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Abstract

Analyses of Lunar Laser Ranging data show that the spin-symmetry axis of the Moon is ahead of its expected Cassini state
by an angle of $\phi_p$ = 0.27 arcsec. This indicates the presence of one or more dissipation mechanisms acting on the lunar
rotation. A combination of solid-body tides and viscous core-mantle coupling have been proposed in previous studies. Here,
we investigate whether viscoelastic deformation within a solid inner core at the centre of the Moon can also account for a
part of the observed phase lead angle $\phi_p$. We build a rotational dynamic model of the Cassini state of the Moon that
comprises an inner core, a fluid core and a mantle, and where solid regions are allowed to deform viscoelastically in response
to an applied forcing. We show that the presence of an inner core does not change the global monthly Q of the Moon and
hence, that the contribution from solid-body tides to $\phi_p$ is largely unaffected by an inner core. However, we also show
that viscoelastic deformation within the inner core, acting to realign its figure axis with that of the mantle, can contribute
significantly to $\phi-p$ through inner core-mantle gravitational coupling. We show that the contribution to $\phi_p$ is largest
when the inner core viscosity is in the range of $10°{13}$ to $10°{14}$ Pa s, when the inner core radius is large and when the

free inner core nutation frequency approaches a resonance with the precession frequency of $2\pi/18.6% yr$"{-1}$.
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Abstract

Analyses of Lunar Laser Ranging data show that the spin-symmetry axis of the Moon

is ahead of its expected Cassini state by an angle of ¢, = 0.27 arcsec. This indicates the
presence of one or more dissipation mechanisms acting on the lunar rotation. A com-
bination of solid-body tides and viscous core-mantle coupling have been proposed in pre-
vious studies. Here, we investigate whether viscoelastic deformation within a solid in-
ner core at the centre of the Moon can also account for a part of the observed phase lead
angle ¢,. We build a rotational dynamic model of the Cassini state of the Moon that
comprises an inner core, a fluid core and a mantle, and where solid regions are allowed
to deform viscoelastically in response to an applied forcing. We show that the presence
of an inner core does not change the global monthly Q of the Moon and hence, that the
contribution from solid-body tides to ¢, is largely unaffected by an inner core. However,
we also show that viscoelastic deformation within the inner core, acting to realign its fig-
ure axis with that of the mantle, can contribute significantly to ¢, through inner core-
mantle gravitational coupling. We show that the contribution to ¢, is largest when the
inner core viscosity is in the range of 10! to 10'* Pa s, when the inner core radius is large
and when the free inner core nutation frequency approaches a resonance with the pre-

cession frequency of 27 /18.6 yr—1.

Plain language summary: Analyses of the lunar rotation have revealed that there
exists one or more mechanisms that act to dissipate a part of the rotational energy. Pre-
vious mechanisms that have been suggested include friction at the boundary between
the fluid core and the mantle, and a delayed response of a deformable ’soft’ mantle to
tidal forces. Here, we investigate whether the dissipation of rotational energy could also
originate from deformation within a soft solid inner core located at the centre of the Moon.
We show that if the inner core is sufficiently large and if its viscosity is sufficiently low,
its contribution to the rotational energy dissipation is not negligible.

1 Introduction

In the year 1693 the Franco-Italian astronomer Giovanni Domenico Cassini pub-
lished a set of three empirical laws describing the rotational motion of the Moon [Cassini,
1693]: 1) The Moon is locked in a 1:1 spin-orbit resonance, such that for every orbit around
the Earth the Moon rotates once about its own axis; 2) The Moon’s spin-symmetry axis
is misaligned by a constant angle relative to the ecliptic normal; 3) the orbit normal and
the spin-symmetry axis both precess about the ecliptic normal at the same frequency
and the three vectors remain coplanar. The third law describes a configuration referred
to as a Cassini state [Colombo, 1966; Peale, 1969]. It is this precessing (quasi) coplanar
configuration of the orbit normal, lunar mantle rotation axis, and ecliptic normal that
is at the centre of our study.

The orbital geometry and Cassini state configuration of the Moon are illustrated
in Figure 1. The orbit normal and the symmetry axis precess about the ecliptic normal
with a period of 18.6 years. Detailed observations of the lunar rotation made by Lunar
Laser Ranging (LLR) in the decades following the Apollo missions [e.g. Dickey et al., 1994]
have revealed that the angle between the orbit and ecliptic normals is I = 5.145° and
the angle between the symmetry axis and the ecliptic normal is 6, = 1.543°, in the op-
posite direction of I. In addition, LLR observations indicate that the symmetry axis is
not exactly co-planer with the ecliptic and orbit normals, as one would expect for an ex-
act Cassini state, but instead leads ahead of this plane by a small angle of ¢, = 0.27
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Figure 1. a) The orbit of the Moon (M) around Earth (E) as seen in the inertial frame
(é1,8é2,é3). The normal to the orbital plane is defined by &% and is offset from és by an angle

I = 5.145°. &} precesses about é3 in a retrograde direction at frequency Q, = 27/18.6 yr—'.
F' is the mean angle from the orbit’s ascending node. 2 is the longitude of the ascending node
with respect to €1. The blue (orange) shaded region indicates portions of the orbit when the
Moon is above (below) the ecliptic plane, the latter being defined by the vectors é1 and é2 and
represented by the grey shade. b) The Cassini state of the Moon. The plane (orange shaded
area) defined by és and &3 is the Cassini plane, rotating at frequency —€, about és. The frame
attached to this plane is the Cassini frame (é%, €5, €3), with é3 aligned with és and with &35
aligned with the line of the descending node. The symmetry axis of the mantle &} is offset from
és by 0, = 1.543°. Without dissipation, €% lies in the Cassini plane. As a result of dissipation,
é% is ahead of the Cassini plane by an angle ¢, = 0.27 arcsec. a) and b) do not correspond to the

same snapshot in time.

arcsec | Yoder, 1981; Williams et al., 2001]. This offset is indicative of rotational energy
dissipation within the Moon.

Two dissipation mechanisms have been proposed in the literature. The first is due
to solid-body tides [ Yoder, 1979; Cappallo et al., 1981]. The Moon deforms in response
to changes in the gravitational potential imposed on it primarily by Earth and to a lesser
extent by the Sun and other planets. For a purely elastic deformation, the tidal bulge
is in phase with the potential of the tide-raising body on the lunar surface. However, as
a result of solid body dissipation, the phase of the tidal bulge lags behind the potential
and this time-lag leads to an associated torque acting on the Moon. In response to this
torque, the spin-symmetry axis of the mantle is displaced in the direction of precession
from the plane defined by the ecliptic and orbit normals; a plane which we refer to as
the Cassini plane.

The second dissipation mechanism is from viscous friction at the lunar core-mantle
boundary (CMB) [Yoder, 1981; Williams et al., 2001]. The rotation vector of the fluid
core does not follow that of the mantle in its 18.6 yr precession because the ellipticity
of the lunar CMB is too small for adequate inertial coupling between the two [Goldre-
ich, 1967]. Although the fluid core tilt angle is not known, it is presumed to be close to,
though not exactly aligned with, the ecliptic normal [Williams et al., 2001; Meyer and



Wisdom, 2011; Dumberry and Wieczorek, 2016; Stys and Dumberry, 2018]. A fluid core
that is rotating with a differential velocity relative to the mantle exerts a viscous drag
on the CMB, and hence a torque on the mantle which acts to displace its symmetry axis
away from the Cassini plane.

Small physical longitudinal and latitudinal librations of the order of a few milliarc-
sec provide a pathway to separate the relative contributions from these two dissipation
mechanisms. This is done by comparing the observed changes in the lunar rotation in-
ferred by LLR with the prediction from a rotational model subject to the known torques
acting on the Moon [Williams et al., 2001; Williams and Boggs, 2015]. The rotational
Moon model that is used in such LLR studies consists of a rigid solid mantle and a fluid
core, but does not include an inner core. Tidal dissipation within the solid mantle is mod-
elled as a time-delay. Viscous friction at the CMB is modelled with a single dissipation
parameter. The goal of LLR studies is to fit as best as possible the entire time series of
the modelled lunar rotation, including all its librations and the equilibrium Cassini state,
to the observed data. Evidently, the recovered dissipation parameters are dependent on
the assumptions inherent to the rotation model used to fit the LLR observations. If an
additional dissipation mechanism exists, its introduction into the rotation model will mod-
ify these parameters.

In the present study, we focus on the dissipation associated with the Cassini state
which results in the observed phase lead of ¢, = 0.27 arcsec. In particular, we inves-
tigate how a third dissipation mechanism may contribute to ¢,: viscoelastic deforma-
tion within a solid inner core. Whether the Moon has a solid inner core remains uncer-
tain. Thermal evolution models suggest that a solid inner core should have crystallized
at its centre [Zhang et al., 2013; Laneuwwville et al., 2014; Scheinberg et al., 2015]. A solid
inner core with a radius of 240+ 10 km has been inferred based on seismic data [ We-
ber et al., 2011] but this interpretation is not unique [e.g. Garcia et al., 2011]. If present,
the inner core can contribute to the observed lead angle ¢, in two ways. First, through
its solid body viscoelastic deformation, and second, from viscous friction at the inner core
boundary (ICB). We focus on the former. Viscoelastic deformation within the inner core
implies that, as for the mantle, its instantaneous figure axis includes a component out
of the Cassini plane. Because of the inner core’s small relative size compared to the man-
tle, it is unlikely that this can contribute to a significant change in the global tidal de-
formation of the Moon. Indeed we confirm this in our study. However, a more signifi-
cant effect can arise from the gravitational torque that the mantle and inner core exert
on one another’s figure. In the Cassini state, the tilt angle of the inner core with respect
to the mantle can be significant [Dumberry and Wieczorek, 2016; Stys and Dumberry,
2018]. If this tilt includes a component out of the Cassini plane, then the torque it ap-
plies on the mantle also includes such an out-of-plane component, thereby contributing

to ¢p.

The underlying motivation for our study is three-fold. First, correctly identifying
and quantifying the rotational dissipation mechanisms within the Moon is crucial to ac-
curately constrain its rheology. Indeed, several studies have sought to explain the fre-
quency dependence of the tidal dissipation that is deduced on the basis of LLR obser-
vations [e.g. Williams et al., 2001, 2014; Williams and Boggs, 2015; Harada et al., 2014,
2016; Khan et al., 2014; Nimmo et al., 2012; Karato, 2013]. If the inner core participates
in the dissipation, the inference from LLR would be changed, and this would then af-
fect the conclusions drawn in these studies.



