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Abstract

Magma chamber volume is critical for volcano monitoring and forecasting. Standard geodetic methods cannot constrain the
total volume, only the change in volume. Here, we show that stress perturbations associated with trapdoor faulting allow
bounds to be placed on the total chamber volume at Sierra Negra volcano, in the Galapagos. The deformation response of the
magma chamber to faulting depends on both the absolute chamber volume and the compressibility of the magma. Bubble-free
magma provides the lower limit on compressibility, thus an upper bound on the chamber volume of 13.6 to 20.6 km?3, depending
on fault dip. We estimate an upper limit on compressibility using a conduit model relating volatile content to lava fountain
height, which is compared with observations from the 2005 eruption, constrained by volatile content of olivine melt inclusions.

This yields a lower bound on chamber volume of 0.5 times the upper bound.
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Key Points:

« The best fitting trapdoor faults are near vertical and dip steeply to the north (88
degree).

« An upper bound on chamber volume is between 13.6 km? and 20.6 km?, depend-
ing on fault dip.

e The lower bound on volume is one-half the upper bound.
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Abstract

Magma chamber volume is critical for volcano monitoring and forecasting. Standard geode-
tic methods cannot constrain the total volume, only the change in volume. Here, we show
that stress perturbations associated with trapdoor faulting allow for bounds to be placed
on the total chamber volume at Sierra Negra volcano, in the Galapagos. The deforma-
tion response of the magma chamber to faulting depends on both the absolute chamber
volume and the compressibility of the magma. Bubble-free magma provides the lower
limit on compressibility, thus an upper bound on the chamber volume of 13.6 to 20.6 km?,
depending on fault dip. We estimate an upper limit on compressibility using a conduit
model relating volatile content to lava fountain height, which is compared with obser-
vations from the 2005 eruption, constrained by volatile content of olivine melt inclusions.

This yields a lower bound on chamber volume of 0.5x the upper bound.

Plain Language Summary

It is important to understand the size of subterranean magma reservoirs since the
volume of available magma bounds the size of short-lived eruptions. In this study, we
analyze unique trapdoor faulting earthquakes observed at the Sierra Negra volcano. These
events last only a few seconds and cause unique displacements of the ground surface. The
volume change and magma pressure drop due to trapdoor faulting depend on the prod-
uct of chamber volume and magma compressibility. The lower limit of the compressibil-
ity is for bubble-free magma. We estimate an upper bound by using observations of “fire
fountain” heights during the 2005 eruption. Higher gas content, and thus more compress-
ible magma, lead to higher fire fountains. We find an upper bound on the magma vol-
ume of 13.6 km? to 20.6 km?, depending on fault dip. We also find that the observed
fire fountain height can be fit with plausible HoO content and up to 0.15 weight % COa,
which leads to a lower bound of magma volume of one-half the upper bound. Our re-
sults will be an important benchmark for comparison with other methods of estimating
magma chamber volume and form a useful constraint for other similar volcanoes world-

wide.

1 Introduction

The volume of magma reservoirs is critical for volcano monitoring and forecasting.

The total volume provides an upper bound on the possible eruptive volume, assuming
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no recharge during the eruption. Knowledge of subsurface magma volumes also helps con-
strain models of magma chamber evolution. However, determining the total chamber vol-
ume from geophysical methods has been challenging. Seismic tomography can map the
distribution of wave speeds and attenuation, but employing these results to estimate vol-
umes of melt is not straightforward (Lees, 2007; Paulatto et al., 2012; Rawlinson et al.,
2014). The same is true for electromagnetic imaging. The distribution of earthquake hypocen-
ters can provide a qualitative sense of magma chamber volume, but location uncertainty
and the potential for hot, aseismic rock surrounding magma reservoirs limit quantita-
tive analysis. Geochemical mixing models can provide estimates of the volume of the well-
mixed portion of shallow reservoirs (D. Geist et al., 2002; Pietruszka & Garcia, 1999).

Standard geodetic models constrain the change in chamber volume but place weak
if any constraints on total chamber volume (Segall, 2013). This is well expressed, for ex-
ample, in the “Mogi model” (Yamakawa, 1955; Mogi, 1958), in which the amplitude of
surface deformation is proportional to the product of the pressure change Ap and the
total volume V', and inversely proportional to the shear modulus ApV/pu.

