Southern Extratropics. There is a low-
pressure system near the Antarctica, which extends out three troughs near 90°W, 150°E and 60°E,
respectively, in the “truth” state (Figure 11a). The 4DVar-based forecast and the 4DEnVar-based
deterministic and ensemble mean forecasts basically represent the circulation situations in the

“truth” state (Figures 11b-11d), but the first does not capture the troughs at 90°W very well. The
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forecast errors of 4DVar in the Southern Extratropics are significantly larger than in the Northern
Extratropics (Figure 11e), while the 4DEnVar-based deterministic forecast reduces almost all the
significant forecast errors of 4DVar except the regions between 90°E and 0° (Figure 11f). In
addition, the 4DEnVar-based ensemble mean forecast significantly reduces the errors compared
with the 4DVar-based and 4DEnVar-based deterministic forecasts (Figure 11g). Overall, in terms
of the 500hPa geopotential height forecast, the 4DEnVar-based deterministic forecast has
comparable performance to the 4DVar-based forecast in the Northern Extratropics and slightly
better performance than the 4DVar-based forecast in the Southern Extratropics. Moreover, the
4DEnVar-based ensemble mean forecast significantly reduce the errors, especially in the Southern

Extratropics, which is consistent with the conclusions obtained by the ACC and ARMSE metrics.

The 4DEnVar-based forecast of geopotential height also has similar performances at most
other vertical levels (Figure 12). The 4DVar-based forecast errors show the largest in the Southern
Extratropics, followed by the Northern Extratropics and East Asia, and the smallest in the Tropics.
In the Northern Extratropics, the 4DVar-based forecast has significant errors at the vertical levels
between 400hPa and 200hPa, which keeps increasing following the lead time and reaches the
maximum on the lead day 10. These errors gradually extend to lower and upper levels following
the lead time (Figures 12a, 12d, 12g and 12j). As shown in Figure 12b, the 4DEnVar-based
deterministic forecast has a similar error structure to the 4DVar-based forecast except for larger
errors in the stratosphere, which extends to the troposphere on the lead days 1 and 10, and smaller
errors in the lower stratosphere and middle troposphere on the lead days 5-8, which extends to the
lower troposphere on the lead days 7-8. The maximum improvements (degradations) by the
4DEnVar-based deterministic forecast comparing with 4DVar are located between 400hPa and
200hPa (above 100hPa) on the lead days 6-7 (the lead days 1-9). In the Southern Extratropics, the
4DEnVar-based deterministic forecast has larger errors on the lead days 1-6 than the 4DVar-based
one, especially in the stratosphere on almost all lead days, and smaller errors on the last 3 lead
days (Figure 12e). In the East Asia, the 4DEnVar-based deterministic forecast has a performance
comparable to and even better than the 4DVar-based one on the lead days 1-7 except in the upper
stratosphere. However, it has larger errors on the last 3 lead days, especially between 600-100hPa
(Figure 10h). In the Tropics, it has a degradation near the stratosphere (the lower and middle
troposphere) on the lead days 1-9 (1-3) as shown in Figure 12k. In contrast, the 4DEnVar-based

ensemble mean forecast reduces errors at almost all regions and vertical levels on the middle and
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later lead days compared with the 4DVar-based forecast, especially on the later days in the
Northern and Southern Extratropics, where the errors of the 4DVar-based forecast are the largest.
The places where the 4DEnVar-based deterministic forecast becomes worse than the 4DVar-based
forecast are largely improved in the ensemble mean forecast, especially for the lead days 8-10 in
the East Asia (Figures 12c, 12f, 12i and 12I).

