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Abstract

Gyres are prominent surface structures in the global ocean circulation that often interact with the sea floor in a complex manner.

Diagnostic methods, such as the depth-integrated vorticity budget, are needed to assess exactly how such model circulations

interact with the bathymetry. Terms in the vorticity budget can be integrated over the area enclosed by streamlines to identify

forces that spin gyres up and down. In this article we diagnose the depth-integrated vorticity budgets of both idealized gyres

and the Weddell Gyre in a realistic global model. It is shown that spurious forces play a significant role in the dynamics of all

gyres presented and that they are a direct consequence of the Arakawa C-grid discretization and the z-coordinate representation

of the sea floor. The spurious forces include a numerical beta effect and interactions with the sea floor which originate from

the discrete Coriolis force when calculated with the following schemes: the energy conserving scheme (ENE); the enstrophy

conserving scheme (ENS); and the energy and enstrophy conserving scheme (EEN). Previous studies have shown that bottom

pressure torques provide the main interaction between the depth-integrated flow and the sea floor. Bottom pressure torques are

significant, but spurious interactions with bottom topography are similar in size. Possible methods for reducing the identified

spurious topographic forces are discussed. Spurious topographic forces can be alleviated by using either a B-grid in the horizontal

plane or a terrain-following vertical coordinate.
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Figure 3. The application of Stokes’ theorem on a C-grid. The vorticity diagnostic Ω is equiv-

alent to the normalized line integral of M around a single F cell of area AF . The area integral of

Ω over a collection of F cells (e.g. A 3 F ) is equivalent to the line integral of M along the perime-

ter (e.g. Γ 3 F ).

the contour, the lo cal domains for calculating the grid p oint divergences will overlap mean-418

ing the resultant area integral will not satisfy the divergence theorem in g eneral. Over-419

lapping lo cal domains are a requirement of the C-grid’s horizontal geometry. In Section420

6.3 we highlight how the divergence calculation on a B-grid only requires information421

from a single tracer cell. The lo cal domains for calculating the divergence do not over-422

lap when integrating on the B-grid and the asso c iated numerical b eta e ffect will not emerge.423

424

4 A double gyre mo del425

4.1 Details of t he configuration426

The first exp eriment in this article is an idealized double gyre c onfiguration based427

on the GYRE PISCES reference configuration in NEMO. The GYRE PISCES reference428

configuration has b een used for a wide range of exp eriments (L´evy et al., 2010, 2015; Rug-429

giero et al., 2015; Perezhogin, 2019). The domain is a closed rectangular basin which is430

3180 km long, 2120 km wide, and is rotated at an angle of 45 ° relative to the zonal di-431

rection. The basin exists on a b eta plane where f varies linearly around its value at �432

30 °N.433

The mo del has a regular 122 � 82 grid that is aligned with the rotated basin. The434

horizontal re solution is equivale nt to a 1 / 4 ° grid at the equator and the configuration has435

31 mo del levels. Two forms of bathymetry are used in this section. The FLAT config-436

uration has a fixed depth of 4.5km and no partial cells are used. The SLOPED config-437

uration has a linear slop e that extends from the North West side of the basin and s pans438

half the basin (see Figure 4a). The maximum depth of the SLOPED configuration is 4.5km,439

the minimum depth is 2km, and partial cells are used to represent the slop e .440

The circulation is forced by sinusoidal analytic profiles of surface wind stress and441

buoyancy forcing. The wind stress is zonal and only varies with latitude so that the curl442

changes sign at 22 °N and 36 °N (see Figure 4b). The wind stress profile is designed to spin443

up a subp olar gyre in the north, a subtropical gyre in the south, and a small re circula-444

tion also emerges in the b ottom corner. The net surface heat flux takes the form of a restor-445
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Figure 4. (a) Bathymetry of the SLOPED configuration. (b) The wind stress profile for both

the FLAT and SLOPED configuration. The wind stress profile varies seasonally in a sinusoidal

manner between summer and winter extremes that are highlighted.

ing to a prescrib ed apparent temp erature. Further details ab out the buoyancy forcing446

can b e found in L´evy et al. (2010). The wind stress and buoyancy forcing varies s eason-447

ally in a sinusoidal manner.448

The mo del use s a free slip condition on all b oundaries except at the b ottom where449

a linear friction drag is a pplied. A simplified linear equation of state is used with a ther-450

mal expansion co e fficient of a 0 = 2 � 10 � 4 kg m � 3 K � 1 , and a haline co efficient of b 0 =451

7 . 7 � 10 � 4 kg m � 3 psu � 1 . Horizontal and biharmonic diffusion of momentum is imple-452

mented with a diffusivity of 5 � 10 10 m 4 s � 1 . Biharmonic diffusion of tracers along isopy-453

cnals is implemented with a diffusivity of 10 9 m 4 s � 1 (Lemari´e, Debreu, et al., 2012; Madec454

et al., 2019).455

The mo del is spun up for 60 years and the exp eriment was run for an additional456

10 years with monthly-me an outputs. A steady state is not required for the diagnostics457

to b e valid as the time derivative term is present in the vorticity budget. A tim e step458

of 10 minutes is used for the mo del integration.459

The EEN vorticity scheme is used for consistency with all analysis discussed in Sec-460

tion 3 and the results from the Weddell Gyre in Section 5. The EEN metho d calculates461

