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Abstract

Due to spatial scaling effects, there is a discrepancy in mineral dissolution rates in porous media measured at different spatial
scales. Many reasons for this spatial scaling effect can be given. We investigate one such reason, i.e. how pore-scale spatial
heterogeneity in porous media affects overall mineral dissolution rates. Using the bundle-of-tubes model as an analogy for
porous media, we show that the Darcy-scale reaction order increases as the statistical similarity between the pore sizes and
the effective-surface-area ratio of the porous sample decreases. The analytical results quantify mineral spatial heterogeneity
using the Darcy-scale reaction order and give a mechanistic explanation to the usage of reaction order in Darcy-scale modeling.
The relation is used as a constitutive relation of reactive transport at the Darcy scale. We test the constitutive relation by
simulating flow-through experiments. The proposed constitutive relation is able to model the solute breakthrough curve of the
simulations. In addition, our results imply that we can infer mineral spatial heterogeneity of a porous medium using measured

solute concentration over time in a flow-through dissolution experiment.
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Abstract

Due to spatial scaling effects, there is a discrepancy in mineral dissolution rates in
porous media measured at different spatial scales. Many reasons for this spatial scal-
ing effect can be given. We investigate one such reason, i.e. how pore-scale spa-
tial heterogeneity in porous media affects overall mineral dissolution rates. Using
the bundle-of-tubes model as an analogy for porous media, we show that the Darcy-
scale reaction order increases as the statistical similarity between the pore sizes and
the effective-surface-area ratio of the porous sample decreases. The analytical results
quantify mineral spatial heterogeneity using the Darcy-scale reaction order and give a
mechanistic explanation to the usage of reaction order in Darcy-scale modeling. The
relation is used as a constitutive relation of reactive transport at the Darcy scale. We
test the constitutive relation by simulating flow-through experiments. The proposed
constitutive relation is able to model the solute breakthrough curve of the simula-
tions. In addition, our results imply that we can infer mineral spatial heterogeneity
of a porous medium using measured solute concentration over time in a flow-through
dissolution experiment.

1 Introduction

Geochemical reactions such as mineral dissolution play an essential role in de-
termining water chemistry, soil formation, biogeochemical cycling, and global climate
(Wen & Li, 2017). Mineral reactions can also occur during injection of COq in ground-
water reservoirs (Ebigbo et al., 2012; Buscheck et al., 2014; Pogge von Strandmann
et al., 2019). One of the most significant obstacles to understanding the geochemi-
cal reactivity of natural subsurface environments stems from the multitude of spatial
scales that have to be considered (Noiriel et al., 2012). Due to spatial scaling effects,
mineral dissolution rates are known to be 3—6 orders of magnitude lower in the field
than when measured in the laboratory (White & Brantley, 2003; Navarre-Sitchler &
Brantley, 2007; Maher, 2010; Moore et al., 2012). The deviation in mineral dissolution
rates strongly limits the extrapolation of kinetic dissolution models and parameters
characterized in the laboratory to natural systems (R. Li et al., 2020).

Many factors are responsible for the spatial scaling effects of mineral dissolution
rates. This work focuses on how pore-size distribution—which contributes to hydraulic
heterogeneity—and spatial mineral distribution cause such spatial scaling effects. L. Li
et al. (2007) performed simulations with various settings of spatial mineral distribution
and concluded that spatial mineral distribution has a significant scaling effect when the
reactive minerals are of small but typical proportions. Experimental studies using a
column packed with quartz and magnesite have confirmed the significant role of spatial
heterogeneities in subsurface reactive transport and can be used to quantify the effect
of spatial mineral distribution on dissolution rates (L. Li et al., 2013, 2014; L. Li &
Salehikhoo, 2015). X-ray micro-tomography provides observations of the impact of
physical and chemical heterogeneity on reaction rates in multimineral porous media
(Al-Khulaifi et al., 2017, 2018, 2019; Menke et al., 2016, 2018). Fischer et al. (2014)
and Fischer and Luttge (2017) studied how mineral surface roughness at the nanometer
scale affects surface reaction rates and proposed to upscale the mineral reaction rate
using Monte-Carlo simulations. Ma et al. (2021) quantified the accessible surface area
of minerals in a sandstone using scanning electron microscopy (SEM) images and
Brunauer-Emmett-Teller (BET) surface area measurements.

Regarding the influence of hydraulic heterogeneity, Wen and Li (2017) and Jung
and Navarre-Sitchler (2018a) performed reactive transport simulations on stochasti-
cally generated permeability fields and studied how hydrologic heterogeneity affects
mineral dissolution rates. Using Monte-Carlo simulations, Jung and Navarre-Sitchler
(2018b) further studied the time dependency of mineral dissolution rates, and Wen
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and Li (2018) developed an upscaled rate law for mineral dissolution in heterogeneous
media under variable residence-time and length-scale conditions. R. Li et al. (2020)
upscaled mineral dissolution rates in a porous medium with a random permeability
field using the fluid travel-time distribution function. The works mentioned above used
the transition state theory (Lasaga, 1998) to model mineral dissolution rates, with a
macro-scale reaction order of unity (n = 1). This is reasonable since there are no phys-
ical explanations why this macro-scale reaction order should not be one (Lasaga, 1998;
Brantley & Conrad, 2008).

