
P
os
te
d
on

23
N
ov

20
22

—
C
C
-B

Y
-N

C
4
—

h
tt
p
s:
//
d
oi
.o
rg
/1
0.
10
02
/e
ss
oa
r.
10
50
79
42
.1

—
T
h
is

a
p
re
p
ri
n
t
an

d
h
as

n
ot

b
ee
n
p
ee
r
re
v
ie
w
ed
.
D
at
a
m
ay

b
e
p
re
li
m
in
ar
y.

A fast bow shock location predictor-estimator from 2D and 3D

analytical models: Application to Mars and the MAVEN mission

Cyril L. Simon Wedlund1, Martin Volwerk1, Arnaud Beth2, Christian Mazelle3, Christian
Moestl4, Jasper S. Halekas5, Jacob R. Gruesbeck6, and Diana Rojas-Castillo7

1Space Research Institute, OEAW
2Imperial College London
3IRAP/CNRS
4Austrian Academy of Sciences
5University of Iowa
6NASA Goddard Space Flight Center
7Instituto de Geof́ısica, UNAM

November 23, 2022

Abstract

We present general empirical analytical equations of bow shock structures historically used at Mars, and show how to estimate

automatically the statistical position of the bow shock with respect to spacecraft data from 2D polar and 3D quadratic fits.

Analytical expressions of bow shock normal in 2D and 3D are given for any point on the shock’s surface. This empirical

technique is applicable to any planetary environment with a defined shock structure. Applied to the Martian environment

and the NASA/MAVEN mission, the predicted bow shock location from ephemerides data is on average within 0.15 planetary

radius Rp of the actual shock crossing as seen from magnetometer data. Using a simple predictor-corrector algorithm based

on the absolute median deviation of the total magnetic field and the general form of quasi-perpendicular shock structures, this

estimate is further refined to within a few minutes of the true crossing ([?]0.05 Rp). With the refined algorithm, 14,929 bow

shock crossings, predominantly quasi-perpendicular, are detected between 2014 and 2021. Analytical 2D conic and 3D quadratic

surface fits, as well as standoff distances, are successively given for Martian years 32 to 35, for several (seasonal) solar longitude

ranges and for two solar EUV flux levels. Although asymmetry in Y and Z Mars Solar Orbital coordinates is on average small,

it is shown that for Mars years 32 and 35, Ls = [135-225] degrees and high solar flux, it can become particularly noticeable and

is superimposed to the usual North-South asymmetry due to the presence of crustal magnetic fields.
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Key Points:12

• More than 14, 900 bow shock crossings are identified with MAVEN for Mars Year 3213

to 35, with 2D/3D fits revealing North-South asymmetries.14

• The method, biased towards quasi-perpendicular crossings, is general and applicable15

to all planetary bodies including Mars, Venus and Earth.16

• A simple predictor-corrector algorithm based on magnetic field data is presented to lo-17

cate the bow shock position.18
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Abstract19

We present general empirical analytical equations of bow shock structures historically used20

at Mars, and show how to estimate automatically the statistical position of the bow shock with21

respect to spacecraft data from 2D polar and 3D quadratic fits. Analytical expressions of bow22

shock normal in 2D and 3D are given for any point on the shock’s surface. This empirical tech-23

nique is applicable to any planetary environment with a defined shock structure. Applied to24

the Martian environment and the NASA/MAVEN mission, the predicted shock location from25

ephemerides data is on average within 0.15 planetary radius Rp of the actual bow shock cross-26

ing as seen from magnetometer data. Using a simple predictor-corrector algorithm based on27

the absolute median deviation of the total magnetic field and the general form of quasi-perpendicular28

shock structures, this estimate is further refined to within a few minutes of the true crossing29

(≈ 0.05 Rp). With the refined algorithm, 14, 929 bow shock crossings, predominantly quasi-30

perpendicular, are detected between 2014 and 2021. Analytical 2D conic and 3D quadratic sur-31

face fits, as well as standoff distances, are given for Martian years 32 to 35, for several (sea-32

sonal) solar longitude ranges and for two solar EUV flux levels. Although asymmetry in Y and33

Z Mars Solar Orbital coordinates is on average small, it is shown that for Mars years 32 and34

35, Ls = [135 − 225◦] and high solar flux, it can become particularly noticeable and is su-35

perimposed to the usual North-South asymmetry due to the presence of crustal magnetic fields.36

Plain Language Summary37

[ enter your Plain Language Summary here or delete this section]38

1 Introduction39

Historically, planetary bow shocks, their position, size and shape, have been characterised40

statistically with the use of (empirical) analytical fitting models in two-dimensional (2D) or41

three-dimensional (3D) coordinates. A classical start point for characterising the Earth’s bow42

shock in 3D include the seminal work of Formisano (1979), who investigated the asymme-43

try of the shock with respect to the apparent solar wind flow direction with the use of quadratic44

surface fits with 9 free parameters. In parallel, other studies such as that of Slavin and Holzer45

(1981) relied on a simple polar equation assuming axisymmetry along the Sun-planet line cor-46

rected by the apparent motion of the solar wind in the rest frame of the planet, the so-called47

aberrated X axis. The 2D approach has the merit of needing only 3 free parameters but ig-48
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nores the potential asymmetries of the shock as for example seen at Earth’s bow shock (e.g.,49

Formisano, 1979; Peredo et al., 1993, 1995; Merka et al., 2005).50

More advanced physics-based models have also been proposed as a complement to those51

empirical attempts. A good introduction into analytical models of the bow shock, based on52

gas dynamic theory and magnetohydrodynamics solutions, is given in Verigin et al. (2003) and53

recently in Kotova et al. (2021). These studies present analytical functions describing the cur-54

vature, bluntness and skewing angle of the shock structure, which are arguably better suited55

to the fitting of the shock flanks; they are applicable to many planetary bow shock conditions.56

At Mars, due to the sparsity of early data and the non-collisional nature of the shock,57

the tendency has been to use in priority the simplest fitting model available with least free pa-58

rameters, that is, an empirical 2D polar equation (Russell, 1977; Slavin et al., 1991; J. Trotignon59

et al., 2006; Edberg et al., 2008; Hall et al., 2019). Only recently with the NASA/Mars At-60

mospheric and Volatile EvolutioN (MAVEN) mission were quadratic fits used to characterise61

the general structure of the Martian bow shock, with Gruesbeck et al. (2018) providing fits to62

a careful subset of identified crossings in the first year of operations of the MAVEN mission.63

In recent years, many studies have attempted to characterise the Martian shock position64

and shape and its evolution under various solar wind and EUV conditions. Two missions have65

been used for this goal, the ESA/Mars Express mission and the NASA/MAVEN mission. Mars66

Express (hereafter MEX for brevity) was launched in 2003 and has been orbiting Mars since67

2004, whereas MAVEN was launched ten years later in November 2013, and has been orbit-68

ing the planet since 22 September 2014. MAVEN’s scientific payload includes among others69

a fluxgate magnetometer (MAG, Connerney et al., 2015), two ion spectrometers including the70

Solar Wind Ion Analyzer (SWIA, Halekas et al., 2015) and the Suprathermal and Thermal Ion71

Composition instrument (STATIC, McFadden et al., 2015), and an electron spectrometer (Solar72

Wind Electron Analyzer, SWEA, Mitchell et al., 2016). MEX unfortunately carries no mag-73

netometer but includes an ion spectrometer suite called ASPERA-3 (Barabash et al., 2006),74

which was used to investigate the plasma boundaries at Mars (Dubinin et al., 2006). Both mis-75

sions aim at studying the upper atmosphere and the magnetospheric environment of Mars.76

We present in this study simple analytical algorithms using two types of historical fit-77

ting techniques (2D and 3D) in order to quickly estimate from spacecraft spatial coordinates78

the statistical geometrical position of the shock in planetary atmospheres. Special emphasis79

on the Martian environment is given throughout. This first crude estimator can be refined fur-80
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ther by applying additional criteria, for example on the magnetic field amplitude measured by81

the MAVEN spacecraft. This provides a fast means to approximately identify the position of82

the shock so that solar wind and magnetosheath/magnetosphere regions can be studied on a83

statistical level in the data. Moreover, other characteristics of the shock crossing, such as the84

quasi-parallel (noted q‖) or quasi-perpendicular (noted q⊥) nature of the shock can be easily85

obtained by deriving the perpendicular direction to the shock at any point on the surface. This86

is useful for specific studies where one of those regions needs to be excluded from the study87

(space weather-specific studies, for example), when areas around the predicted bow shock must88

be excluded for qualified reasons (this is the case for example if one wants to ignore foreshock89

and shock wake structures), or to approximately estimate the nature of the collisionless shock90

around the crossing.91

After a review of 2D and 3D bow shock fitting models at Mars (Sect. 2), their leading92

equations and the elementary calculation of the normal to the bow shock at any point on the93

surface, the predictor algorithm for a fast estimation of the shock position in spacecraft orbital94

coordinates and its timing is presented. Refinement on the location of the shock in the data95

is also proposed with the sole help of magnetometer data (predictor-corrector algorithm). Ap-96

plication to the MAVEN MAG dataset is given as validation on a few examples and then ex-97

tended to the whole available dataset. Finally, statistical analytical fits are given for the MAVEN98

mission between November 2014 and February 2021, with a discussion of the shock’s asym-99

metry based on terminator and standoff distances. Applications for space weather-related databases100

are also mentioned.101

2 Bow shock models at Mars102

Martian bow shock 2D analytical shape models are sometimes given in aberrated solar103

wind coordinates in order to align the bow shock’s major axis along the solar wind flow, which104

implicitly assumes axisymmetry along that axis. Formulae for analytical fits in 2D polar co-105

ordinates and 3D Cartesian coordinates are presented in this section. Calculations for the nor-106

mal to the surface at a given point in space are also given, as a prolegomenon to the calcu-107

lation of q⊥ − q‖ shock conditions.108
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2.1 Coordinate systems and solar wind flow aberration109

All spacecraft coordinates in this study are in Mars Solar Orbital coordinates (MSO) for110

simplicity, in accordance with most previous studies. In the MSO system, identical to the Sun-111

state coordinate system, the +XMSO axis points towards the Sun from the planet’s centre, +ZMSO112

is towards Mars’ North pole and perpendicular to the orbital plane defined as the XMSO–YMSO113

plane passing through the centre of Mars, and YMSO completes the orthogonal system.114

Because of the orbital motion of Mars with respect to the average direction of the so-115

lar wind, the apparent direction of the average solar wind in the rest frame of the planet de-116

viates from the anti-sunward direction. As a result, an anti-clockwise rotation by an angle α117

around the Z axis must be applied so that the bow shock’s main axis is aligned with respect118

to the X axis. This aberration, first seen in cometary tails and at the origin of the hypothesis119

by Biermann of a stellar wind (Biermann, 1951), is taken into account in the so-called aber-120

rated MSO coordinates, denoted X′MSO, Y ′MSO and Z′MSO (although Z is left unchanged by the121

transformation). To unclutter notations, the ’MSO’ subscript is now dropped. Following Formisano122

et al. (1979), Slavin and Holzer (1981) define the angle α as α = tan−1
(
Vp/Vsw

)
where Vp123

is Mars’ orbital velocity and Vsw is the solar wind velocity, for example expressed in km s−1.124

The average orbital velocity is Vp = 24.0726.5
22.0 km s−1. For the maximum value (26.5 km s−1),125

the angle is α = 3.8◦ for a typical solar wind speed of 400 km s−1. The angle assumed by126

all studies except those of Slavin and Holzer (1981) and Slavin et al. (1991) is 4◦. In Slavin127

and Holzer (1981), the aberration angle was chosen to be varying with solar wind speed con-128

ditions. In Slavin et al. (1991), α = 3.2◦. Figure 1 shows the aberration angle with respect129

to orbital velocity (abscissa) and to solar wind velocity (colour code).130

2.2 Parametric models131

Bow shock models at Mars have been proposed since the end of the 1970s, including132