F cell thickne sses using the metho d describ ed by Equation 13 and we therefore exp ect462

sudden changes in the F cell thickness near the domain edge for b oth the FLAT and SLOPED463

configurations.464

4.2 Metho ds465

Momentum diagnos tic s are calculated for every time step and the discrete vortic-466

ity diagnostics are calculated by depth-integrating the momentum diagnostics and tak-467

–14–
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ing the curl. The resultant diagnostics are time-averaged over the ten year e xp erimen-468

tal p erio d. The extensive time-averaging will influence the advection vorticity diagnos-469

tic as there is an added contribution from the eddy vortic ity flux.470

For contour integration, the vorticity diagnostics and depth-integrated stream func-471

tion are then linearly interp olated onto a regular 1/12 ° grid. This is to minimise errors472

caused by the difference b etween the true enclosed streamline area and the total area473

of the enclosed F cells. Interp olation b e yond 1/12 ° resolution makes little difference to474

the results, suggesting that the area error has b ee n significantly suppressed.475

For 1001 values of ψ , closed streamline contours are identified using a marching squares476

algorithm from the scikit-image package (Van Der Walt et al., 2014). Streamlines that477

are near the recirculation gyre (south of 20 °N) are ignored in this exp eriment and for som e478

values of ψ no closed streamlines could b e found. For each close d streamline found, the479

vorticity diagnostics are integrated over the area enclose d; this is e quivalent to calculat-480

ing I ( ψ ) in Equation 4 over many values of ψ . The freshwater fluxes mean that r h � U 6=481

0 even in a steady state and an exact stream function cannot b e calculated. To test how482

closely the calculated streamlines follow the circulation we integrate the p ositive quan-483

tity j f 0 ( r h � U ) j ove r the same enclosed areas to estimate the magnitude of the e r-484

ror caused by the divergent flow. The maximum value of f is used as f 0 and the largest485

contour integral of j f 0 ( r h � U ) j is 1.84 m 3 s � 2 which is substantially smaller than the486

leading contour integrals presented in the next sub-section. In addition to this test we487

used an elliptical solver to calculate the Helmholtz decomp osition of the depth-integrated488

velo city field (e.g. Marshall & Pillar, 2011); using the streamlines from the incompress-489

ible comp onent do es not change the results presented in the next sub-section.490

Multiple closed contours can b e found for the same value of ψ so an additional con-491

tour constraint is needed to ensure I ( ψ ) is single-valued. In this exp eriment we always492

cho ose the contour that spans the largest area which m inimise s the influence of small493

p o cket circulations that are not a part of the gyre. Closed streamlines that run along494

the edge of the domain can b e hard to identify so a discontinuity in I ( ψ ) near ψ = 0495

is exp ected as the largest detected contours will suddenly b ecome p o cket circulations as496

ψ approaches zero.497

4.3 Results498

The depth-integrated streamfunction from the FLAT and SLOPED configurations499

is shown in Figure 5. The vorticity of the depth- integrated velo city field is shown in Fig-500

ure 6. In b oth configurations a subtropic al and subp olar gyre can clearly b e identified501

and a small recirculation gyre can b e found in the Southernmost corner. T he subtrop-502

ical gyre circulation is clo ckwise and the subp olar gyre circulation is anticlo ckw ise.503

In the FLAT configuration the subtropical gyre has a transp ort of 65 Sv and the504

subp olar gyre has a transp ort of 18 Sv. In the SLOPED configuration the subtropical505

gyre has a transp ort of 38 Sv and the subp olar gyre has a transp ort of 14 Sv. We note506

that the slop ed bathymetry significantly alters the form of the subtropical gyre stream-507

lines.508

The depth-inte grated vorticity diag nos tic s of the FLAT and SLOPED configura-509

tion are shown in Figures 7 and 8 resp e ctively alongside the decomp osition of the plan-510

etary vortic ity diagnostic intro duced in Section 3.4. In the FLAT configuration we note511

that the non-line ar advection of vorticity and the planetary vorticity diagnostic have the512

largest grid p oint values ( � 10 � 9 m s � 2 ) near the western b oundary currents of b oth513

gyres. The wind stress curl is one orde r of magnitude smaller ( � 10 � 10 m s � 2 ) but changes514

sign less frequently within the gyre regions. We see that the planetary vorticity diagnos -515

tic is almost entirely a result of the b eta effect (Figure 7g and h). We note that the con-516

tribution from varying cell thicknesses in the FLAT configuration is non-zero and lo cal-517

–15–
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Figure 5. The depth-integrated streamfunction (time-averaged) of the (a) FLAT and (b)

SLOPED configurations. The transports of the subtropical gyre (Tstr ) and subpolar gyre (Tspl )

are given.
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Figure 6. The vorticity of the depth-integrated velocity field (time-averaged) for the (a)