However, there are rate models with a macro-scale reaction order of 2 in kinetics
of crystal growth (Nancollas, 1968; Reddy, 1975, 1977). Such second-order kinetics
are used for modeling surface spiral growth (A. E. Nielsen, 1984; Teng et al., 2000).
Considering calcite as our mineral of particular interest, fitting experimental data using
a reaction order larger than 1 is common, especially when the saturation is close to
equilibrium (Plummer & Wigley, 1976; Plummer et al., 1978; Palmer, 1991; Svensson
& Dreybrodt, 1992). A higher reaction order is also observed in modeling calcite
dissolution in seawater (e.g., Subhas et al., 2015; Naviaux et al., 2019).

In this work, we use analytical techniques to develop a constitutive relation of
mineral dissolution kinetics in porous media based on models with a reaction order
n > 1. We characterize hydraulic heterogeneity and mineral spatial heterogeneity by
the longitudinal dispersivity and the reaction order. We use the bundle-of-tubes anal-
ogy to show how the reaction order relates to both hydraulic and spatial mineral
heterogeneity in porous media. Furthermore, we simulate experimental scenarios in-
volving advective and dispersive transport using such a constitutive relation. Our
results show how concentration breakthrough curves of the reactive species reveal in-
formation of both the hydraulic and chemical heterogeneity of porous media.

2 Materials and methods

This section first introduces reactive transport models at the pore scale and the
Darcy scale. Then we lay out statistical distributions of pore sizes and effective-surface-
area ratios. Such distributions can thus define the volume-averaged concentration.
Constitutive relations based on the Darcy-scale reaction order is established using
Taylor series expansions. We check the applicability of the constitutive relations by
comparing the modeled concentration and the volume-averaged concentration using a
goodness of fit measure, the Jensen Shannon divergence. Finally, we explain how one
can apply the proposed constitutive relation using a flow-through experiment.

2.1 Reactive transport at the pore scale

We use the advection-diffusion-reaction equation to model reactive transport at
the pore scale. Consider an elongated pore such that the concentration of the mineral-
forming solute can be approximated by a one-dimensional (1D) expression:

oC* +u8C* D82C* B

o "o T2 0
where C* is the solute concentration in the fluid, u is the fluid velocity, D is the
molecular diffusivity of the solute, and ¢ is the source term defined by a mineral
dissolution model. A common mineral dissolution model is of second order:

A
= (kg — *2
0= 37 (ha = kO™,

where A is the mineral surface area, V; is the fluid volume, kq is the dissolution rate
constant, and k; is the precipitation rate constant. We relate the dissolution model
with a more prevalent formulation involving the solubility product, K, and the ion
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activity product, IAP:

Vi IAP
R =y =ha (1- 30 )
sp

where Rgis is the mineral dissolution rate. One can switch between the two forms
by stating IAP = C? and K, = kq/kp. The statement, IAP = C? means the two
mineral-forming ions have equal concentration, which arises from the assumption of
electroneutrality of ions close to the mineral surface (Levenson & Emmanuel, 2013).
We relate the dimensional and nondimensional quantities by

t*=[t|t, z* =Lz C"=[C]C,

and we nondimensionalize equations (1) and (2) by the following scaling of time and
concentration

where L is a characteristic length. The variables in square brackets refer to character-
istic quantities. Thus we have a nondimensional equation of reactive transport

oC oc  9*C

- - = —_ 2
T + Pe P 92 Da(1 - C7),

L2\ /kqk
Pe:%, Da:éﬁ.
D Vi D

where Pe is the Péclet number and Da is the Damkohler number.

First-order-kinetics models are uncommon, since chemical reactions often involve
two reagents (Cussler, 2009). If one wanted to make use of first-order kinetics, one
would have to assume the concentration of a mineral-forming ion is in excess or con-
stant (Meile & Tuncay, 2006) or limit the usage of first-order kinetics to low solute
concentrations (Kaufmann & Dreybrodt, 2007). Nonetheless, we introduce the model
of first-order mineral dissolution kinetics,

A "

Combining equations (1) and (8), we scale time and concentration by

such that the Péclet and the Damkohler numbers are
ul _ A LQkp
D YT ViD

The nondimensional model of first-order reactive transport is therefore
o0 |, 00 C
ot 0z 022

We define the velocity in a pore using the Hagen-Poiseuille equation,

= Da(1-0C).

2 ap
8 nlL,’

where 7 is the pore radius, 7 is the dynamic viscosity of the fluid, AP is the pressure
difference between the inlet and the outlet, and L, is the pore length.

(10)

(11)
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2.2 Reactive transport at the Darcy scale

We use the bundle-of-tubes analogy to model reactive transport at the Darcy
scale (Kozeny, 1927). We define the specific mineral surface area of the porous medium
as

N
S = é = —QLZ’]TZizl Wiri, (13)
Vv V

where V is the bulk volume of the porous medium, w is the ratio between mineral
surface area and the total surface area of a pore, and N is the total number of pores.
We assume that the pores have the same length, L., as the porous medium, such that
the tortuosity is 1. The porosity of the porous medium is

Lz N 3 2
¢:%: 772‘1/:1(7’) . (14)
Dividing equation (13) by equation (14), we obtain
S A 2 21\; w;iT;
S=1 = T5E (15)
¢ £ 2 ima(ry)
Recall the Damkohler number for first-order kinetics, equation (10), the Damkdohler
number at the Darcy scale is
S L2k
Dag = =22 1
aq QZS D ) ( 6)

where the characteristic length, L, is chosen to be the length of the porous medium,
L,. The Darcy-scale Damkohler number for second-order kinetics is

L2\ /kak
Daq = %# (17)

