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Abstract

The Free Core Nutation (FCN) is a rotational mode related to non-alignment of the rotation axis of the core and of the mantle.
There is a big gap between the observed FCN period (about 430 Sidereal days) and the theoretically calculated period (ranging
from 450 Sd to 470 Sd). We propose a spectral element method to compute the period of FCN and obtain a good result, which
is $437$ Sd. {\bf Keywords: } FCN, Spectral Element Method
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Key Points:

+ We propose a spectral element method to compute the FCN, and the result is bet-

ter than the theoretical periods by traditional methods.



11

12

14

15

16

18

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

Abstract

The Free Core Nutation (FCN) is a rotational mode related to non-alignment of the ro-
tation axis of the core and of the mantle. There is a big gap between the observed FCN
period (about 430 Sidereal days) and the theoretically calculated period (ranging from
450 Sd to 470 Sd). We propose a spectral element method to compute the period of FCN

and obtain a good result, which is 437 Sd.

Keywords: FCN, Spectral Element Method

Plain Language Summary

The Free Core Nutation (FCN) is a free oscillation of Earth. It can be observed
by the celestial methods, and it carries the information of Earth’s deep interior. The the-
oretical computation has a deviation greater than 4.5%. Lots of researches use different
geophysical factors to explain the deviation, which are all factitious and unsatisfactory.
We propose a new method to compute the period of FCN, and get a deviation about 1.4%.

It shows the computation method is the key factor to explain the deviation.

1 Introduction

The Free Core Nutation (FCN) is a rotational normal mode related to non-alignment
of the rotation axis of the core and of the mantle. FCN has a long period (about 430 Side-
real days, Vondrak & Ron, 2020) seen from a celestial reference frame and is a retrograde
mode; FCN is also a Nearly-Diurnal Free Wobble(NDFW) seen from a terrestrial ref-
erence frame. It can be obtained by processing the observed VLBI data of Earth’s ro-
tation and superconducting gravimeter data of Earth’s tides. FCN connects Earth’s deep
interior and the celestial observation of Earth’s rotation. It depends on(therefore reflects
on) the physics and dynamics of the core and the mantle, especially near the core-mantle
boundary(CMB). Hence, FCN is a very important tool for people to study the earth’s
deep interior.

There are 3 approaches for theoretical computing FCN. The first is the angular mo-
mentum method which was proposed by Hough (1895), who designed an earth model
composed of a homogeneous rigid shell and an incompressible homogeneous fluid core.

This model is transformed into an oblate by Earth’s rotation, and is called Hough-Poincaré
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model. From angular momentum conservation law, FCN period can be written as M. Rochester

et al. (1974).

v=—e(1- %)_1, (1)

where e, is the flattening of CMB, {2 is the rotation speed of Earth, A, and A are the
equatorial moments of inertia of the core and of the whole earth respectively. Hough pre-
dicted a retrograde nearly-diurnal wobble associated with FCN. However, his prediction
wasn’t accepted at his time, until Jeffreys (1926) proved the existence of the fluid core
by seismology data in 1926. The angular momentum method has the virtue of simplic-
ity, but its FCN result derivates much from the real one due to the simple model. For

example,M. Rochester et al. (1974) obtained 350 Sd for the FCN period.

The second approach is the linear momentum approach. Smith (1974) applied the
method to solve normal modes to solve FCN. He extended and applied the Generalized
Spherical Harmonics(GSH) based on previous studies, e.g. Phinney and Burridge (1973)

(see C.-L. Huang and Liao (2003) for corrections and comment), to transform vectors

and tensors in the governing equations for the small periodic oscillations of an oblate spheroidal
rotating elastic isotropic earth model from an ellipsoidal domain to an equivalent spher-

ical domain. Along this approach the resultant periods of FCN ranged from 450 Sd to

460 Sd (Wahr, 1981; Dehant, 1990; C.-1. Huang et al., 2001; Rogister, 2001) of the Pre-
liminary Reference Earth Model(PREM, Dziewonski & Anderson, 1981). There is still

a gap between this and the observed.