The absolute chamber volume can be inferred from geodetic observations if there
are independent constraints on pressure change. Such analyses have been conducted at
Kilauea volcano, where active lava lakes were hydraulically connected to the summit cham-
ber, such that changes in lava level can be interpreted as changes in chamber pressure
(Johnson, 1992; Denlinger, 1997; Segall et al., 2001; Anderson et al., 2015). Estimates
using this approach range from 240 km? for the entire magmatic system, including the
rift zones (Denlinger, 1997), to 20 km? for the summit chamber (Segall et al., 2001), to
as low as ~ 1 km? for the shallow Halema'uma’u source of episodic deflation-inflation
events (Anderson et al., 2015). Most recently, Anderson et al. (2019) combined the re-
markable drainage of the summit lava lake during the early stage of the 2018 eruption
with Global Positioning System (GPS), tilt, and Interferometric Synthetic Aperture Radar
(InSAR) data to constrain the volume of the summit Halema’uma’u reservoir to between
2.5 to 7.2 km? at 68% confidence bounds. This work shows that it is possible to deter-
mine the total magma chamber volume even without open conduits from the chamber
to the surface. In particular, we show that perturbations in stress associated with trap-
door faulting events allow bounds to be placed on the total volume of the magma cham-

ber at Sierra Negra volcano in the Galapagos.
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Sierra Negra is the largest and the most voluminous of the six actively deforming
volcanoes in the western Galapagos islands, with the most recent eruption in 2018 (Vasconez
et al., 2018; Bell et al., 2021). Inflation at Sierra Negra has been punctuated by several
trapdoor faulting events, with slip occurring along a complex set of intra-caldera faults
with outward dipping fault scarps (Figure 1) along the southern and western margin of
the caldera (Reynolds et al., 1995). The first indication of trapdoor faulting came from
InSAR observations spanning 1997-98 and is thought to be associated with a M,, 5.0 event
on 11 January 1998 (Amelung et al., 2000; Jénsson et al., 2005). A second trapdoor fault-
ing event, associated with a m; 4.6 earthquake was well captured by both InSAR and
GPS data on 16 April 2005 (Chadwick et al., 2006; J6nsson, 2009). The GPS station GV06
was uplifted by almost one meter within 10 seconds during this event. In comparison,
the prior inflation rate at Sierra Negra was approximately 0.1 cm/day (Chadwick et al.,
2006). The short duration implies that negligible amounts of magma left or entered the
chamber during the faulting event. Both the 2005 and the 2018 eruptions were also pre-
ceded by trapdoor faulting events (Chadwick et al., 2006; S.-H. Yun, 2007; Vasconez et
al., 2018), suggesting they influenced the subsequent eruptions.

Here we analyze both GPS and InSAR data for the trapdoor faulting event on 16
April 2005. The mechanical response of the magma chamber to the trapdoor faulting
depends on the product of the total chamber volume and magma compressibility and
is clearly expressed in the surface deformation. We show that by constraining the rel-
ative compressibility of the magma and the magma chamber it is possible to constrain

the absolute volume of the shallow magma reservoir.

2 Method

This section presents a 3D fault-chamber model in an elastic half space to demon-
strate the interaction between trapdoor faulting and the magma chamber. Before a trap-
door event, magma influx leads to increased pressure and inflationary deformation with-
out fault slip. During the trapdoor event the fault slips while the mass of magma within
the chamber remains unchanged. Magma migrates within the reservoir on the time scale

of the faulting event to eliminate pressure gradients generated by the sudden fault slip.

Models of Sierra Negra based on GPS and InSAR data have indicated a sill-like
chamber with its top at a depth of about 2 km, though a diapir with a flat top also pro-
vides an adequate fit (S. Yun et al., 2006; Amelung et al., 2000; Chadwick et al., 2006).
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Figure 1. Shaded relief map of the Sierra Negra Volcano showing the intra-caldera fault

system (thick red lines).