(but not limited to): Russell (1977); Slavin and Holzer (1981); Slavin et al. (1991); Schwin-133

genschuh et al. (1990); J. G. Trotignon et al. (1991); T.-L. Zhang, Schwingenschuh, Russell,134

and Luhmann (1991); T. L. Zhang, Schwingenschuh, Lichtenegger, et al. (1991); J. G. Trotignon135

et al. (1993); Vignes et al. (2000); J. Trotignon et al. (2006); Edberg et al. (2008, 2010). These136

studies were performed with several spacecraft including Viking, Mars Global Surveyor (MGS)137

and Phobos-2, and for varying solar conditions. In contrast with what was found at Venus, Slavin138

and Holzer (1981) and later Vignes et al. (2000, 2002) suggested that the mean bow shock stand-139
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Aberration angle for modified MSO coordinates
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Figure 1. Aberration angle with respect to the orbital velocity of Mars (in km/s) and the solar wind mean

speed (colour-coded isocontours, in km/s).

off distance is likely independent of the solar activity (using MGS and data from previous mis-140

sions). Slavin et al. (1991) showed that the terminator distance, which is a marker of the swelling141

of the cavity flanks, varied by as much as 11% between the Mars-2,3,5 observations (low ac-142

tivity) and the Phobos-2 observations (high activity), although the number of crossings for each143

mission largely differed. MEX, with its very long activity spanning the end of solar cycle 23144

and cycle 24 up to now (towards the beginning of new cycle 25), has the best chance to con-145

clusively solve this aspect: Hall et al. (2019) found that for the years 2004–2017, the termi-146

nator distance shows variations up to ∼ 7%, in agreement with J. G. Trotignon et al. (1993).147

Of note, Mazelle et al. (2004) made a review of all available measurements before MEX started148

observing, and discussed the solar cycle variations and the differences observed with Venus149

(for which up to 35% increase of the bow shock location in the terminator plane with increas-150

ing activity have been reported, see Russell et al., 1988; T. Zhang et al., 2008; Edberg et al.,151

2010).152

Table 1 chronologically lists past bow shock studies and their characteristics in terms of153

solar activity, solar cycle number and number of observations, including the recent MEX and154

MAVEN surveys described in more detail below. Gringauz et al. (1976) quoted in Russell (1977)155

reported 11 crossings for the Russian Mars-2,3,5 satellites, but Slavin and Holzer (1981) later156
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reanalysed the datasets and found 14 crossings in total. Slavin et al. (1991) reported 94 cross-157

ings for Phobos-2, upped to 124 by J. G. Trotignon et al. (1993). For the entire period 2004−158

2015, Hall et al. (2016) identified 11, 861 crossings in the MEX database. The more complete159

study in Hall et al. (2019) from 2004 to 2017 gathered 13, 585 such crossings. Correspond-160

ingly, Ramstad et al. (2017) studied a subset of only 1, 083 inbound and outbound MEX or-161

bits for the period 2005−2016; they evaluated the dependence of the Ionosphere Boundary162

(IB), MPB and bow shock to EUV flux and solar wind lowest moments (density, bulk veloc-163

ity). Of great import, Edberg et al. (2009, 2010) used MGS and MEX data in combination with164

ACE data extrapolated to Mars to study, among others, the dependence of the bow shock lo-165

cation to solar EUV flux and magnetosonic Mach number Mms. They pointed out that the shape166

of the magnetosonic shock wave depends on the ratio of the solar wind speed to the magne-167

tosonic speed. Recently, Hall et al. (2016, 2019) made a statistical analysis of the bow shock168

position using MEX ion spectrometer data from 2004 to 2017 and used a standard 2D conic169

fit depending on the Martian Year (MY), with variations up to a few percent in terms of stand-170

off bow shock distance. Simultaneously with MAVEN (both magnetometer and ion measure-171

ments), Halekas et al. (2017) investigated how the Martian magnetosphere and bow shock re-172

sponded to EUV flux, Mms and solar wind dynamic pressure between October 2014 and May173

2016 (0.85 Martian year). In agreement with previous studies, they showed that the shock in-174

flates with increasing EUV flux and contracts with increasing dynamic pressure and Mms; this175

in turn leads to EUV flux and dynamic pressure competing against one another because of their176

common 1/d2
h dependence on heliocentric distance dh.177

As mentioned in the introduction, two approaches fitting the shape of bow shocks have178

been historically employed, one using a simple 2D polar form (e.g., Slavin & Holzer, 1981),179

the other the 3D general Cartesian conic form (e.g., Formisano et al., 1979; Formisano, 1979).180

2.2.1 2D polar form181

Assuming that a full-formed bow shock in aberrated coordinates is symmetric with re-182

spect to the X′ axis, the 3D shape of the bow shock can be reduced to a 2D problem in the183

(X′,
√

Y ′2 + Z′2) plane. All Martian studies except that of Gruesbeck et al. (2018) have made184

this assumption. A simple 2D conic of revolution (usually a parabola or a hyperbola), sym-185

metric around the aberrated MSO axis X′ and decentred from its focus xF is shown in Fig. 2.186
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Table 1. Statistical studies on the Martian bow shock location replaced chronologically (with respect to

in-situ observations) in the context of solar activity and Martian Year (MY). N is the number of bow shock

crossings considered in each study. MGS = Mars Global Surveyor. MEX = Mars Express.

Reference Spacecraft Years N Solar activity Cycle # Start Max. MY

Slavin and Holzer (1981) Mariner 4 1965 2 Low 20 1964 1968 6
Russell (1977)a Mars 2, 3, 5 1965 − 1974 11 Low-Medium " " " 9 − 11
Slavin and Holzer (1981) Mars 2, 3 1971 − 1972 10 Medium " " " 9 − 10
Slavin and Holzer (1981) Mars 5 1974 4 Low " " " 11
Slavin et al. (1991) Mar. 4, Mars 2, 3, 5 1965 − 1974 24 Low-Medium " " " 6 − 11
Schwingenschuh et al. (1990) Phobos 2 1989 ∼ 100 High 22 1986 1989 19
Slavin et al. (1991) " " 94 High 22 " " "
J. G. Trotignon et al. (1993) " " 26 " " " " "
J. G. Trotignon et al. (1993)b " " 126 " " " " "
Vignes et al. (2000) MGS 1997 − 1998 450 Low 23 1996 2001 23 − 24
J. Trotignon et al. (2006) MGS 09/1997 − 02/1999 573 Low-Medium " " " "
Edberg et al. (2008) MGS " 619 " " " " "
Hall et al. (2016)c MEX 2004 − 2008 4, 422 Medium-Low " " " 27 − 29
Ramstad et al. (2017)d MEX 11/2005 − 12/2016 2, 166 High-Medium 23, 24 1996, 2008 2001, 2014 27 − 33
Hall et al. (2016)e MEX 2008 − 2015 7, 669 Low-High 24 2008 2014 30 − 32
Hall et al. (2019) f MEX 2015 − 12/2017 1, 494 High-Medium " " " 33
Halekas et al. (2017)g MAVEN 10/2014 − 05/2016 − High-Medium " " " 32 − 33
Gruesbeck et al. (2018) MAVEN 11/2014 − 04/2017 1, 799 High-Medium " " " 32 − 34

aObservations by Gringauz et al. (1976) and analysed further by Russell (1977).
bIn J. Trotignon et al. (2006), 127 Phobos 2 crossings of the bow shock were reported, that is, one more than in J. G. Trotignon et al. (1993).
cData from Hall et al. (2019), MY27-29, Table 3 with respect to Martian Years. MY29 runs from 09-12-2007 to 25-10-2009, hence overlapping

slightly with Solar Cycle 24, although still at minimum level of activity.
dAbout 7, 000 orbits were first manually examined, “out of which 1, 083 orbit inbound and outbound segments with identified BS, IMB or

IB crossings were included.” Orbital coverage of MEX is shown in their Fig. 9. No discrimination with solar cycle or Martian Year
is given, although EUV flux and solar-wind parameter dependence are studied.

eData from Hall et al. (2019), MY30-32, Table 3 with respect to Martian Years. MY32 runs from 31-07-2013 to 17-06-2015.
f Data from Hall et al. (2019), MY33, Table 3 with respect to Martian Years. MY33 runs from 18-06-2015 to 04-05-2017.
gBow shock variations are obtained by fitting 2D-gridded datasets of average plasma density jumps through the shock location as measured with

MAVEN/SWIA and are discriminated against Mms, EUV flux and dynamic pressure.

Such a 2D conic takes the parametric form (for example, Hall et al., 2019):187

r =
L

1 + ε cos θ
, (1)

with: r =
√

(X′ − xF)2 + Y ′ 2 + Z′ 2, (2)

and: cos θ =
X′ − xF

r
(3)

where θ is the angle measured from the focus of the conic (typically within the [−π/2, π/2]188

range1), ε the conic’s eccentricity, L the semilatus rectum (called terminator crossing by T. Zhang189

et al., 2008; Volwerk et al., 2016, at Venus, because the focus is taken at the centre of the planet).190

The equivalent rectangular (Cartesian) form of this equation is (J. Trotignon et al., 2006):191

Y ′ 2 + Z′ 2 −
(
ε2 − 1

) (
X′ − xF

)2
+ 2εL

(
X′ − xF

)
− L2 = 0. (4)

In this representation, J. Trotignon et al. (2006) derived two additional useful quantities, the192

standoff shock distance along the X axis, Rss (also called subsolar aerocentric distance in J. Trotignon193

1 This range of angles depends on the nature of the conic section. For a parabola, ε = 1, and θ ∈] − π, π[ (borders ex-

cluded). For an ellipse, ε < 1 and θ ∈] − π, π]. For a hyperbola, ε > 1, and ∃θ0 ∈]0, π/2[ | cos θ0 = 1/ε, and θ ∈

] − θ0, θ0[ ∪ ]θ0, 2π − θ0[.
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Figure 2. Typical 2D conic bow shock shape in the aberrated (X′,
√

Y ′2 + Z′2) coordinate system. For a

point M on the shock surface, ρ is the Euclidean distance to the shock from the centre of the planet of radius

Rp, and r is the distance to the shock surface from the focus xF of the conic with semilatus rectum L and mak-

ing an angle θ with the X′ direction, so that Eq. (1) holds. ϑ is the usual polar angle, with respect to the centre

of Mars. Rss and Rtd are the standoff subsolar and terminator distances.

et al., 2006) and the standoff terminator distance Rtd along the cylindrical coordinate
√

Y ′2 + Z′2194

(which is none other than the diameter of the tail at X′ = 0 divided by 2, or as in Russell,195

1977, the “dawn radius”):196

Rss = xF +
L

1 + ε
, (5)

Rtd =

√
L2 + (ε2 − 1) x2

F + 2ε L xF . (6)

Another parameter of interest can be derived, that is, the aperture of the Mach cone related197

to the shock structure –the limiting Mach cone angle. In gas dynamics theory it is defined as198

% = sin−1 1/Mms, where Mms = 3SW/
√
32S + 32A is the magnetosonic Mach number. 3S =199 √

γP/ρ is the sonic speed, whereas 3A = B/
√
ρµ0 is the Alfvén speed, B the magnetic field200

intensity, ρ the solar wind ion mass density (typically with an admixture of 4% He2+ and 96%201

H+). γ = 5/3 is the ratio of specific heats, and P = nsw kB(Te + Ti) the solar wind thermal202

pressure, with Te and Ti the electron and ion temperatures, respectively. For a hyperbola (ε >203