There are many publications trying to interpret this gap by various assumptions.
Gwinn et al. (1986), Dehant and Defraigne (1997) explained this discrepancy by non-
hydrostatic ellipticity of the CMB. C.-1. Huang et al. (2001) showed that the resultant
would accord with the observed by modifying ecprp from 0.002547 to 0.002666(a 4.7%
increase). The excess over the hydrostatic equilibrium value for ecjrp estimated by Mathews
et al. (2002) was between 3.7% and 3.9%. Buffett et al. (2002) tried to interpret this by

the geomagnetic torque on the CMB.

The third approach is the variational approach(Johnson & Smylie, 1977; Moon, 1982;
Smylie et al., 1992). Jiang and Smylie (1996) got the period about 450 Sd by this ap-
proach. The FCN mode is computed based upon a variational principle of the liquid outer

core of the Earth. This variational principle is numerically implemented by a finite el-
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ement approach. However, their work just focused on the fluid core. We follow this idea
and apply a spectral element method on the whole earth model. Spectral element method
is a spectral method working on multiple subdomains(Karniadakis & Sherwin, 2013). We
don’t adjust the hydrostatic equilibrium figure of the Earth, and finally obtain the FCN

eigenperiod: 437 Sd.

2 Equations and boundary conditions

In solid crust, mantle and inner core, we take

pow’ T = 2ipowQ X T + poVVi + poV(T - 70) = pogo(V-T) + V- S =0 (2)

as the equation governing the small periodic oscillations of an oblate spheroidal rotat-

ing elastic isotropic Earth model, disturbed from hydrostatic equilibrium(F. A. Dahlen,
1972). In eq(2), po, Vi and gg are density, additional potential, and gravity in an equi-
librium configuration respectively; 5 is Earth’s angular velocity relative to the moving
mean vernal equinox, which we take 86164.01 seconds in this paper. And the mass el-
ement dm in an equilibrium configuration experiences a small displacement @ with an
oscillation’s angular frequency w. In eq(2) is the Lagrangian variation of the Cauchy stress

tensor is

where A\, u are Lamé parameters. In fluid core,

-
powzﬂ) — 2ipowSt XU = Vpy + poVVi + p1gg = 0 (4)
is the equation governing the isentropic small oscillations of an inviscid liquid core given

by the conservation laws for mass, momentum, gravitational flux and entropy(M. Rochester,

1989). Additional density p; and additional pressure p; are defined as

and

. 2 2,
p1=-u-Vpg+a py+au-Vpg, (6)
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where pg is pressure in an equilibrium configuration, and « is compressional wave

speed. The tensor in eq(4) is

L4 N L d
S =—(p+11-Vpy)I .

Poisson’s equation,
V2V, = 4xGV - (poil)

holds true in both fluid and solid layers.

Continuation on the boundary between solid and fluid layers requires

(-T2} =0
{(i-S)¥ =0
(i} =0

(- [VVi —47Gpei ]} = 0.

And continuation on the boundary between solid layers requires

{i}l=0
(- Sy =0
viy=0

{A-[VV; —47Gpei ]} =0.

The boundary conditions on the free surface require

(A [VVi —47Gpoi ]} = 0
(- Sy =0

(v} =o0.

3 Multiple subdomain spectral method

Spectral method can solve the above governing equations. Suppose that an unknown

function wu(x) satisfies a differential equation:
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Llu(z)] =D, (20)

where L is a linear differential operator. Spectral method represents u(z) as a truncated

series:

N

u(x X can( (21)

where n,,(z) are basis functions and ¢,, are their coefficients. This series is then put into

the differential equation(20):

L) camu(a)]=D. (22)

M=z

0

n

By the Galerkin method the above equation turns into a group of equations:

N

/V Lj(.’E)L[Z Caln(x)]de = /V tj(x)D dx (23)

where ¢j(x) are trial functions. By solving eq(23) with the boundary conditions, we can
get an approximate solution of the unknown function w(x), which is ux(x).