The 4DVar-based zonal wind forecast has an error structure similar to the geopotential
height forecast at most vertical levels with the largest errors in the Southern Extratropics and
smallest errors in the Tropics (Figures 13a, 13d, 13g and 13j). The improvement and degradation
locations of the 4DEnVar-based deterministic forecast compared with the 4DVar-based forecast
are generally consistent with the geopotential height forecast (Figures 13b, 13e, 13h and 13k).
However, quite different from the geopotential height forecast, the 4ADEnVar-based deterministic
forecast of zonal wind reduces the errors relative to the 4DVar-based forecast at almost all vertical
levels on the first lead day and the improvement extends to the lead day 9 (the lead day 7) in the
middle and upper troposphere of the Northern Extratropics (East Asia) as shown in Figure 13b,
13e, 13h and 13k. In contrast, the 4DEnVar-based ensemble mean forecast performs better in
almost all situations than the 4DVar-based forecast, especially on the middle and later lead days
(Figures 13c, 13f, 13i and 13l). In addition, the locations where the 4DEnVar-based deterministic
forecast deteriorates compared with 4DVar largely get improved in the 4DEnVar-based ensemble
mean forecast, especially for the lead days 2-7 in the Southern Extratropics and the lead days 8-10
in the East Asia (Figures 13f and 13i). However, the 4DEnVar-based ensemble mean forecast is
still worse than the 4DVar-based forecast on the first 5 lead days around the stratosphere in the
Southern Extratropics and Tropics, which is similar to the geopotential height forecast (Figures
12f and 12I).

The error distribution of the 4DVar-based temperature forecast is not quite the same as
those of the geopotential height and zonal wind forecasts, with the error size sorting as same as in
geopotential height and zonal wind forecasts (Figures 14a, 14d, 14g and 14j). The locations of the
improvements and degradations in the 4DEnVar-based deterministic temperature forecast relative
to the 4DVar-based forecast is similar to the zonal wind forecast but with the following differences.
The locations of the largest improvements in the 4DEnVar-based deterministic forecast in the
Southern Extratropics and East Asia compared with the 4DVar-based forecast extend to the lower

and middle troposphere. In addition, the ranges of the degradations of the 4DEnVar-based
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deterministic forecast compared with the 4DVar-based forecast also increase (Figures 14b, 14e,
14h and 14Kk). In contrast, the 4DEnVar-based ensemble mean forecast is still significantly
improved for almost all situations compared with 4DVar (Figures 14c, 14f, 14i and 14l).

The 4DVar-based specific humidity forecast has an error structure different from other
variables, with large errors between 900hPa and 700hPa in each of four regions, increasing with
the lead time and reaching a maximum since the lead day 9 (Figures 15a, 15d, 15g and 15j).
Compared with the 4DVar-based forecast, the 4DEnVar-based deterministic forecast reduces
errors on the lead days 1-7 in the Northern Extratropics and East Asia, while degradation occurs
on the lead days 8-10 (Figures 15b and 15h). The 4DEnVar-based deterministic forecast reduces
errors in the Southern Extratropics (Tropics) except the lead days 3-7 (4-10) compared with 4DVar
(Figures 15e and 15Kk). In contrast, 4DEnVar-based ensemble mean forecast stably reduces errors
for almost all regions and lead days, and the largest improvements can be found where and when

large forecast errors of 4DVar are located (Figures 15c, 15f, 15i and 15I) .

4.2.4 Computational efficiency

The computational efficiency of the 4DEnVar system is also a key concern. Taking the 6-
h assimilation window (0900 UTC 11 September 2016 - 1500 UTC 11 September 2016) as an
example, the computational time was about 25 minutes for a 4DVar DA using 480 cores on the
high-performance computer PI-SUGON of the China Meteorological Administration. In
comparison, the 4DEnVar system took only 13 minutes since the ensemble members of the
4DEnVar system are independent and all members can be analyzed concurrently using a total of
60x480 cores. The aforementioned results may be slightly impacted by several factors, such as
the high-performance computer state, but overall, the 4DEnVar system has the advantage of good
parallel efficiency and scalability and is thereby timesaving when more computational resources

are used.