–9–
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1), the limiting Mach cone angle is exactly the angle made by the asymptotes of the hyper-204

bola (Slavin et al., 1984):205

% = tan−1
√
ε2 − 1 (7)

with : ∆% =
∆ε/ε
√
ε2 − 1

(8)

as uncertainty. In a canonical form for the hyperbola, with a the distance from the nose to the206

intersection of the asymptotes on the X′ axis, and b that from the shock nose to the asymp-207

tote on the Y ′ axis, tan−1 b
a . Since, by definition ε =

√
1 + b2/a2, the substitution readily yields208

expression (7). It is noteworthy to remark that for ε close to 1, the uncertainty increases to in-209

finity; any determination of % is thus unreliable for quasi-parabolic curves.210

For the fit, Slavin and Holzer (1981) and Slavin et al. (1991) rewrote Eq. (1) as y = ax+211

b (posing y = 1/r, x = cos θ, a = ε/L and b = 1/L) and performed simple linear regres-212

sions for a range of foci locations. As pointed out by Vignes et al. (2000), this may result in213

fitting biases when observations are widely disparate in their location: in this case direct fit-214

ting methods to Eq. (1) should be preferred. With a direct polar fit to MGS data, Edberg et215

al. (2008) gave for example the following fitted values: ε = 1.05 ± 0.04, L = 2.10 ± 0.09,216

xF = 0.55 ± 0.12. However, to match the results plotted in Fig. 1 of Edberg et al. (2008),217

the value of ε must be modified down to ε = 1.03, a marginal difference likely due to round-218

ing errors. For comparison, the corresponding values derived by Hall et al. (2019), for MEX219

data but with a larger sample, are ε = 0.998 ± 0.003, L = 1.802 ± 0.002 and xF = 0.76. For220

MGS and MEX data (Edberg et al., 2008; Hall et al., 2016, 2019), the subsolar standoff dis-221

tance is Rss = 1.63±0.04 Rp, whereas the terminator standoff distance is Rtd = 2.50±0.09 Rp.222

By comparison, Halekas et al. (2017) found large variations of the bow shock standoff dis-223

tances in the early MAVEN data, with Rss ∼ 1.6–1.9 Rp and Rtd ∼ 2.5–3.1 Rp depending on224

EUV flux levels and combined with either Mms or the solar wind dynamic pressure. Differ-225

ences towards upper values with previous studies likely stem from different EUV levels en-226

countered by the respective missions which is one of the main drivers of the bow shock po-227

sition (Halekas et al., 2017; Hall et al., 2019).228

Table 2 presents for reference the fitted conic parameters of the main quoted references229

in Table 1, in chronological order. It is interesting to remark that most shapes fitted are stricto230

sensu hyperbolic (ε ≥ 1), but in practice can be considered quasi-parabolic as eccentricity231

ε ∼ 1, which makes it possible to calculate the limiting Mach cone angle. For example, when232

fitting bow shocks from different Martian years, Hall et al. (2019) showed that eccentricities233
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Table 2. Summary of Martian bow shock 2D conic parameters. Pre-Mars Express results were already

summarised in J. Trotignon et al. (2006), Table 1. α is the aberration angle considered. % is the limiting Mach

cone angle, calculated by formula (7) in the case of a hyperbolic shape. The mean value for each mission is

also given, with Mars 2-3-5 and Mariner 4 (Slavin et al., 1991), Phobos 2 (J. G. Trotignon et al., 1993), Mars

Global Surveyor (MGS) (Edberg et al., 2008) and Mars Express (MEX) (with either Hall et al., 2016, 2019,

for the calculation of %). The planetary radius of Mars is by definition Rp = 3389.5 km.

Reference ε L [Rp] xF [Rp] Rss [Rp] Rtd [Rp] α Nature % [◦]

Russell (1977)a 0.99 ± 0.11 2.985 0 1.50 ± 0.15 3.00 ± 0.13 0 Ellipse −

Slavin and Holzer (1981)b 0.94 ± 0.04 1.94 ± 0.02 0.5 1.50 ± 0.04 2.36m tan−1 Vp
Vsw

Ellipse −

Slavin et al. (1991)c 1.02 1.68 0.7 1.55 2.29m tan−1 Vp
Vsw

Hyperbola 11.4 ± 2.9
Schwingenschuh et al. (1990) 0.85 2.72 0 1.47 ± 0.03 2.72m 3.8◦ Ellipse −

J. G. Trotignon et al. (1991) 0.95 ± 0.10 2.17 ± 0.03 0.5 1.62 ± 0.07 2.60m 4◦ Ellipse −

J. G. Trotignon et al. (1993) 1.02 ± 0.01 2.17 ± 0.03 0.5 1.57 ± 0.03 2.6 4◦ Hyperbola 11.4 ± 2.8
Vignes et al. (2000)d 1.03 ± 0.01 2.04 ± 0.02 0.64 ± 0.02 1.64 ± 0.08 2.62 ± 0.09 4◦ Hyperbola 13.9 ± 2.3
Vignes et al. (2000)e 1.02 ± 0.02 1.93 ± 0.01 0.72 1.67 ± 0.03 2.56 ± 0.06 4◦ Hyperbola 11.4 ± 5.6
J. Trotignon et al. (2006) 1.026 ± 0.002 2.081 ± 0.006 0.6 1.63 ± 0.01 2.63 ± 0.01 4◦ Hyperbola 12.9 ± 0.5
Edberg et al. (2008) f 1.05 ± 0.04 2.10 ± 0.09 0.55 ± 0.12 1.58 ± 0.18 2.69m 4◦ Hyperbola 17.8 ± 6.8
Hall et al. (2016) 1.01 ± 0.11 1.82 ± 0.08 0.74+0.03

−0.10 1.65+0.13
−0.18 2.46+0.20

−0.22 4◦ Hyperbola −k

Halekas et al. (2017)g 1.0 2.01–2.54 0.6 1.6–1.9l 2.5–3.1m 4◦ Parabola −

Ramstad et al. (2017)h 1.022 1.48 0.85 1.58 2.19 (4◦) Hyperbola 11.9 ± 2.7
Hall et al. (2019)i 0.998 ± 0.001 1.802 ± 0.002 0.76 1.662l 2.445 ± 0.003 4◦ Ellipse −

All (one per mission) j 1.016 ± 0.012 2.01 ± 0.25 0.61 ± 0.10 1.61 ± 0.08 2.56 ± 0.20 4◦ Hyperbola 13 ± 4

aBecause the Mars 2, 3 and 5 measurements reported by Gringauz et al. (1976) (in total 11 crossings) did not specify local times, aberration angle α was assumed
to be zero.

bThese authors use the full definition of the aberration angle, resulting in α = tan−1 Vp
Vsw

, in contrast to the more recent studies. See Sect. 2.1.
cMariner 4, and Mars 2, 3, 5 data only here. Uncertainties on ε fitted values assumed to be 1%.
d"Direct fit" method with all 3 parameters varying simultaneously.
e"Slavin’s method", using a linear regression in (1/r,cos θ) space.
f Note that ε = 1.03 matches better with Fig. 1 of Edberg et al. (2008), for which the Mach cone aperture would instead be % = 13.9.
gFits were performed on 2D-gridded density data, co-depending on Mms and EUV flux levels on the one hand, and solar wind dynamic pressure and EUV flux levels

on the other.
The coordinate system adopted by Halekas et al. (2017) was the Mars Solar Electric (MSE) system, with the X axis lying anti-parallel to the solar wind flow.

hRamstad et al. (2017) use the following rectangular function (required to be cylindrically symmetric with respect to the solar wind direction):
ρ =
√
ε2 − 1

√
(x − Rss − ς)2 − ς2, with ρ the radial distance to the bow shock on the Y ′ axis from the centre of Mars, Rss the subsolar standoff bow shock distance on

the X′ axis, and ς the so-called scale length. This function is valid ∀x , Rss since ρ(y = 0) = Rss. By definition, Rtd = ρ(x = 0) =
√
ε2 − 1

√
(Rss + ς)2 − ς2.

ς is a constant equal to 33.54 Rp derived in Ramstad et al. (2017) from the bow shock model values for Rss, Rtd and ε of Vignes et al. (2000) and can be calculated as
ς = − 1

2Rss

(
R2

ss − R2
td/(ε

2 − 1)
)
. The original values of Rss and ε in their study were fitted to a function a nb

sw (3sw/100)c + d; we have assumed here nominal conditions
(nsw, 3sw) = (2 cm−3, 400 km s−1) for simplicity. We calculate the semilatus rectum as L =

(
R2

td − (ε2 − 1)R2
ss

)
/(2Rss) from formulae (5) and (6). Uncertainties on ε

fitted values assumed to be 1%.
iHere we only recall the results for all MYs (MY27 − 33). Individual MYs have eccentricities below 1 (ellipse), except for MY28 − 29 (hyperbola).
j That is, Mariner 4 and Mars 2-3-5 (Slavin et al., 1991), Phobos 2 (J. G. Trotignon et al., 1993), MGS (Edberg et al., 2008), MEX (Hall et al., 2019) and

MAVEN (Halekas et al., 2017). The listed uncertainties are the standard deviations of the series. Accordingly mean angles % are calculated only for 3 values and
are only given for for completeness here.

kAlthough this is a hyperbola with cone angle % = 8.1◦, the large eccentricity uncertainty leads to a cone angle uncertainty of 44◦, hence no % value is provided here.
lCalculated from formula (5).
mCalculated from formula (6).

varied around ε = 1 by less than 5% between Mars Year 27 (MY27) and MY33, with a marked234

tendency towards ellipsoidal shapes (only 2 consecutive years, MY28 and MY29 had eccen-235

tricities above 1).236

2.2.2 3D Cartesian form237

The more general way of characterising the bow shock shape does not assume any sym-238

metry with respect to any axis. A 3D shape model can be constructed in the form of a quadratic239
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equation (for example, Formisano et al., 1979; Gruesbeck et al., 2018; Simon Wedlund et al.,240

2017, for Earth, Mars and comets):241

Ax2 + By2 + Cz2 + Dxy + Eyz + Fxz + Gx + Hy + Iz − 1 = 0. (9)

Here and for clarity in the equations, (x, y, z) coordinates are by definition the unaberrated (XMSO,YMSO,ZMSO)242

coordinates. With the MAVEN spacecraft including both magnetometer and ion spectrome-243

ter, Gruesbeck et al. (2018) used a limited subset of bow shock crossings when ignoring rapid244

spatial motions of the boundary across the spacecraft due to the variable solar wind (see Halekas245

et al., 2017), leaving a database of only 1799 crossings spanning about 3 years of data (Novem-246

ber 2014 to April 2017). For all bow shock detections considered in their study, the best least-247

squares ellipsoid fit was obtained with A = 0.049, B = 0.157, C = 0.153, D = 0.026, E =248

0.012, F = 0.051, G = 0.566, H = −0.031, I = 0.019 and is valid only for the dayside bow249

shock up to a few 0.1 Rp downstream of the terminator (X′ & −0.5 Rp) because of the poor250

MAVEN orbital coverage on the nightside flanks of the shock2. Gruesbeck et al. (2018) con-251

cluded that asymmetry of the shock surface was particularly pronounced in the North-South252

direction due to the influence of crustal magnetic field anomalies. Located predominantly in253

the southern hemisphere of Mars between 30◦S−85◦S, they tend to increase the altitude of the254

induced magnetospheric boundary and hence increase the subsolar standoff distance.255

Although quadratic surfaces are not necessarily centered on the planet nor is their main256

axis directed along the XMSO axis (see Appendix Appendix A), a simple estimate of the shock’s257

position in the subsolar and terminator directions can be of interest. From Eq. (9), a subso-258

lar standoff distance along the XMSO axis can be derived at coordinates (x, y = 0, z = 0) by259

finding the positive root of the simplified quadratic equation (i.e., the intersection of the sur-260

face with the XMSO axis):261

Ax2 + Gx − 1 = 0 (10)

=⇒ xmax = Rss =
−G +

√
G2 + 4A

2A
, (11)

2 This is the downside of having regular “deep dips” and a much better ionospheric coverage; the inclination and eccen-

tricity of the orbit of MAVEN have never been too favourable to exploring those regions.
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whereas the terminator standoff distances in the Y−Z plane (non-aberrated MSO coordinates)262

are similarly given by:263

By2 + Hy − 1 = 0 =⇒ ymax = Rtd,y =
−H +

√
H2 + 4B

2B
(12)

Cz2 + Iz − 1 = 0 =⇒ zmax = Rtd,z =
−I +

√
I2 + 4C

2C
(13)