FLAT and (b) SLOPED configurations. The black contours are streamlines from Figure 5.
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ized to the edge (Figure 7j) where the EEN Coriolis scheme artificially shrinks F cell thick-518

nesses near masked p oints.519

In the SLOPED configuration (Figure 8) the advection and planetary vorticity di-520

agnostics are still large but have an elongated structure similar to the SLOPED stream-521

lines in Figure 5b. The b ottom pressure torque is significant and is lo calized to the slop e d522

region (Figure 8b). The planetary vorticity diagnostic has a more complex decomp osi-523

tion as the influence of varying cell thicknesses extends b eyond the edge of the domain524

and mo del level steps also contribute (Figure 8k).525

The inte grals of the vorticity diagnostics over areas enclosed by streamlines are shown526

in Figure 9 and Figure 10 for the FLAT and SLOPED configurations resp ectively as well527

as the integrals of the planetary vorticity diagnostic comp onents. Example streamline528

contours are also shown. In these figures ψ > 0 describ es the subtropical gyre and ψ <529

0 describ es the subp olar gyre. The subtropical and subp olar gyres circulate in the op-530

p osite direction but the sign of the integration results are adjusted so that p ositive in-531

tegrals corresp ond to forces that s pin the gyres up.532

In the FLAT configuration we se e that the subtropical and subp olar gyre are en-533

tirely driven by wind stress curl. For area integrations that e nvelop most of the subtrop-534

ical gyre (small and p ositive values of ψ ), the wind stress curl is largely balanced by the535

advection of relative vorticity. This balance implie s a net imp ort of p ositive vorticity into536

the gyre. The imp orted vorticity cannot originate from the subp olar gyre as the advec-537

tion of relative vorticity plays no role in spinning the subp olar gyre down. The stream-538

lines at the exterior of the gyre envelop b oth cells (maxima in ψ ) of the subtropical gyre539

so the advection of vorticity b etween the cells is not a contribution to the signal. The540

imp orted vorticity must originate from the recirculation gyre in the southe rnmos t cor-541

ner. In the subtropical gyre interior (large p ositive values of ψ ) the wind stress curl is542

largely balanced by the c url of b ottom friction, matching the balance prop osed by Niiler543

(1966).544

The planetary vorticity diagnostic is significant in b oth of the FLAT gyres and is545

the dominant drag for the subp olar gyre. For area integrals that include the exterior of546

either gyre (small values of ψ ), the integrated planetary vorticity diagnostic is a com-547

bination of a numerical b eta e ffect originating from the discrete calculation of �r h � ( f U )548

and the influe nc e of partial F cells that are artificially created by the EEN scheme. At549

the interior of b oth gyres (large values of ψ ) the numerical b eta effect is the only com-550

p onent.551

In the SLOPED configuration we see that b oth the subtropical and subp olar gyre552

are almost entirely driven by wind s tress curl. There is no dominant force spinning the553

gyres down. Advection, b ottom pressure torques, lateral diffusion, b ottom friction, and554

planetary vorticity all make a similar contribution to spinning the gyres down. The plan-555

etary vorticity diagnostic is similarly mixed as b oth the numerical b eta effect and par-556

tial cells make up the signal. The gyres in the SLOPED configuration app ear to b e an557

intermediate case b etween a top ographically steered gyre and an advec tive regime.558

Spurious forces that emerge from the discrete Coriolis acceleration are significant559

in idealised mo dels with and without variable bathyme try and app ear to have a large560

influence on gyre circulations. In the next sub-section we see if these forces are also sig-561

nificant in a realistic global mo de l.562

–17–
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Figure 7. The depth-integrated vorticity diagnostics for the FLAT con�guration and the

components of the planetary vorticity diagnostic (time-averaged). Panels (a) through to (g) are

the diagnostics for the terms in the depth-integrated vorticity equation (Equation 2). Panels (h)

through to (l) are the components of the planetary vorticity diagnostic in Equation 23 and dis-

cussed in Section 3.4. The color bar is logarithmic (for values greater than 10� 11 in magnitude)

and shows the four leading order magnitudes that are positive and negative.
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Figure 9. Stacked area plots showing the integrals of depth-integrated vorticity diagnostics

(time-averaged) for the FLAT configuration. Positive values correspond to a force that spins the

subtropical ( > 0) or subpolar ( < 0) gyre up. The diagnostics are integrated over areas en-

closed by streamlines to develop a full forcing profile of the gyres. The x axis describes the value

of the streamline used in the integration. Example streamline contours are given. (b) Shows the

area integrals of the planetary vorticity diagnostic and its components. The maximum contour

integral of jf 0 (r h � U ) j is stated as an approximate error caused by the divergence of the depth-

integrated flow.

Figure 10. Stacked area plots showing the integrals of depth-integrated vorticity diagnostics

(time-averaged) for the SLOPED configuration. Positive values correspond to a force that spins

the subtropical ( > 0) or subpolar ( < 0) gyre up. (b) Shows the area integrals of the plane-

tary vorticity diagnostic and its components.