Second, viscous friction at the CMB between the differentially rotating mantle and
fluid core has been suggested as a possible source of energy for the ancient lunar dynamo
[Williams et al., 2001; Dwyer et al., 2011; Cébron et al., 2019]. This inference is based
on the fact that the angle of offset between the core and mantle was larger in the past
when the Moon was closer to Earth and its tidally locked rotation was also faster. How-
ever, the past dissipation is computed on the basis of the present-day estimate of the vis-
cous friction at the CMB. If a part of the present-day dissipation includes a contribu-
tion from viscous friction at the ICB, or a contribution from a viscously deforming in-
ner core, this will affect the estimate of the power available to drive the ancient lunar
dynamo by mechanical forcing.

Third, the tilt angle of the inner core relative to the lunar mantle can theoretically
be large [Dumberry and Wieczorek, 2016; Stys and Dumberry, 2018]. In the reference frame
of the lunar mantle, a tilted inner core precesses with a period of one lunar day. This
precession should manifest itself as a periodic variation in the degree 2 order 1 coefficients
of gravity [Williams, 2007]. However, such a gravity signal has not been detected to date
[Williams et al., 2015]. A possible reason for this is that the viscous relaxation allows
the inner core to realign its geometric figure to match the surface of hydrostatic equi-
librium imposed by the mantle’s gravity field. As was shown in Dumberry and Wieczorek
[2016], if the viscous relaxation timescale of the inner core is of the order of one lunar
day, gravitational coupling with the mantle would prevent a misalignment of the inner
core of more than 1°. Hence, viscous relaxation of the inner core figure may be the rea-
son why its associated gravity signal remains below the detection threshold.

2 Theory
2.1 The interior structure of the Moon

The model of the Moon’s interior structure that we adopt consists of a solid inner
core, a fluid outer core, a low seismic velocity transition zone at the base of the mantle,
or more succinctly a low velocity zone (LVZ), a solid mantle, and a thin crust. The outer
radii of each of these layers, in the same sequence, are denoted as rg, ¢, 7, m, and R,
and their densities by ps, pf, pi, pm, and p.. The inner core radius r; corresponds to the
ICB radius, and the fluid core radius 7y corresponds to the CMB radius. We neglect com-
pressibility effects from increasing pressure with depth (which are small for the Moon)
and assume that the density and other material properties within each layer are uniform.
Although crude, adopting uniform layers is broadly consistent with the radial models of
the Moon inferred from seismic observations [Garcia et al., 2011; Weber et al., 2011; Mat-
sumoto et al., 2015].

Each layer is triaxial in shape. We denote the polar flattening by the variable e,
defined as the difference between the mean equatorial and polar radii, divided by the mean
spherical radius. Likewise, we denote the equatorial flattening by the variable &, defined
as the difference between the maximum and minimum equatorial radii, divided by the
mean spherical radius. The set of polar and equatorial flattenings at the outer radius
of the inner core, fluid core, LVZ, mantle and at the lunar surface are denoted by (e,

55)7 (€f, 5f)7 (€l7 fl)a (Gm, gm) and (67-, gr)a respectively.

2.2 The rotational model

To model the rotational dynamics of the Moon we use the framework developed
by Mathews et al. [1991] to study the Earth’s nutations [see also Mathews et al., 2002;
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Figure 2. The orientation of (a) the orbit normal (&%), the symmetry axes of the man-

tle (€%) and inner core (€3), and (b) the rotation rate vectors of the mantle (£2), fluid core
(2¢) and inner core (£2) as seen in the Cassini frame (€§, €3). Also shown are the vectors

P, ns, m, my and ms and associated angles 0,, 0., 0., 65 and 8s. For ease of illustration, all
vectors are shown to lie in the Cassini plane (defined by €5 and éé), corresponding to a situa-
tion with no dissipation. When dissipation is present, all vectors have a component out of this
plane. The light grey, white, and dark grey ellipsoid represent a polar cross-section of the man-
tle, fluid core and inner core, respectively. Blue shaded parts show the equatorial cross section.
The black curved arrow in the equatorial plane indicates the direction of rotation, at frequency

Qo + Qpcos(0p) = 27/27.212 day ! of the mantle axes &} and é5 about the Cassini plane.

Dehant and Mathews, 2015]. This framework was adapted to model the Cassini state
of the Moon in Dumberry and Wieczorek [2016], henceforth referred to as DW16. A fur-
ther extension of the framework is presented in Stys and Dumberry [2018], henceforth
referred to as SD18. We give an outline of this rotational model below, but the inter-
ested reader is referred to DW16 and SD18 for more details. Here, we focus on the new
additions to this model in order to include the dissipation involved in the Cassini state.

From the perspective of the rotational dynamics, the LVZ, mantle and crust are
welded together and form a single rotating region. In the context of the rotating model
we refer to this region as the “mantle”, but it should not obscure the fact that material
properties may be distinct in each of the crust, LVZ and the mantle in between.

As shown in Figure 1, the Cassini state of the Moon can be defined in terms of two
reference frames: the inertial frame, defined by unit vectors (é;, éa, €3), with és aligned
with the ecliptic normal; and the Cassini frame specified by unit vectors (é§, €5, €5), with
&3 aligned with é3. The Cassini frame is defined in terms of the orientation of the or-
bit normal ég with respect to the ecliptic normal é3: &3 is set to be aligned with é3, and
the orientation of € is set to lie in the plane containing ég and ég, which we refer to
as the Cassini plane. The Cassini frame is rotating with frequency —, about ész with
respect to the inertial frame.



The rotational model that we use is defined with respect to a third reference frame
attached to the rotating mantle, with unit vectors (€7, €%, é%). &% is chosen to be aligned
with the maximum (polar) moment of inertia of the mantle and consequently it defines
the orientation of the symmetry (or figure) axis of the mantle. &} and &% are aligned,
respectively, with the minimum and intermediate moments of inertia (both in equato-
rial directions). Since the Moon is in a tidally locked 1:1 spin-orbit resonance, €% is at
the central point of the hemisphere of the Moon facing the Earth (near side) and, when
averaged over one full orbit, points directly towards Earth. The reader is referred to Ap-
pendix A of SD18 for a more in-depth discussion of the links between the inertial (é),
Cassini (€°) and mantle (éP) frames. The misalignment of the lunar mantle’s symme-

try axis €% relative to the ecliptic normal és is described by a vector p,

A similar coordinate system is defined for the inner core. Let (&3, €5, é3) be the
unit vectors in the direction of the inner core’s principle moments of inertia, defined in
the same way as for the lunar mantle. Because the inner core is suspended within the
fluid core, it is free to take on a different orientation than the mantle. The misalignment
of the inner core symmetry axis &3 relative to the mantle symmetry axis é¥ is described
by a vector ng, such that

S

és=eéY+ns=é3+p+ns. (1b)
The rotation and symmetry axes of the mantle — and similarly those of the inner

core — are expected to remain in close alignment, but they do not coincide exactly. The

misalignment of the mantle rotation rate vector €2 relative to the mantle symmetry axis

é¥ is captured by a vector m, such that

Q=Qp +wm =Q(5 + m), (2a)

where €, = 27/27.322 day~! is the sidereal frequency of the rotation of the lunar man-
tle. The vector w,, = Q,m is the differential angular velocity of the mantle defined with
respect to 5. The rotation rate vectors of the inner core, s, and the fluid core, Qp are
defined in terms of vectors mg and msg,

Q= Q4 ws = (2 + m +my), (2b)
Q= Q+ws=Q(5 + m+mg), (2c)

where w, = Q,mg and wy = Q,my are the differential angular velocities of the inner
core and fluid core, respectively, both defined with respect to the mantle rotation rate
vector. The definitions of 2, 25 and €2y are sufficiently accurate for our purpose here,
but more proper definitions are given in Appendix A of SD18.

A graphical depiction of the five rotational vectors p, m, mg, mg and ng is shown
in Figure 2. They are the five unknowns of our system which are found by solving a sys-
tem of five coupled equations. The first three equations describe, respectively, the time
rate of change of the angular momenta of the whole Moon (H), the fluid core (Hg), and
the inner core (Hs) in the reference frame of the rotating mantle (DW16),



d
—H+QxH=T,+T;, (3a)

dt
d
%Hf —wg X Hf = —Temb — Licp (3b)
d
%HS + Q X HS = Fes + Fts + Fs + Ficb . (3C)

Here, ' and T'es are the gravitational torques from Earth acting on the whole Moon
and on the inner core, respectively. I'; and T'ys are the torques associated with the tidal
dissipation of the whole Moon and inner core, respectively. I'g is the torque from pres-
sure and self-gravitation exerted on the inner core, and I';ep and I'¢pp are the torques
from surface tractions on the inner core (at the ICB) and on the fluid core (at the CMB),
respectively. The remaining two equations are kinematic relationships, one to express

the change in the orientation of the inner core figure resulting from its own rotation, and
a second describing the invariance of the ecliptic normal in the inertial frame as seen in
the mantle frame (SD18). They are, respectively,

Les4+esxw, =0, (3d)
%é3+ﬂ>(é3:0. (36)

The three angular momentum vectors are expanded in terms of the moment of in-
ertia tensors for the whole Moon (Z), fluid core (Zy), and inner core (Zs) as follows

H=7Z Q+Z; ws+ZL; ws, (4a)
He =Ty - Qy, (4b)
H, =7, Q,. (4c)

The moments of inertia tensors involve the principal moments of inertia of the whole Moon
(C > B > A), fluid core (Cy > By > Ay) and solid inner core (Cs > B, > Ay). C,

Cy and C; are the polar moments of inertia of each region. The mean equatorial mo-
ments of inertia of each region are defined as

- 1 — 1 - 1
Azi(A+B)a Afzi(AijBf)v Aszi(As+Bs)~ (5)

The dynamical ellipticities for the whole Moon (e), the fluid core (es), and the inner core
(es), are then defined by

C-A oA A
Aa f = Af’ s — .

e =

The moment of inertia tensors are defined as



T = Al + Ac &8l + azAse,(e5e — éheh) +Z% eyer, (7a)

Iy = Agl+ Apey éfef + anAse (8585 — 383) + Z cf eber (7h)
I, = A+ Age  é565 + Z c; €7 e, (7c)

where, for uniform density layers,

alzp—f, agzl—alzl—p—f, (8)
pS pS
and where | is the unit tensor. In the reference frame of the lunar mantle, | = é¥é” 5”,
where d;; is the Kronecker delta. The quantities c¢;;, c{j and ¢;; represent perturbatlons
to the moment of inertia tensors resulting from viscoelastic deformations [Mathews et al.,

1991; Buffett et al., 1993].