Because of the small angles involved at Mars, non-aberrated coordinates are rather accurate264

for the subsolar standoff distance. That said, rotating the MSO coordinate system by a cer-265

tain small angle α about the Z axis does impact the terminator distances by a few 0.01 Rp. For266

the parameters given above, Rss = 1.56 Rp, Rtd,z = 2.50 Rp and Rtd,y = 2.62 Rp. Because the267

shock is a 3D object, the exact position of the tip of the ellipsoid may vary with respect to268

the values taken at the origin.269

2.2.3 Comparison of historical models270

A comparison of a representative selection of historical bow shock models (some of them271

as listed in Vignes et al., 2000; J. Trotignon et al., 2006) in the X′−Y ′/Z′ plane is given in272

Fig. 3. For ease of comparison, the 3D quadratic model of Gruesbeck et al. (2018) was rotated273

anticlockwise by 4◦ around the Z axis. It is noteworthy to remark that although the fit is not274

valid for X′ . −0.5 Rp, the figure displays the fits for X′ > −2.5 Rp to illustrate the differ-275

ences in shock surface swelling.276

All models are in excellent agreement around the subsolar point, with a mean subsolar277

standoff distance value of Rss = 1.59 ± 0.05 Rp. The terminator standoff distance is also in278

very good agreement – however, for X′ . 0 Rp, the difference between fits becomes substan-279

tial, especially (i) between the recent MEX investigations of Hall et al. (2016, 2019) and the280

other fits on the one hand, and (ii) between the MAVEN fits and the other fits on the other.281

For MAVEN, this is due, as previously mentioned, to the lack of orbit sampling by the space-282

craft for X′ < 0 Rp. In this sense, MEX has a much better antisolar spatial coverage. The North-283

South asymmetry in the 3D fits of Gruesbeck et al. (2018) can be easily seen, a characteris-284

tic which no axisymmetric model can directly quantify.285
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2.3 Nature of the shock286

2.3.1 Quasi-perpendicular or quasi-parallel shock?287

A collisionless shock may have different behaviours depending on the upstream solar288

wind magnetic field (the IMF), which conditions how the solar wind is losing its energy to289

the magnetosheath. Two main cases are conveniently studied for their varying properties: q‖290

and q⊥ shocks. Additional important physical quantities driving the shock structure and dy-291

namics are the magnetosonic Mach number (which defines the shock’s criticality) and the plasma-292

β (Balogh & Treumann, 2013).293

It is useful to recall that a q‖ shock condition is defined so that the background IMF lines294

are intersecting normally the shock surface, whereas a q⊥ shock describes an IMF that is in295

effect in the tangent plane to the surface shock. Thus, the angle of importance is the angle be-296

tween the average IMF vector upstream of the shock and the shock normal. This angle is in297

the literature almost always named θBn, which is kept here for convenience. The nature of the298

shock is defined as follows:299

θBn > 45◦ : q⊥ shock (14)

θBn ≤ 45◦ : q‖ shock (15)

Starting in the magnetic field compression region in the solar wind, q⊥ shocks have structures,300

from the point of view of B-fields, almost always characterised by (i) a foot, (ii) a fast ramp,301

and (iii) a wider overshoot followed by a more gradual undershoot (see Kennel et al., 1985,302

Fig. 11). This classic picture is a first approximation as fine electron-scale structures in the303

foreshock, foot and ramp can be seen with high-cadence magnetic field measurements. Q⊥ shocks304

reflect particles back upstream to satisfy the shock conditions and are on average diffusive. Mag-305

netic structures trapping particles such as mirror modes are observed to predominantly take306

place in the magnetosheath behind a q⊥ shock (Gary, 1992). On the other hand, q‖ shocks are307

on average resistive and are usually characterised by heavy turbulence. Their foreshock con-308

tains MHD turbulence that can give rise to first-order Fermi acceleration. Also common in the309

foreshock region, highly compressive structures such as Short Large-Amplitude Magnetic Struc-310

tures (SLAMS) are associated to large density variations: they originate from the steepening311

of ULF waves and are of great importance in the shock reformation (Burgess et al., 2005; Burgess312

& Scholer, 2014).313
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In order to determine whether the q‖ or q⊥ nature of the shock is crossed by a space-314

craft, the normal direction to the shock surface needs to be first estimated. For a single space-315

craft, this can be estimated either with methods that take advantage of upstream and down-316

stream magnetic field measurements (coplanarity method as in Horbury et al., 2002, although317

prone to rather large uncertainties) or through geometrical considerations only, as shown be-318

low. The magnetic coplanarity method is expounded for example in Schwartz (1998), and com-319

pares upstream and downstream average fields to calculate with the vectorial product the lo-320

cal normal to the shock boundary. The accuracy of the geometrical method shown below is321

linked to the assumption that the shock surface is smooth and does not possess any kinks or322

local structures where the current curls on itself. In practice this is not the case and the shock323

may assume a more rippled shape which depends on the upstream solar wind condition and324

the turbulence at the boundary (Moullard et al., 2006). However, this geometric determina-325

tion may still be a useful first approximation of the nature of the shock.326

2.3.2 Determination of the shock normal327

The normal to the shock surface at point (r0, θ0) in polar coordinates, (x0, y0, z0) in Carte-328

sian coordinates or (r0, ϑ0, ϕ0) in spherical coordinates is simply defined as the gradient vec-329

tor of the (assumed) smooth surface f at that point. Mathematically this is expressed as:330

∇ f · v = 0 (16)

where v is a vector tangential to the surface at that point.331

2D case. For the 2D polar coordinate case, let f be equal to f (r, θ) = r−L/(1+ε cos θ)332

following Eq. (1) where θ is the angle from the focus xF on the X′ axis. The gradient of f de-333

pends on the two variables (r, θ):334

∇ f =


∂ f
∂r

1
r
∂ f
∂θ

 =

 1

− ε sin θ
(1+ε cos θ)

 (17)

At point (r0, θ0) vector ∇ f = (R0,Θ0) is perpendicular to the surface. Note that because335

of the peculiarity of a conic, values in x must always be corrected by the focus distance xF ,336

because the typical polar angle ϑ is not strictly the same as the conic angle θ used in Eq. (1)337

(see Fig. 2).338
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In Cartesian coordinates, using Eq. (4), the gradient will be against directions along X′339

and Y ′ and equal to:340

∇ f =


∂ f
∂X′

∂ f
∂Y ′

 =

−2
(
ε2 − 1

)
(X′ − xF) + 2εL

2Y ′

 . (18)

This expression circumvents the ambiguity on the angle direction of the polar formula, and341

is thus privileged when calculating the normal direction. Figure 4 (left) displays the normal342

direction to several points on the shock surface as calculated by this technique applied to the343

2D bow shock polar fit of Edberg et al. (2008), and converted to Cartesian coordinates.344

3D case. For the 3D Cartesian quadratic equation, f is simply equal to the left mem-345

ber of equation (9).346

The gradient of f is then simply:347

∇ f =


∂ f
∂x

∂ f
∂y

∂ f
∂z

 =


2Ax + Dy + Fz + G

Dx + 2By + Ez + H

Fx + Ey + 2Cz + I

 (19)

At point (x0, y0, z0) vector ∇ f = (X0,Y0,Z0) is perpendicular to the surface. The equation of348

the tangent plane to the smooth surface at that point is of the general form:349

∂ f
∂x

∣∣∣∣∣
0

(x − x0) +
∂ f
∂y

∣∣∣∣∣
0

(y − y0) +
∂ f
∂z

∣∣∣∣∣
0

(z − z0) = 0, (20)

where subscript "0" in the gradient components denotes the gradient taken at points (x0, y0, z0)350

for brevity. Thus, knowing the 3D position of the spacecraft at the expected bow shock po-351

sition, one can calculate the transverse and tangent directions to the bow shock surface.352

Figure 4 (right) shows this technique applied to the 3D bow shock fit of Gruesbeck et353

al. (2018), assuming a spacecraft situated on random points of the shock’s surface.354

Calculating the angle θBn from the average direction of the magnetic field then becomes355

trivial, in a geometric sense. Because of the inherent 3D nature of a spacecraft orbit and of356

the local magnetic field, the 3D calculation of Eq. (19) is usually preferred to the 2D case (Eq. 18).357

It is however important to recall here that the shock’s local shape may be assuming that of a358

“corrugated iron” section, as it was evidenced for example at Earth with the Cluster quartet359

of spacecraft (Moullard et al., 2006). No method is foolproof in estimating θBn: the local nor-360

mal to the shock must then be more carefully checked for each specific event, for which sev-361

eral complementary methods do exist, such as the magnetic coplanarity method.362
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When applied to the MAVEN dataset, the geometric calculation of θBn, always assum-363

ing a smooth surface, is expected to reach an uncertainty of about ±5◦ depending on the up-364

stream field determination. This estimate was obtained for a small sample of crossings by ex-365

tending over a few minutes the time spans used to calculate the upstream magnetic field di-366

rection.367

3 Detecting the bow shock in spacecraft orbits368

Estimating the bow shock position from spacecraft spatial coordinates can be achieved369

either empirically or theoretically, depending on the precision needed. Semi-empirical but com-370

putationally intensive techniques using machine-learning imaging algorithms are currently at-371

tempted to detect automatically and precisely the exact position of the shock from the full plasma372

instrumental payload on board planetary missions. However, a faster approach, based on a sim-373

ple geometrical estimator using a static analytical bow shock model (see Sect. 2), may still374

prove valuable for statistical studies or for new datasets. Such an approach and its possible375

refinements in 2D and 3D coordinate systems based on magnetic field-only measurements are376

presented below.377

3.1 Predictor algorithm for the shock position from previous analytical models378

2D case. In the 2D polar conic model, one angle θ unequivocally defines the distance379

r from the focus of the conic to the bow shock. Comparing the corresponding spacecraft Eu-380

clidean distance with r at each spacecraft location defined by θ makes it possible to determine381

if the spacecraft is in- or outside of the shock surface. The algorithm is the following (see Fig. 2382

for definitions of angle and distances):383

• Calculate the spacecraft’s Euclidean distance from the chosen conic model focus xF ,384

in aberrated MSO coordinates, so that: rsc =

√
(X′sc − xF)2 + Y ′2sc + Z′2sc ,385

• Calculate the angle θ at position of the spacecraft: θ = arctan
√

Y ′2sc + Z′2sc/
(
X′sc − xF

)
,386

• Calculate the bow shock distance Rbs at the corresponding spacecraft θ angle from the387

focus xF : Rbs = L/(1 + ε cos θ) following Eq. (1),388

• Compare Rbs and rsc.389
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This approach was tested for polar coordinate models (such as Edberg et al., 2008; Hall390

et al., 2016, 2019) provided that all spacecraft coordinates are first rotated 4◦ into the aber-391

rated MSO system.392

3D case. For 3D quadric models (Gruesbeck et al., 2018), the aberration is already taken393

into account and there is no need to correct the spacecraft coordinates for the position of the394

focus of the conic. Thus we only need generalise the approach above to spherical coordinates395

(ρ, ϑ, ϕ), where ρ =
√

X2 + Y2 + Z2 is the planetocentric distance, whereas ϑ = arctan Y/X396

and ϕ = arctan Z/
√

X2 + Y2 represent azimuth and elevation by convention. To compensate397

for the inherent ambiguity on azimuth depending on the quadrant, the function arctan 2 is pre-398

ferred throughout. Equation (9) becomes a second-degree equation of the form:399

aρ2 + bρ − 1 = 0 (21)

with:400

a = A cos2 ϕ cos2 ϑ + B cos2 ϕ sin2 ϑ + C sin2 ϕ

+
D
2

cos2 ϕ sin 2ϑ +
E
2

sin 2ϕ sinϑ +
F
2

sin 2ϕ cosϑ

and:

b = G cosϕ cosϑ + H cosϕ sinϑ + I sinϕ

In the case of an ellipsoid of revolution (as it is the case for the parametrisation of Grues-401

beck et al., 2018), the bow shock distance Rbs at the angles (ϑ,ϕ) corresponds to the positive402

root of this equation:403

Rbs =
−b +

√
4a + b2

2a
, (22)

for a , 0. For other parametrisations such as a hyperboloid of two sheets, there may be two404

positive roots, in which case the smallest root should be chosen.405

The denominator 2a in expression (22) never reaches zero, no matter the combination406

of angles chosen, which makes it a robust formula throughout any orbit. For azimuth and el-407

evation angles (|ϑ| & 115◦, |ϕ| . 55◦), the model of Gruesbeck et al. (2018) is not applica-408

ble any more (standoff distances above 4 Rp) as these particular angular combination corre-409

sponds to a tail-flank position, which was outside of MAVEN’s orbital range.410

The next step is to determine whether the spacecraft is inside the bow shock surface or411

outside of it in the orbital sequence. The algorithm follows a similar sequence as for the 2D412
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case, but all variables are calculated with respect to the centre of Mars, in unaberrated MSO413

coordinates:414

• Calculate the spacecraft’s Euclidean distance in non-aberrated coordinates, Rsc =
√