–20–
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Figure 12. The vorticity of the depth-integrated velocity �eld (time-averaged) in the Weddell

Gyre region of the global model. The black contours are positive streamlines ( > 0) from Figure

11.

any area errors have been signi�cantly suppressed. We test how closely the calculated591

streamlines follow the circulation by integrating the positive quantity j f 0 (r h � U ) j over592

the same enclosed areas to estimate the magnitude of the error caused by the divergent593

ow. The maximum value of j f j is used asf 0 and the largest contour integral of j f 0 (r h � U ) j594

is 19.52 m3 s� 2 which is substantially smaller than the leading contour integrals presented595

in the next sub-section. In addition to this test we used an elliptical solver to calculate596

the Helmholtz decomposition of the depth-integrated velocity �eld; using the streamlines597

from the incompressible component does not change the results presented in the next598

sub-section.599

As we are studying a one gyre system we choose to only identify contours where600

 > 0. This e�ectively �lters out the vorticity budget of closed circulations in the Antarc-601

tic Circumpolar Current. The sign of the integration results are adjusted so that pos-602

itive integrals correspond to forces that spin the Weddell Gyre up.603

5.3 Results604

The depth-integrated streamfunction of the Weddell Gyre is shown in Figure 11b605

and it can be seen that the Weddell Gyre has a transport of 60 Sv. The streamlines fol-606

low the isobaths closely suggesting the circulation is largely constrained by the bathymetry.607

The vorticity of the depth-integrated velocity �eld is shown in Figure 12.608

The depth-integrated vorticity diagnostics are shown in Figure 13. The �elds shown609

in Figure 13 have been smoothed using 25 point nearest neighbour averaging over a lo-610

cal 5� 5 grid. The contribution from model level steps (Figure 13k) has not been smoothed611

to show that it is localized to speci�c lines where the number of model levels change. The612

combined e�ect of the wind stress and stress due to sea ice are shown in Figure 13e. With613

realistic topography and forcing, the grid point values of depth-integrated vorticity di-614

agnostics are very noisy (even when smoothed) with the exception of the surface stress615

curl. This highlights how important it is to integrate the vorticity diagnostics when in-616

terpreting them. For individual grid points we see that the planetary vorticity diagnos-617

tic is made up of contributions from the beta e�ect, partial cells, and a signi�cant con-618

{22{
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additional top ographic and free surface term. The second term on the right hand side688

of Equation 24 describ es a vortex stretching ac ting on the vertical velo city induced by689

the b ottom top ography. In configurations with no variable bathymetry and small vari-690

ations in the free surface, the order of taking the curl and depth-integrating no longer691

affects the vorticity budge t so the non- top ographic s purious forces identified in this ar-692

ticle will remain in either formulation.693

To calculate the discrete curl of a horizontal vector field near the bathymetry we694

need to make an assumption ab out how the along-slop e comp onent varies as it approaches695

the edge of the domain. We can assume either a free slip or no slip b oundary condition696

by using a ghost p oint that mirrors the lo cation of the closes t grid p oint into the bathymetry.697

For a free slip b oundary condition the ghost p oint value matches the closest grid p oint698

value, F k ; for a no slip b oundary condition the ghost p oint value will b e the negative699

of the closest grid p oint value, � F k . A partial slip b oundary condition also exists where700

the value of the ghost p oint will b e b e tween � F k and F k .701

Let us return to the simple flow intro duced in Section 3.3 and illustrated in Fig-702

ure 2 but this time when we calculate the planetary vorticity diagnostic we will c alc u-703

late the curl of the Coriolis acceleration on each mo del level and then depth-integrate.704

For the lower level, the horizontal flow is entirely in the x direction so there is a zero along-705

slop e comp onent of the Coriolis ac celeration near the bathymetry ( F k =0). This means706

that if a free slip, no-slip, or partial slip b oundary condition are used the ghost p oint value707

will b e ze ro and the curl of the Coriolis force (centred on the purple cross in Figure 2)708

will b e ze ro in all three cases. As all vorticity generation takes place in the upp er level,709

the planetary vorticity diagnostic is the same if we take the curl b efore or after depth-710

integrating (Equation 21) and the effect of mo del le vel steps can exist in e ithe r vortic-711

ity budget.712

The result of Equation 21 c an b e interpreted as a vortex stretching acting on the713

vertical velo city that is induced by the change in horizontal velo city u 1 (see Figure 2).714

The vertical velo city seems unlikely to originate from top ographic upwelling as there is715

no flow in the y direction. This fact combined with the ambiguity of r H at mo del level716

steps me ans we would advise caution b efore comparing the discrete vortex stretching that717

originates from mo del level steps to the analytic vortex stretching in Equation 24.718

6.3 The B-grid719

Altering the grid geometry can significantly change the b ehaviour of mo del forc es.720

To highlight this we consider how the Coriolis force b ehaves on the B -grid. The B-grid721

excels at representing geostrophic flows as u , and v are lo cated on the same vector p oint.722

The streamfunction and relative vorticity are lo cated on the tracer p oint as shown in Fig-723

ure 15.724

On the B-grid the Coriolis acceleration is simply:725

COR x
i;j;k = f i;j v i;j;k , (25)

COR y
i;j;k = � f i;j u i;j;k . (26)

The Coriolis acceleration do es not rely on multi-p oint averaging or thickness weighting726

of f so num erical contributions do not emerge in the grid p oint acc eleration.727

On the B-grid u and v lie on the same p oint so they share the same m ask. This728

means that non-zero Coriolis acc elerations are never masked near mo de l level ste ps and729

the depth-inte gra te d Coriolis acceleration is a function of the depth-integrated velo ci-730

ties only:731

̂COR
x
i;j = f i;j V i;j , (27)

̂COR
y
i;j = � f i;j U i;j , (28)

–26–
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Tijk: ψ, ζ,Ω

Vijk: u, v,Mu,Mv, fij

Tracer point (T )

Vector point (V )

i

j

Figure 15. The horizontal distribution of variables on the B-grid. Tracer points (T) and vec-

tor points (V) are shown alongside important values that are centred on these points. Just like in

the C-grid, the vertical velocities are found directly above and below the Tracer point.