We assume that the sill surfaces are uniformly pressurized with no shear traction, con-
sistent with the assumption of nearly static fluid. We use the Displacement Discontinu-
ity Method (DDM) to model a crack-like sill. The boundary conditions on the sill are

specified by

g = Hi+Hs=—-Apl (1a)
Ty = J1y§ + J2yég; + J3yéy = Q (1C)

where o, 7, and Ty are the normal and horizontal shear tractions in the x and y direc-
tions on the sill surface, respectively. § is the opening of the sill, s is a vector of fault slips,
and ¢, and §, represent shear displacement discontinuities (dislocations) of the sill in

the z and y directions. Ap represents perturbation of pressure on the walls of the magma
chamber associated with trapdoor faulting, and 1 is a vector of ones. Matrices H and

H; map displacements into normal stress and matrices J;;, Jiy,? = 1,2,3 map displace-
ments into shear stress; all are computed using results for rectangular and triangular dis-

locations in a homogeneous elastic half-space (Okada, 1992; Maerten et al., 2005).
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Kinematic conditions link the slip at the bottom of the fault to openings at the edge

of the sill adjacent to the fault,

N.Bs E§ (2a)
N,Bs = FE¢, (2b)
NyBs Ej, (2¢)

where B and E are matrices that extract elements associated with the bottom of the fault
and the edge of the sill, respectively. V., N, and N, are matrices that extract vertical,
east-west, and north-south components of displacements at the bottom of the fault.

The volume change of the magma chamber during a faulting event is found by in-

tegrating the opening, §, over the surface of the sill, which can be written compactly as
AV =UAp+®-s (3)

where U = (dV/dp)s is the volume change per unit pressure change with no slip on the
fault and ® -1 is the volume change for unit slip at constant pressure. ¥ is related to
the chamber compressibility, 5. = (1/V) (dV/dp) = ¥/V. Derivations of ¥ and ® are
given in Supplementary Materials. The first term of Eqn. [3] represents chamber vol-
ume change related to stress perturbation caused by trapdoor faulting. The second term
gives the direct volume change caused by forced opening at the edge of the sill due to
trapdoor faulting.

Since the trapdoor faulting event took place over a few seconds, negligible magma
could have entered or exited the chamber. A linearized description of the mass change
gives

Am/p=VE,Ap+ AV =0 (4)
where p and 3, are the magma density and compressibility, respectively.

Equations of mass conservation [4] and elasticity [3] provide two independent re-

lations between volume and pressure changes during the faulting event. Combining them

yields
—d-s
Ap = Vﬁ +7\I/ ’ (53,)
Vﬂm o - S
AV 1/6(4—\1/) (5b)

Note that in the limit of small chamber volume and/or incompressible magma, V 3, —

0, that AV — 0, while Ap — —® - s/¥. On the other hand in the limit of large vol-
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ume and/or very compressible magma, V3, — oo, that Ap — 0 and AV — ®s. This
shows that the volume change of the magma chamber, which can be detected geodet-
ically, is sensitive to the absolute chamber volume and the magma compressibility. Rewrit-

ing equation [5a,

V:—Bim <x11+ q;-ps). (6)

Note that Ap < 0 (from 5a) and the term in parentheses in [6] is negative, such that

vV >0.

The surface displacements u resulting from the fault-chamber interaction can also
be expressed in terms of a vector of slips along the trapdoor fault s, and a scalar pres-

sure change in the magma chamber Ap,

u = GpAp+ G,s, (7)

where G, and G5 are computed from rectangular and triangular elastic dislocations. Es-
timates of Ap and s from geodetic measurements, obtained by inverting equation [7], can
be used in equation [6] together with ¥ and ®, which are determined by elasticity cal-
culations given the fault and chamber geometry (Eqn.[4] and [5] in Supplementary Ma-
terial). Thus, with bounds on f3,, we can bound the absolute magma chamber volume

V.

3 Results

We use GPS and InSAR data (from Jénsson (2009)) to estimate the fault slip (as-
suming pure dip-slip) and pressure change in the magma chamber using Eqn. [7]. The
InSAR data has been corrected for inflation during the time span of the SAR acquisi-
tions, both before and after the trap-door faulting. To avoid over-fitting, we smooth the
solution by minimizing the second derivative of the fault slip. Specifically we minimize

the objective function:

N 1 N
F(Ap7§) :(ginsar - yinsa'r‘)TEinsar (ginsar - uinsar)
W (Ugps = Ugps) T X (Ugps — g, ) + 02| L3][3, (8)

where 4 is the predicted data, L is the second derivative operator, ¥;,sqr and X4, are

covariance matrices of InSAR and GPS data, respectively. We use data from the non-
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deforming areas north of the caldera to construct an empirical isotropic covariance ma-
trix Xipsar (Fig.S1). Correlation between GPS measurements are assumed to only ex-
ist between horizontal components. The choice of the smoothness parameter a? is based
on an “L-curve” (Fig. S2). We weight the GPS data by w? to account for the dispar-
ity between the number of GPS data points and the number of InSAR data points. We
chose a weight factor of w = 5 so that fits to both GPS and InSAR data are satisfac-
tory (Fig. S3). We assume a shear modulus of ¢ = 10 GPa and Poisson’s ratio v =

0.25.