X2
sc + Y2

sc + Z2
sc,415

• Calculate (azimuth, elevation) angles (ϑ, ϕ) at position of the spacecraft so that: ϑ =416

arctan Ysc
Xsc

and ϕ = arctan Zsc√
X2

sc+Y2
sc

,417

• Calculate the bow shock distance Rbs at the corresponding spacecraft spherical angles418

with Eq. (22),419

• Compare Rbs and Rsc.420

Using 1-min-averaged MAVEN orbits, the automatic detection of the bow shock is per-421

formed and shown in Fig. 5. Because of the relatively poor temporal resolution of this dataset,422

as well as the fast approach in the early stages of the orbit insertion, some points in the or-423

bit yield false positive detections which disappear when increasing the orbital resolution to 1 s.424

Thanks to the simple algorithms presented above, bow shock crossings may be statis-425

tically predicted in a given spacecraft orbit. To help identify the solar wind region, distinc-426

tion can be made between trajectories moving from the magnetosheath to the solar wind re-427

gion, and vice-versa. For each orbit intersecting the bow shock model, two points per orbit428

will be identified. At 1 s resolution, a total of 16, 515 bow shock crossings using the 3D an-429

alytical model of Gruesbeck et al. (2018) were predicted for the MAVEN dataset between Novem-430

ber 2014 and February 2021, including 8, 256 crossings from the sheath to the solar wind and431

8, 259 crossings from the solar wind to the sheath.432

Actual crossings will in practice be different and the algorithms may fail to pinpoint the433

location of the shock sometimes by several tens of minutes, mostly because of solar wind vary-434

ing conditions, or due to the nature of the shock at the point of passage for an individual or-435

bit (Halekas et al., 2017). We estimate thus the precision of these automatic estimates to be436

of the order of ±0.08 Rp (±270 km) around the ’true’ bow shock location. Because of variable437

shock position from orbit to orbit and the geometric average nature of the detection, some or-438

bits that may have experienced shock crossings but lie inside the average shock position will439

not be tested for potential detection. It is estimated that only a few hundred potential cross-440

ings were ignored in the process. Consequently, the true shock structure location should be441

checked directly in the magnetic field and ion data. Moreover, since the bow shock is a dy-442

namical object, it may experience fast forward and backward motions, crossing the spacecraft443
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trajectory several times more per orbit. This can be seen for example in Fig. 6, third panel, where444

the total magnetic field undergoes sharp intermittent jumps in the foreshock area (22 June 2018,445

around 01:00 UT).446

This 3D algorithm was successfully applied to the retrieval of undisturbed solar wind447

density and velocity moments in the MAVEN/SWIA data with 1 min resolution, as part of the448

Helio4Cast solar wind in-situ data cataloguing enabling the statistical study of interplanetary449

coronal mass ejections and high speed streams (Möstl et al., 2020).450

3.2 Refining the position of the shock: a predictor-corrector approach451

Because of variations in the shock position, the automatic detection may give inaccu-452

rate predictions. A fast method to correct to a certain extent for these discrepancies is presented453

here. It makes use of the magnitude of B to identify the position of the shock structure, ei-454

ther when crossing from the magnetosheath into the solar wind or vice-versa. As before, the455

main assumption is that the shock is crossed twice per orbit at maximum, although in prac-456

tice the shock structure may be crossed several times due to the fast motion of the boundary457

across the spacecraft trajectory (Halekas et al., 2017). Because we are interested in the sta-458

tistical position of the shock, this assumption nonetheless provides a valuable estimate of the459

average position of the shock during those times. All magnetic field data are assumed here to460

be of the order of 1-s resolution. Because of the clear signature of q⊥ crossings (with a sharp461

B-field ramp) as compared to q‖ crossings, this method is biased towards the detection of q⊥462

crossings.463

The predictor-corrector detection algorithm attempts to consistently identify solar wind464

undisturbed regions in the chosen dataset, and proceeds as follows:465

1. Calculate predictor estimate of the shock’s timing tsh with the automatic algorithm in466

2D aberrated polar coordinates or in 3D (Sect. 3.1),467

2. Choose a B-field data time interval around the estimated shock so that [tsh−∆tsh, tsh+468

∆tsh],469

3. Calculate a robust estimate of the average magnetic field, e.g., the median of the mag-470

netic field |Bsw|1/2, in half of this interval (hence the subscript). By definition |Bsw|1/2471

corresponds to the assumed solar wind region. For crossings from the sheath to the so-472

lar wind, the second half of the interval is selected. For crossings from the solar wind473
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into the sheath, the first half interval is selected. There are two possibilities at this junc-474

tion:475

(a) If |Bsw|1/2 > Bth, where Bth is the solar wind-to-magnetosheath threshold, the po-476

sition of the solar wind region is difficult to assess. In that case:477

i. Make the time interval float around the estimated location of the shock, by in-478

crements of ∆tsh/3 in one direction or the other, regardless,479

ii. Repeat interval shift until |Bsw|1/2 ≤ Bth or until a maximum shift of 2∆tsh is480

effected from the estimated shock timing in either direction. If |Bsw|1/2 is still481

greater than Bth, the crossing is altogether ignored and removed from the database.482

(b) If |Bsw|1/2 ≤ Bth, the undisturbed solar wind seems to be clearly identifiable in the483

data. In that case:484

i. Calculate the running Median Absolute Deviation (MAD) ςmad,B of the signal485

over a temporal width of duration T in the chosen interval, and smooth further486

the result with a running median over a time span enclosing the shock structure487

in its entirety (for example 2T or 3T ). This also helps remove potentially abrupt488

but temporally isolated changes in the signal. Note that this particular choice489

of ςmad,B is somewhat arbitrary. After several tests including running standard490

deviations, normalised or not to the "solar wind" signal, the choice of a smoothed491

running MAD was empirically found to work consistently well with the MAVEN492

dataset at 1 s resolution.493

ii. Compare ςmad,B to threshold value ςth. A jump above a certain threshold ςth in-494

dicates a transition between a less turbulent region to a more turbulent one, an495

indicator of the presence of a shock-like structure. If this threshold is reached,496

take the first (respectively, last) time this happens in the chosen interval for so-497

lar wind-to-sheath (respectively, sheath-to-solar wind) crossings, and correct the498

original timing of step 1. If not, discard crossing.499

At Mars, step 1 (predictor) was tested in the previous section for the MAVEN dataset:500

on average, the detected shock was within ±0.08 Rp (±270 km) of the true shock crossing, cor-501

responding to about ∆tsh ± 30 min of data along the orbit.502

The typical threshold values used for the MAVEN mission were determined manually,503

for simplicity, on a reduced dataset. A good compromise was found by trial and error with504

Bth = 11 nT, because the undisturbed solar wind magnetic field in Mars’ vicinity is of the505
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order of 2−5 nT on average (Slavin & Holzer, 1981), but can reach up to about 10 nT when506

solar transient effects such as coronal mass ejections or co-rotating interaction regions are in-507

volved (Liu et al., 2021). In future studies, a more dynamic criterion in step (3a) may be pre-508

ferred, i.e., where the level of the B-field is normalised to the assumed upstream solar wind509

value. The criterion for a clear magnetosheath could for example become γ = |B|/|Bsw|1/2 >510

γth, where γth is an adequately chosen threshold (γ ∼ 1.5 for a clear increase of magnetic511

field when moving into the magnetosheath, with nominal solar wind levels γ ∼ 1).512

Because the shock appears in measurements as a turbulent structure whereas the solar513

wind is on average less so, step (3b-i) calculates a measure of the variability of the magnetic514

field in the vicinity of the shock. When in the solar wind, the intrinsic variability of the sig-515

nal ςmad,B is on average found to be less than 0.5, which is adopted as the threshold ςth. This516

makes it possible to detect the very first perturbations in the solar wind leading to the creation517

of the shock structure, a point which is identified here as the position of the shock proper at518

time tsh. Again, in future studies, the threshold can be normalised to the magnetic field level,519

as in Halekas et al. (2017) where, together with constraints on plasma parameters, the normalised520

root-sum-squared value of the magnetic field was chosen so that RSSB/B < 0.15 to identify521

undisturbed solar wind intervals.522

Applied to the MAVEN dataset at 1-s orbital and magnetic field resolution, the correc-523

tor algorithm reaches an accuracy of ±0.02 Rp (±70 km) around the true shock, a factor 4 in-524

crease in accuracy with respect to step 1. In the temporal datasets, this corresponds to only525

a few minutes of continuous data along MAVEN’s orbit. This is epitomised in Fig. 6, which526

presents examples of bow shock crossings around Mars as seen with the MAG instrument on527

board MAVEN throughout the mission. Corrections to the location with the above predictor-528

corrector algorithm are shown as unbroken lines whereas step 1 predictions are in dashed lines.529

At the beginning of the mission (Fig. 6, upper panel, Dec. 2014), the automatic predic-530

tor algorithm gives a reliable estimate of this q⊥ shock’s position: this is expected since the531

prediction is based on the 3D quadric model of Gruesbeck et al. (2018) who specifically per-532

formed shock fits on the first years of the mission. In this case, the predictor-corrector algo-533

rithm only corrects the shock’s estimated location by a few minutes. The second panel of Fig. 6534

(Sept. 2016) displays a case where the shock position is hard to ascertain from magnetic-field535

data only: the predictor estimate is off by up to 20 minutes for all crossings. Because of the536

constraints on the magnetic field amplitude and the lack of significant variations in |B| between537
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22:00 and 01:00 UT, the predictor-corrector algorithm ignores the two first expected crossings538

but corrects well for the two next crossings (around 03:30 and 04:45 UT). Figure 6’s third panel539

shows a more complex mix between sheath and solar wind conditions, and even though the540

boundaries are more subtle and the overall B-field magnitude below 10 nT, the predictor-corrector541

algorithm manages to estimate well the position of the q‖ shock, ignoring potential crossings542

which do not fulfil the stringent threshold condition on ςmad,B. Multiple bow shock crossings543

can be seen, especially for the discarded potential crossings from solar wind to magnetosheath544

around 01:00 UT, or later around 06:00 UT. The bottom panel shows yet another example of545

the superiority of the predictor-corrector algorithm when it comes to very clear bow shock cross-546

ings in 2020, after the orbit of MAVEN had been altered into a different orbit than at the be-547

ginning of the mission.548

The final corrected timings for the detections yield with this algorithm a lower estimate549

of the total actual number of crossings encountered by a spacecraft throughout its mission. Events550

occurring when |Bsw|1/2 > Bth, even after shifting the temporal window significantly, or when551

ςmad,B < ςth, were discarded in the final selection as can be seen in Fig. 6. They may indi-552

cate that the magnetic field was either too turbulent or too complex in its structure (e.g., mul-553

tiple crossings as is regularly the case with q‖ crossings) for the corrector algorithm to cap-554

ture. Moreover, as discussed previously, the analytical approximation model used for the de-555

termination in step 1 (either 2D or 3D) is likely to underestimate the true number of cross-556

ings due to the planetary bow shock variability (Halekas et al., 2017). Because our study is557

primarily interested in the statistical position of the bow shock throughout the mission, this558

loss of potential detections may be compensated by the large number of orbits of the consid-559

ered spacecraft.560

For MAVEN, from the original 16, 515 candidate detections from step 1 (predictor) us-561

ing the 3D model of Gruesbeck et al. (2018) as a first approximation, the predictor-corrector562

algorithm selected 14, 929 events (7, 494 detections from the solar wind to the magnetosheath563

and 7, 435 from the sheath to the solar wind) for the period 01 November 2014 to 07 Febru-564

ary 2021. This is a 10% decrease in number of crossings, leaving out the less ambiguous events565

of the geometric detection only. On average, the correction to the original timing is within about566