Viewed in the éP-frame attached to the rotating mantle, the Cassini plane is ro-
tating in a retrograde direction about €z (see Figure 2). The frequency of its rotation
is w€),, where w, expressed in cycles per lunar day, is equal to

w=—1—0dwcos(b,), (9a)

as specified in SD18, although here we follow the approximation (cos(f,) — 1) used in
DW16 and take

w=-1—-0w. (9b)

The factor dw = Q,/Q,= 27.322 days / 18.6 yr = 4.022 x 1072 is the Poincaré num-

ber, expressing the ratio of lunar precession to lunar rotation frequencies. In the absence
of dissipation, the gravitational torque by the Earth on the Moon (T'e) is the only ex-
ternal torque driving a rotational response. Averaged over one orbit, this torque is di-
rected along the line of the ascending node of the lunar orbit, perpendicular to the Cassini
plane in direction —é3. Hence, viewed from the éP-frame, the orientation of this aver-

age torque is also rotating at frequency wf2,. Setting the equatorial directions &} and

é% to correspond to the real and imaginary axes of the complex plane, respectively, we
can write the equatorial components of this periodic applied torque in a compact form

as

Dy (t) 4 iTo(t) = —iQ2A ¢ expliw,t] (10a)

where

Qg = &(WQO) = ¢1(wQ0) + 1 P2(whly), (10b)

represents the complex non-dimensional amplitude of the torque rotating at frequency
w8y, with ¢1 and ¢, its real and imaginary components, respectively.

The five rotational vectors p, m, mg, mg and ng capture the response of the Moon
to this applied torque. In the absence of dissipation, each of these vectors lie in the Cassini
plane but they have different orientations. Viewed in the éP-frame, their time-dependency



is then also proportional to exp[iw€,t], and their two equatorial components can like-
wise be written as complex variables in the complex plane, in terms of a product between
a complex amplitude and a periodic time-dependency expliw$,t]. For instance, m is writ-
ten as

m1(t) + ima(t) = m expliwt], (11a)

where m is the complex amplitude at frequency wS2,,

m = m(wQ,) = mq (W) + i ma(wy) - (11b)

The other four rotational variables are similarly written in terms of their complex am-
plitudes p, s, ms and 7. Small amplitudes are assumed, in which case p, m, my, m,
and 7, are equivalent to the angles of misalignment 6, 6,,, 0y, 0, and 0,,, respectively,
as shown in Figure 2.

Under the small angle assumption, only the components c13€7 and co3é% of the mo-
ment of inertia tensor of the whole Moon in Equation (7a) are retained [Mathews et al.,
1991]. Because the applied torque is periodic, the perturbation in the moment of iner-
tia is also periodic. This time dependent deformation is cast into our complex notation
as

c13(t) + ica3(t) = € expliwSot] , (12a)

where

¢ = ¢(wQ) = c13(wy) + icaz (W) (12b)

is the complex amplitude of the moment of inertia perturbation at frequency wf2,. Equiv-
alent definitions apply to the perturbations in the moments of inertia of the fluid core
and inner core, with é; and é denoting their complex amplitudes, respectively. (Note
that our notation is different from the one used in Mathews et al. [1991], where these were
denoted instead by ¢, & and &.)

We must choose a reference time t = 0 to orient the Cassini frame with the in-
ertial frame. We set t = 0 to correspond to when the line of the ascending node coin-
cides with €1 in Figure 1 (i.e. when the longitude of the ascending node is = 0, and
hence when éf is aligned with é3 (see Figure 1b)). We must also choose a mean angle
F in Figure la at the reference time ¢t = 0, which is equivalent to choosing the orien-
tation between the mantle frame with the Cassini frame. We pick ¢ = 0 to correspond
to F' = 3w /2 or, equivalently, F = —7/2. At this point in the lunar orbit, é7 is aligned
with é&f, and the applied torque as seen in the mantle frame is directed towards —éb,
or in the negative imaginary direction of the complex plane. With this choice, the com-
plex amplitude of the torque q~5 defined in Equation (10a) is purely real and positive. In
the absence of dissipation, the response of the Moon is perfectly in phase with the ap-
plied torque: the complex amplitudes of all rotational variables (p, m, etc.) are then also
purely real and they all lie on the Cassini plane. When dissipation is present, at the same
point in the lunar orbit, the different rotational vectors no longer lie exactly on the Cassini
plane. That is, their complex amplitudes have both a real and an imaginary component.
The real part represents the response that is in-phase with the applied torque, and the
imaginary part the out-of-phase response. The latter is indicative of dissipation.

—10—-



The half-period modulation of the gravitational torque by Earth over one orbit and
the eccentricity of the orbit lead to small latitudinal and longitudinal librations of the
Moon in space. Likewise, modulations of the gravitational torque by the Sun and other
planets also induce librations. These are neglected in our study, as we focus on the Cassini
state equilibrium.

2.3 Moment of inertia tensor perturbations

The perturbations in the moment of inertia tensors ¢, ¢, and ¢, can be split into
two components: an external component from the gravitational potential imposed by Earth
(denoted with a superscript e); and an internal component (superscript ) from the changes
in the centrifugal potential and interior mass distribution of the Moon,

c=ct+¢', Gp=éf+cp, Gs=cl4él. (13)
FEach of these can be expressed as a linear combination of the rotation variables and
a set of compliances. Following the notation introduced by Buffett et al. [1993], we de-
note these compliances by S;;. The perturbations in the moment of inertia tensors from
internal contributions are defined as

¢l = A(Sum + Slsz + 513(ms - Qbsl)) ) (143’)
5} = 7f (Sgl’rh + Szzﬁ”bf + 823(7713 - Q;:)) , (14b)
&l = A (S3177 + Szammy + S (s — q;;)) ’ (140)

where (55 = ¢~>§+J)§ is the sum of the centrifugal potential (QNS‘;) at the ICB and the grav-
itational potential from the rest of the Moon (¢¢) acting on a tilted inner core. The lat-
ter two can be written as

P = —anitg, @) = azayhis, (15)

where the coefficient o, captures the strength of the gravitational coupling between a
tilted inner core and the rest of the Moon [Mathews et al., 1991]. For uniform density
layers, with no density contrast at the boundary between the mantle and the LVZ, it is
given by

8rG
g = W [,Dc(er*Em)+p7r7.(€m7€f)+pf€f] ’ (16)

where G is the gravitational constant. Defining the parameter oy as

g = (X1 — OégOlg 5 (17)

we can write

e = — (a1 — agag)s = —aofls . (18)
In the absence of dissipation, the time-dependent perturbation in the moment of

inertia tensor resulting from the external gravitational potential from Earth (mass Mg)
is given by [e.g. Williams et al., 2001, Equation 7]
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chi(t) = —k

ij 2M (“i“J " ) ’ (1)

r3 3
where ko is the degree 2 tidal Love number, r is the distance to Earth and u; are the com-
ponents of the unit vector of Earth’s position as seen in the mantle frame. The torque

by the Earth on the Moon associated with the Cassini state is described in the next sec-
tion, but averaged over one orbit, it is equivalent to that produced by a mass Mg/2 lo-
cated at a distance r = ar+/1 — eQL, where arand ey, are the semi-major orbital axis

and orbit eccentricity of the Moon, and with a periodic time-dependent position given

by

u = cos(l + 0,))(cos(ujﬂot)é’i7 + sin(wQOt)ég) +sin(I + 6,)é% . (20)

The periodic tidal potential associated with the Cassini state results from the same
equivalent mass. Replacing Mg by Mg/2, setting r = ar\/1 — €7, and using Equation
(20) in Equation (19), the periodic tidal perturbation in the moment of inertia can be
written in the form of Equation (12a), with an amplitude ¢¢ at frequency w2, given by,

. Jeo My R .
e = _m cos(I + 6,)sin(I + 0,) . (21)
)3 L

The Love number k; is connected to the real part of the compliance Sy; by

3GA
- R302
and under the assumption of a small angle 8, and substituting 6, ~ p, and using Equa-
tion (A26a) of DW16, we can express ¢¢ as

ko - Re[S11], (22)

&= —A- Re[S11] (@1 + <I>215) , (23)

where the factors ®; and ®5 are given by

B §Mn2 cos(I) sin(1)

T2 (—apn
3 Mn? (cos?(I) —sin®*(I))
T2 (-apr
with M = Mg/(M+MEg), where M is the mass of the Moon, and where n is the mean
motion of the Moon

Py

(24a)

P, (24b)

s GMg+ M)

nt=———=. 25
(25)
Because of synchronous rotation, we set n = €,, although we keep them separate in

our theoretical development. Note that the square power on ey, was missing in the def-
initions of ®; and ®, in Eqgs. (A29) of DW16, a typo which we have corrected here. Note
also that the factor M in ®; and ®5 was omitted in DW16 but introduced in SD18; it

is a small correction, but is a better representation of the amplitude of the gravitational
potential.

Equation (23) describes the elastic deformation of the whole Moon in response to
the tidal potential from Earth. For viscoelastic deformation, ¢¢ involves not only the real
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part of S1; but also its imaginary part. The expressions for ¢¢ and ¢; are similar to that
of Equation (23), except that they involve Ay and A, and the compliances Sy, and Ssq,
respectively. The perturbations in the moment of inertia tensors from external contri-
butions are then

E¢=—ASnog, & =-AiSnof, & =-A,830f, (26)

where qB; is the complex amplitude of the tidal potential from Earth acting on the whole
Moon,

bE = 01 + Do (27)
The three sets of compliances (S11, Si2, S13), (S21, S22, Soz) and (Ss1, Ss2, Ss3)
describe the degree 2 deformation of the whole Moon, the fluid core, and the inner core
respectively [Mathews et al., 1991; Buffett et al., 1993]. For a purely elastic deformation
the compliances are real. For a viscoelastic deformation they are complex, with their imag-
inary part reflecting the out-of-phase response of the different regions of the Moon. The
complex compliance S1; = Re[S11] + iIm[S11] captures the viscoelastic deformation
of the whole Moon in response to tidal or centrifugal forcing, and is connected to ko by
Equation (22) and to the quality factor Q by

o Re[Slﬂ
Q - Im[SH] ' (28)

An additional deformation parameter, 7., was introduced in Dumberry [2009] to
capture the change in the gravitational coupling parameter «, arising as a consequence
of deformation in the fluid core and solid mantle. 7. involves a fourth set of compliances
(S41, Sa2, Sa3) and is defined as

fie = Su1 (M — ¢%) + Saamnp + Suz(ms — 7). (29)

2.4 The gravitational torque from Earth

The gravitational torque applied to the figure of the Moon by the Earth (T'e) can
be computed from [e.g. Williams et al., 2001, Equation 2],

GMEg

r3

T.=-3

(u x (T - u)) . (30)

The torque torque on the inner core (I'es) is computed similarly, except it involves the
moment of inertia tensor Zs and the density contrast factor az. For the Cassini state

of interest here, we must take the mean torque averaged over one orbital period. Adopt-
ing our complex notation, we denote the complex amplitudes, at frequency wf2,, of the
external torque acting on the whole Moon and on the inner core as . and fes, respec-
tively. We take into account the triaxial figures of the whole Moon and inner core in the
derivation of these torques, which involves the moment of inertia ratios 5 and S5 defined
as
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An expression for the torque amplitude T, is presented in DW16 under the assump-
tion of a rigid mantle and inner core,

L) = —iQ2 A8 (B + Pop) — iQ2A,BsasPoiis (32)

where ®; and ®, are given in Equations (24). It is straightforward to show that, in the
absence of an inner core, this rigid torque is equivalent to that obtained by Equation (30),
due to a mass Mg — Mpg/2 at distance r = ap+/1 — e% moving with position u as
given by Equation (20) and acting on an equivalent axisymmetric Moon figure with an
equatorial moment of inertia equal to A. Note that the form of the contribution of the
inner core to fé” is slightly different from the one used in DW16, where 5, was approx-
imated as e,.