Previous inversions have well constrained the location and the shape of the cham-
ber during inflationary episodes. We fix the sill geometry as described in S. Yun et al.
(2006). To determine the fault dip, we tested a range of dips from outward dipping 70°
to inward dipping 70°, constraining the bottom edge of the fault to be aligned with the
edge of the sill. The misfit as a function of dip (Fig. 2a) is discontinuous because vary-
ing the dip changes the projection of the surface expression of the fault. We find that
inward (northward) dips of 80 to 90° provide reasonable fits to both InSAR and GPS
data, with a near-vertical, 88° dip being optimal. In contrast, Chadwick et al. (2006) and
Joénsson (2009) concluded the best-fitting faults are more shallowly inward dipping (71°),
although their calculations use a single planar fault and do not account for the presence
of the magma chamber. We thus set the fault north dipping at 88° and only allow dip-
slip on the fault. Fig. 2b shows the estimated fault slip and the amount of sill opening
or closing. Note that the northern edge of the sill, opposite from the sector of the fault
with maximum slip, is predicted to have closed. The estimated pressure change in the

chamber is —0.8 MPa.

Fig. 3 shows the observed and predicted InSAR and GPS displacements. The pre-
ferred model can match both GPS and InSAR data quite well. In particular, the model
accounts for the modest subsidence observed at the north edge of the caldera — oppo-
site from the fault segment that experienced the most slip. Previous studies could not
capture the observed subsidence with a model restricted to fault slip and not including
the magma reservoir (Chadwick et al., 2006; Jénsson, 2009). In addition, our model cab
explain most of the horizontal displacements recorded in the GPS data without requir-

ing strike-slip motion on the trapdoor fault.
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Figure 2. (a) Misfits of GPS (circles), InSAR (triangles) and their weighted combination
(blue dotted line) as a function of fault dip. The vertical red line shows the optimal fault dip. (b)

Estimated fault slip distribution and sill openings in meters with a fault dip of 88° to the North.

Only dip slip is allowed on the fault.

4 Discussion
4.1 Upper Bound on Volume

The product V 3, is estimated to be 1.7 m?®/Pa. In comparison, Anderson et al.
(2019) estimate this product to be 1.3 - 5.5 m3/Pa (95% bounds) from deformation and
lava lake drainage during the early phase of the 2018 Kilauea eruption. Segall and An-
derson (2021) model episodic caldera collapse during the caldera forming phase of the
2018 eruption and find a range of 1.4 - 4.1 m3/Pa. The estimate for Sierra Negra falls

at the lower end of the range for Kilauea.

Sierra Negra lavas are tholeiitic basalts. For bubble-free free basalt, which repre-
sents a lower bound on the compressibility, experimental results of Murase and McBir-
ney (1973) yield 3, ~ 107!° Pa~!. The thermodynamic model MELTS (Gualda et al.,
2012; Ghiorso & Gualda, 2015) yields 3, ~ 5.6x107!1 Pa~! for bubble-free basalt of
Sierra Negra composition, roughly a factor of two less than the experimental value. Un-
less noted, we refer to the experimental value but acknowledge a factor of two uncertainty
in this parameter. With the bubble-free experimental value of magma compressibility
Bm, We obtain an upper bound on the absolute chamber volume of V' ~ 17.4 km3, cor-

responding to a maximum sill thickness of ~ 623 m, given the areal extent of the sill.
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Figure 3. (a) Observed and (b) predicted InSAR data from the trapdoor-chamber model
shown in Fig. 2(b), re-wrapped at 10 cm fringes. (c¢) Residuals between observed and predicted
InSAR data. (d) Observed and predicted GPS horizontal displacements. (e) Observed and pre-

dicted GPS vertical displacements. The inset shows subsidence of the northernmost stations.