∆t ± 20 min along the spacecraft orbit, which corresponds to a percentage difference in ra-567

dial distance of about ±25% (not shown). The calculated average difference |∆Rbs| over the568

entire dataset between predictor and predictor-corrector algorithm is ∼ 0.11 Rp, i.e., ∼ 380 km569

or about 5% difference.570
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Out of these 14, 929 crossings, an overwhelming number (11, 967) was found to be pre-571

dominantly q⊥ crossings with θBn > 45◦ as calculated with formula (19), the remaining 2, 962572

events being classified as more reminiscent of q‖ shock conditions. It is important to recall that573

the method is biased towards clear signatures of q⊥-like bow shock crossings, in practice fil-574

tering out many q‖ crossings. About 22% of the q⊥ crossings are highly perpendicular shocks575

(θBn ≥ 80◦, 2, 674 crossings), whereas only ∼ 1% of the q‖ shocks are highly parallel ones576

(θBn ≤ 10◦, 30 crossings). This is shown in Fig. 7, where the highest number of crossings oc-577

curs for θBn ∼ 80◦. This is also in qualitative agreement with the results of Vignes et al. (2002)578

for the MGS mission, when they investigated a proportion of 93 q⊥ shocks for only 23 q‖ shocks.579

4 Results: application to the MAVEN datasets580

In this section, 2D and 3D fits of the found bow shock locations with the MAVEN space-581

craft for the November 2014–07 February 2021 period are presented. First, the detected shock582

locations are sorted by Martian year (MY32 to MY35 included), aerocentric solar longitude583

Ls range (four seasons centred on equinoxes and solstices), EUV flux (two regimes, one for584

higher solar flux and lower solar flux), and shock nature (q⊥ or q‖). These cases correspond585

to:586

• Martian years 32 (incomplete), 33, 34 and 35, inspired by the work of Hall et al. (2019)587

on MEX datasets,588

• Solar longitude Ls ranges from [315◦ − 45◦] (centred on Northern Hemisphere [NH]589

spring equinox), [45◦−135◦] (NH summer solstice), [135◦−225◦] (NH autumn equinox),590

[225◦−315◦] (NH winter solstice). Ls defines the geographic Martian season, with Ls =591

251◦ (Ls = 71◦, respectively) marking perihelion (aphelion) conditions.592

• Two EUV flux levels, inspired by the works of Halekas et al. (2017) and Gruesbeck593

et al. (2018) on the early MAVEN datasets. The EUV flux at Mars is obtained using594

the FISM-IUVS daily irradiances at 121.5 nm calculated from the Mars EUVM model595

(Thiemann et al., 2017). The median of the EUV flux in the 2014-2021 period is 0.0028 W/m2
596

and defines two EUV flux levels, one "high" for fluxes above that limit, one "low" for597

fluxes below.598
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4.1 Statistical position of the Martian bow shock599

2D case. In 2D MSO aberrated coordinates, the polar equation, Eq. (1), can be rewrit-600

ten in the linear form y = ax + b (see J. Trotignon et al., 2006):601

r = L − ε
(
X′ − xF

)
, (23)

with a linear regression in the (r, X′ − xF) space performed for a chosen focus location xF .602

First a focus location is chosen randomly between 0 and 1 Rp, and for each linear fit performed,603

the residuals are calculated. The adopted focus point is the one that minimises the residuals.604

Because MAVEN’s orbits are not suited to bow shock detections for X′ < −0.5 Rp, additional605

constraints on the tail distributions are necessary to obtain a more realistic conic fit. This can606

be achieved for example by using the predictions from a chosen pre-existing model for deeply607

negative X′ values, such as those of Edberg et al. (2008) (noted ’E08’ in the following) or Hall608

et al. (2019) (noted ’H19’) where bow shock detections were reported downstream to X′min ≈609

−1.5 Rp and to ≈ −5 Rp, respectively. First, additional "ghost" points (representing 10% of the610

total number of detections for the considered case) are calculated for X′min < X′ < −0.5 Rp611

for the chosen model and randomised spatially around this result to give a more realistic tail612

spread. The linear regressions are then performed on the new constrained dataset. Tests were613

performed on the robustness of this method using different analytical models: E08 and H19614

fits are essentially the same around the nose of the shock downstream to about −1 Rp where615

patent differences start to appear. Because of the added cloud of ghost points, this is expected616

and thus 2D fits presented below are only valid in practice in the range [−0.5 Rp, Rss]. Inci-617

dentally, differences on the terminator and subsolar standoff distances are less than < 2% in618

each case. It is noteworthy to add that the determination of the nature of the conic section found619

for the fits can be significantly altered when using tail models either from E08 (hyperbola) or620

from H19 (fits’ nature given by these authors, ranging from ellipse to hyperbola, depend on621

the Martian year considered): in that case, the fit’s nature will naturally be biased towards match-622

ing that of their respective parent tail model.623

Table 3 and Fig. 8 display the 2D fits when the E08 tail model supplements the MAVEN624

dataset for additional constraints on the tail. Candidate bow shock detections are also drawn625

as semi-transparent circles. It is noteworthy to remark that, despite the constraints on the predictor-626

corrector algorithm, several detected points fall well into the magnetosheath of Mars, and are627

false detections. Because of their relative scarcity and thanks to the large statistical database,628

these points do not significantly impact the final fits, which remain robust.629
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Table 3. Martian bow shock 2D conic parameters in aberrated MSO coordinates from linear regression fits

applied to Eq. (23) and the MAVEN orbits and magnetic field data (predictor-corrector algorithm). Subsolar

and terminator standoff distances Rss and Rtd are calculated with Eqs. (5) and (6). For hyperbolae, the Mach

cone aperture % is also given as calculated by Eq. (7). For each fit, the coefficient of determination R2 gives a

measure of the goodness of the linear regression. Due to the large data spread, uncertainties on Rss and Rtd are

of the order of 5% and of the order of 2% for the other quantities.

Case ε L[Rp] xF [Rp] Rss[Rp] Rtd[Rp] R2 Nature %[◦] # detections

All points, this work 1.00 1.75 0.86 1.74 2.46 0.98 Parabola − 14929

MY32, this work 0.83 2.24 0.65 1.87 2.70 0.97 Ellipse − 1196

MY33, this work 0.99 1.88 0.75 1.69 2.51 0.98 Ellipse − 4586

MY34, this work 1.02 1.72 0.84 1.69 2.44 0.96 Hyperbola 11 5073

MY35, this work 1.02 1.63 0.91 1.72 2.39 0.98 Hyperbola 11 4074

Ls = [315◦ − 45◦], this work 1.01 1.73 0.86 1.72 2.45 0.98 Hyperbola 8 3793

Ls = [45◦ − 135◦], this work 1.00 1.81 0.71 1.61 2.42 0.99 Parabola − 3746

Ls = [135◦ − 225◦], this work 0.99 1.82 0.71 1.62 2.42 0.98 Ellipse − 3134

Ls = [225◦ − 315◦], this work 0.98 1.91 0.86 1.82 2.62 0.98 Ellipse − 4256

EUV flux ≥ 0.0028 W/m2 1.00 1.79 0.91 1.80 2.54 0.98 Parabola − 6502

EUV flux < 0.0028 W/m2 1.00 1.75 0.79 1.67 2.41 0.98 Parabola − 8427

Quasi-⊥ 1.00 1.79 0.82 1.72 2.48 0.98 Parabola − 11967

Quasi-‖ 1.06 1.47 1.07 1.78 2.37 0.94 Hyperbola 19 2962

3D case. In 3D, a quadric fit is performed using the method first put forward by Taubin630

(1991), adapted to the quadratic surface of Eq. (9). This fitting method constructs scatter ma-631

trices from local gradients S of tested model T and finds the diagonal matrix of the generalised632

eigenvalue problem so that Tv = λSv, where v is the generalised eigenvector of T and S, and633

λ are the eigenvalues. Because of the scatter of points in the database, uncertainties on the found634

parameters A to I are of the order of 1%, in a least-squares sense.635

Table 4 collects all 3D fit parameters for each case; all fitted surfaces are ellipsoids of636

revolution. The physical interpretation of these parameters in terms of principal axes, their di-637

rection and lengths and the centering of the ellipsoids is presented in Appendix Appendix A638

for completeness. Figure 9 shows the corresponding fits and their sections onto the XMSO −639
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Table 4. Martian bow shock 3D conic parameters from quadric surface fits applied to the MAVEN orbits

and magnetic field data (predictor-corrector algorithm). See Eq. (9) for the definition of parameters A to I

and Eqs. (11), (12) and (13) for those of the subsolar standoff distance along the XMSO axis and the terminator

standoff distances along the YMSO and ZMSO axes. Uncertainties on the parameters are of the order of 1% in a

least squares sense. All quadrics below are ellipsoids. The domain of validity for each fit is shown in Fig. 9:

fits are valid for XMSO ≥ −0.5 Rp on average. The number of fitting points used for each case is the same as

for the 2D fits, see Table 3 (last column). Also, see Appendix Appendix A for a physical interpretation of the

tabulated parameters.

Case A B C D E F G H I Rss Rtd,y Rtd,z

Gruesbeck et al. (2018)a 0.0490 0.1570 0.1530 0.0260 0.0120 0.0510 0.5660 -0.0310 0.0190 1.557 2.624 2.495
All points, this work 0.1769 0.1609 0.1559 0.0057 0.0044 0.0281 0.3773 -0.0323 0.0143 1.539 2.595 2.487
MY32, this work 0.1369 0.1419 0.1400 0.0381 0.0178 0.0547 0.3783 0.0044 0.0279 1.654 2.639 2.575
MY33, this work 0.1660 0.1516 0.1501 0.0235 -0.0061 0.0203 0.3807 -0.0284 -0.0018 1.562 2.664 2.587
MY34, this work 0.1719 0.1742 0.1551 -0.0112 -0.0068 0.0165 0.3955 -0.0256 0.0127 1.522 2.470 2.499
MY35, this work 0.5577 0.2245 0.2000 -0.0509 -0.0103 0.0963 -0.1421 0.0011 -0.0119 1.472 2.108 2.266
Ls = [315◦ − 45◦], this work 0.1554 0.1625 0.1587 -0.0265 -0.0081 0.0023 0.4260 0.0013 0.0044 1.513 2.477 2.496
Ls = [45◦ − 135◦], this work 0.1719 0.1761 0.1555 -0.0275 0.0048 0.0564 0.4107 -0.0287 0.0057 1.497 2.466 2.518
Ls = [135◦ − 225◦], this work 0.2490 0.1473 0.2624 0.0409 0.0415 0.1098 0.2368 -0.0941 -0.1510 1.584 2.945 2.261
Ls = [225◦ − 315◦], this work 0.1559 0.1484 0.1400 0.0047 0.0227 0.0400 0.3583 -0.0072 -0.0197 1.632 2.620 2.744
EUV flux ≥ 0.0028 W/m2 0.1096 0.1480 0.1500 0.0274 0.0031 0.0355 0.4329 -0.0293 0.0045 1.634 2.700 2.567
EUV flux < 0.0028 W/m2 0.2138 0.1807 0.1577 -0.0231 -0.0051 0.0314 0.3473 -0.0207 0.0185 1.498 2.410 2.460
Quasi-⊥ 0.1798 0.1607 0.1539 0.0016 0.0040 0.0330 0.3777 -0.0348 0.0124 1.531 2.605 2.509
Quasi-‖ 0.1427 0.1675 0.1666 -0.0004 0.0051 0.0050 0.3992 -0.0098 0.0230 1.595 2.473 2.382

aFor all points considered in their data subset.