We must modify ) in Equation (32) to take into account the perturbations in
the moment of inertia tensors caused by viscoelastic deformation. In the expression of
f‘g), the part ABp captures the amplitude and orientation of the instantaneous non-spherical
part of the Moon’s moment of inertia on which the tidal potential from Earth acts. Vis-
coelastic deformation of the whole Moon from internal origin ¢* contribute an additional
part, and can be taken into account by replacing ASp with (ABp + é*).

The last term on the right-hand side of Equation (32) represents the gravitational
torque by Earth on the misaligned figure of the inner core. For a rigid inner core, the
non-spherical part of its figure which determines the amplitude of the torque is captured
by AsBsns. Taking into account deformation from internal origin, we must add to this
the off-diagonal elements of the moment of inertia tensor captured by é¢ [Dumberry, 2009).
As above, this is done by substituting AsBsns with (AgBss + ¢2).

The viscoelastic deformation associated with the external gravitational potential
from Earth further contributes to a change in the torque. For a planetary body in syn-
chronous rotation, and in the limit of small misalignment angles, Baland et al. [2016] and
Coyette et al. [2016] have shown that the moment of inertia difference (C'—A) involved
in the torque is modified by elastic deformation to (C' — A) — koq, M R?, where ¢, =
(Mg/M)-(R/ar)3. Let us denote 3’ the modified 3 factor that participates in the torque.
Using Equations (22) and (25), 8’ is then equal to

,n2

6/ = 5 —3—=M- Re[Su] . (33)
Q2
Elastic deformations of the inner core lead to a similar modification of the moment of

inertia difference (Cs—Ag). By analogy with the whole Moon, we denote 3, the mod-
ified B¢ factor caused by the external potential,

2
B, = B, =355 M- Re[Suu]. (34)

o

The torque on the whole Moon, taking into account elastic deformation, is then

Po = —i02 [A8'65, + 6107 + @& + age)|
2 ~ _ 2 ~ ) )
— 2 {A (ﬁ - 3%%/\4 : Re[su])gz); + A, (,83 - 3%3/\4 : Re[531]>¢; + 0y (& + sl |
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where qgﬁl is given by Equation (27) and (;;j is defined by

bE = azPony . (36)

When dissipation is present the tidal deformation is no longer in phase with the
imposed gravitational potential. In our system, this involves the imaginary part of the
compliances Sp1 and S31. This gives rise to a tidal torque, but we consider this torque
separately in the next section.

The gravitational torque on a rigid inner core by the Earth, expressed by Eqs. A34-
A35 of DW16, is

T = —iQ2 A 038, (P + Pop + o) ,
= _Z-Q?)Asﬁs (a3(£7$1 + é:) . (37)

To take into account viscoelastic deformation of the inner core from internal potentials,
we proceed as above and replace A,Bs7s with (A,Bsfis +¢2) in Equation (37). Under
the influence of the external potential, elastic deformation leads to a modification of [
to B.. The gravitational torque on a viscoelastic inner core by the Earth is then

=
Il

es = —i{2] [Asﬁls (Oésqgfﬁ + Qgse) + a3¢25;] ;

— 02 [AS (8: - 3%2/\/1 - RelSu1]) (asds, + 65) + ag‘bzéé} . (38)

2.5 The torque from tidal dissipation

Dissipation results in a time delay At between the imposed gravitational poten-
tial from Earth and the tidal resonse of the Moon. The amplitude of the time delay de-
pends on the frequency (the mean motion n for the Cassini state) and the energy lost
through dissipation within the Moon, captured by the quality factor ), and can be mod-
elled as At = 1/(n@Q). Because of the misalignment between the tidal maximum and
the imposed potential, an additional torque acts on the Moon which we refer to as the
tidal torque, and is labelled as I'y in Equation (3a). A similar tidal torque acts on the
inner core (Ts).

One component of the tidal torque is in the opposite direction of the rotation vec-
tor €2; this is the component that has led to tidal locking of the Moon by Earth. The
tidal torque also has a component in the direction of the normal to the orbital plane (é1).
This is the component of the tidal torque which induces a phase lead angle ¢,,.

Derivations of the torque associated with tidal dissipation for a planetary body in
a 1:1 spin orbit resonance, as appropriate for the Moon, can be found in many studies.
Averaged over one orbit, the component of this torque along ég is given by [e.g. Levrard
et al., 2007, Equations 1-2]

ko GM3 R® NAWS
ro= a2 U (o) - Bt Y of. )
L

where the functions of the eccentricities fi(er) and fa(er) are given by
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15 2 45 4
1+7€L+§6L

= 2L 8L 40
filer) a-eap (40a)
1+3e2 + 2ef
faler) = W (40Db)
Written in terms of the complex compliance Sy; introduced in section 2.3, and using
the definition of the mean motion n, Equation (39) becomes
T nt f2(€) ~ ~
Ty =9-Im[S11] -AMQ@ (fl(e) ~ Q- eg) éel. (41)

We now project this torque onto the equatorial components of our Moon-attached
éP-frame. Viewed from the éP-frame, the orientation of éé is rotating at frequency w$,.
In our complex plane notation, the mean tidal torque is then periodic and proportional
to expliwQ,t]. At t =0, &5 points toward —é7, in other words, in the negative real di-
rection of the complex plane. The angle between éé and é% is (I+6,), so the projec-
tion of the tidal torque onto the complex plane is

[y = Q%A Im[Sy] - (42)
where
nt fa(e) Qo
Pt = 9M2973 sin(I + 6,) ( file) — %; cos(I + 9,)) , (43)

and where, since 6,, < 6,, we have used the following approximation

Q-eél =Q,cos(I+0,+0,)~Qcos(I +6,). (44)

For the small tilt angles approximation, 8, ~ p < 1, we can write the tidal torque as

Ty = —QZA- Im[S1] - (B} + ®Lp) (45)
where
4 Qo
Pl = 9./\/12% (fl(e) sin I — f2ée) - cos T sin]) , (46a)
4
Pl = 9/\/12% <f1(e) cosl — f2;e) &(cosz I —sin? I)) . (46b)
4 n

We note again that, because of synchronous rotation, we set n = €2, in our study.

For a Moon with an inner core rotating at an angular velocity g different to that
of the mantle, the tidal dissipation torque on the whole of the Moon in Equation (41)
can instead be expressed as

Ft =9. Im[SH] . AMQ%z (fl(e) — f2(e) Q- ég) éé

2 2n

4
+9 - Im[S1] ~[lsag/\/lz%%(ﬂ-é§ —Qs-ég)ég. (47)
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Under the small angle approximation, the presence of the inner core modifies the torque
on the whole Moon of Equation (45) to

Ty = —Q2A4- Im[S11] - () + ®Lp) — Q2 A, - Im|[S31] - azPiims, (48)
with
t 9 n? 2 . 2
@3 = EQing(e)M sin“ I . (49)

The tidal torque acting on the inner core alone can be derived from Equation (41)
and by substituting with the appropriate quantities for the inner core,

4

Tes = 9ASQ3M2% <Im[531] - fi(e) — Im[Ss3] - fa(e)

oy s éé) ér. (50)

Written in our complex notation, and under the small angle approximation, the tidal torque
on the inner core is

Ty = — Q24,04 (Im[Sgl] (@ + BLp) + Im[Sss] - @5@) . (51)

2.6 Internal torques

The torques on the inner core (I';ep) and on the fluid core (Temp) are caused by
viscous tractions acting on the inner core and on the mantle side of the CMB, respec-
tively. We follow previous authors [e.g. Mathews and Guo, 2005] and use a parameter-
ization for these torques involving a product of dimensionless complex coupling constants
K and Kipp and the differential angular velocities at each boundary. Using our com-
plex notation, these torques are written as

f‘icb = Z‘Qz"zls-l:(icb(T:hf - ms) ) (52&)

f\cmb = iQiAchmb ﬁ’Lf . (52b)

Expressions for K, and Ky are given by Mathews and Guo [2005], but these
are based on the assumption that the flow remains laminar. Because of the large differ-
ential velocity between the mantle and fluid core of the Moon, the flow close to the CMB
is most likely turbulent [Toomre, 1966; Yoder, 1981; Williams et al., 2001; Cébron et al.,
2019]. Likewise, flow near the ICB is also likely turbulent given the expected large mis-
alignment between the rotation vectors of the fluid and solid cores (DW16, SD18). An
estimate of the magnitude of this turbulent viscous coupling is inferred from LLR ob-
servations, through a dissipation parameter K, and reported in terms of the ratio K/C,
where C' is the polar moment of inertia of the Moon [Williams et al., 2001; Williams and
Boggs, 2015]. This inference is based on a lunar model that does not have an inner core,
in which case K, = 0, and Kpp is connected to K/C by

me=-(£)(3) (&)
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The expression for the pressure torque and the gravitational torque from the rest
of the Moon acting on the inner core (I's) presented in DW16 neglects viscoelastic de-
formation. A derivation of this torque which includes the effects of deformation is pre-
sented in Dumberry [2009], and is given by

S

I, =iQ2A, ( —esa1(m +my) + esaons + 042% + €5a3(lgﬁ€> ) (53)

2.7 The linear system of equations

Since each of the rotational variables are proportional to exp[iw2,t], their time-
derivatives can be replaced by iw{2,. A solution of the system of Equations (3) can be
obtained in the frequency domain at the specific forcing frequency w = —1 — dw asso-
ciated with the Cassini state. Under the assumption that the dynamical ellipticities e,
ef, es are all much smaller than unity, and similarly for all of the compliances, the left-
hand side of each of the five equations of our rotational model can be linearized in terms
of the rotational variables. The system of Equations (3) can be written as

(w—e)m+ (1+w) %mf + %ms + ages%ﬁs + % = Z.Q‘%A (fe + ft) . (54a)

wﬁz—i—(l—l—w—!—ef)mf—walesjiﬁs—l—wz = nglAf<_fcmb ficb) , (54b)
_ i G 1 /= = -

(w—es)m+ (14 w) |ms +esng + A | " eza (Fes + T +Ts + Ficb) ; (54c)

g + witsy = 0, (54d)

m4(1+w)p=0. (5de)

Substituting the expressions for each of the torques on the right-hand sides defined
in Equations (35), (38), (48), (51), (52a), (52b) and (53), and using the definition of the
compliances in section 2.3, Equations (54) can be written as a linear system with solu-

tion vector x = [m, m ¢, M, fis, P|° as follows,

M-x—y. (55)

where the forcing vector y and the elements of the 5-by-5 matrix M are given in Appendix
A. Note that the ordering of the vector x is different than that in DW16.