We therefore conclude that the spurious force caused by mo del level steps on the C-grid732

(see Se ction 3.3) is not present on the B-grid. The corresp onding planetary vorticity di-733

agnostic is equal to �r h � ( f U ) j i;j calculated over a single tracer cell.734

Calculating the curl on a B -grid is consistent with Stokes’ law applied to a tracer735

cell but the vector information is found on the corners of the cell. As the stream func-736

tion is defined on the tracer p oint we can approximate that the area enclosed by a stream-737

line is a collection of interior tracer c ells. Similarly to the C-grid case in Section 3.5 this738

is an approximation as we are ass um ing that the streamline follows the rectangular edges739

of the interior tracer c ells so interp olation may b e required to remove any significant area740

error. Unlike the C-grid case, the planetary vorticity diagnostic is equal to �r h � ( f U ) j i;j741

calculated over a s ingle tracer cell. Therefore, the area integral of the planetary vortic-742

ity diagnostic will satisfy the divergence theorem applied to the internal tracer c ells. It743

seems likely that this discrete integral may vanish on a s uffi ciently fine grid but further744

investigation with idealized and realistic streamlines is needed.745

Using the B-grid would re move all of the spurious top ographic forc es identified in746

this article. This highlights how a mo del circulation’s interaction with the sea flo or is747

significantly affe cted by the grid geometry.748

6.4 Terrain-following co ordinates749

The spurious top ographic effects found in this article are a consequence of how b ot-750

tom top ography is represented in z -co ordinates. In the Weddell Gyre esp ecially we see751

how mo del level steps can create large spurious contributions to the depth-integrated vor-752

ticity budget.753

Terrain-following co ordinates (or σ -co ordinates) are an alternative form of verti-754

cal co ordinate where the vertical resolution adjusts with the b ottom top ography so that755

the same numb er of mo del levels are present in all fluid columns (Song & Haidvogel, 1994).756

σ -co ordinates are us ed in Stewart et al. (2021), Scho onover et al. (2016), and Jackson757

et al. (2006) and have the advantage of removing spurious terms that emerge from mo del758

level steps. The forms of the EEN, ENE, and ENS vorticity scheme s are unchanged when759

using terrain-following co ordinates so the horizontal variations in cell thickne sses could760

still cause a spurious signal.761

Terrain-following co ordinates are not used widely in climate mo dels b ecause of the762

difficulty in calculating accurate horizontal pressure gradients (near the equator), advec-763
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tion, and isoneutral tracer diffusion. A full discussion of the current advantages and lim-764

itations of terrain following co ordinates can b e found in Lemari´e, Kurian, et al. (2012).765

6.5 Isopycnal co ordinates and the vertical Lagrangian-remap metho d766

In isopyc nal C-grid mo dels, where density is us ed as a vertical co ordinate, cell thick-767

nesses still vary and in mo dels with many density layers the mo del levels are free to in-768

crop to the sea flo or. The forms of the EEN, ENS, and ENE schemes are unchanged w he n769

using density co ordinates so the spurious signals in the planetary vorticity diagnostic seem770

to b e p ossible. In configurations where density layers infrequently incrop to the sea flo or,771

the effe ct of mo del level steps will b e significantly suppressed as the grid is approach-772

ing the limit of a terrain-following co ordinate system.773

In C-grid mo dels that use the vertical Lagrangian-remap metho d (Bleck, 2002; Ad-774

croft et al., 2019) the vertical co ordinate evolves with the flow and is then conservatively775

remapp ed onto a target grid (see Griffies e t al. (2020) for a review). The forms of the776

EEN, ENS, and ENE schemes are unchanged when using this metho d. If the target co-777

ordinate grid still has horizontal variations in cell thicknesses and incrops with the sea778

flo or, we would exp ect there to b e spurious top ographic interactions with the sea flo or.779

It is p os sible that in areas of top ographic upwe lling the effect of mo del level steps could780

b e reduced as Coriolis accelerations near the bathymetry are elevated by the vertical mo-781

tion and are partially pro jected onto unmasked p oints when remapp ed onto the target782

grid.783

7 Summary784

The depth-integrate d vorticity budget is a valuable to ol for identifying imp ortant785

mo del forces in gyre circulations. Vorticity diagnostics can b e integrated ove r the area786

enclosed by streamlines to identify forces resp onsible for spinning the gyre up and down.787