Given the high InSAR and GPS measurements quality, uncertainties in chamber
volume V' (Eq.[6]) mainly stem from uncertainties in the adopted fault-chamber geom-
etry, the choice of elastic constants, and estimates of magma compressibility. We address

each of these factors in the following.

Inversions of data from previous inflationary episodes have shown that Sierra Ne-
gra has a sill-like chamber (S. Yun et al., 2006; Amelung et al., 2000). However, geode-
tic data is not sensitive to the shape of the chamber as long as the chamber has a flat
top. Estimation of the chamber volume V' depends on the parameter ¥, which describes
the compressibility of the chamber and is determined by elasticity calculations given the
chamber geometry. Perhaps unintuitively, the thickness of the sill has a limited impact
on U; The same is not true for §.. For a penny-shaped sill at 2 km depth with radius

a = 3 km in an elastic half-space with 4 = 10 GPa, we compute ¥ = 9.1 m?/Pa. In

contrast, for a spherical chamber with radius small compared to its depth (the Mogi model)

,10,
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Figure 4. Estimated upper bound of chamber volume as a function of fault dip, assuming a
magma compressibility of 1071° Pa=!. The red dashed vertical line indicates the optimal fault

dip.

U = dV/dP = 7wa®/u. With the same values of a and p, ¥ = 8.48 m3/Pa, a differ-

ence of only 6%.

Estimation of ®-s/Ap, and therefore the estimated reservoir volume, depends on
fault dip. Fig. 4 illustrates how the estimated upper bound on volume varies with fault
dip. Varying the fault dip from 85° S to 85° N, the estimated upper bound of chamber
volume ranges from 13.6 km? to 20.6 km?. Over this same range of dips, the estimated
pressure change within the magma chamber due to trapdoor faulting ranges from -0.81
MPa to -0.93 MPa. The relatively small pressure drop on the chamber is consistent with
the observation that the trapdoor faulting event did not significantly perturb the infla-
tion rate (Chadwick et al. (2006), Fig.1D). If the pressure drop had been larger, we might
have expected an increase in the inflation rate relative to the pre-faulting rate. The trap-
door faulting event before the 2018 eruption similarly does not significantly impact the

uplift rate (Bell et al., 2021).

4.2 Lower Bound on Volume

An upper bound on magma compressibility, and hence a lower bound on chamber
volume, is obtained by determining the maximum plausible exsolved CO5 and H2O vol-

ume fraction within the chamber. Following previous studies (Gerlach & Graeber, 1985;

—11—
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Parfitt et al., 1995; Wasser et al., 2021), we use two sets of observations: melt inclusions

and observed eruption fountain heights.

Koleszar et al. (2009) analyze olivine melt inclusions from Fernandina lavas sim-
ilar to those at Sierra Negra. The most volatile-enriched melt inclusions, which are as-
sumed to be representative of primitive mantle-derived magmas, contain up to 6000 ppm
CO7 and 1.1 wt. % H20. More typical samples, assumed to be representative of magma
during crustal storage, contain 200 to 600 ppm CO2 and 0.5 to 1.1 wt. % H5O. Peterson
et al. (2017) provide compositions for submarine glasses similar in composition and prox-
imity to Sierra Negra with volatile contents ranging from 20 to 188 ppm CO2 and 0.49
to 1.15 wt. percent HyO. These glasses come from lavas that erupted on the sea floor

and are thought to be continuously re-equilibrated during ascent.

We use the equilibrate function of MELTS (Gualda et al., 2012; Ghiorso & Gualda,
2015) on a typical Sierra Negra composition from Peterson et al. (2017) with the max-
imum observed CO4 content of 6000 ppm from Koleszar et al. (2009), at pressure and
temperature conditions for a chamber 2 km deep. The resulting magma compressibil-
ity is ~ 1.5 x 1072 Pa~! (Figure 5B), a 15 fold increase in 3, relative to bubble-free
melt. This is an extreme bound on compressibility since some loss of COs from the cham-
ber is certain between eruptions. Taking ~600 ppm CO; as a more plausible upper bound
on CO; content within the chamber results in a compressibility of ~ 1.3x10710 Pa~!,

a 1.3 fold increase in f3,, relative to the bubble-free melt.