In the absence of an inner core, the rotational dynamics is fully described by the
three Equations (3a), (3b) and (3e). The truncated linear system is written as

M .x' =y, (56)
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where x’ = [m,ms,p]T. The elements of y’ and M’ are given in Appendix A.

The last equation in each of these two linear systems is the kinematic relation of
Equation (3e) which, under the small angle approximation, gives a simple relationship
between p and m (DW16),

- m m
p= —m T W (57)
Since the Poincaré number, dw, is much smaller than unity, |p| > |m|. In other words,
although we take into account the offset between the rotation vector and the figure axis
of the mantle, this offset is much smaller than the tilt angle of the mantle figure axis of
1.543° with respect to the ecliptic. Indeed, in describing the Cassini state of the Moon,
it is often the rotation axis of the Moon which is referred to as being tilted by 1.543°,
with the underlying assumption that the rotation and figure axes are perfectly aligned.
Likewise, the departure from an exact Cassini state is often described in terms of the phase
lead angle of 0.27 arcsec of the rotation vector of the Moon. But to be precise, LLR ob-
servations track the motion of the solid mantle, and thus the offset of its figure axis. Hence,
in our system, the observed phase lead angle ¢, is connected to the imaginary part of
p. Because the Cassini plane rotates in a retrograde sense, at ¢ = 0 a phase lead cor-
responds to a negative imaginary component. Hence, under the approximation of small

angles, ¢, = —Imlp|.

2.8 Computation of the compliances

The method for computing the compliances S;; is presented in detail in many places

le.g. Alterman et al., 1959; Dehant and Mathews, 2015] and will not be repeated here.

We follow closely the approach presented in Dumberry and Blozham [2004] and Dumb-
erry [2008]. The method consists of integrating a system of six coupled ordinary differ-
ential equations in radius from a small radius near the centre to the lunar surface. Two
of the six computed variables are the vertical and lateral displacements at every point
inside the planet. These displacements are then used to compute the perturbations in

the moments of inertia, from which the compliances S;; are finally calculated.

Each of the four solid regions in our model (crust, mantle, LVZ and inner core) are
assumed to have the viscoelastic rheology of a Maxwell solid. That is, we assume that
the Lamé parameter A and the shear modulus i are frequency dependent and we use a
constitutive relation

T =MV -u) + p(W)(Vu+ (Vu)h), (58)

where T is the incremental Lagrangian-Cauchy stress tensor and the vector u = u(r)
describes the displacement of material particles specified by the position vector r. The
frequency-dependent A\(w’) and p(w’) are specified by [e.g. Wu and Peltier, 1982; Koot
and Dumberry, 2011]

1w + Zpip
A(w’)zi( — l”u ), (59a)
(i + 5#0)

’ iw' o

pw') = m ) (59b)

where w’ = w,, 1 is the viscosity, « is the bulk modulus
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Moon Parameter

Numerical value

rotation rate, 2, =n

orbit precession rate, €2,
Poincaré number, dw = Q,/Q,
mean planetary radius, R
mass, M

mean density, p

moment of inertia of solid Moon, I,
J2

Ca

polar surface flattening, €,
equatorial surface flattening, &,

2.6617 x 1076 71
27/18.6 yr—!
4.022 x 1073
1737.151 km
7.3463 x 10?2 kg
3345.56 kg m—3
0.393112- M R?
2.03504 x 10~*
2.24482 x 10~°
1.2899 x 1073
2.4346 x 104

Table 1.

Reference parameters for the Moon. The values of R, M, p, Isy,, J2 and Cao are

taken from Williams et al. [2014]. The values for the unnormalized potential coefficients Jo and

C2 include the permanent tide from synchronous rotation around Earth, and are obtained after

multiplying the values reported in Williams et al. [2014] by a factor 1.000978 to take into account

our definition of the mean radius as R

1737.151 km instead of 1738 km used in the GRAIL-

derived gravity field. €, and &, are taken from Araki et al. [2009] and converted to our choice of

normalization.

2
H:)\o+7ﬂo>

3 (59¢)

and A\, and pu, are the Lamé parameter and shear modulus in the elastic limit. This en-
ables us to calculate the viscoelastic response of the Moon to a forcing applied with a
frequency w’. We assume the viscosity to be uniform within a solid region. With such

a rheology, A(w’) and p(w’) have both a real and complex part. Hence, the computed

compliances S;; are also complex.

Modelling the lunar mantle as a Maxwell solid is not fully compatible with the fre-
quency dependence of the tidal dissipation which is inferred by LLR; indeed more so-
phisticated rheologies have been proposed [e.g. Williams et al., 2001, 2014; Williams and
Boggs, 2015]. However, here we are focused on the dissipation occurring at a single fre-
quency — that associated with the Cassini state. Our use of a Maxwell solid model is not
intended to capture the true rheology of the LVZ and the mantle above. Rather, this choice
is motivated by its simplicity. Likewise, our use of a Maxwell rheology for the inner core
is motivated by its simplicity. Our primary goal is to show that it is possible to capture
tidal dissipation in the solid part of the Moon in our rotational model and to investigate
whether deformation within the inner core may contribute to the observed dissipation.
More sophisticated rheologies for the mantle layers and the inner core can be incorpo-

rated in future studies.

3 Interior Moon models

Each model of the interior density structure of the Moon is constrained by: the lu-
nar mass M = (47/3)pR3, where p = 3345.56 kg m~2 is the mean density and R =
1737.151 km is the mean radius; and by the moment of inertia of the solid Moon I, =
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0.393112M R? [Williams et al., 2014], comprised here of the LVZ, mantle and crust. The
two following constraints must be satisfied,

PR = psrl + py (17 = 13) + pu (17 = 75) + p (v = 77) + pe (R =7133) . (60a)
Ton = 35 (07 =7+ (0 =11) <Pf—r ) (60)

For all interior models in our study we use a fixed crustal layer with a thickness
of 38.5 km and a density of 2550 kg m~—3 [Wieczorek et al., 2013]. When present, the in-
ner core density is fixed at 7700 kg m~2 [Matsuyama et al., 2016]. The outer radius of
the LVZ is fixed at r; = 550 km; this is consistent with the results of Matsumoto et al.
[2015] and Harada et al. [2016]. We further assume no density contrast between the man-
tle and the LVZ (i.e. p; = py,). The radii of the fluid core and inner core are varied over
a range of acceptable values, and for each set of ¢ and 7y, the density of the mantle (and
LVZ) is set by Equation (60b) and the density of the fluid core is then determined by
Equation (60a).

Once the radial density structure is specified, we determine the polar and equato-
rial flattenings at each boundary. These are constrained by the degree 2 gravitational
potential coefficients Jy and Ca2 and the observed surface flattenings €, and &.. We as-
sume that the ICB and CMB are both at hydrostatic equilibrium with the imposed grav-
itational potential from the LVZ, mantle and crust. With the assumption of p; = pyy,,
the flattenings at the LVZ-mantle boundary (¢; and &;) do not contribute to the grav-
itational potential and the procedure to determine the polar and equatorial flattenings
at the ICB, CMB and crust-mantle boundary is equivalent as that detailed in section
3.1 of SD18. With the complete triaxial shape of the Moon specified, we can then com-
pute the dynamical ellipticities e, ey and e, as well as the moment of inertia ratios s
and . The numerical values of the parameters used to specify our Moon models are listed
in Table 1.

The third and last step is to compute the set of compliances for each interior model.
To do so, we must first specify the Lamé parameters in the elastic limit (A, and p,) within
each region. These are related to the density (p) and the compressional (V},) and shear
(V) seismic wave velocities by

po = pV¢ Ao = PV, = 2, (61)

In the fluid core, where V; =0, p1, = 0. We assume V; and V,, are uniform within each
layer and their values are specified in Table 2; they are broadly consistent with the lu-
nar seismic velocity profiles derived from the Apollo Passive Seismic Experiment (APSE)
le.g. Garcia et al., 2011; Weber et al., 2011; Matsumoto et al., 2015]. The frequency de-
pendent Lamé parameters are then computed according to Equation (59), and depend
on the choice of viscosity adopted for each solid region. We present results for a range
of viscosities for the LVZ and inner core. However, to keep our results tractable and to
keep the focus on the effects of lower mantle and inner core deformation, we set the vis-
cosities of both the mantle and crust to a fixed value of 1x102° Pa s. This is broadly
consistent with published estimates based on the observed topography, history of lunar
volcanism and thermal and chemical evolution [e.g. Hess and Parmentier, 1995; Zhong
and Zuber, 2000].
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Seismic parameter Crust Mantle LVZ Fluid core Inner core

V, (m s_l) 4000 8000 7500 4000 4200
Vi (ms™1) 2000 4500 3500 0 2200
p (kg m™3) 2550  calculated calculated calculated 7700
Table 2.  Seismological parameters used in our calculations. V, and V; are, respectively, the

compressional and shear seismic velocities. The density (p) for the mantle, LVZ and fluid core are
model dependent; they depend on the choice of CMB and ICB radii and constrained to match
I, and p as determined by Equation 60.

4 Results I: Tidal deformation and viscous friction at the CMB in the
absence of an inner core

We first present results based on a set of interior models that do not have an in-
ner core. This is to ensure that our rotational model is consistent with previously pub-
lished models of lunar dissipation. More specifically, that our model recovers the observed
phase lead of ¢, = 0.27 arcsec ahead of the Cassini plane when the relative contribu-
tions from tidal dissipation and viscous friction at the CMB estimated in previous stud-
ies are used as inputs. A secondary objective is to better illuminate how each of these
two contributions affects ¢,,.