For a complex earth model, only one global domain is not enough to represent some
characteristics, such as the densities and the toroidal displacement fields between fluid
core and solid mantle. So the whole global domain is partitioned into K disjoint sub-

domains. In No. k£ subdomain an unknown function u(k)(m) is expressed as

N

k k) (k
W@) =y @), (24)
n=0
where nﬁf )(3:) are basis functions of No. k£ subdomain and c(f) are their coefficients. So

eq(23) turns into K groups of equations:

/V(k (Jk) k)[X (riC)nn (z)]dx = / p'*) dx , (25)

) are their linear operators.

where Lg.k)(l’) are trial functions in No. k subdomain and L
Eq(25) will create a K(N +1)x K(N +1) matrix. Suppose that there are M boundary

conditions:
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K
By uMa)]=E;, i=1-M. (26)
k=1

We use Tau method(Karniadakis & Sherwin, 2013) to combine these boundary con-
ditions with eqs(25). Tau method replaces M equations in eqs(25) with M boundary con-
ditions in eqs(26). The unknown functions u(k)(x) in all K subdomains can be obtained
by solving the new K(N+1)x K(N+1) matrix. The global u(z) is the union of u(k)(x):
Ufilu(k)(x), which is like a sheaf in category theory. This spectral method on multiple
subdomains is a kind of spectral element method(Boyd, 2001; Karniadakis & Sherwin,
2013), and is called stratified Galerkin method here as Galerkin’s method is chosen to

convert the continuous operator problem to the discrete problem.

4 Integrations in volumes

To solve the governing equations,Smith (1974) transformed these equations into
a group of Partial Differential Equations(PDEs), and integrated the vector of variables
from Earth’s center to surface with some certain initial values by Runge-Kutta method.
Compared to Smith’s numerical computation, our approach is to directly integrate these
governing equations containing variables that have no given value, which are manipu-

lated as symbols.

Although the hydrostatic equilibrium figure is an ellipsoid, we still solve these equa-
tions in spherical coordinates, which makes symbolic operations of vector spherical har-
monics and tensors more complex and tedious. We adopt a linear operator method sim-
ilar to Rogister and Rochester (2004). However, Kopal (1980) recommended a non-orthogonal
coordinate system named ‘Clairaut’ coordinates for the astrophysical research. The co-
ordinate surfaces of this non-orthogonal coordinate system consist with the equilibrium
surfaces of an equipotential ellipsoid. Wu (1993), Seyed-Mahmoud and Moradi (2014)
used Clairaut coordinates to study the dynamics of the fluid core. Rogister and Rochester
(2004), M. G. Rochester et al. (2014) and Crossley and Rochester (2014) applied Clairaut
coordinates to the linear momentum approach accurate to second order in the elliptic-
ity.

Smith (1974) applied ESD to deal with integration in the first-order approximated
ellipsoid. ESD transforms an ellipsoid into a sphere, then parameters are modified with

ellipticity. PDEs don’t have 8 or ¢ explicitly, then the vector of variables is integrated
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along the radius r’s direction. However, ESD approach is difficult to deal with asymmet-
ric models, for instance, it is difficult and complex to transform a surface with a Y30 com-
ponent or a Y22 component to a spherical surface. We don’t adopt the ESD, and inte-
grate the governing equations in asymmetric shells directly. Suppose that an asymmet-

ric shell has an inner boundary:

r= Ry, + Z Y0, 0), (27)
and an outer boundary:
r= Rou + Z =0 Y0, 0), (28)

where R;y,, Rout, &5 20 are all constants, and Y,"(0, ) are spherical harmonics. If &, =
0 and Z," = 0, then this shell is a spheric shell; if only 53 and Eg are not equal to 0, then

this shell is a first-order ellipsoidal shell.

The volume between the inner and the outer boundaries is

out+zn '—‘n (9 ¢) 2
5@56 dv = f / / r? sin Odrdodep . (29)
Rin+) ' €0 Y(0,0)

— -
The integral of a vector equation Eq in this volume with a trial function vector A ; x)

is

>y —
#Auk)-Equ

/7V / / out+Zn —'n (9 ¢)7\* E gd ded
2 sin Odr ,
Rons T epv(og)  0R) ¢

where the asterisk symbol (*) in superscript is the complex conjugate operator. For the

(30)

2 ok o oy
governing equations eq(2) and eq(4) A jr) can be n;(r)R; (6, @), n;(r)S; (6, ¢), and n;(r)T; (0, ¢),
—
which R 6,9), S (9 ¢) and T (6, ¢) are radial, consoidal, and toroidal vector harmon-

ics respectively|cite dahlen tramp].