Height vs CO; Bm vs CO;

250

200

£ 1504 "
£ H
2 3
£ 100 =
—#— 0.1 wt. % H,0
0.2
50 10710 4 —+— 0.3
—— 0.4
—#— 0.5
0
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
ppm CO; ppm CO;

Figure 5. Dependence of fountain height on volatile content. A) Fountain height as a function
of CO2 content, for various water contents. Horizontal lines mark fountain height of 50 and 100
m. The volume flux is constrained to 100 m*/s. B) Magma compressibility B, as a function of

CO2 content, for various water contents.
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244 The second approach uses an eruption conduit model to relate volatile content to

215 observed lava-fountain height during the 2005 Sierra Negra eruption that followed a trap-
26 door faulting event. D. J. Geist et al. (2008a) report fountain heights of up to 300 m on
247 the second day of the eruption. Days 3-6 saw two primary fountains with heights of 30

218 m and 50 m. On day 7 a single fountain was observed with a height of 50 m. The es-

249 timated volume flux at this time was ~ 100 m?/s from a 6-8 m diameter vent (D. J. Geist
250 et al., 2008a). D. J. Geist et al. (2008a) employ the Head and Wilson (1987) single va-

251 por phase model to estimate the volatile content and vent diameter on day 7 to be 0.1

252 to 0.2 weight % water.

253 We extend this approach to include both HoO and COs. Specifically, our model
254 assumes a cylindrical conduit, laminar flow up to the magma fragmentation threshold,
255 fixed inlet pressure, and equilibrium HyO and CO4, degassing for a Sierra Negra com-

256 position derived from MELTS (Gualda et al., 2012; Ghiorso & Gualda, 2015). (Model

257 details and code verification tests are given in the Supplemental Material.)

258 Parfitt et al. (1995) note that lava ponding, drain back, and bubble coalescence can
259 all decrease the observed height relative to predictions from the Head and Wilson (1987)
260 model. Figure 6A,B in Parfitt et al. (1995) shows that for a volume flux of 100 m3/s,

261 an eruption height of 50 m would be decreased by no more than 50% by these effects.

262 So, we consider volatile compositions that would result in a fountain height of 100 m to

263 account for these potential effects and obtain a maximum volatile composition.

264 Predicted fountain heights depend on both HoO and COs content, but because wa-
265 ter is so much more soluble, the compressibility of magma in the chamber depends pri-

266 marily on CO9 content (Figure 5B). Thus, an upper bound on 5, is achieved with a lower
267 value of water content (Figure 5A). A lower bound on water content from Koleszar et

268 al. (2009) and Peterson et al. (2017) is 0.4 wt. %. From Figure 5A, a fountain height of

269 100 m is obtained with ~600 ppm COs, which corresponds to a compressibility of ~ 1.3x

270 10710 Pa~!. This is consistent with the estimate based on olivine melt inclusions.

mn Given that the MELTS-derived compressibility for bubble-free basalt is 5.6x10~ " Pa™*,
72 we suggest that a plausible lower bound on magma chamber volume is roughly a factor

3 of two less than the upper bound. It should be noted, however, that the magma cham-

274 ber may have been stratified with more gas rich magma toward the top. This could help

215 explain the higher fire fountains observed at the onset of the 2005 eruption.

—13—
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Thermal considerations presumably also place a lower bound on the magma cham-
ber volume: A very thin sill would likely freeze between recharge events. However, ap-
parently continuous recharge complicates such an analysis, which we defer to future stud-

ies.

4.3 An Estimate From Erupted Volume

From the product V j3,,, we can obtain an estimation of the magma-chamber com-
pressibility ratio n = 8,,/8. = VB, /V. With a fault dip of 88°N we find n ~ 0.25.
Alternatively, n can be estimated from the ratio of the erupted volume to the geodetically-
inferred chamber volume change during the eruption: n = AVgpyp/AV — 1 (Segall,
2010). S.-H. Yun (2007) estimates the volume change for the 2005 eruption AV to be
0.124 km? and the volume of lava that flowed into the caldera AV, to be 0.141 km?.
D. J. Geist et al. (2008b), includes lava outside the caldera and estimates AVepype = 0.15
km3. Taking the larger value we find  ~ 0.21, 16% smaller than the estimate based
on trapdoor faulting. This change in 7 reduces the upper bound on chamber volume from
17.4 to 14.6 km?, for the best-fitting fault dip. Note that this approach provides an in-
dependent estimate of the chamber volume as it does not require trapdoor faulting, but

simply the erupted and geodetic volume change, as well as magma compressibility.