YMSO (dawn-dusk hemispheres), XMSO −ZMSO (South-North hemispheres) and YMSO −ZMSO640

(at the terminator, i.e., XMSO = 0) non-aberrated MSO coordinates.641

Because of the spacecraft changing orbits during the mission, some of the ellipsoid fits642

appear anomalous in their orientation. This is especially obvious for MY35 when MAVEN,643

as of Mars 2020, decreased its apogee to ∼ 4500 km and hence its revolution period to 3.5 h644

to accommodate Mars 2020 rover operations on the ground. Consequently, MAVEN only sel-645

dom explored regions below X < 0 Rp for half of MY35, which makes it difficult to constrain646

the fit, with ellipsoid having its longest principal axis tilted almost 90◦ in the X-Z plane (panel647

A, purple curves of Fig. 9). A similar issue is found for Ls = 135–225◦ (panel B, yellow, Fig. 9),648

which has the lowest number of detections among Ls ranges and for which the orbit was never649

favourable for detections due to orbit precession. Thus, in these two cases, no physical inter-650

pretation should be drawn from the axes orientations of the ellipsoid and the fit should be only651

valid for near-subsolar crossings. More robust physics-based analytical models could be used652

to overcome these fitting issues (Kotova et al., 2021).653
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4.2 Discussion654

The 2D and 3D fits performed above give some insight on how the Martian bow shock655

is moving globally for different conditions of Martian Year, Ls and EUV flux and complements656

previous studies with the MAVEN mission (Halekas et al., 2017; Gruesbeck et al., 2018). As657

the bow shock position is connected to the balance between thermal pressure from the plasma658

in the ionosphere and the dynamical pressure from the solar wind, any variation of these two659

quantities will have repercussions on the position of the shock.660

When assuming axisymmetry around the aberrated axis X′ in the 2D polar rectangular661

coordinates case, Table 2 and the average subsolar and terminator distances can be a first guide662

for interpretation. Our new results with MAVEN (all points, Table 3) agree rather well with663

past measurements (Table 2) considering the data spread and estimated uncertainties: Rss =664

1.74 ± 0.09 compared to 1.61 ± 0.08 Rp and Rtd = 2.46 ± 0.13 compared to 2.56 ± 0.20 Rp.665

More specifically, for:666

• Martian Years: the subsolar standoff distance decreases by as much as 10% between667

MY32 and MY33–MY34, from 1.87 to 1.69 Rp, although some of this variation may668

be stemming from the relatively lower statistics for the first year (1, 196 points for MY32669

compared to > 4, 000 for all other years), due to the MAVEN mission starting towards670

the end of MY32. A similar tendency is seen for terminator standoff distances, with a671

11% decrease seen between MY32 and MY35. Following Hall et al. (2019), these vari-672

ations may be connected through solar EUV irradiance to the solar cycle itself, when673

descending from the maximum of solar cycle 24 (encompassed by MY32) towards a674

minimum of activity (MY34) and the start of solar cycle 25 (MY35). A variation in Rss675

of similar magnitude (∼ 7% between minimum and maximum of activity) was shown676

by Hall et al. (2019) using MEX data for the previous solar cycles (23–24).677

• Seasonal variations: in contrast, the Ls ranges have a much more even statistics through-678

out, with more than 3, 000 detections per season. Arguably, this makes comparing re-679

sults between seasons statistically more significant than for the previous case. Overall,680

for northern spring equinox (Ls = [315◦−45◦]) and winter solstice (Ls = [225◦−315◦])681

conditions, the bow shock appears to expand in the subsolar direction by about 7−13%682

from its summer and autumn position (Rss ≥ 1.72 Rp compared to Rss ≈ 1.61 Rp). Si-683

multaneously, the area encompassed by the bow shock conic is also increased during684

those two instances. One possible driving factor behind these changes may be in turn685
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linked to changes in Mars’ dayside upper atmosphere and extended exosphere, and how686

they expand and contract with seasons, increasing or decreasing the size of the obsta-687

cle to the solar wind flow (Hall et al., 2016, and references therein). A denser lower688

atmosphere around perihelion (Ls ∼ 251◦ where the EUV flux is highest on average)689

and during the dust storm season in the autumn (Trainer et al., 2019) may drive the iono-690

sphere to expand significantly at constant EUV flux (Sánchez-Cano et al., 2016; Du-691

binin et al., 2019), offering a more efficient obstacle to the solar wind. Similarly the692

expansion of Mars’ extended exosphere (notably modulated by the solar wind flux) in-693

creases the efficiency of the solar wind charge exchange process (with a net conversion694

of fast solar wind ions to slow-moving heavy ions of planetary origin, effectively slow-695

ing down the solar wind, see Edberg et al., 2009; Halekas et al., 2017). Both aspects696

result in the standoff distance moving outwards. The opposite effect is expected when697

upper atmosphere densities are lower in the deep summer and in the beginning of the698

autumn and the bow shock surface shrinks. The fits and characteristics of the shock ap-699

pear consistent with this picture.700

• EUV flux variations: the effect of a relatively larger flux on the shock position is twofold,701

globally increasing the ionisation rates in the ionosphere and through photoionisation702

of the extended exosphere as well as heating up and expanding the neutral atmosphere-703

exosphere system (Forbes et al., 2008; Edberg et al., 2009; Hall et al., 2016). Photoion-704

isation of exospheric neutrals creates newly born ions that are picked up by the solar705

wind convective electric field, resulting in mass-loading and slowing down of the so-706

lar wind flow (Yamauchi et al., 2015, with the presence of pickup ions in the foreshock707

region). Such combined effects have been shown to expand the bow shock in the so-708

lar wind direction (Mazelle et al., 2004). The two fits presented here, one for higher709

and one for lower EUV fluxes (more than 6500 points each), display the expected be-710

haviour, with a larger standoff distance by 7% and a noticeably larger flaring of the fit-711

ted conic for the higher EUV fluxes (terminator distances increasing from 2.41 to 2.54 Rp712

, i.e., 5%).713

• Shock conditions: q‖ and q⊥ bow shock crossings are related to the average interplan-714

etary magnetic field’s (IMF) direction and the spacecraft’s orbit (more precisely, the spher-715

ical quadrant in which the spacecraft emerges into the solar wind). Because the predictor-716

corrector algorithm favours q⊥ detections (Sect. 3.2), the statistics between the two cases717

is heavily unbalanced (see Vignes et al., 2002, for a similar result). On average, no sig-718
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nificant difference between the two conditions can be seen, with the shock surface slightly719

contracting and flaring up in q⊥ conditions with respect to q‖ conditions (|∆Rss,td| ∼ 4%).720

Such a tendency is marginal considering that these percentages are at the precision limit721

obtained with the fits.722

Let us now look at the 3D fit results. Figure 9 clearly shows several asymmetries depend-723

ing on the Martian year, Ls, EUV flux and shock condition. The usual North-South asymme-724

try (XMSO − ZMSO plane, second column, and also YMSO − ZMSO plane, third column) due to725

the presence of crustal magnetic fields in the southern hemisphere is clearly seen for all cases726

with the standoff subsolar distances being skewed towards that hemisphere. This is shown by727

crosses representing the tip of the projected ellipsoid (calculated by the formulae in Appendix Appendix728

B) located all in the fourth quadrant in the XMSO−ZMSO plane. A similar tendency is some-729

times marginally observed in the XMSO−YMSO plane (first column), when the shock surface730

is skewed towards the dawn hemisphere (−YMSO), with standoff subsolar distances on aver-731

age larger than on the dusk hemisphere. This is true for MY32 and MY33 (panel A) and for732

larger EUV fluxes (panel C). For lower EUV fluxes (and, incidentally, all other cases), the op-733

posite seems to be taking place with the position of the maximum standoff distance being in734

the dusk +YMSO hemisphere. It is difficult at this stage to tell if these latter (small) effects may735

stem mainly or not from the dawn-dusk asymmetry of the atmosphere and hence of the iono-736

sphere Gupta et al. (2019).737

Comparison between all standoff distances, subsolar and terminator alike, and calculated738

by the 2D and 3D algorithms is shown in Fig. 10 and based on Tables 3 and 4. The standoff739

distances calculated from the 3D fits show the same tendencies as their 2D counterparts, al-740

though since the X and Y coordinates are not solar-wind aberrated and hence no axisymme-741

try is considered, the comparison between the 2D and 3D cases can only be that of general742

trends. From MY32 to MY35, a general decrease of standoff distances can be seen. Exclud-743

ing Rtdy, the other standoff distances first steadily decrease from Ls centred on 0◦ (labelled “Ls1”)744

to 180◦ (“Ls3”) but then increase significantly towards Ls values around 270◦ (“Ls4”), which745

may be linked to the EUV flux becoming maximum at perihelion Ls = 251◦. This result is746

arguably in contrast to those presented in Vignes et al. (2002) although our statistics with MAVEN747

is much larger than in their study. In an identical way to the 2D fits, larger EUV fluxes re-748

sult in a bow shock surface significantly expanding in the solar wind towards the subsolar di-749

rection. With respect to the nature of the shock, the subsolar standoff distances Rss appear to750
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marginally increase from q⊥ to q‖ conditions, although the inverse trend is seen for the ter-751

minator distances. Again, these differences are slight, which may reflect in part the bias against752

q‖ conditions of our bow shock estimator (thus yielding a low amount of q‖ shock detections).753

As a preliminary conclusion, it is important to note that:754

• The XMSO − YMSO and XMSO − ZMSO asymmetry seems particularly marked for Ls =755

[135◦ − 225◦] (labelled “Ls3” on the figure), MY32, MY35 and higher EUV fluxes:756

it can readily be seen by comparing the length of the blue and red bars. As explained757

earlier, the number of points used for fits for MY32 is the lowest of all the cases be-758

cause MAVEN arrived at Mars late in MY32. This is in qualitative agreement with the759

conclusions of Gruesbeck et al. (2018). On average and outside of those special cases,760

the shock’s shape stays rather symmetric about the XMSO axis: the terminator distances761

Rtdz (3D fits) and Rtd (2D fits) indeed seem to match rather well most of the time. This762

axisymmetric tendency can be further amplified by aligning the XMSO − YMSO plane763

with the solar wind aberration system, rotating the 3D quadric surface 4 degrees an-764

ticlockwise around the ZMSO axis; new standoff distances for the 3D fits (Rtdz and Rss)765

differ by less than 5% with their corresponding 2D fits values (not shown).766

• Although the 3D and 2D conic fits retain strong similarities in their behaviour, the 3D767

fits (seemingly paradoxically) appear more robust and less affected by external assump-768

tions. It is recalled here that not only do the 2D fits assume axisymmetry around X′MSO,769

but certain 2D fits had to also be constrained at larger euclidean distances from the cen-770

tre of the planet due to the poor coverage of MAVEN for X′MSO < 0.5 Rp. This supe-771

riority of the 3D fitting algorithm is due to: (i) the number of fitting variables (A to I,772

allowing more flexibility despite risking over-determination of the linear system of equa-773

tions), (ii) the natural asymmetry of the shock (albeit small), and (iii) the fitting points774

being statistically better distributed over a larger space (both in XMSO−YMSO and XMSO−775

ZMSO planes instead of a single polar plane) and thus optimising the fits.776

• Because the Martian seasons (monitored by Ls ranges) to a degree and the EUV flux777

both depend on Mars’ heliocentric distance, correlations between these fits are to be778

expected. For example, similar fits for low Ls values (< 135◦) and low EUV flux can779

be seen in Figs. 8 (panels C and E, orange curves) and 9 (panels B and C, red curves).780

• Because the solar cycle is a continuous underlying driver of the shock’s position regard-781

less of the binnings adopted here, correlations between EUV flux and Mars year results782
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are also expected. This effect is most clearly exemplified with the shock standoff de-783

crease when going from the declining phase of solar cycle 24 (MY32 and MY33, high784

fluxes) to the next solar minimum (MY34, low fluxes).785

5 Conclusions786

In this study, we presented a “fast and dirty” method to estimate automatically the lo-787

cation of the bow shock in real spacecraft orbits, as well as analytical expressions for the nor-788

mal direction to the shock surface at any point in its close vicinity. After a survey of exist-789

ing analytical smooth models of the bow shock surface at the planet Mars based on 2D and790