By considering how the vorticity budget is represented on a C-grid with step-like bathyme try788

we identified spurious forces that emerge from the representation of b ottom top ography789

and the discrete Coriolis acce le ration. Mo del level steps and partial ce lls pro duc e two790

distinct spurious top ographic forces. In the absence of b ottom top ography, it is shown791

that the discrete planetary vorticity term do es not generally vanish when integrated over792

the discrete area enclosed by a streamline. This suggests that a spurious non- top ographic793

force, describ ed as a numerical b e ta effect, is also present.794

We first studied the vorticity budget of an idealize d double gyre configuration with795

analytic geometry, forcing, and two bathymetry options. The FLAT variant has a con-796

stant de pth and the SLOPED variant has a linear slop e that extends over half the do-797

main. The subtropical gyre of the FLAT configuration is non-linear at the exterior (wind798

stress curl balanced by advection) and is in a Stommel (1948) regime in the interior (wind799

stress curl balanced by friction). The FLAT subp olar gyre is spun up by wind stress curl800

and mostly spun down by spurious forces found in the planetary vorticity diagnostic. Spu-801

rious forces are significant in b oth FLAT gyres and are a consequence of the numerical802

b eta effect and partial F cells that are artificially intro duced by the EEN vorticity scheme.803

Artificial partial F cells would not b e present in the ENS or ENE vorticity schemes.804

The vorticity budget of the SLOPED gyres fe atures b ottom pressure torques and805

an increased influence of partial ce lls on the planetary vorticity diagnostic. The SLOPED806

subtropical gyre is an intermediate case b etwe en a top ographically steered gyre and a807

non-linear circulation. The SLOPED subp olar gyre is driven by wind stress c url but spun808

down by the combined effect of b ottom pressure torques and spurious interactions w ith809

the top ography via partial cells. This first case study highlighted how spurious terms810

can dominate a vorticity budget in idealized config urations with and without variable811

bathymetry.812
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The second case study was the Weddell Gyre in a global mo del where the forcing813

and geometry are more realistic. By studying the vorticity budget of the Weddell Gyre814

we conclude that the mo del circulation is mostly spun up by wind stress c url and spun815

down by the combined effect of b ottom pressure torques and spurious interactions with816

the top ography. The largest of the top ographic forces spinning the Weddell Gyre down817

is the spurious and unrealistic forc e caused by mo del level steps.818

Switching to alternative vorticity schemes is not effe ctive at reducing spurious con-819

tributions to the vorticity budge t. By presenting a general form of the discrete Corio-820

lis acce le ration we are able to quickly conclude that the top ographic and non-top ographic821

spurious forces will remain under all three vorticity schemes and any other scheme that822

uses this general form. The influence of mo del level steps is a direct consequence of the823

C-grid geometry when using vertical co ordinates that inte rs ect the bathymetry and is824

relatively insensitive to the choice of vorticity scheme.825

Altering the geometry of the discretisation is an effective metho d for reducing spu-826

rious top ographic forces. The B-grid is b etter at representing the Coriolis force and it827

is not p oss ible for mo del level steps or pa rtial cells to influence the Coriolis acc eleration.828

Mo del level steps and their influence on the Coriolis acceleration can b e avoided alto-829

gether by using terrain-following co ordinates.830

The B-grid and terrain-following co ordinates have their own unique limitations and831

it is unclear how much the identified spurious forces corrupt circulation variables such832

as the gyre transp ort. It is p ossible that the spurious forces are inadvertently p erform-833

ing the role of one or more real o ce an pro cesses that are required for accurate simula-834

tions. If a combination of non-spurious forces c an fully account for the spurious forces835

found in this article then the identified problem is purely diagnostic in nature. Other-836

wise, any part of the spurious forcing that cannot b e accounted for by non-spurious forces837

should b e considered as a numerical error. This numerical error could b e small but may838

also acc umulate under sp ecific conditions and corrupt mo del circulations. The spurious839

co oling (Hecht, 2010) that o ccurs when a disp ersive advection scheme is used with the840

Gent and McWilliams (1990) eddy parametrization highlights the dangers of ignoring841

numerical errors.842

It is also p ossible that other mo del forces contain spurious contributions that have843

not b een uncovered in this article. These contributions could b e s ignificant and may have844

the p otential to cancel the spurious effects found in this article. When lo oking at the in-845

tegrated diagnostics in Figures 9, 10, and 14 we see that usually the only mo del force846

with an opp osite contribution to the Coriolis force that is large enough to cancel the found847

spurious effects is the surfac e stress. It seems unlikely that the surface stress contains848

spurious contributions that are closely tied to bathymetry and the Coriolis parameter.849

It is imp ortant for the o cean mo de lling community to continue developing new ways850

of representing bathymetry and we hop e that vorticity budgets and the diagnostic metho d851

presented in this article will provide a valuable to ol for assessing and quantifying rep-852

resentations of the sea flo or in current and future o cean mo dels.853

App endix A Deriving the depth-integrated vorticity equation854

Here we derive the depth-integrated vortic ity equation (Equation 2) including the855

omitted contributions from surface undulations and atmospheric pressure torques . We856

start from the vector invariant form of the momentum equation,857

∂ u h

∂ t
= �

�
( r � u ) � u +

1

2
r ( u � u )

�

h
� f

�
ˆk � u

�

h
�

1

ρ 0
r h P + F u + Du , (A1)858

which has already b een intro duced in Section 2.1. To derive the depth-integrated vor-859

ticity equation, we must first depth-integrate the equation and then calculate the ver-860
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tical comp onent of the curl. In this app endix, we consider how each term in Equation861

A1 is transformed by this op eration.862

When depth-integrating the time derivative term in Equation A1, we must resp e ct863

the time dep ende nc y of the free surface, η . We there fore use the Leibniz integration rule,864

r �

 � � ( x;y;t )

� H ( x;y )

∂ u h

∂ t
dz

!