4.1 Viscoelastic deformation of the Moon

We begin by investigating how the viscosity of the LVZ influences the viscoelas-
tic deformation of the whole Moon. We do so over a range of plausible fluid core radii,
spanning between 340 km to 420 km [consistent with previous estimates, e.g. Weber et al.,
2011; Garcia et al., 2011; Matsumoto et al., 2015; Matsuyama et al., 2016], and LVZ vis-
cosities (n,,) from 10 to 10'® Pa s. Note that for a core radius smaller than ~305 km,
the fluid core density in our model exceeds that of solid iron in the face-centered cubic
phase (7700 kg:m~3) [Tsujino et al., 2013]; this sets a lower bound for our choice of CMB
radius.

For each combination of n;,, and ry we compute the four compliances (S11, Sizg,
Sa1, Sa2) that enter the truncated rotational model of Equation (56). To be specific, these
are computed at a frequency of w), = —27/27.212 day !, which we refer to as the monthly
frequency. We focus on S71, which describes the global deformation resulting from changes
in both the tidal and centrifugal potentials. Figures 3a,b show the compliance Sy as a
function of n;,, for different choices of fluid core radius. The behaviour of Sy; is char-
acteristic of a Maxwell rheology. The LVZ behaves as a fluid and as an elastic solid for,
respectively, low and high values of 7;,,. The imaginary part of S1; approaches zero in
both the fluid (7, — 0) and elastic (1;,, — o0) limits. The transition from fluid to
elastic is centred around a LVZ viscosity of approximately 106 Pa s, which marks the
point where the imaginary part of S1; is maximum. The upper bound of the real part
of S11 at low 7, is set by the fact that both the mantle and crust, with their relatively
large viscosities, remain in the elastic limit.

Figures 3c,d show how ko and the monthly-@Q, linked to S1; by Equation (28), vary
as a function of n;,, and r¢. The behaviour of ks tracks that of the real component of
S11. The changes in @ as a function of 7;,,, mostly reflect the changes in the imaginary
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part of S1;. Energy dissipation is maximized when the value of @ is at its lowest. This
occurs when Im[S;] is largest and when the LVZ viscosity is approximately 1016 Pa s.

Estimates of ks for the Moon can be inferred from LLR observations [ Williams et al.,
2001] or more directly measured using tracking data from satellites in lunar orbit [Goossens
and Matsumoto, 2008]. The latest estimate of ko is based on data from the GRAIL satel-
lite mission and is 0.02422 4 0.00022 (when using a mean Moon radius R = 1737.151
km) [Williams et al., 2014]. Estimates of ) have been obtained from measurements of
the time delay between tidal forcing and the lunar response based on LLR observations
[Williams et al., 2001]. The most recent estimate of @) at a monthly period is 38+4 [Williams
and Boggs, 2015]. Figures 3c,d show that for a LVZ viscosity in the range of 2 — 4 x
106 Pa s, both the observed ky and @ can be matched. This is consistent with the find-
ings of Harada et al. 2014, 2016].

4.2 The Phase Lead of the Cassini State

For each combination of 7., and r;, we now solve the truncated rotational model
of Equation (56). For the estimate of viscous friction at the CMB, we set Re[K mp| =
0 and use Im[K.mp] as given by Equation (52c) with the latest estimate of (K/C') equal
to 1.4140.34 x 1078 days™ !, as inferred from LLR [Williams and Boggs, 2015]. With
this choice, and in the absence of tidal deformation (S;; — 0), viscous coupling at the
CMB by itself results in a phase lead of the symmetry axis of the mantle with respect
to the Cassini plane of approximately ¢, = 0.123 arcsec (~ 46% of the observed 0.27
arcsec). This is largely insensitive to the viscosity of the LVZ or the CMB radius. (This
is perhaps counter intuitive given that K.,,;, depends on A + in Equation (52c¢). But re-
call that for each choice of core radius, the densities of the fluid core and mantle/LVZ
are adjusted to match p and I,,. Thus A ¢ changes little between different choices of 7).
Tidal deformation must account for the remaining 0.147 arcsec (~ 54%) to match the
observed phase lead of 0.27 arcsec.

Figure 4 shows how ¢, varies as a function of ;. and r¢. ¢, is largest when tidal
dissipation within the lunar mantle is largest, so it tracks the imaginary part of S1;. The
maximum energy dissipation, and thus the largest phase lead, occurs for a range of LVZ
viscosities centred around approximately 10'® Pa s. For LVZ viscosities of approximately
3—4x10'6 Pa s, the combination of tidal dissipation and viscous friction at the CMB
can match the observed phase lead of 0.27 arcsec.

Harada et al. [2016] have shown that a LVZ layer with an outer radius of 550 km
and the rheology of a Maxwell solid with a viscosity of approximately 3x10'6 Pa s can
explain the monthly value of @) = 38+4. Since this @ value is itself inferred from LLR
observations in order to fit ¢y, it should then come as no surprise that, as we show in
Figure 4, our rotational model should retrieve the observed ¢, with a LVZ layer of sim-
ilar characteristics. Nevertheless, that we can retrieve this result serves as a good test
of the consistency of our rotational model. It shows that it captures the essential dis-
sipation ingredients of the Cassini state.

Because we focus on the Cassini state, our rotational model is simpler than the ones
used in LLR studies. This allows us to characterized more straightforwardly the rela-
tive importance of viscous friction at the CMB and tidal dissipation to ¢,, and how these
may vary as a function of lunar model. A prediction for ¢, can be constructed from the
truncated rotational model of Equation (56). To a very good approximation, the curves
shown in Figure 4 are determined by
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The first and second terms in the square bracket on the right-hand side represent the
contributions from tidal dissipation and viscous friction at the CMB, respectively. It is
useful to rewrite this expression in terms of ky/Q and K/C, as these are the parame-
ters that are reported in LLR studies [Williams et al., 2001, 2014; Williams and Boggs,

2015],
B 1 ke RAO20t (K sw \?sin(6,)
v~ () [(3) S+ (0) (57%) =) @

where @' is given by Equation (43). To our knowledge, such a direct expression connect-
ing ¢, with k2/Q and K/C has not been presented before.

We can readily verify that the prediction of Equation (63) is correct. Using I =
5.145° and 6, = 1.543°, then independent of the choice of interior model, ®; = 1.4646
and ®' = 0.5523. (3 and ey depend on the interior model; for a lunar core of radius ry =
380 km, and with our choice of crustal density and thickness, 3 = 6.314 x 10~ and
e = 2.153x107%. Using the latest estimates of ka/Q = (6.4+1.5)x 10~ and K/C =
(1.4140.34) x 10~8 day~! [Williams and Boggs, 2015], the tidal dissipation and CMB
friction estimated from Equation (63) contribute respectively (0.151+0.035) and (0.123+
0.030) arcsec to the lead angle ¢,. Adding the central value for each of these contribu-
tion gives ¢, = 0.274 arcsec, in general agreement with LLR observations.

Note that in our linear rotational model, only the perturbations at a monthly pe-
riod affect the resulting ¢,. In reality, perturbations at other frequencies can interact
together non-linearly to yield a contribution to ¢, at a monthly period. These non-linear
interactions are taken into account in LLR studies, and small difference are expected with
our prediction of ¢,.

The appeal of Equation (63) is that one can test whether a specific combination
of ko/Q and K/C is consistent with ¢, = 0.27 arcsec without having to perform an anal-
ysis of LLR observations. Obviously, ¢, itself must be determined by LLR. Likewise, the
relative contributions of tidal dissipation and CMB friction can only be recovered by LLR
observations of the lunar librations at different frequencies. But if a theoretical model
of k2/Q is proposed, the required amplitude of K/C can be inferred from Equation (63),
and vice-versa.

5 Results II: Viscoelastic relaxation within the inner core

We now investigate the role of the inner core in the dissipation associated with the
Cassini state of the Moon. If a solid inner core is present at the centre of the Moon, its
rotation vector is expected to be misaligned relative to both the mantle and fluid core
rotation vectors (DW16, SD18). Viscous friction from the differential velocity at the ICB
adds a new source of dissipation. The ratio of the ICB to CMB friction torque is

f\icb _ Kicb E ° ms *ﬁlf
rs myo

(64)

chb Kcmb

Although for an inner core with a radius half of that of the outer core the factor
(rs/r)° equals 1/32, the viscous torque at the ICB may nevertheless contribute non-
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negligibly if the tilt of the rotation vector of the inner core is much larger than that of
the fluid core, and hence if ||(7s — my)/my¢|| > 1. Moreover, for a turbulent friction
model the coupling parameters K., and K., are themselves proportional to the dif-
ferential velocities, and the torque ratio would then involve ||(rs—rs)/ms||?. The tilt
angle of the rotation vector of the inner core is unknown. However, because the free in-
ner core nutation (FICN) frequency of the Moon is close to the frequency of the 18.6 yr
precession, the offset between the inner core and mantle rotation vectors can be large
(DW16, SD18). Hence, it is possible that viscous friction at the ICB contributes signif-
icantly to the viscous dissipation inferred by LLR. In this case, LLR would detect an ef-
fective friction from the combined effects at both the CMB and the ICB.

Despite the potential importance of friction at the ICB, our focus here is instead
on the role of viscoelastic deformation within the inner core. We consider an end mem-
ber scenario where friction at both the ICB and CMB contribute negligibly to ¢,. That
is, we set Kemp = Kjep = 0 in our rotational model of Equation (55). For all interior
models in this section, the LVZ radius and viscosity are set at 550 km and 3x10'6 Pa
s. The viscosities of the mantle and crust remain fixed at 1 x 10?° Pa s.

5.1 Viscoelastic deformation

We investigate first how viscoelastic relaxation within the inner core affects the com-
pliance S1;. We set the CMB radius to 380 km and we build interior models for a range
of inner core radii between 140 and 220 km and inner core viscosities (1) between 102
and 10'6 Pa s. Figures 5a,b show how S1; changes as a function of 0, for different 7.

The general behaviour of both the real and imaginary parts of Sp; is similar to that pro-
duced by viscoelastic deformation within the LVZ shown in Figures 3a,b. Energy dis-
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the LVZ viscosity is 3 x 10'% Pa s.

sipation is maximum for 7, ~ 1 — 2 x 10 Pa s and, unsurprisingly, is largest for the
model with the largest inner core radius of 220 km. But note how the change in S7; am-
plitude remains very small compared to its base value. For ry = 220 km, the maximum
changes in Re[S11] and I'm[S11] in Figures 5a,b are approximately 6 x 10711 and 3 x
10711, respectively. This is more than 200 times smaller than the part of S;; resulting
from deformation within the LVZ.