Since we consider the porous medium as a bundle of tubes, the seepage velocity of the
porous medium can be defined using a volume-averaged velocity,

Zi\;1ui(ri)2 . Zi]\;1<7‘¢)4 AP

= = — . (18)
SN2 8N (r)? uL:
Hence, the Péclet number at the Darcy scale is
ul,

Ped = D . (19)
Dispersion effects arise when the pore sizes are not uniform (Carbonell, 1979; Arriaza
& Ghezzehei, 2013; Meng & Yang, 2017). Therefore, we introduce a longitudinal
dispersion coeflicient,

Dy, = apu, (20)
where «ap, is the longitudinal dispersivity with the unit of length. We derived the
longitudinal dispersion coefficient using the spatial moments of the averaged solute
concentration of the bundle of tubes model,

N (V65N 32
Dy = w2t | 2=l 7| gy e, (21)
N
(Zi:1(7’i)4)
The shape factor, f(r), abbreviates the expression of pore sizes in equation (21).
Detailed derivations are presented in Appendix A. The longitudinal dispersivity is
ap =ut f(r) =z f(r), (22)
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where Z is the center of mass of an instantaneous source injected in the porous do-
main. The spatial moment analysis showed that the longitudinal dispersivity increases
linearly as the distance traveled of an instantaneous source, which is reasonable in an
infinite domain. In recent studies based on pore-network modeling, Mahmoodlu et al.
(2020) observed the longitudinal dispersivity increases as travel distance increases.

By scaling the longitudinal dispersion coefficient by the molecular diffusivity
yields the nondimensional reactive transport model at the Darcy scale,

oC oC >*C
o + Peq 9 (1 + (Ped)Qtf(T)) 5.z (23)

where ¢q is the reaction term that is yet to be defined. Note that when all pores have
the same radius and effective-surface-area ratio, equation (23) reduces to the equation
for a single pore, equation (6). In the next section, we discuss statistical distributions
of pore sizes and effective-surface-area ratios.

2.3 Statistical distributions of pore sizes and effective-surface-area ra-
tios

The pore sizes of porous media usually follow a log-normal distribution (Shi
et al., 1991; Hefny et al., 2020). The probability density function of a log-normally
distributed variable, r, is

p(r) = ﬁ exp (_(log(;i;,u)) (24)

where p and o are the mean and standard deviation of the variable’s natural logarithm,
respectively. The sum of pore sizes raised to the power of m can be described by a
raw statistical moment,

Ly m= ) = Oorm r)dr
2" =B = |t (25)

If the pore-size distribution is known, the permeability, k, of the bundle can be calcu-
lated as

_ Xt EY)
§ ()2 SE(r?)

Using the moments of the lognormal distribution, we can now clarify the shape factor,

f(r) = exp (40°) — 1. (27)

(26)

Since we are interested in not only the pore-size distribution but also the effective
surface area of the reactive minerals, we utilize the effective-surface-area ratio, w, which
has a value between zero and one. A convenient choice for modeling the distribution of
a variable bounded by zero and one is the beta distribution. The probability density
function of the beta distribution is

a WI—1(1 — )1
p(w) = I'(a+b) (1 )

I'(a)T'(b) ’

(28)

where I'(+) is the gamma function. Variables a and b shape the beta distribution.

The specific surface area over porosity, S/¢, which is a part of the Darcy-scale
Damkohler number, equations (16) and (17), can be defined as

S 2y wiri  2B(wr)
o SN B >

=1
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Such a definition of S/¢ depends on the pore geometry. Inferring from Hussaini and
Dvorkin (2021)’s compilation of specific surface area versus porosity using digital im-
ages of natural rocks, S/¢ can range from 0.15 (Fontainebleau sandstone) to 0.7 (Ken-
tucky sandstone) when E(w) = 1.

2.4 A constitutive relation for reaction at the Darcy scale

A constitutive relation is an additional equation that specifies properties of a
material. For example, the longitudinal dispersivity describes the dispersion of solute
introduced by variations in fluid velocities in a porous material. In this section, we
develop a constitutive relation that models the average solute concentration of a porous
medium with varying reaction rates in pores.

2.4.1 First-order kinetics

Before we approach the full reactive transport problems — equations (6) and (23)
— we start with a single pore involving only mineral dissolution,

ac

g =Da(1-0C), C(t=0)=Cy, (30)
where C is the initial concentration of the mineral-forming solute in the pore. We
consider an aspect ratio, r/L., small enough such that a volume-averaged concentra-
tion is representative. Using equation (10), the Damkohler number in a cylindrical

pore is

2w L2k
Da = TWTP (31)

where 2w/r defines the pore-scale geometry and L2k,/D defines the physics of the
problem. In this work, we focus on analyzing how pore-scale geometry affects solute
concentration and reaction rate over time and assume L2k, /D constant. We abbreviate
L2k, /D to Day. The solution for the single-pore reaction problem is

C(t; w,r) = (Cy — 1)el"2Pavw/mt 4 1, (32)

We define the volume-averaged solution as

// C(t; w,r)p(w, r)r?drdw
avg
/ p(r)r2dr
0
1 0
// e(_QDaP‘”/")tp(w,r)r2drdw
1) 0 0
/ p(r)r2dr
0

The bounds of the integral over the pore size, r, should correspond to the bounds of the
prescribed pore-size distribution. Consider Cy = 0 and expand the volume-averaged
solution using a Taylor series around t = 0:

Cuvs(t) = (k, [ (PR p(w,r>r2drdw> /BGD+1 (39)

+1. (34)

k=0
= — 3 7(_2 Dapt w, rwFr? *drdw r?
_ Z< x /O/Op<,> drde ) /E() (36)
<= [ (=2Da, t)* E(wkr?—k)
T ; ( k! E(r2) > (37)
- zpapt];((g)) —2(Da, t)?i((‘;)) +O(t%). (38)
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Let us now describe the Darcy-scale reaction in the same manner as we did for a single
pore, equation (30). In this case, the definition of the Darcy-scale Damkohler number,
E(wr)
Dag=2Da, ——,
TR
leads to a first-order approximation of the volume-averaged concentration. To bet-
ter approximate Cayg, We propose a nonlinear reaction-rate model as a constitutive
relation,
dC — _

E:Dad(lfc)n, C(t:()):CO,
where n is the reaction order (Lasaga, 1998). Many researchers have attempted to
explain values for the reaction order in terms of dissolution or precipitation processes
(e.g., Blum & Lasaga, 1987; Teng et al., 2000). However, attributions of a process
on the basis of the value of this exponent is generally not defensible without further
observations (Brantley, 2008). For further discussion, see Brantley (2003, 2008).

The solution to the nonlinear reaction-rate model, equation (40), is
C(t) =1—[Daa(n - 1)t + (1 - Co)l‘"]l/“*") .

Its Taylor series expansion around ¢t = 0 while Cy = 0 is

00 k—1,. _
cn=1-%" [152) (in— 1)+ 1)

k! (7 Dad t)k

k=0

n(2n —1)
6

We observe that the Darcy-scale Damkohler number, equation (39), still matches the

first-order term of the volume-averaged solution, equation (38). If we define

_ E(W?)E(?)
E?(wr)
then the nonlinear reaction-rate model approximates the volume-averaged concentra-
tion to the second order with respect to time. By Cauchy-Schwarz inequality, we infer
n > 1, which agrees with experimental observations. The inverse square root of this

definition of the reaction order, n, is also known as Tucker’s congruence coefficient,
which assesses similarity between two variables (Lorenzo-Seva & ten Berge, 2006).

= Dagt — g(Dad £)2 + (Daqt)® + O(t4).

Figure 1 shows scatter plots of pore sizes and effective-surface-area ratios. Each
point represents an observation of the pore size and the effective-surface-area ratio in
a porous sample. Tucker’s congruence coefficient, r., measures the similarity between
pore size and effective-surface-area ratio. From the leftmost figure to the rightmost
figure, the congruence coefficient decreases as the observations become less similar,
or more heterogeneous. Since the reaction order, n, is the squared inverse of the
congruence coeflicient, the reaction order increases as the heterogeneity increases. Such
a definition of the reaction order is a function of the geometric variables w and r. Thus
we can use the reaction order to infer pore-scale spatial heterogeneity of minerals.

2.4.2 Second-order kinetics

We model the single-pore problem with second-order kinetics by

dC

— =Da(1-C?), C(t=0)=0,
dt

where the solution is

C = tanh (Da t),

(40)



248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

n=10,r.=10 n=1021r.=09 n=116,r.= 0093 n =188, r.=0.73

0.8 1 e %
w(=) 06 =1 : v;‘. <
04 1 TS
02f " & LN T
0.0

0.0 0.2 04 0.6 0.8 1.00.0 0.2 04 0.6 0.8 1.00.0 0.2 0.4 0.6 0.8 1.00.0 0.2 0.4 0.6 0.8 1.0

7 (o)

Figure 1.

title of each plot shows the reaction order, n, and Tucker’s congruence coefficient, r..

which is an odd function. Using equation (7), the Damkohler number in a cylindrical

pore is

20.} Lg A/ kdkp

Da=——"——

r D
where L2,/kqk,/D, which we abbreviate to Day, defines the physics of the prob-
lem for second-order kinetics. The volume-averaged concentration is defined using
equation (33), and we apply a Taylor series expansion to the volume-averaged concen-
tration,

Con (1) :Z (ng4k (4% — / / (2 Da, wt>2k 1 (wm)ﬁd,adw) e

k=1

°°1<sz4’“(4’f—1)(2Da H* 1/ / (w, ) 2kd7"d“> /B)

k=

(2k)!
B E(wr) (2Dayt)® E(w?r™1)
=2Day g5y — 3 505 +O((Dayt)°),

where By, is the Bernoulli number (Oldham et al., 2009). The Taylor series expansion
of the hyperbolic tangent function, equation (46), converges for Dat < /2, which is
not of concern since we utilize only the derivatives of Cyyg(t = 0).

We propose the following constitutive relation that describes the solute concen-
tration at the Darcy scale,
dc —2
— =Daq(1-C")"
dt d( ) Y
We do not attempt to find a solution for C. However, we can still expand C around
t = 0 with a Taylor series:

C(t=0)=0.

n(n+1)

C = Dagt — (Daqt)® 4+ O(th),

which is also an odd function. See Appendix B for detailed derivations. Comparing
the third-order term of equation (50) with that of equation (52) yields
n(n+1)  E(wrHE*(r?)
2 B E3(wr)

One can utilize the quadratic formula to explicitly determine n,

n= (—1 + \/1 + 8E(w3r—1)E2(r2)/E3(wr)> /2,

where we consider only the larger value of n as a solution. Note that the reaction
orders for first- and second-order kinetics are non-dimensional and, most importantly,
independent of the length scale and the reaction rate constants.