5 Summary and discussion

In this study, a new 4DEnVar DA system was developed based on the DRP-4DVar
approach. This system is novel in some aspects. It introduces the idea of ensemble into the
variational framework to achieve the time-variant BEC and minimizes the cost function without

using the ADM. It can easily take full advantage of the mature variational framework and
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implicitly include the hybrid BEC into the pure ensemble covariance. An inflation method similar
to RTPP (Zhang et al., 2004) based on balanced random perturbations produced using the static
B-matrix of 4DVar is applied to alleviate the filter divergence during the assimilation cycle, which
can be conveniently and efficiently implemented. Moreover, a limited number of leading
eigenvectors of the localization correlation function are used to perform the localization of the B-

matrix and rapidly increase the ensemble size without any extra model integrations.

Preliminary tests including SOEs and OSSEs were conducted to evaluate the performance
of the 4DEnVar system, using the 4DVar system as a reference for comparison. The OSSE-based
one-month DA cycles using both systems were conducted, in which the first 2-day cycles were
used for spin-up. The SOEs were conducted at and the OSSE results were evaluated and compared
since the ninth assimilation window. The SOEs show that both 4DEnVar and 4DVar assimilated
the single-point observation effectively and satisfied certain balance constraints. Moreover,

4DEnVar using the ensemble BEC exhibits obvious flow-dependent features.

In the OSSEs, we first tuned the inflation coefficients. The weight of the ensemble analyses
kept larger than that of the balanced random perturbations to avoid too much loss of flow-
dependent information during the assimilation cycle. It is found that the forecast errors grow when
the inflation is too weak or too strong. Finally, the weights 0.9 for the ensemble analysis and 0.2
for the balanced random perturbations were thought to be the proper inflation coefficients, which
optimally reduced the ARMSEs of the forecast initialized by the 4ADEnVar ensemble mean analysis.

The results of the OSSE-based one-month DA cycle show that the 4DEnVar and 4DVar
analyses can significantly improve the dynamic variables such as the zonal wind, and has slight
impacts on the thermodynamic variables such as the temperature and specific humidity compared
with their backgrounds. In addition, 4DEnVar outperforms 4DVar in terms of ARMSE on the
background and analysis fields of model variables. Compared with the 4DVar analysis, the
4DEnVar analysis can significantly reduce the errors in the model variables at low and middle
latitudes. The greatest improvements in the zonal wind and temperature by the 4DEnVar analysis
located mainly near the stratosphere, although there is significant degradation at high latitudes in
the Southern Extratropics. The greatest improvements in the specific humidity are mainly in the
lower troposphere. In conclusion, the analysis error of the 4DEnVar system is basically smaller
than that of the 4DVar system.
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The effect of the 4DEnVar system on the forecast is also evaluated. From the ACC and
ARSME indicators of the 500hPa geopotential height forecasts, the 4ADEnVar-based deterministic
forecast has a performance comparable to or slightly better than the 4DVar-based forecast in the
short and medium range in the Northern Extratropics and East Asia, and slightly worse
performance in the long range. In the Southern Extratropics and Tropics, the results are roughly
opposite to those in the Northern Extratropics and East Asia. Moreover, the 4DEnVar-based
ensemble mean forecast is comparable to or even better than the 4DVar-based forecast except for
the first few days in the Tropics. The geopotential height forecasts at other vertical levels are
generally consistent with the results of the 500hPa geopotential height, but both the deterministic
and ensemble mean forecasts from the 4DEnVar system show significant degradations near the
stratosphere.