Finally, it should be noted that while 7 is a dimensionless parameter, ¥ is inversely
proportional to the shear modulus p. As a result, the estimation of V' (V = n¥/5,,)

is also inversely proportional to u.

4.4 Relation to Other Volume Estimates

Body wave tomographic models beneath the Sierra Negra caldera have poor res-
olution in the shallow crust (less than 3 km depth) and therefore cannot resolve the magma
chamber (Tepp et al., 2014). The 3D attenuation model identifies a shallow magma body
between 0.5 km to 3 km below sea-level (Rodd et al., 2016), which is not inconsistent

with our estimate of 623 meter sill thickness.
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5 Conclusions

We have placed bounds on the total volume of the Sierra Negra volcano in the Gala-

pagos by modeling the fault-chamber interaction during the trap-door faulting event on

April 16, 2005. Our main findings are:

1. The best-fitting faults are near vertical and dip steeply to the north, 88°.

2. An upper bound on chamber volume is between 13.6 km® and 20.6 km?3, depend-
ing on fault dip. For the best fitting dip the volume is 17.4 km3. (These estimates
are for a shear modulus of 10 MPa; V is inversely proportional u.)

3. The lower bound on volume is roughly one-half the upper bound.

4. These estimates are consistent with those obtained from the ratio of the erupted

volume to geodetically determined change in magma chamber volume.
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1. Derivations

Combining Eqn. [1b], [1c], [2b] and [2c], we can relate shear displacements [J,;d,] to slips on

—~T) =y
the fault .
_JZ:B _J3$ Jlx
5_37 _ _JZy _JSy le
[@} “| B 0 N,B| % (1)
0 E N,B

Combining Eqn. [la] and [2a] and inverting yields the sill openings §

o= [H] PR < e @ [T 2)

where the latter form serves to define [, Qf]. The volume change of the sill can be computed

by integrating the openings of the magma chamber:

AV = Z §;dA; = — Z {dAi Z Qpij] Ap + Z {dAi Z[Q sN.B — Q,,Hl]ijsj} (3)

(2

where dA; is the area of the i*" segment of the sill. Let

v=-3)" [dAl- > QPU} (4)

i

& = dA[QsN.B — Q,Hyl; (5)
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The surface measurements u resulting from the fault-chamber interaction can be described as
u = GO+ Gis+ Gaby + Gady + € (6)

where GG, G G5 and G3 are Green’s functions in the elastic half-space and € represents measure-

ment errors. Replacing 4, 6, and J, with Eqn. (2) and (1), we get

-1

_J2a: - ‘]31‘ Jl:v
w = —~GQUAp+ |G(QNB — QuH) + G+ [Go Gy) |~ || e
0E N, B
— G Ap+ Guste 9

The second equation serves to define the matrices G, and G;. Notice that the surface displace-
ments are expressed in terms of a vector of fault slips along the trapdoor fault, and a scalar

pressure change in the magma chamber.

2. Figures S1-S3
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Figure S1. We use the non-deforming areas north of the caldera to estimate InSAR noise
structure function and to derive an experimental covariance matrix. To reduce InSAR observa-
tions, we down-sample InSAR observations using a quadtree approach. (a) Structure function
of InSAR noise. The black line is fit to the structure function. (b) Estimated covariance matrix

for down-sampled InSAR quadtree leaves.
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Figure S2. To determine the smoothness parameter, we fix the fault dip angle to be 88°

northward and compute the L-curve with smoothness parameters varying from 10° to 10%. The

chosen smoothness parameter is marked by the red arrow.
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Figure S3. Data misfit as a function of weighting for GPS vs. InSAR data. We choose
a weighting factor of 5 because it significantly reduces the misfit to the GPS data while not

compromising goodness-of-fit for InSAR data too much.
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3. Conduit Model
We assume a cylindrical conduit of constant radius r connecting the top of the magma reservoir
to the surface. The governing equations are radially averaged to produce a one-dimensional, in
depth, model. Flow below the fragmentation depth is laminar. The pressure at the base of the
conduit is taken to be 54 MPa. Figure S4 shows a schematic of this model. The model does
not allow for variations in conduit radius, relative motion of the bubble and liquid phases, the
presence of a solid phase, or bubble-dependant viscosity.
h
...