The integral of a scalar equation Eq with a trial function oy; ;1) is

out+XZL ::Ln (9 ¢) 2 (31)
f / / 03,5,k * Eqr” sin fdrdfde .
Rin+3 " E0Y,(0,6) '

For Laplace’s equation, the trial function oy; ; ) is m(r)ij(Q, ®).
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5 Integrations on surfaces

Now we will discuss how to solve boundary conditions on an asymmetric bound-

ary. Suppose a boundary surface is described by

T(0¢—T0+ZKZn n d))

n,m

then the radius vector of a point at (r, 6, @) in this surface is

e d ~
7 =r(0, )",
and the normalized normal vector 7 is
at , a7
. 90 % 96
= _|
90

The area of this boundary surface is

#ds /4/:7;2_; a_)|ded¢.

The surface integral of a boundary condition is

#ﬁ-nds
=ﬁ /QW(ﬁ-D)|@ x ?;kl@d(b

f /:T;%xf )-0dfde,

where O is a vector. As

@ X ?; =” $in 07 — rry sin 06 — rr¢q3
=r® sin o[F — %(T‘gé + ;ﬁé}]
=[r(0, )T sin 0[7 - Vr(6, )],

so eq(36) becomes

(34)
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#ﬁ-nds

(38)
f { [# = Vr(0, 6)] - O}[r(0, &) sin 0d0dc.
The box symbol O is a vector continuation boundary condition: 0 = Adl = 4" —
@ . Then multiply a trial function oy, ; x):
0 =#a(ij Wi - AGdS
(39)
f / w07 = V(0. &)1 A@Y[r(6, 6)T sin 6d0do .
where 0(i,5,k) (9 ¢)771( )
Now suppose O is a tensor continuation boundary condition: O = 5? = ?Jr —?_,
then eq(38) turns into
- <
o=#Aij,€)- [ - 6T 1dS
o (40)
f' / Ry - {7 = 976, 6)] - STYr(6, &) sin dbdp .
For a scalar continuation condition:
da=a" —-a =0, (41)

it is a little bit tricky, for it is impossible to get a linear form of its surface integral in

explicit formula, as there is a |%x6—¢| in the denominator in eq(34). So multiply eq(41)

by |— X —|sm9

|8_)xf|sm0*6a— (42)

then the boundary condition(41) turns into

ar _Jar
0= #U(wk”ao 8¢|Sm9*5a*| 8¢>|ds

=/N / Jk)l(;_a) a_)|2>|<5a>|<sm9>l<d€dgzb,
0=0J g=0 "

where

—10—



|@Xﬁ|2
00 = 0¢

=r*sin® 0 + r’[ry sin ] + 7"27'3) (44)

=7’4(1 — cos® 0) + r2[r9 sin 9]2 + r2r§, .

181 6 Earth model

182 PREM is adopted here excluding the ocean. We divide this model into 12 layers
183 according to PREM to describe the parameters such as density and Lamé parameters;
184 and 3 layers to describe the variables such as the displacement vector field and the ad-
185 ditional potential scalar. The 3 layers are the inner core, the outer core, and the man-

186 tle(with crust). Then the earth model is modified by one order ellipticity by rotation.
187 We solve the hydrostatic equilibrium figure by a more prototypic equation instead of Clairaut’s

188 equation, which is (Moritz, 1990; C. Huang et al., 2019)

1 dey n 09
(7—+ ,mf?)/; pq-dg

o
ry dro re (45)
_/R i(ezl)d +£| -0
v pdq qn_z q 127G if n=2,m=0 — Y-
189 This integro-differential equation is solved by our spectral element method. For a first-
190 order approximated ellipsoid, an equipotential surface in the new equilibrium figure is
rs =ro[1 + €3 Py(cos 0], (46)
101 where 7q is the radius of the surface in the old equilibrium figure. The flattening f is
a—-b
f=—7" (47)
102 where a, b are the equatorial radius and the polar radius respectively, and it can prove
103 that in first-order approximation(Moritz, 1990)
0 2
€y = —gf . (48)

104 Figure(6) shows the profile of the flattening with respect to r. The flattening are 1/392.70
195 and 1/299.98 at CMB and the surface respectively.