The 4DEnVar-based deterministic forecasts of the zonal wind and temperature are similar
to and better than that of the geopotential height. In particular, these deterministic forecasts
outperform the 4DVar-based forecasts in almost all regions and vertical levels on the first lead day,
and this positive effect continues in the upper troposphere in the Northern Extratropics and East
Asia to the middle and later lead days, but the temperature forecasts are slightly worse than the
zonal wind. The improvements of the 4DEnVar-based deterministic specific humidity forecast
over the 4DVar-based one are mainly located on the early lead days. In contrast, the 4DEnVar-
based ensemble mean forecast of the zonal wind, temperature and specific humidity show
significant improvements over both the 4DVar and 4DEnVar-based deterministic forecasts, with

the greatest improvements on the later lead days.

Overall, the 4DEnVar system shows great promise in terms of reducing the analysis errors
and producing high quality ensemble forecasts. The significantly improved ensemble forecasts
from the 4DEnVar system suggest that they have the potential to provide high quality flow-
dependent ensemble BECs for hybrid DA systems. Moreover, 4DEnVar is more timesaving than
4DVar given that the ensemble members of 4DEnVar can be predicted and analyzed concurrently.
There is still much room for further improving the performance of the 4DEnVar system. For
example, the current localization used here does not include the balance constraints and a balanced
localization calls for further study. The localization length-scales currently adopted in the
4DEnVar system are constant and adaptive length-scales are expected in the future. The current

4DEnVar system borrows the low-resolution TLM of the 4DVar system and the NLM with the
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same resolution may provide more accurate and more timesaving ensemble forecasts. In addition,
assimilation experiments using real observations, especially satellite radiance observations, should

be further carried out to evaluate the performance of the 4DEnVar system.
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Figure 1. Schematic of the 4DEnVar system used in this study.
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units: gpm units: gpm