3D fits, we used these models as a first prediction of the shock location in the data and re-791

fined this prediction further with a predictor-corrector algorithm based on the median abso-792

lute deviation of the magnetic field around the predicted shock. This method, biased towards793

the detection of q⊥ shocks but not entirely limited to them, does not substitute for a detailed794

analysis of the crossing or for machine-learning techniques currently developed for space mis-795

sions. It however finds a useful application when it is necessary to quickly determine the po-796

sition of the spacecraft, or at least an estimate thereof, with respect to the bow shock.797

As part of the solar wind and space weather database Helio4Cast (Möstl et al., 2020),798

the technique was successfully used to retrieve solar wind undisturbed parameters from the799

MAVEN mission. We also successfully applied the predictor-corrector method to the MAVEN800

orbit and magnetic field data between November 2014 and February 2021, and performed a801

series of fits, in 2D and in 3D, to investigate statistically the shape of the shock depending on802

Martian Year, solar longitude Ls, and two solar EUV flux levels. The 3D fitting has obvious803

advantages over the 2D polar axisymmetric geometry usually used to describe the shock struc-804

ture, namely, a more accurate estimate of asymmetries in the global structure, and taking full805

advantage of the 3D distribution of bow shock detections in space. This is especially impor-806

tant for bodies with large orbital eccentricities and axial tilts to the ecliptic such as Mars, for807

which the heliocentric distance is a strong driver of the EUV flux input and seasonal changes808

on the planet. Expectedly, the Martian shock was found to be highly asymmetric with respect809

to the North-South hemispheres due to the presence of crustal magnetic field anomalies, in agree-810

ment with previous studies (see for example Hall et al., 2016; Halekas et al., 2017; Gruesbeck811

et al., 2018). Bow shock fits for quasi-perpendicular and parallel shock conditions were, to812

the precision of our approach, almost identical. In addition, the shock appeared noticeably asym-813

metric with respect to YMSO and ZMSO directions in specific conditions, namely, for MY32 and814

–32–



manuscript submitted to JGR: Space Physics

MY35, Ls = [135◦−225◦] and larger EUV fluxes. Despite this, the solar aberrated axisym-815

metric system provides a worthy first approximation of the shock’s shape and position.816

To investigate further the conditions of the shock’s asymmetry throughout different so-817

lar cycles, a reanalysis of past encounters at Mars using 3D quadric fits would be a welcome818

addition. Applications of these methods, especially in 3D, to other bodies with large orbital819

eccentricities (such as Mercury) will also prove of interest.820

Appendix A Characteristics of a quadric surface821

The 3D planetary bow shock in this paper is approximated as a quadratic surface de-822

scribed by the Cartesian equation (9). Mathematically, 17 different quadrics can exist. How-823

ever, here only 3 are physically acceptable for the approximation of a bow shock surface. These824

are the ‘real’ ellipsoid, the elliptic paraboloid, and the hyperboloid of two sheets. From coef-825

ficients A to I defining the quadric’s surface equation, it is possible to extract some more ‘phys-826

ical’ quantities of these surfaces such as the centre of the surface, the direction of the prin-827

cipal axes, the typical length, or the ‘nose’ of the surface. This requires the analysis of one828

particular matrix M given by:829

M =


A D/2 F/2

D/2 B E/2

F/2 E/2 C

 . (A1)

Determinant det M yields useful pieces of information on the considered surface. If det M <830

0, the surface is an ellipsoid or an hyperboloid of two sheets. If det M = 0, it is an elliptic831

paraboloid.832

The coordinates of the centre of the surface is given by:833

Pcentre = −M−1


G/2

H/2

I/2


if M−1 exists. In the case of an elliptic paraboloid, there is an infinite number of centres placed834

along the intersections of the two planes of symmetry.835
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As M is symmetric, its eigenvalues are real and eigenvectors are orthogonal. Let us de-836

fine λi (i = 1, 2, 3), the eigenvalues of M, and Vi, their associated eigenvectors. Physically,837

only 3 cases should be considered:838

• ellipsoid: λ1, λ2, λ3 > 0. 1/
√
λi are proportional with the same constant to the length839

of the conic along the three principal axes of the ellipsoid,840

• elliptic paraboloid: λ1, λ2 > 0 and λ3 = 0,841

• hyperboloid of two sheets: λ1, λ2 < 0 and λ3 > 0. The characteristic lengths of the842

hyperboloid are proportional to 1/
√
|λi|.843

Finally, one may be interested in the position of the tip (tail-like direction) or of the nose844

(subsolar direction) of the surface. These extremum points are at a distance L1, L2, and L3 from845

the centre in the direction ±Vi. Therefore they are given by:846

Li =
√
λi

√
PT

centre M Pcentre + 1

and847

P±,ext = Pcentre

(
1 1 1

)
±

(
L1V1 L2V2 L3V3

)
(A2)

where the columns of P±,ext are the locations of the extrema. For a hyperboloid of two sheets,848

only the real solution associated with λ3 should be considered: this gives the position of the849

noses or tips of both sheets. The sunward-most position of the ellipsoid (its nose) is referred850

to as Pnose.851

The tip or nose of the ellipsoid is in our context along the direction of the eigenvectors852

with the largest X (in absolute value) component.853

The volume of the ellipsoid is:854

V =
4
3
π L1 L2 L3. (A3)

Table A1 presents the length of each of the three principal axes of the quadric Li, the855

ellipsoid’s volume, eigenvectors Vi and the coordinates of the centre and sunward nose of the856

surface for each ellipsoid in Table 4.857

Appendix B Subsolar tip of the trace of an ellipsoid surface in Cartesian coordinates858

The subsolar point of the projection of a 3D ellipsoid in 2D planes, as shown in Fig. 9859

(crosses), can be obtained by finding the roots of the corresponding 2D conic in the plane con-860
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sidered. For z = 0, Eq. (9) becomes a second order equation:861

Ax2 + By2 + Dxy + Gx + Hy − 1 = 0. (B1)

Fixing variable y, the equation can be put in quadratic form with the following positive root:862

xM =
−(Dy + G) +

√
∆

2A
, (B2)

∆ = (Dy + G)2 − 4A
(
By2 + Hy − 1

)
> 0 (B3)

Finding the maximum of this function is equivalent to finding a y value that maximises this863

function. Posing ξ = Dy + G, its derivative has the form:864

∂xM

∂y
=

2Dξ − 4A(2By + H)

4A
√
ξ2 − 4A

(
By2 + Hy − 1

) − D
2A

(B4)

Solving ∂xM
∂y = 0 for y and using that result in Eq. (B2) makes it possible to calculate the fi-865

nal (x, y) coordinates of the projected ellipsoid’s tip in the corresponding x−y plane. An iden-866

tical reasoning can be made for the x − z plane.867

This tip in a plane is however not necessarily the farthest subsolar point of the ellipsoid’s868

surface. Its position in 3D is by contrast given by Eq. (A2) in Appendix Appendix A.869
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Figure 3. Bow shock fitted models to observations in MSO aberrated coordinates. The 3D quadratic model

of Gruesbeck et al. (2018) fitted from MAVEN data was rotated anticlockwise 4◦ around the Z axis. All other

models are obtained in cylindrical conic form from other missions, including Mars Express (MEX), Mars

Global Surveyor (MGS), Phobos 2 and the Mars 2-3-5 missions. The fits of Hall et al. (2016), Hall et al.

(2019) and Gruesbeck et al. (2018) consider all shock detection points of their respective studies. Because the

cylindrical models are symmetric about the X′ axis, the figure’s cylindrical y-axis
√

Y ′2 + Z′2 is equivalent to

the Y ′ or to the Z′ axis, regardless.
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Figure 4. Bow shock normal in the polar 2D case (left, model of Edberg et al., 2008) and in the Cartesian

3D case (right, model of Gruesbeck et al., 2018).
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Figure 5. Automatic detection of bow shock in MSO coordinates normalised to the planet’s radius, us-

ing the general quadric formula of Gruesbeck et al. (2018). The bow shock surface is in brown, the orbit

of MAVEN between 01 November 2014 and 07 February 2021 is in blue. Detections of the crossings from

inside the shock surface to outside of it are shown as orange circles, whereas outside-to-inside crossings are

depicted by yellow circles.
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Figure 6. Examples of total magnetic field amplitudes at 1 s resolution measured by the MAVEN/MAG

instrument throughout the mission. Top panel: 25 Dec. 2014 (beginning of mission). The first crossing is

quite oblique (θBn ≈ 45◦) followed by two highly q⊥ shock crossings (θBn > 85◦). Second panel: 23-24 Sept.

2016. The two selected crossings are q⊥, the first one with θBn ≈ 58◦, the second with θBn ≈ 78◦. Third panel:

23 June 2018, with two q‖ crossings (θBn ≈ 8, 25◦). Bottom panel: 28 March 2020, with five crossings all

oblique towards q⊥ conditions, with θBn ≈ 45◦, 49◦, 80◦, 82◦ and 88◦, successively. The predictor geometric

detections (Sect. 3.1) are in dashed lines and labelled “automatic”, whereas the predictor-corrector detections

proposed in Sect. 3.2 are in solid lines. Highlighted in different colours are crossings from solar wind to mag-

netosheath (labelled S W → MS , red) and from magnetosheath to solar wind (labelled MS → S W, blue).

Calculations of θBn angles were performed using median averages of B over the colour-highlighted regions

(blue for MS → S W crossings, red for S W → MS crossings).
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Figure 7. Statistical distribution of crossings with respect to θBn angles, the angle between the normal to the

shock and the average magnetic field direction. The limit between q‖l and q⊥ conditions is for θBn = 45◦.

Figure 8. 2D fits performed on the predictor-corrector algorithm for the detection of bow shock crossings

in the MAVEN dataset, 2014 − 2021 in aberrated MSO coordinates (X′MSO,Y
′
MSO,Z

′
MSO), and parametrised

in Table 3. Panels (A) and (B): vs Martian Years 32 to 35. Panels (C) and (D): vs Ls (season) ranges. Panel

(E): vs EUV flux levels. Panel (F): vs shock nature (q⊥ and q‖). Panel (G): all detected points in the current

database colour-coded by year, and comparison to the analytical quadric fit of Hall et al. (2019). All coordi-

nates are expressed in units of the planet’s radius, i.e., Rp = 3389.5 km. Superimposed on all panels are the

corresponding analytical models of Hall et al. (2019) for Martian years 27–33, except for Martian years 32

and 33, where their corresponding yearly fits are plotted. Candidate detections points for each case are also

drawn as filled circles of varying colours, with the opacity giving a measure of the density of points in that

area, giving more or less weight to the fitting method.
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Figure 9. 3D fits performed on the refined predictor-corrector algorithm for the detection of bow shock

crossings in the MAVEN dataset, 2014 − 2021 in the XMSO − YMSO, XMSO − YMSO and YMSO − ZMSO planes

(traces of ellipsoids of revolution parametrised in Table 4). (A) vs Martian Years. (B) vs Ls (season) ranges.

(C) vs EUV flux levels, with their corresponding subset of detected points (blue and orange dots). (D) vs

bow shock nature, q⊥ (blue dots) and q‖ (orange dots). (E) all detected points in the current database with a

comparison of present fit (black line) to the analytical quadric fit of Gruesbeck et al. (2018) (orange dashed

line). On each figure, superimposed crosses show where the nose of the shock is located, in the plane of

projection (see Appendix Appendix B). All coordinates are expressed in units of the planet’s radius, i.e.,

Rp = 3389.5 km.
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Figure 10. Comparison of standoff distances, both at the subsolar point and at the terminator, calculated

from the 2D and 3D fits, and for each case as in Tables 3 and 4. Terminator standoff values are in blue, orange

and yellow (wider bars), whereas subsolar standoff values are in violet and green (thinner bars). For brevity

in the axis labelling, Ls1 = [315◦ − 45◦], Ls2 = [45◦ − 135◦], Ls3 = [135◦ − 225◦], Ls4 = [225◦ − 315◦]. All

distances are expressed in units of the planet’s radius, i.e., Rp = 3389.5 km.
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