—11—



Figure 1. Profile of the flattening f
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196 After deformation, the density p, the Lamé parameters A and u, and the gravita-
107 tional potential ¢ are decomposed into spherical parts and non-spherical parts:
plrs) = polrs) + dp(rs) (49)
Alrs) = Xo(rs) + 6A(rs) (50)
1u(rs) = polrs) + oulrs) (51)
P(rs) =o(rs) + 09(rs), (52)
108 where pg(rs), Ao(rs), po(rs), and 1y(rg) are the parameters before deformation. Dahlen(cite

199 Dahlen1968) gave the non-spherical parts as

0
5olrs) = rs 22075 (s (53)
8’/"5'
O\
dN(rg) = egrg O(TS)PQ(COS 0) (54)
87‘5
0
) = s 2275 p o) (55)
81"5
0
dp(rg) = egrs wO(TS)Pg(Cos 0). (56)
87’5
200 Then the gravity ¢ in the new equilibrium configuration is
5 1 92 2
§=V{y+ §Q rg[1 = Py(cos)]}. (57)

—12—
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7 Boundary conditions at the center

=1 > >
For this FCN computation the displacement field 4 is truncated as Ti+(R§+S%)+

-

T:l),. Vector spherical harmonics are expanded in power series in each subdomain, for in-

-
1.
stance, S5 is expanded as

”‘maz

2 airigé ) (58)

i=0
. . 21
where 7,,,. is the max power order, and a; are unknown coefficients. S5 has the same

expansion forms in the inner core, the fluid core, and the mantle, but the coefficients are
(MT)

7

(rc) (o)

different, for instance, a; can be written as a; ", a, and a respectively. Similarly,

. 71 Bl Rl
we can get the expansions of 17, Rs, T's and V;.

The boundary condition in the center is required to be regular. This is a vague state-
ment. For the free-oscillation equations, Crossley (1975) expanded the variables as power

series,

vilr) =) Ajr”, i=1,2,6, (59)
v=0

then substituted the power series into the partial differential equations, and got one in-
dependent initial solution by picking a and a set of A;, making PDEs finite in the cen-
ter. Then 3 independent solutions combined into one general solution. Our first approach
is similar to the Crossley’s in some sense, which is to increase the lower limit of eq(58)
to satisfy the finitude of (%)]c in the governing equation. For example, when a term of
the displacement field @ with vector spherical harmonic basis g’% is substituted into the
equation, there are M terms with (%)kl, (%)kQ, o (%)kM, and ky, ko, -+, kps are all non-
negative integers. Suppose kj; is the largest, the lower limit ¢ = 0 in eq(58) should in-
crease to i = kj;. Note that the different vector spherical harmonic bases may have the
different k,;, for instance, ?% and TS’E have the different k,;. After pre-computation, we
take these kps: 0 for ?%, 2 for ﬁ%, 2 for g%, and 2 for ?;13 In our previous paper(Zhang
& Huang, 2019) we took this approach, and got FCN’s period: -431 Sd for the 7,4, =

4 instance.

Our second approach is to establish several algebraic equations of the coefficients.
-
For instance, eq(2) has 4 set algebraic equations for the vector spherical harmonics: T},

- > -
R;, Sé, and T;li. There are 2 algebraic equations in each set, for example, there are 2 equa-

—13—
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. . 1 1731 131 . .l . 131
tions corresponding with 55 and -5 S5 respectively in Sy set. The equation for -5 takes

the form:

Zil +Zi2 +'“+ZiN =0. (60)

This equation comes from putting the expansions of the displacement field :

Tmax ;=1 Tmax e Tmax i1 Tmax i=1
Z a;r Tl + Z bi')" R2 + Z c;T SQ + Z di’l" T3 (61)
=0 =0 =0 =0

and the expansion of the additional potential V;:

Z er' Y (62)
i=0

-
into eq(2) and filtering the terms with %S; We use the second approach in this paper.