5067.08 5263.81 5460.54 5657.27 5854.00 4602.96 4893.98 5185.00 5476.02 5767.05

Figure 2. The 500hPa geopotential height at 1200 UTC on 14 September 2016 (top), 16 September
2016 (middle) and 18 September 2016 (bottom) from the ERA-Interim reanalysis (left) and the
“truth” state (middle left) in the Northern Extratropics (20°N~90°N, 180°W~180°E), and the
results in the Southern Extratropics (20°S~90°S, 180°W~180°E; the ERA-Interim reanalysis,
middle right; the “truth” state, right) are plotted.
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940  Figure 3. Locations of (a) sounding and (b) cloud-derived wind observations covered the period
941  from 0900 UTC 13 September 2016 to 1500 UTC 13 September 2016. Different colored dots in
942  (b) indicate different sampling times.
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Figure 4. The temperature (shading; units: K) and vector wind (vector; units: m/s) analysis
increments from assimilating the single-point temperature observations valid at the (left)
beginning, (middle) middle and (right) end of the assimilation window for (top) 4DVar and
(bottom) 4DEnVar on the model level closest to the single temperature observation assimilated,
which locates at 500hPa (marked with a green dot). The solid contour is the 500hPa background
field geopotential height (units: gpm) valid at the beginning of the assimilation window, when the
analysis time is taken.
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Figure 5. The scorecard of the ARMSE error mean calculated for the forecast initialized by the
ensemble mean analysis from the 4DEnVar system adopting inflation coefficients of (0.2,0.9)
against the forecasts from the 4DEnVar system adopting inflation coefficients of (a) (0.1, 1.0), (b)
(0.3,0.8) and (c) (0.5,0.6) with identical settings, respectively. If the former forecast has a
significantly lower (higher) ARMSE error than the latter, then a green upward-pointing (red
downward-pointing) triangle is plotted. The corresponding color outline is the three sizes that each
symbol can be plotted, and the sizes from large to small corresponds to error mean differences
greater than 3 times, between 1 times and 3 times, and between 0.5 times and 1 times the t value
of the 95% confidence level, i.e., fairly significant, significant, and insignificant. The graph is not
shown when the error mean differences are less than 0.5 times the t value of the 95% confidence
level, indicating equivalent.
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Figure 6. Vertical profiles of the ARMSE (verified relative to the “truth” state) of the background
(dashed line) and analysis (solid line) fields of the zonal wind (top; units: m/s), temperature
(middle; units: K) and specific humidity (bottom; units: g/Kg) in the Northern Extratropics
(20°N~90°N, 180°W~180°E; left), Southern Extratropics (20°S~90°S, 180°W~180°E; middle
left), East Asian (15°N~65°N, 70°E~145°E; middle right), and Tropics (20°S~20°N,
180°W~180°E; right). The black and red lines show the 4DVar and 4DEnVar results, respectively.
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Figure 7. The pressure versus latitude plots of the ARMSEs (verified relative to the “truth” state)
of the zonal wind (top; units: m/s), temperature (middle; units: K) and specific humidity (bottom;
units: g/Kg) analyses of 4DVar (left), 4ADEnVar (middle) and the ARMSE differences between
ADEnVar and 4DVar (right), respectively.
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Figure 8. The anomaly correlation coefficients (ACCs) of the 4DVar-based (black line),
4DEnVar-based deterministic (red line) and the 4DEnVar-based ensemble mean (blue line)
forecasts of the 500hPa geopotential height against the “truth” state in the (a) Northern Extratropics
(20°N~90°N; 180°W~180°E), (b) Southern Extratropics (20°S~90°S; 180°W~180°E), (c) East
Asia (15°N~65°N, 70°E~145°E), and (d) Tropics (20°S~20°N, 180°W~180°E). The
corresponding ACC differences between the 4DEnVar-based deterministic forecast and the
4DVar-based forecast (red line), between the 4DEnVar-based ensemble mean forecast and the
4DVar-based forecast (blue line), and the 95% confidence thresholds are also plotted in the bottom.
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Figure 9. The ARMSE differences between the 4DEnVar-based deterministic forecast and the
4DVar-based forecast (red line) , between the 4DEnVar-based ensemble mean forecast and the
4DVar-based forecast (blue line) of the 500hPa geopotential height against the “truth” state in the
(a) Northern Extratropics (20°N~90°N; 180°W~180°E), (b) Southern Extratropics (20°S~90°S;
180°W~180°E), (c) East Asia (15°N~65°N, 70°E~145°E), and (d) Tropics (20°S~20°N,
180°W~180°E). The bar charts show the 95% confidence thresholds.
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Figure 10. The horizontal distributions of the 240-h forecast of the 500hPa geopotential height in
the Northern Extratropics (20°N~90°N; 180°W~180°E) for (a) the “truth” state, (b) the 4DVar-
based forecast, (c) the 4DEnVar-based deterministic forecast and (d) the 4DEnVar-based ensemble
mean forecast. The differences (e) between the 4DVar-based forecast and the “truth” state, (f)
between the 4DEnVar-based deterministic forecast and the “truth” state and (g) between the
4DEnVar-based ensemble mean forecast and the “truth” state are also plotted, respectively.
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1000  Figure 11. As in Figure 10, but showing the results in the Southern Extratropics (20°S~90°S;
1001  180°W~180°E).
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Figure 12. The ARMSEs of the geopotential height forecasts (units: gpm) initiated from the 1200
UTC analyses of the 4DVar experiment as a function of lead time (left) in the (a) Northern
Extratropics  (20°N~90°N; 180°W~180°E), (d) Southern Extratropics (20°S~90°S;
180°W~180°E), (g) East Asia (15°N~65°N, 70°E~145°E), and (j) Tropics (20°S~20°N,
180°W~180°E). The differences of ARMSE between the 4DEnVar-based deterministic forecast
and the 4DVar-based forecast, and between the 4DEnVar-based ensemble mean forecast and the
4DVar-based forecast are plotted in (middle) and (right), respectively.
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Figure 13. As in Figure 12, but showing the results of the zonal wind forecasts.
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Figure 14. As in Figure 12, but showing the results of the temperature forecasts.
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1015  Figure 15. As in Figure 12, but showing the results of the specific humidity forecasts.