P(0) = 0.1 MPa

Liquid suspension in a gas

Fragmentation threshold =-=--pF ===+ ---

u(@2), P(2), 0,(2), (@),
$(2). X,(2). ¥(2)

Gas suspension in a fluid
experiencing laminar flow

z=-2000m
P(-2000) = 54 MPa

Figure S4. Schematic of conduit model showing radius r, fountain height i, mixture velocity
u, pressure P, melt (liquid plus gas) density p,,, melt compressibility f3,,, gas volume fraction ¢,

mass fraction of H,O gas X, and mass fraction of CO, gas Y.
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Magma in the conduit obeys conservation of mass and momentum. The former, d(up,,)/dz,

where u is the mixture velocity and p,, is density of the melt (liquid plus gas), can be recast as:

du dP . _
o= —Uﬁmg[s ] (8)

where P is pressure in Pa, z [m] is depth (positive in the up direction), f,, is the magma

compressibility. Using this relationship, conservation of momentum can be written as

% =~ (pmg +27/r) (1 = */&) " [Pa/m] )

(Mastin, 1995), where g = 9.81 [m/s?] is acceleration due to gravity, 7 [N/m?| is the wall shear
stress, and ¢ = (ppBm) /2 [m/s] is the sound speed of the mixture.

The shear stress acting on the conduit wall is % fopmu?® [Pa] where fy is the Darcy-Weisbach
friction factor, here assigned a value of 0.1. Shear stress due to laminar flow, below fragmentation,

is 4dpu/r [Pal, where p is the magma viscosity. The total shear stress 7 is thus:

1
T = §fopmu2 + 4pu/r[Pa) below fragmentation (10)
T=5 fopmu?[Pa] above fragmentation (11)

Fragmentation occurs when the volume fraction of gas ¢ reaches 0.75.

To obtain equilibrium exsolution of HyO and COy we use the equilibrate function of MELTS
applied to a typical Sierra Negra composition with varying volatile contents, at 1200°C, allowing
only fluid and liquid phases. The composition used is sample D34a from (Peterson et al., 2017).
The equilibrate function yields gas composition, liquid composition, melt density p,,, melt com-
pressibility (,,, and gas volume fraction ¢. To improve code efficiency, we create lookup tables

relating the parameters of interest to log P for fixed total volatile content. Cubic spline interpo-
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lation is used to determine quantities at intermediate pressures. The model assumes equilibrium
exsolution continues to occur following fragmentation.

Volume flux refers to the volume of liquid exiting the top of the conduit per second, 7r2u,—o(1—
¢.—0) [m?/s]. The height of the lava fountain is calculated using the ballistic equation, h = % gu?_,

3.1. Solution method

For a given volatile content and conduit radius, the code uses the shooting method to adjust
the velocity at the bottom of the conduit until the pressure at the top of the conduit matches
atmospheric pressure conditions. If no such solution can be found then a choked boundary
condition, having a Mach number M = ¢?/u? of exactly 1 at the surface, is attempted. To
integrate the equations in z, our Python implementation uses scipy.integrate.solve_ivp() with
backwards differentiation, a relative tolerance of 1 x 10~'2, and an absolute tolerance of 1 x 1072,

The conduit radius was adjusted for each volatile composition until the volume flux was within

+3 m?/s of 100 m?/s to match the observed value in Geist et al. (2008).

3.2. Validation

Output from this code in the case of zero CO, is validated against the single volatile phase
(water) model from Mastin (1995). Settings and parameters used in the benchmark model
include the default Kilauea basalt composition, only liquid and gas phases, fixed radius with
depth, lithostatic pressure in the chamber, atmospheric surface pressure, fragmentation at a gas
volume fraction of 75%, equilibrium exsolution allowed after fragmentation, conduit length of

2000 m, and fixed temperature of 1200°C. Radius was adjusted for each volatile composition to
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match a mass flux consistent with a 100 m3/s volume flux. The output from the two models,

shown in Figure S5, have reasonable agreement for all compositions considered.

Benchmark fountain | Calculated fountain Deviation from
Water (wt.%) heights (m) height (m) benchmark
0.2 36 42 16.67%
0.3 78 68 -12.82%
04 107 95 -11.21%
0.5 139 123 -11.51%
0.6 173 151 -12.72%

Figure S5. Table comparing calculated fountain height for water-only compositions to output

from Conflow (Mastin, 1995).
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