8 Matrix

It is very complex and difficult to expand massive mathematical expressions and
to integrate them in an asymmetric model. So we write a computer algebra system in
Common Lisp to implement these functions. After tedious symbol computations, we can
get a large matrix. The row represents the ordinal of a trial function, and the column
represents the ordinal of an unknown coefficient. Finally there is still an unknown quan-
tity: w in the matrix. w is a eigenfrequency so that the determinant of the matrix must
be zero. It is difficult to compute the determinant of a large matrix, so we use Singu-
lar Value Decomposition(SVD) algorithm to get an equivalent determinant. We use the

reliable SVD routine of Linear Algebra PACKage(LAPACK).

For instance, Suppose 7,4, = 5, we will get three 124x124 matrices M, M; and

M, then the final matrix M is

M = M, + wM; +w’M, . (63)

To find a normal mode is to find an w that satisfies the below equation:

MO + OJMl + w2M2 =0. (64)

—14—
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If w, is a solution, then the determinant of the matrix:

M = My + w,M; +w-M, (65)

must be zero. However, it is virtually impossible to compute the determinant of a 124x
124 matrix. An alternative way is to compute its condition number, and find the max-

ima. The matrix M is decomposed by SVD into

M = USV*, (66)

where U and V are unitary, and S is a diagonal matrix with non-negative real numbers
on the diagonal. Suppose $,,,, is the largest diagonal entry and s,,;, is the smallest, then

define the condition number ¢ as

¢ :=10g 5,0z — 10€ 5,im - (67)

So to find the zero points of the determinant of the M is to find the maxima of ¢ when

searching w.

Figure(8) shows this condition number ¢ with respect to angular frequency w rang-
ing from 7.29e¢—5 to 7.31e—5 where r,,,, = 5. There are 2 peaks in this range, which

means there are 2 possible zero determinants, in other words, 2 possible normal modes.

Figure 2. Condition number ¢ with angular frequency w
34.8

7.30875e-5

]
]
I
I
I
I
I
I
I
I
]
| 7.29231e-5

34.4

Condition number ¢

34.1
7.29e-5 7.31le-5

Angular frequency w(rad/s)
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Table 1. Periods of TOM

Tmae | Angular Frequency(rad/s) | Period (Sd) | Deviation
3 7.29232e-5 0.99997 -0.003%
4 7.29231e-5 0.99997 -0.003%
5 7.29231e-5 0.99997 -0.003%
6 7.29232e-5 0.99997 -0.003%
7 7.29240e-5 0.99996 -0.004%

9 Result

Tilt-over Mode(TOM) has the same period with the rigid earth, which is exact 1
Sd. We use TOM to evaluate the accuracy of our numerical solutions. Table(1) shows
the period of TOM with respect to 7,,,, order. All the terms in the equations and the
boundary conditions are accurate to (eg)2 in our computation. When 3 < rp4, < 7,
the absolute value of the deviation between the calculated and the observed is less than
0.004%. When 7,4, = 8, we can’t find an extremum of the equivalent determinant, be-
cause the power series has a disadvantage which is not normalized. For instance, if an

unknown function is written as

N .
u(zx) = Z a;r", (68)

=0

the computation will encounter numerical overflow when i is large. If we put a factor R

which is large than 7,

N .
ula) = ) ailH) (69)

=0

(%)1 will approach zero quickly. We try medium R, however, the result is not satisfac-
tory. We now work on writing a new version of our computer algebra system which will
have a new architecture, replace power series with Chebyshev’s polynomials and support

multithreads.
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Table 2. Periods of FCN

Tmae | Angular Frequency(rad/s) | Period (Sd)
3 7.3098e-5 -412
4 7.3088e-5 -437
5 7.3088e-5 -437
6 7.3088e-5 -437
7 7.3088e-H -437

. = B =4 B-4 E==3 BE=4 B-4 R =3 |
Table 3. Periods of FCN with 77 + (Ry + S5) + T'5 + (Ry + S4) + T'5

Tmaz | Angular Frequency(rad/s) | Period (Sd)
4 7.3088e-5 -437
5 7.3089%e-5 -434
6 7.3089%e-5 -434

For the deviations of TOM is about —0.003%, we take 5 significant digits in FCN.
Table(2) shows the results of FCN. When 7,,,,, = 3, the result doesn’t seem to be good,
because the basis functions are not enough. From 7,,,, = 4 t0 74z = 7, the angular
frequency of FCN are 7.3088¢ — 5 and the corresponding period in the celestial refer-
ence frame is -437 Sd. There is a minor difference(about 1.4%) between this result and
our previous result: -431 Sd(Zhang & Huang, 2019), because we take the second approach
to deal with the boundary condition in the center here, and Zhang and Huang (2019)

took the first approach.