� ˆk =
∂

∂ t
( r � U ) � ˆk � r �

�
u h ( z = η )

∂ η

∂ t

�
� ˆk , (A2)865

where the second term on the right hand side of Equation A2 is the contribution from866

free surface undulations.867

The non-linear term in Equation A1 can b e rewritten as,868

�
( r � u ) � u +

1

2
r ( u � u )

�

h
=

1

2
r h ( u h � u h ) + ζ

�
ˆk � u

�

h
+ w

∂ u h

∂ z
. (A3)869

The non-linear term emerges as the advection term in the depth-integrated vorticity equa-870

tion and we note that,871

r �
� � �

� H
ζ

�
ˆk � u

�

h
dz

�
� ˆk = r h �

� � �

� H
ζ u h dz

�
. (A4)872

Similarly the curl of the depth-integrated Coriolis acceleration is the planetary vortic-873

ity term,874

r �
� � �

� H
� f

�
ˆk � u

�

h
dz

�
� ˆk = �r h � ( f U ) . (A5)875

When depth-integrating the pressure gradient in Equation A1, we must resp ect the876

x and y dep endency of the sea flo or and the free surface. We therefore use the Leibniz877

integration rule,878

r �

 � � ( x;y;t )

� H ( x;y )

�
1

ρ 0
r h P dz

!

� ˆk =
1

ρ 0
( r P b � r H ) � ˆk +

1

ρ 0
( r P a � r η ) � ˆk , (A6)879

where P a is the atmospheric pressure at the free surface. The second term on the right880

hand side of Equation A6 is the atmospheric pres sure torque.881

The surface forcing term in Equation A1 emerges as the difference b etween the curl882

of the top and b ottom stresses ,883

r �
� � �

� H
F u dz

�
� ˆk =

1

ρ 0
( r � � top ) � ˆk �

1

ρ 0
( r � � b ot ) � ˆk , (A7)884

(A8)885

and the diffusion term emerges as D � ,886

r �
� � �

� H
Du dz

�
� ˆk = D � . (A9)887

By combining all the equations ab ove we can derive the depth-integrated vortic-888

ity equation,889

∂

∂ t
( r � U ) � ˆk = � r h � ( f U ) +

1

ρ 0
( r P b � r H ) � ˆk +

1

ρ 0
( r � � top ) � ˆk890

�
1

ρ 0
( r � � b ot ) � ˆk + D �

891

� r h �

 � � ( x;y;t )

� H ( x;y )

ζ u dz

!

�

"

r �

 � � ( x;y;t )

� H ( x;y )

1

2
r h

�
u 2

h
�
+ w

∂ u h

∂ z

!#

� ˆk892

+
1

ρ 0
( r P a � r η ) � ˆk

| {z }
Atmospheric pressure torque

+

�
r �

�
u h ( z = η )

∂ η

∂ t

��
� ˆk

| {z }
Surface undulations

. (A10)893

894
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App endix B Explicit forms of the Cori olis schemes895

Here we explicitly state the forms of the discrete Coriolis acceleration in the ENE,896

ENS, and EEN vorticity schemes for a z -co ordinate system. In the ENE vorticity scheme897

the x and y comp onents of the Coriolis acceleration are:898

COR x
i;j;k =

1

4 e 1 u
i;j

�
f i;j � 1

� �
v e 1 v �

i;j � 1 ;k +
�
v e 1 v �

i +1 ;j � 1 ;k

�

+ f i;j

� �
v e 1 v �

i;j;k +
�
v e 1 v �

i +1 ;j;k

� �
,

COR y
i;j;k =

1

4 e 2 v
i;j

�
f i � 1 ;j

� �
ue 2 u �

i � 1 ;j;k +
�
ue 2 u �

i � 1 ;j +1 ;k

�

+ f i;j

� �
ue 2 u �

i;j;k +
�
ue 2 u �

i;j +1 ;k

� �
. (B1)

In the ENS vorticity scheme the x and y comp onents of the Coriolis acce le ration are:899

COR x
i;j;k =

1

8 e 1 u
i;j

��
v e 1 v �

i;j � 1 ;k +
�
v e 1 v �

i +1 ;j � 1 ;k

+
�
v e 1 v �

i;j;k +
�
v e 1 v �

i +1 ;j;k

�
[ f i;j � 1 + f i;j ] ,

COR y
i;j;k =

� 1

8 e 2 v
i;j

��
ue 2 u �

i � 1 ;j � 1 ;k +
�
ue 2 u �

i � 1 ;j +1 ;k

+
�
ue 2 u �

i;j;k +
�
ue 2 u �

i;j +1 ;k

�
[ f i � 1 ;j + f i;j ] . (B2)