This figure shows scatter plots of pore sizes and effective-surface-area ratio. The

(52)

(53)

(54)
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2.5 Goodness of fit between the pore-scale and the Darcy-scale concen-

trations

There exists a variety of goodness-of-fit measures between models and experi-
mental observations. For example, the coefficient of determination, R?, is often used
to determine the kinetic rate law when applying the integral method (Brantley & Con-
rad, 2008; Zhao & Skelton, 2014). The mean-squared error is also a goodness-of-fit
measure, and the least-squares approach tends to minimize such a metric. We use an-
other goodness-of-fit measure, the Jensen-Shannon divergence, which is based on the
Kullback-Leibler divergence (Kullback & Leibler, 1951). The Kullback-Leibler diver-
gence between some unknown distribution, p(z), and an approximating distribution,

q(x), is:
KL(pllq) = /p(x) log, (%)dw

The Kullback-Leibler divergence satisifies KL(p||g) > 0 with equality if, and only
if, p(x) = q(z) (Bishop, 2006). Although KL(p|lg) > 0, it may diverge to infinity
depending on the underlying densities (F. Nielsen, 2020). Thus we use the Jensen-
Shannon divergence,

IS(pllg) :% (KL <p||p2+q> +KL <qp;q)>
:%/ (p(x) log, <p(x2)]:(_z)(x)) + q(z) log, (23(:]62)‘]_(:2(@)) dz,

which is bounded between 0 and 1 when using base-2 logarithms (Lin, 1991). Through-
out this work, we use the Jensen-Shannon distance, which is defined as the square root
of the Jensen-Shannon divergence.

Such a metric measures the distance between probability distributions (Endres &
Schindelin, 2003; Osterreicher & Vajda, 2003; Levene & Kononovicius, 2019). The fol-
lowing describes how we apply this measure to solute concentration over time, Cyyg(t)
and C(t). Suppose we regard solute concentration over time as cumulative distribution
functions. In that case, we measure the Jensen-Shannon divergence of their deriva-
tives, which can be seen as the probability density functions or the reaction rates over
time.

When the observed solute concentration is not monotonically increasing over
time like a cumulative distribution function, we simply use the root-mean-square error
(RMSE) as a quality measure of the constitutive relation,

(58)

2.6 Determination of the Darcy-scale Damkdhler number, Dag, and the

reaction order, n, using power series

We test the constitutive relation using the volume-averaged concentration, Cayg (%),
which is an analogy of solute concentration measurements from a dissolution experi-
ment. Assume the solute concentration can be described by the constitutive relation
within a certain error. Then we can use the Taylor series expansions, equations (43)
and (52), to obtain the Darcy-scale Damkohler number,

Daq = C.,(t = 0),

avg
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which is the initial rate of reaction. When the kinetics is of first order, the reaction
order is obtained by differentiating equation (43) twice,

cl (t=0)

avg

(Dad)2

Differentiating equation (52) thrice and rearranging yields the reaction order for second-
order kinetics,

111

Cavg (t = 0)
(Dad)3

This method of determining Daq and n utilizes power-series expansion and requires
only the derivatives of the solute concentration at ¢ = 0.

nn+1)=—

We consider three sets of log-normally distributed pore sizes, Ry, Rz, and Rjs,
which have S/¢ ~ 0.6 but different variances. The pore sizes are chosen such that they
range from 10-80 um (Gong et al., 2020). Likewise, we assume the effective surface
area follows the beta distribution, where 2; considers most pores fully reactive, 2o
assumes a larger variance of mineral surface area in the pores, and €23 implies that the
reactive mineral constitutes a small portion of the porous sample. Figure 2 shows the
details of the aforementioned probability distributions.

The products of the random variables R and €2 form nine scenarios of the bundle-
of-tubes model, which can be used as benchmarks for our power-series approach to
obtain the Darcy-scale Damkdhler number and the reaction order. We compare this
method with a goodness-of-fit minimization using both Dagq and n as unknowns, sim-
ilar to the ideas of nonlinear least-squares model fitting (Fogler, 2016). Initially, the
pores are filled with dissolving fluid with no solute concentration, C' = 0. Then the
mineral starts to dissolve into the fluid, such that the solute concentration increases.
We assume we can observe the average concentration, Ci,yg, without transport effects.
To capture the full reaction behavior, the simulation ends when the solute concentra-
tion, Cayg, is larger than 0.99. The physics related parameters, Day, is set as 50, such
that the Darcy-scale Damkdhler numbers of the scenarios are at a similar scale.

0.201 Ry:pp=350=01 10.04 —— 21 :a=10.0,b=1.0
——= Ry:p=342 0=0.25 — (:a=050b=50
0.154 == Rs:p=314,0=05 75/ — Q:a=20,0=100
“
2.0.101
0.051 AN
o,-w~ N
7 /7 \'\.\\\\
0.001 —e S P s e e e
0 20 40 60 80 0.00 0.25 0.50 0.75 1.00

7o) w(=)

Figure 2. This figure shows the probability density functions of the distribution of pore sizes

and effective-surface-area ratio. The legends state the essential parameters for generating the

probability density functions.