. 5 . 21, P 3N, P, B, 3L, 7L
If the displacement field 4 is truncated as T +(Ry+S5)+T'3+(Ry+54)+T1'5, and
the second approach for the boundary condition in the center is applied, we will get the
angular frequency of FCN: 7.3088e — 5, 7.3089¢ — 5, and 7.3089%¢ — 5 Sd for 7,42 = 4,

Tmaz = D, and 7,4, = 6 respectively. Table(3) shows these results.
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10 Discussion

There are some possible reasons for the good computed result. First the Galerkin
method avoids the derivatives of density and Lamé parameters. For Lamé parameters,

-
their derivatives are in the term V-S in the governing equation(2), the Galerkin method

multiplies a vector trial function )—() on the both sides of eq(2). It is easy to prove that(F. Dahlen

& Tromp, 1998)

/ (V- S)av /v (X S)av - /V)—() Sav
1% 1%
- o - o
=/ (XSS - /VX Sav (70)
L - &
=/( i S)ds - /VX Sav .

- -
From above equivalent, the integral of V-5 turns into the integral of S, so the deriva-
tives of Lamé parameters are eliminated. For density, its derivative is in the term 47GV-
(po) in Poisson’s equation(8); the Galerkin method multiplies a trial function f on the

both sides of eq(8). It is easy to prove that

[ F % 47GY - (poit)dV = / f % 4xGpgin - #dS — / ArGpoVf - GdV . (71)
\% S \%

So the derivative of the density in the term V-(pyi) is eliminated. The boundary con-
ditions (10) (9) can substitute the surface integrals fs()_)(-ﬁ-g))ds and [ f*4nGpoh-
4dS, which become the natural boundary conditions. Seyed-Mahmoud (1994) used the

natural boundary conditions to deal with the rotational modes in fluid core.

These parameters were reconstructed by inversion of seismology data and normal
modes(Dziewonski & Anderson, 1981). For PREM, the layered structure and the rude
initial profiles of density and Lamé parameters were reconstructed from seismology data.
Then these parameters were modified by the data of normal modes. Dziewonski and An-
derson (1981) applied the Rayleigh’s principle and the perturbation theory on normal
modes, and his approach was just like the Galerkin method which replaced trial func-
tions with the original displacement field 4, and modified boundary conditions into nat-
ural boundary conditions. This approach can invert the parameters as a whole, but may
remove some details and smooth the profile curves. Our approach focuses on whole char-
acteristics too, and can neglect some details of the derivatives, for instance, some small

jumps in the density profile. On the other hand, some fine details may affect linear mo-
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mentum approach. Rogister and Rochester (2004) used Clairaut coordinates, and had
the similar advantage that the ODEs governing free oscillations of a rotating hydrostatic

earth model contained no derivatives of material properties.

The second reason is that we don’t adopt the ESD. The ESD transforms a first-
order approximated ellipsoid into a sphere. For a point ]3(rp, 0y, ¢g) in some equipoten-

tial ellipsoidal surface, the corresponding point in ESD is #(rg, 0y, ¢g), which satisfies

= o = 2elro)Palcos ). (72)

This is actually a coordinate transformation; thus coordinates change and so do vectors,
tensors and metric. Moreover, the governing equations should also change, and the orig-
inal governing equations don’t usually hold true in the new coordinates. Generally speak-
ing, the governing equations in an original coordinates should be rewritten in Hamilton
form H(p, q), where p and q are generalized momentums and coordinates respectively.

In the new coordinates, the new Hamilton form is K(P, Q), where P and @ are gener-
alized momentums and coordinates respectively. It is not strict to solve H(p, q) with P,Q,

and a rigorous way is to use K(P, Q).

However, the two reasons are possible, and real reasons need more research.
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