We note that each term in the ENE and ENS forms can b e written in the general form900

of Equations 8 and 9 as v e 1 v = ˜V /e 3 v and ue 2 u = ˜U /e 3 u . In the ENE and ENS cases901

e 3k ( b n ) = e 3k ( c n ) in Equations 8 and 9.902

In the EEN vorticity scheme, the x and y comp onents of the Coriolis acceleration903

are:904

COR x
i;j;k =

1

12 e 1 u
i;j

�
F NE

i;j;k
�
v e 3 v e 1 v �

i;j;k + F NW
i +1 ;j;k

�
v e 3 v e 1 v �

i +1 ;j;k

+ F SE
i;j;k

�
v e 3 v e 1 v �

i;j � 1 ;k + F SW
i +1 ;j;k

�
v e 3 v e 1 v �

i +1 ;j � 1 ;k

�
,

COR y
i;j;k =

� 1

12 e 2 v
i;j

�
F NE

i;j;k
�
ue 3 u e 2 u �

i;j;k + F NW
i;j;k

�
ue 3 u e 2 u �

i � 1 ;j;k

+ F SE
i;j +1 ;k

�
ue 3 u e 2 u �

i;j +1 ;k + F SW
i;j +1 ;k

�
ue 3 u e 2 u �

i � 1 ;j +1 ;k

�
, (B3)

where F NE , F NW , F SE , and F SW are thickne ss-weighted triads of the Coriolis param-905

eter:906

F NE
i;j;k =

�
˜f i;j;k + ˜f i � 1 ;j;k + ˜f i;j � 1 ;k

�
, (B4)

F NW
i;j;k =

�
˜f i;j;k + ˜f i � 1 ;j;k + ˜f i � 1 ;j � 1 ;k

�
, (B5)

F SE
i;j;k =

�
˜f i;j;k + ˜f i;j � 1 ;k + ˜f i � 1 ;j � 1 ;k

�
, (B6)

F SW
i;j;k =

�
˜f i � 1 ;j;k + ˜f i;j � 1 ;k + ˜f i � 1 ;j � 1 ;k

�
, (B7)

where ˜f = f /e 3 f using the EEN definition of e 3 f shown in Equation 13.907

To calculate the planetary vorticity diagnostic we take the c url of the depth-inte grated908

Coriolis acceleration using Equations 15 and 22. In general the resulting equation of the909

vorticity diagnostic is very difficult to interpret. We only present the form of the plan-910

etary vortic ity diagnostic for the EEN sche me on a grid with no partial cells or mo del911
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level steps as it is used to derive the numerical b eta effect in Section 3.5:912

PVO i;j =
1

12 ( e 1 f e 2 f ) i;j

�
� f NE
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�
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�
U e 2 u �

i +1 ;j

+ f SW
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�
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�
U e 2 u �
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U e 2 u �
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+

�
U e 2 u �

i;j

� �
. (B8)

App endix C Alternative vorticity schemes in the double gyre mo del913

In this section we present various integrations of the SLOPED double gyre config-914

uration using diff erent vorticity schemes: EEN, ENS, and ENE. All other asp ects of the915

exp eriment are as describ ed in Se ction 4.1. The results are shown in Figure C1. The vor-916

ticity budget is qualitatively similar b etween the three cases as well as the decom p osi-917

tion of the planetary vorticity diagnostic. It should b e noted that the circulations do dif-918

fer as the transp orts vary and the separation p oints of the western b oundary currents919

change.920

App endix D Contour integrat ion without interp olation921

The inte rp olation of vorticity diagnostic fields and the streamfunction is discussed922

in Section 4.2. Linear inte rp olation is used to minim ise the difference b etween the en-923

closed area of the true streamline and the total area of the interior F cells. In this sec-924

tion we present re sults that use uninterp olated fields from the FLAT double gyre con-925

figuration. The results are shown in Figure D1 and are qualitative ly similar to the in-926

terp olated results s hown in Figure 9. This example is selected to demonstrate b oth the927

qualitative s imilarity to inte rp olated results but also the reduced coherence that comes928

from using non-interp olate d data. The non- interp olated results from the Weddell Gyre929

are in fact more coherent than the results shown in Figure D1.930
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Figure C1. Stacked area plots showing the integrals of depth-integrated vorticity diagnostics

for the SLOPED configuration (time-averaged) using the EEN, ENE, and ENS vorticity schemes.

Positive values correspond to a force that spins the subtropical ( > 0) or subpolar ( < 0) gyre

up. A decomposition of the planetary vorticity diagnostic integrals are given on the right (b,d,f).
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Figure D1. Stacked area plots showing the integrals of depth-integrated vorticity diagnostics

(time-averaged) for the FLAT con�guration without using interpolated �elds. Positive values

correspond to a force that spins the subtropical (  > 0) or subpolar (  < 0) gyre up. (b) Shows

the area integrals of the planetary vorticity diagnostic and its components. The vorticity budget

and decomposition are qualitatively similar to that shown in Figure 9.

� branches/UKMO/NEMO 4.0.4 GO6 mixing @ 14099,948

� branches/UKMO/NEMO 4.0.4 old tidal mixing @ 14096,949

� branches/UKMO/NEMO 4.0.4 momentum trends @ 15194.950

The double gyre con�guration uses NEMO version 4.0.1 and any modi�ed source code951

is archived on Zenodo (Styles et al., 2021). The versions of NEMO and the mentioned952

branches can be found at https://forge.ipsl.jussieu.fr/nemo/browser/NEMO/.953
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