2.7 Flow-through experiment

In the previous section, we test the constitutive relation considering only mineral
reaction. To measure the solute concentration of the fluid in a porous sample, one has
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to push the fluid out of the porous sample. We now discuss this full reactive transport
problem. Consider a flow-through experiment, i.e., injecting fluid that dissolves the
mineral in a porous sample. We collect the fluid from the outlet and measure the solute
concentration over time. Before the experiment, the porous sample should be saturated
by the dissolving fluid. After a certain amount of time, the fluid has accumulated an
initial solute concentration. Then we start the flow-through experiment by injecting
fluid without solute under high Péclet number. We take fluid samples from the outlet
and measure the solute concentration. Since we are injecting fluid with zero solute
concentration, we expect the measured solute concentration at the outlet to decrease
over time. When the outlet concentration is close to zero, we reduce the Péclet number
to 0.1-1% of the original Péclet number in order to observe an increase of the outlet
solute concentration. This process creates a V-shaped curve of outlet concentration
over time.

We use FEniCS (Alnaes et al., 2015) to solve the transient initial boundary value
problem of each pore and apply equation (33) to obtain the average concentration.
Details of the numerical methods are explained in Appendix C. We assume the porous
sample can be described by a combination of the pore-size distribution, Ry, and the
effective-surface-area ratio, 23. In the following subsections, we discuss two cases of
low and high Damkohler numbers. In both cases, we consider the molecular diffusivity,
D,as5x 10 9m?s 1.

2.7.1 The low Damkohler-number case, Daq = 0.1

The Darcy-scale Damkoéhler number, equation (39), is proportional to the length
scale squared. This case is suitable when the mineral has low reaction rates or when the
porous domain is short (small length scale), e.g., a 5 cm rock sample in a laboratory. We
consider this our ”small length-scale scenario” for which the outlet solute concentration
can be measured. Since the Damkd&hler number is low, the solute concentration during
injection of the dissolving fluid should be far from chemical equilibrium. Therefore,
we assume the reaction is of first order.

Following the procedure of the flow-through experiment, we set the initial Péclet
number as 10 and the Darcy-scale Damkdohler number is 0.1. We reduce the Péclet
number to 0.01 at 0.15 nondimensional time. The simulation ends at 1.5 nondimen-
sional time, which for the 5cm rock sample mentioned above would correspond to
about 8.7 days.

The solute concentration over time at the outlet of the porous sample is collected
from the simulation data. Knowing the Péclet number and that the mineral reaction
is of first order, we fit the observed concentration over time with the reactive transport
model,

oC aC 02C —

4 Peg—= — (14 (Pey)? —— = Daq(1 - O)™.

et Pea o — (14 (Pea)t (1) g = Dag(1 = C)
The shape factor, f(r), is defined using equation (21). Utilizing the optimization
procedures in SciPy (Virtanen et al., 2020), we find Dag and n by minimizing the
RMSE between the observation and the model.

Another method of fitting Daq and n is to utilize a part of Cayvg(t), where the
diffusion effects are dominant enough (Pe < 1) such that we can treat the concen-
tration as constant over space. Owing to the divergence theorem and the boundary
condition C(0,t) = 0, results in

aC — —
E + Ped C(l,t) = Dad(l — C)n
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Then, we can perform least-squares fitting on the left-hand side to determine Daqg
and n. Figure 3 shows the outlet concentration of the flow-through experiment and
highlights the region in which we consider diffusion to be dominant. Such an approach
relies heavily on the strong-diffusion assumption, and is therefore not suitable for the
high Damkohler-number case, discussed in the next section.

0.121 i
— 14— Pe reduced
= 0.104 !
S |
s :
£ 0.08] ;
8 |
c 1
S 0.061 i
o |
S 0049
0.02 : — Cawg
0.00 025 050 075  1.00 125 150
time (-)

Figure 3. The outlet concentration over time of the low Damkdohler-number problem. The

orange line shows the part, where we apply the least-squares fitting technique (equation (63)).

The vertical dashed line indicates the time, ¢ = 0.15, when the injection rate is reduced.

2.7.2 The high Damkéhler-number case, Dag = 4 x 10*

Consider a field experiment in an aquifer, where the length scale is on the order
of meters. Here, a fluid is injected in one well and produced at another well. In this
case, it may not be possible to observe a concentration breakthrough at the outlet.
Thus, we perform simulations of a flow-through experiment and measure the solute
concentration at the inlet over time. The Darcy-scale Damkohler number is 4 x 104
We assume a second-order kinetics model for the mineral reaction, and our reactive
transport model is

oC oC 02C —2.,
rr + Pey e (1 + (Ped)ztf(r)) 52 = Dag(1-CH™

We consider three cases of intial Péclet numbers, 4 x 103, 8 x 102, and 8 x 10*. The
injection stops at 2 x 107% dimensionless time, and the simulation ends at 1 x 107°
dimensionless time, which is roughly 231.5 days considering a 100 m simulation domain.

Though it is practically not possible to observe the inlet concentration during
the injection phase, we perform the fitting of Dag, n, and f(r) using all information of
Clavg at the inlet. In the latter phase when injection stops (rising limb of the curve in
Figure 3), it should be possible to determine the concentration at the inlet by sampling
the fluid in the injection well.

3 Results

In this section, we show the benchmarks of the power-series approach and the
simulations of flow-through experiments. Then, we discuss the results in section 4.
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3.1 Benchmark of the power-series approach

We benchmark the power-series approach that obtains the reaction order, n, and
the Darcy-scale Damkohler number, Dag, using a bundle of tubes characterized by
the distributions of pore sizes and effective-surface-area ratio described in Section 2.6.