This demonstrates that, mainly because of its small volume, the global deforma-
tion of the Moon is largely insensitive to the presence of an inner core. This result is im-
portant because it shows that the presence of an inner core does not contribute signif-
icantly, even if its viscosity is small, to the global tidal dissipation estimated through the
parameter ko/@Q. Hence, if viscoelastic deformation within the inner core contributes to
the dissipation associated with the Cassini state of the Moon, it is by taking a share of
the part which is currently assumed to be from friction at the CMB; the part associated
with the term K/C in Equation (63).
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How the inner core deforms in response to a forcing that is applied solely to the
inner core is captured by the compliance Ss3. Figures 5c¢,d show how S33 changes as a
function of 15 and rs. The behaviour of Ss3 is again characteristic of a Maxwell solid.
The inner core behaves like an elastic solid when 7, > 10'® Pa s and like a fluid when
ns < 10'2 Pa s. Energy dissipation is maximum for n, ~ 10'® Pa s.

The inner core viscosity at which the fluid-to-elastic transition occurs (and at which
energy dissipation is maximum) is determined by the characteristic viscous relaxation
time 75 of the inner core, often referred to as the Maxwell time. An estimate of 7, is given
by Buffett [1997],

X s
Ts R 65
(ps_pf)gsrs ( )

where g, is the gravitational acceleration at the ICB and x is a numerical constant of
order unity. When 75 is much longer than the period of the forcing (one month, for the
Cassini state of interest here), the inner core does not have sufficient time to relax vis-
cously in response to the imposed forcing and behaves like an elastic solid. Conversely,
when 7, is much shorter than the forcing period, the inner core has time to fully relax

in response to the imposed forcing and behaves essentially like a fluid. Dissipation is max-
imized when 7, is equal to the period of the forcing, and the viscosity of the inner core
which is required for 7, given by Equation (65) to be equal to approximately one month
is of the order of 1013 Pa s. Equation (65) also shows that a larger inner core requires

a larger viscosity to yield the same 75, and this explains the shift in 7y at which the max-
imal value of I'm[Ss3] for different ry occurs in Figure 5d.

5.2 The Phase Lead of the Cassini State

We now investigate how viscoelastic deformation within the inner core may con-
tribute to the phase lead angle ¢,. Since ko/Q is largely unaffected by the presence of
an inner core, tidal dissipation within the mantle must remain an important contribu-
tion to ¢,. As shown in the previous section, viscoelastic deformation concentrated within
a LVZ layer of outer radius equal to 550 km and a viscosity of 3x10'® Pa s can account
for approximately 0.15 arcsec of the total phase lead. We seek to find the requirements
on inner core size and viscosity so that viscoelastic deformation within the inner core can
explain a portion or the totality of the remaining part of the observed phase lead.

We first show a set of results for a fixed outer core radius of ry = 380 km. For
each combination of 1y and rs, we calculate the full set of compliances and solve the 5-
by-5 rotational model of Equation (55). Figure 6 shows how ¢, changes as a function
of 7, for different r. The larger the inner core is, the greater the contribution to ¢, is
from inner core relaxation. For an inner core larger than 140 km, the observed ¢, can
be matched provided 7 is in the range of approximately 3 x 10'2? to 10'® Pa s. More
specifically, for each choice of rs > 140 km, two different values of 7, permit a match
of the observed ¢,, one on each side of the dissipation peak. Figure 6 further shows that
if 15 is such that maximum viscous dissipation occurs within the inner core (in other words,
7 such that the Maxwell time is close to one month), the phase lead angle can exceed
significantly the observed ¢, = 0.27 arcsec.

The manner in which the inner core affects ¢, is not through its delayed response
to the tidal forcing from Earth; this is included in the global compliance Si1, and as we
have shown above, the relative contribution of the inner core is small. Instead, it is by
an exchange of angular momentum between the inner core and the mantle, operating through
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as a function inner core viscosity and for different choices of inner core radii.

the gravitational torque between their misaligned figures. In the Cassini state, the tilt
angle of the figure axis of the inner core is misaligned with respect to that of the man-
tle (DW16, SD18). Torques acting on the inner core are responsible for this tilt, and the
largest of these is the gravitational torque due to the mantle. (The total gravitational
torque acting on the inner core also includes a contribution from the fluid core, but the
dominant contribution is from the mantle). A viscoelastic inner core deforms to realign
its figure with the gravitational potential imposed by the mantle, though with a time
delay. Hence, the rotation vector of the inner core acquires a component out of the Cassini
plane; specifically, a positive imaginary component. To conserve angular momentum, the
spin-symmetry axis of the mantle figure acquires a tilt in the reverse direction, a neg-
ative imaginary component, contributing to its lead angle ¢,.

This can be understood on the basis of the angular momentum balance for the whole
Moon expressed by Equation (54a). The largest contribution to the angular momentum
from the inner core is contained in its rotation vector, in the term (14+w)(A,/A) M, =
—dw(A,/A) . Keeping only the out-of-plane contribution from this term for the an-
gular momentum of the whole core, along with tidal dissipation of the whole Moon, the
prediction for ¢, is

1 i SRelp é wIm[m
op = (M) {Im[Su] (‘PI-I—CI)QRe[p]) + ;16 Im[in]| . (66)

This prediction is a very good approximation to the solutions shown in Figure 6, to the
point that on the scale of the figure they are indistinguishable.

Furthermore, if the inner core and mantle interact through gravitational coupling,
we expect a correlation between ¢, and the tilt angle of the instantaneous figure axis of
the deformed inner core. The latter, which we denote by 7, involves 7, (the figure axis
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inner core n¢ (in degrees) as a function of inner core viscosity and for different inner core radii.

of the undeformed inner core) and é; (the off-diagonal elements of the moment of iner-
tia tensor) and is given by [e.g. Dumberry, 2009]

- _ s - S33a
nf:nerACe %n,;(lgge‘w@), (67)

where in the approximation on the right-hand side we have assumed that the gravita-
tional potential ¢§§ (Equation 15) dominates all contributions to é. Figure 7 shows how
the real and imaginary parts of 7 vary as a function of 1, and r,. In the elastic limit

(ns > 10%® Pas), Im[a4] — 0, and the figure axis of the inner core lies in the Cassini
plane. Its tilt angle depends on r, through the way in which the latter influences the FICN
frequency (DW16, SD18). For the case illustrated in Figure 7, a decreasing inner core
radius brings the FICN frequency closer to the forcing frequency (i.e. the precession fre-
quency €2,), and a larger inner core tilt results from resonant amplification. In the fluid
limit (ns < 10'2 Pa s), the figure of the deformed inner core is aligned with the man-

tle. For 7, in the range 10'3-10'° Pa s, at the transition between the fluid and elastic
regimes, the real and imaginary parts of i are of similar magnitudes; the figure axis of
the deformed inner core no longer lies in the Cassini plane, but lags behind it significantly
(Im[Ad] > 0). The 7, values at which the peaks of Im[fi?] are located (Figure 7) are
correlated with the location of the peaks of ¢, (Figure 6), further corroborating that it

is through gravitational coupling that viscoelastic inner core deformation contributes to
¢p. Note that I m[i?] is of the order of a few degrees, much larger than the lead angle

of the mantle that it produces (of the order of a fraction of an arcsec), but this is be-
cause of the large contrast in their moments of inertia (A < A).

The results shown in Figures 6 and 7 pertain to a fluid core radius of ry = 380
km. Figure 8 shows how ¢,, varies as a function of r; and r, for two different choices of
ns: 10 and 10'* Pa s. These contour plots further confirm that the larger the inner core
radius is, the larger the phase lead angle ¢, it can generate. But they also highlight that
inner core size is not the only factor. The choice of 7 also influence the resulting ¢,. This
is because the magnitude of 7 depends on how close the FICN frequency (Qicy) is to
Q,. A good approximation of Qy;c,, as seen in the inertial frame, is (DW16)
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incn ~ Qoes(—oq + agay + 043@2) . (68)

The FICN mode is retrograde, but note that we have defined the retrograde direction

to be positive here, the same convention that we used when we defined (2, and hence
Qyicn can be directly compared to £2,. The term involving «, captures gravitational cou-
pling between the inner core and the rest of the Moon and it is the largest of the three
terms on the right-hand side. This term involves a3, a measure of the density contrast
at the ICB. Thus the density of the fluid core, which depends on the choice of ¢ in our
model, directly influences the FICN frequency.

The combinations of 75 and ry that yield Qy;c, equal to Q, = 27/18.6 yr—! are

indicated on Figure 8 by a white dashed contour line. The largest ¢, values are achieved
when the Qy;., is closest to €2,. This is because, by resonant amplification, the in-phase
tilt angle of the inner core is largest when .y, is closest to €1,,. The larger the in-phase
tilt angle is, the larger its out-of-plane component can be as a result of viscoelastic de-
formation (see Figure 7). Hence, the contribution to ¢, from inner core relaxation de-
pends not only on the size and viscosity of the inner core, but also on the proximity of
incn to Qp.

Figure 8 shows that, provided the viscosity of the inner core is in the range 10'3—
10** Pa s, viscoelastic deformation may contribute to a part of the observed ¢p- Indeed,
it is possible to explain the entire observed phase lead angle of ¢, = 0.27 arcsec with-
out a contribution from viscous friction at the CMB and ICB. Furthermore, as pointed
out when describing Figure 6, specific combinations of rs, r¢ and n, lead to a prediction
of ¢, that far exceeds its observed value; such combinations would be incompatible with
observations. For instance, if the inner core viscosity is approximately 103 Pa s, then
its radius cannot be larger than approximately 180 km. This upper bound is of course
reduced the greater the fraction of ¢, which is due to viscous friction at the CMB and
ICB, which is set to zero in these calculations. Conversely, if the inner core is large, our
results indicate that its viscosity cannot be too low, and €Q;., cannot be too close to
Q,, as otherwise ¢, would exceed 0.27 arcsec.

As the inner core viscosity is increased beyond 10'# Pa s, the contour levels of Pp
get more concentrated closer to the FICN resonance. This is because as 7, increases, the
ratio of the real to imaginary components of the inner core tilt also increases. Hence, a
larger in-phase tilt angle is required to produce the same out-of-phase tilt amplitude. Be-
cause of the reduced dissipation within the inner core, the amplitude of the inner core
tilt near the resonance gets very large, in excess of 30°. Since our model is built under
the assumption of small angles, our results are not very accurate close to the FICN res-
onance when 7, > 10" Pa s. In fact, this is also true for inner core radii smaller than
100 km for the case of n, = 10'* Pa s shown in Figure 8b. In our linear model, with-
out any dissipation, the tilt angle of the inner core diverges to +co when € ¢;., is equal
to Q, (DW16). However, as shown in SD18, in a model valid for large angles, though
still in the absence of dissipation, the in-phase inner core tilt angle does not diverge to
infinity near the FICN resonance, but is instead bound to be between —33° and 17°. This
places an upper bound for the largest in-phase inner core tilt. With increasing 7, even
if the in-phase inner core tilt amplitude is close to one of these extrema, the out-of-phase
component would at some point be too small to generate a significant contribution to
¢p. Hence, there is an upper bound value of 75 beyond which viscoelastic inner core de-
formation no longer plays a significant role in the observed ¢,. It is difficult to give a
precise measure of this upper bound based on our linear model. But from inspection of
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our results, we estimate that inner core deformation contributes less than 0.01 arcsec to
the observed ¢, when 1, > 10'% Pa s for r, = 100 km in radius, and when Ns > 1017
Pa s for r; = 200 km.