Figures 4 and 5 show the benchmark for the first-order kinetics and the second-
order kinetics, respectively. In the upper part of the figures, we plot the contour lines
of log-scaled Jensen Shannon divergence between Caye and C. The red points indicate
the approximation of Dagq and n using the power-series approach. In an ideal case, the
red points should be in the minimum of the Jensen Shannon divergence. In the lower
part of the figures, we plot the concentration over time of the scenarios that performed

the worst.
log;g VIS
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Figure 4. The upper part of the figure shows the contours of the log-scaled Jensen Shannon

divergence between the observed concentration and the modeled concentration of first-order ki-

netics using the constitutive relation. The red points are the Darcy-scale Damkohler number and

the reaction order approximated by the power-series approach (equations (59) and (60)). The

legend shows the value of the log-scaled Jenson Shannon divergence using a gray scale, corre-

sponding to the brightness of the colored contour lines. The lower part of the figure shows the

concentrations over time Cayvg and C of the scenarios R19Q3, RsQs3, and R3Qs.

3.2 Flow-through experiment

Figure 6 shows the observed concentration, C,yg, and the modeled concentration,
C. Table 1 shows the Darcy-scale Damkohler number, the reaction order, and shape
factor obtained by direct calculation (equations (39), (44) and (54)) and by RMSE
minimization of the low and high Damkohler-number cases (Daq = 0.1 and Dag =
40000, respectively) and corresponding to the R;Qs distribution. The results of the
least-squares curve fitting method, used only in the low Damkohler-number scenario,
are Daq = 0.1 and n = 1.38.
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Figure 5. The upper part of the figure shows the contours of the log-scaled Jensen Shannon
divergence between the observed concentration and the modeled concentration of second-order
kinetics using the constitutive relation. The red points are the Darcy-scale Damkdhler number
and the reaction order approximated by the power series approach (equations (59) and (61)).
The legend shows the value of the log-scaled Jenson Shannon divergence using a gray scale, cor-
responding to the brightness of the colored contour lines. The lower part of the figure shows the

concentrations over time Cayvg and C of the scenarios R2Q3, RsQs, and R32, respectively.
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Figure 6. The figures show the concentration Cavg (solid lines) and the modeled concentra-
tion C (dashed lines) of the low and high Damkdhler-number cases on the left and right panels,
respectively. The top panel shows the cases with fitting Dagq and n. The bottom panel shows the
cases with fitting Daa, n, and the shape factor, f(r), additionally.
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Table 1. This table summarizes the Darcy-scale Damkohler number, Daq, the reaction order,
n, and the shape factor, f(r), obtained by fitting the concentration-over-time curve using the
constitutive relation with the RMSE metric. The values of the direct calculation are the result of
prescribing Dap and the R1Q3 distribution. In the low Daq case, we assumed first-order kinetics.
Hence we use equation (44) to calculate the reaction order. We assumed second-order kinetics

for the high Da case, and equation (54) is used for calculating the reaction order for second-order

kinetics.
Initial Pegq ‘ 10 ‘ 4000 8000 40000
‘ Direct calculation
Dag 0.1 40000
n 1.40 1.77
fir) 4.081 x 1072
‘ Minimum RMSE
Dag 0.1 52 528 45154 38 464
n 1.57 1.57 1.66 1.30
‘ Minimum RMSE with shape factor fitting
Dagy 0.1 50 887 42049 38950
n 1.68 1.55 1.59 1.53
f(r) 2.39x 1072 | 1.402 x 107" 1.222x 107! 3.168 x 102
416 4 Discussion
a7 4.1 Benchmark of the power-series approach
418 In Figure 4, we observed that the power-series approach obtains Dagq and n close
419 to the minimum Jensen Shannon distance. The connections between nonlinear fitting
20 of the parameters, Daq and n, and the geometric information of the porous medium
21 are established since the power-series approach is exact for retrieving expected values
a2 of the pore-size and the effective-surface-area distributions.
423 In Figure 5, we observed general agreement of Dagq and n obtained by the power-
a2 series approach to those at the minimum Jensen Shannon distance. As the variance of
a5 the pore-size increases, the obtained Daq and n (red points) stray from the minimum
426 Jensen Shannon distance. In the selected concentration plots, the modeled concen-
a7 tration fits well when C' < 0.5. Some discrepancy between C and Cayg is present
a8 when C' > 0.5. Comparing to the results of first-order kinetics, where C' fits C,ys well
29 throughout all concentrations, our averaged model of second-order kinetics can only
430 fit reactions far from equilibrium (e.g., C' < 0.5).
a3 The power-series approach of obtaining Daq and n suffers from the fact that:
3 1. reaction rates at zero concentration can be hard to obtain, and
433 2. numerical differentiation of higher-order derivatives can yield spurious results.
434 Therefore, we require other nonlinear fitting methods by minimizing the divergence
435 between models and observations. In the next section, we discuss the intricacies of
436 nonlinear fitting of solute concentration during flow-through experiments.
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4.2 Flow-through experiment

The top-left panel of Figure 6 shows the low Damkdhler-number, first-order-
reaction case, where both the RMSE minimization and the least-squares fitting method
fits the outlet concentration, Cyaye. Both methods of obtaining Dag and n are accu-
rate within 15% relative error as confirmed by direct calculation from pore-size and
effective-surface-area distributions. The good agreement can be attributed to the fact
that the solute can be mostly flushed out from the porous domain, due to the low
Damkohler number. Hence, the solute concentration in each tube goes down to almost
zero, and spatial gradients of the solute concentration in the z direction are negligible.
This creates a situation similar to the problem considering only reaction effects, which
is not the case for the scenarios of high Damkdéhler-number, second-order kinetics.