Lastly, the ¢, contour maps of Figure 8 are tied to the choices we have made for
the density and thickness of the crust. These influence the densities of the mantle, LVZ,
and core that can match I, and p (see Equation 60), and in turn, this affects the fre-
quency of the FICN for a given combination of ry and ry. With different assumptions
about the crust, the location of the FICN resonance would be shifted on Figure 8 and
so would the ¢, contours. Our general conclusions remain unaltered, but one should be
careful in extracting specific values of ¢, as a function of rs and r¢ from Figure 8.

6 Discussion and Conclusion

We have presented in this work an extension of the model of the Cassini state of
the Moon developed in DW16 and SD18 to include dissipation. Specifically, the two forms
of dissipation that are included in our model are viscous coupling at the boundaries of
the fluid core and viscoelastic deformation within the solid regions of the Moon. Our model
allows us to investigate how these contributions can account for the dissipation observed
by LLR. In particular, how this dissipation manifests itself through a phase lead angle
of ¢, = 0.27 arcsec in the spin-symmetry axis of the Moon relative to the plane of an
exact Cassini state. We have focused our attention on the role of viscoelastic deforma-
tion occurring within a LVZ layer at the bottom of the mantle and within the solid in-
ner core.
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In accordance with the studies of Harada et al. [2014, 2016], we have shown that
viscoelastic deformation concentrated within a LVZ at the base of the mantle, with an
outer radius equal to 550 km and a viscosity of approximately 3x10'® Pa s, is consis-
tent with the monthly @ value inferred by LLR. The global tidal dissipation from this
effect accounts for approximately 0.15 arcsec of the observed ¢,. Furthermore, we have
shown that the inner core plays a negligible role in the global tidal dissipation.

Our results also demonstrate that viscoelastic inner core deformation can contribute
significantly to the observed ¢, through gravitational coupling with the mantle. The pre-
cise value of ¢, depends on the inner core and fluid core radii and also on the inner core
viscosity. The larger the inner core is, and the closer the FICN frequency is to being in
resonance with the precession frequency, the larger is the contribution from inner core
relaxation to ¢,. Maximal contribution to ¢, results with an inner core viscosity of the
order of 10'2 to 10 Pa s, but inner core relaxation may contribute non-negligibly to
¢, for a viscosity as large as 10'® Pa s.

Whether the Moon has an inner core remains uncertain. If an inner core is present,
its viscosity is not known. Hence, whether the mechanism that we have investigated can
realistically contribute to dissipation in the Moon remains speculative. However we can
ask how a viscosity of the order of 10'3 to 10'® Pa s compares with estimates that have
been suggested for the viscosity of the Earth’s inner core. A few estimates have been ob-
tained from geodynamic modelling of the rotational dynamics of the Earth’s inner core.
Considerations of its differential rotation [Buffett, 1997], its possible axial oscillations
[Dumberry and Mound, 2010; Davies et al., 2014] and its contribution to the observed
nutations [Greff-Lefftz et al., 2000; Koot and Dumberry, 2011] suggest an inner core vis-
cosity in the range of 10'®—10'" Pa s. Laboratory experiments on the strength of iron
suggest an inner core viscosity in a similar range of 101°—10'® Pa s [Gleason and Mao,
2013]. The recent detection of seismic J-waves [ Tkalcic and Pham, 2018] is further sug-
gestive of an inner core viscosity within this range. Relative to the Earth’s inner core,
the inner core of the Moon is at a lower pressure and temperature, so we must be care-
ful in mapping estimates obtained for the Earth. Nevertheless, with this caveat in mind,
a viscosity close to or even smaller than 10%® Pa s is not inconceivable, and hence vis-
coelastic inner core relaxation may indeed play a role in the dissipation observed in the
lunar rotation dynamics.

We have focused our attention on viscoelastic deformation, but another process that
may act to realign the shape of the inner core with that of the mantle is melting and crys-
tallization. Within the fluid core, hydrostatic equilibrium implies that surfaces of con-
stant gravitational potential, density and pressure are all aligned. Surfaces of constant
temperature also follow this alignment because temperature is linked to pressure and den-
sity by an equation of state. Since the ICB marks the solid-liquid phase transition, at
the mean radius of the inner core, the temperature should coincide with the liquidus (melt-
ing temperature). However, a tilted ellipsoidal inner core has its ICB misaligned rela-
tive to the liquidus (e.g. see figure 8 of SD18). The parts of the inner core surface that
are at a higher temperature undergo melting, while the parts that are at a lower tem-
perature experience crystal growth. This melt and growth process operates to realign
the shape of the ICB toward an alignment with the mantle and hence, may contribute
to an effective viscoelastic deformation of the inner core shape.

It is important to stress that we do not suggest that viscous friction at the CMB
and ICB does not play an important role in the observed dissipation. Although we have
considered an end-member scenario in which these effects are absent, this was simply to
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isolate the possible role of viscoelastic inner core deformation. In all likelihood, viscous
friction at the solid boundaries of the fluid core contribute to dissipation. But the ques-
tion is, by how much? To fit LLR observations, so far the only rotational models of the
Moon that have been considered do not have an inner core. Viscous friction at the CMB
must then account, by itself, for the part of the dissipation not accounted for by tidal
dissipation. The magnitude of the CMB friction torque that is retrieved is broadly in

line with the expected magnitude of a viscous torque in a turbulent regime [ Yoder, 1981;
Williams et al., 2001], lending further support to this interpretation. But a direct pre-
diction of the magnitude of the turbulent friction torque at the CMB is not possible be-
cause it involves a numerical factor which depends on surface roughness, which is un-
known. Moreover, with an inner core present, viscous friction takes place at both the CMB
and ICB. Depending on the orientation of the inner core in the Cassini state, the fric-

tion torques at the CMB and ICB may add up together or partly cancel one another.

Our point is that sufficient uncertainty exists in estimating the friction torque at the CMB
and ICB that there is room for viscoelastic inner core deformation to contribute to the
observed dissipation.

We have focused our efforts here on the dissipation associated with the Cassini state,
but viscoelastic relaxation within the inner core would also participate in the dissipa-
tion of the forced and free lunar librations. According to the Maxwell time relation of
Equation (65), the longer the libration period, the larger is the inner core viscosity at
which maximum dissipation occurs. This implies that viscoelastic deformation within
the inner core could play a proportionally more important role for librations at longer
periods. For instance, in the case of the longitudinal libration with a period of 6 years,
the curves for the imaginary part of S33 on Figure 5d are shifted to higher viscosities:
the dissipation peak would be moved from ~ 103 to ~ 10'® Pa s. For an inner core
viscosity of, say, 1016 Pa s, inner core relaxation may play an important role in the en-
ergy dissipation associated with the 6 year libration, even though its contribution to the
lead angle ¢, of the Cassini state (27.212 day) may be minimal. Up to now, differences
in the time-delay of the tidal bulge as a function of libration period inferred from LLR
have been interpreted as a frequency dependence of the tidal @ factor [ Williams et al.,
2001, 2014; Williams and Boggs, 2015]. But taking into account viscoelastic inner core
deformation may alter this ) versus frequency relationship. In turn, this has important
implications to our understanding of the rheology of the lunar mantle and LVZ.

Lastly, as Figure 7 shows, if the inner core viscosity is smaller than 10'4 Pa s, the
magnitude of the tilt angle of the instantaneous inner core figure with respect to the man-
tle is significantly decreased. The periodic, 27.212 day, degree 2 order 1 gravity signal
associated with the inner core is directly proportional to this tilt angle [ Williams, 2007].
This signal has not yet been detected conclusively [ Williams et al., 2015], which may be
for a variety of reasons, including that the inner core is too small or the density contrast
at the ICB too weak. But it may also be because the tilt angle of the inner core is too
small. The latter may be a consequence of viscoelastic relaxation of the inner core, re-
aligning its shape with the mantle, as we have shown in our study.

A: Elements of the linear system of equations
A.1 The full system of equations

Defining the quantities
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/\1=1+0J—|—<I)2, (Al)
=14+w-—asy, (A?)

the right-hand side vector y and matrix M of the linear system of equations

M-x=y, (A.4)
are
—B8P, + (1 + w)311¢>1 + 38*2/\/1‘1)1}%6[511} + zIm[SH]‘I)ﬁ
w521¢>1
Y = | —Beaz®i + \aS51P1 — es30,S41®1 + 385 Ma®i Re[Sa1] + ilm[Sz1]az®) |
0
0

(A.5)

My My Mz My Ms

My May Moz My  Mos
M= | Mz Msy Msz Mzy Mss |, (A.6)

0 0 1 w 0
1 0 0 0 (1+4w)
where the elements M7, through to Mss are
A,
M1 =w—e+ A\S11 + 7(13531@2, (A7a)
A A,
Mg = (1 + W)jf + A\1S72 + 70[35’32@2 , (A?b)
AS AS . t

M3 = (1 + w)j + A\1S13 + 70&3 S33Py — ZIm[Sgﬂq)S R (A?C)

A, 2
My, = 7043 ((1 + w)es + (ﬁs + 9533 — 3?22MR€[531]><I>2> + asA\1513, (A.7d)

2
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A,
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f
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A.2 The system of equations for no inner core

The linear system of equations in the absence of an inner core is given by

M .x' =y, (A.8)

where

—B1 + (1 +w) S @1 + 35 MO Re[S11] + ilm[S11] @
y - s : (A.9)
0

o g,
M = My, My, My |, (A.10)
1 0 (I+4w)

where the elements M7, through to Mjs are

M{, =w—e+ M\ 511, (A.11a)
A )
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n .
M{S = 5(132 — (1 + OJ)SH(I)Q — 3§M(I)2R€[Su] — ZIm[Su](I)é, (Allc)

o

My = w(1+ Sa), (A.11d)
My =1+ w(1+ Sa2) + e + Kemp (A.1le)
Mz = ~wS; P . (A.11f)
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