Focusing on the high Damkdhler-number scenarios, we observe general agreement
of fitted parameters. For the case of initial Peq = 4000, the error in Dagq can be
attributed to the fact that the volume injected is not enough, such that the dissolution
in smaller pores is not observed in Cayg. The case of initial Peq = 8000 approximated
Dag closer to the prescribed value than the previous case. The third case of initial
Pegq = 40000, performed the best in retrieving Dagq. This may be because this case is
similar to the low Damkohler-number case, in which the initial solute concentration of
all pores is pushed out from the porous domain, such that C,y, is close to zero. The
purpose of comparing these three cases is to emphasize that the inversion of parameters
is influenced by how we perform the injection test, namely, by the selection of the initial
Péclet number.

Furthermore, we performed a fitting in all cases considering the shape factor as
unknown. The bottom panels of Figure 6 show the cases where we fit the shape factor,
f(r), in addition to Dagq and n. For the low Damkdhler number case, we have a good
fit of f(r) within an order of magnitude. However, the obtained value for n exhibits a
bigger error. This signals the vagueness of the reaction order and the shape factor in
minimizing RMSE, where increasing or decreasing either one of the variables leads to
similar RMSE.

For the high Damkdhler number cases, the obtained Dag improved slightly com-
paring to the cases with a prescribed shape factor. All fitted shape factors are within
an order of magnitude compared to the theoretical calculations. In particular, for
the case of initial Peq = 40000, we observe a good fit of the retrieved shape factor.
Although imperfect, our method of parameter estimation using a solute concentration
breakthrough curve is useful for modeling the average behavior of reactive transport
in porous media. The results suggest that it is possible to infer pore-scale information
using the inversion of averaged parameters.

Figure 7 shows the concentration in pores, the averaged concentration, and the
modeled concentration of the high Damkoéhler number, initial Peq = 40 000 scenario.
When the injection stops, the increase of the inlet solute concentration is not only due
to the reaction, but also due to the diffusion of solute from the reservoir to the inlet.
We attribute the underestimated n to our reactive transport model, equation (64),
not being able to capture the diffusion effects in each pore, which results in a lower
reaction order. Certainly, this situation is not as ideal as the low Damkohler-number
situation. Though, the modeled concentration, C, still represents the average behavior
of the pore concentrations.

In all of the flow-through experiments, we considered only one observation point,
either the fluid inlet or the fluid outlet. This work serves as a demonstration of the
base case with only one observation. To improve the fitting of the reaction order of the
high Damkdéhler-number cases, one can incorporate more observation points, spatially
distributed within the domain.
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Figure 7.

This figure shows the solute concentration in the pores, C, the averaged concentra-

tion, Caye, and the modeled concentration, C, of the initial Peq = 40000 scenario without shape

factor fitting. The left panel shows the solute concentration in the porous domain during fluid

injection. The right panel shows the solute concentration after fluid injection has stopped, as

indicated by the increasing fluid inlet concentration.

4.3 The applicability of the constitutive relations

By adding an exponent to the pore-scale reaction model, the Darcy-scale reaction
model effectively describes the averaged behavior of reactions taking place indepen-
dently in different pores of the porous medium. We examine the applicability of the
simple approach using the averaged concentration of first-order kinetics as an example.
The averaged concentration, equation (34), can be considered as a continuous mixture
of exponential distributions,

Cavg(t) = 1 —/ e Mp(\)d,
0

where ) is a parameter that characterizes the exponential distributions. The finite
mixture is known as the hyperexponential distribution, which is utilized for fitting
long-tail distributions (Feldmann & Whitt, 1998; Okada et al., 2020). If X is a gamma
distribution, then Cayvg(t) is a Pareto distribution (Balakrishna & Lai, 2009). The
concentration of our proposed model, equation (41), has the following form when
Co =0:

C(t)=1—-[1+ Daq(n— 1)t/

which is the cumulative distribution function of the Pareto distribution, also called the
Lomax distribution. There exists a particular ratio distribution of the effective surface
area and the pore sizes, /R, that satisfies C' = Cavg. Such an existence contributes
to the effectiveness of the constitutive relation for the first-order kinetics.

In contrast, the theoretical basis of constitutive relations for second-order kinetics
is less distinct. We simply followed the derivations of first-order kinetics and exploited
the oddity of Cuye and C to obtain a second-order approximation. The solution for
second-order kinetics in a single pore, equation (46), can be recast to

1— 6_2 Da -t

C=tanh(Dat) = ;50
e a-

which is a cumulative distribution function of a scaled logistic distribution. If we con-
sider time a semi-infinite domain [0, 00), such a distribution is also known as the half
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logistic distribution (Balakrishnan, 1985). Though we did not find or derive the rela-
tionships of the logistic distribution mixture, we denote the possibility of approximat-
ing such a mixture using the Pareto distribution, equation (66), since the hyperbolic
tangent function can be represented by a Laurent series,

tanh (1) = 1—2) (=DFe 2 *D ¢,
k=0

which is a mixture of exponential distributions. Such expansion techniques would
avoid relying on derivatives around C' = 0 as is done in this study, which may be
advantageous but requires more research.

4.4 Limitations and outlook

The main limitation of this study is that the reaction model we considered is
simple and may not be adequate to describe complex geochemical processes, e.g., a
rock sample which consists of multiple dissolving minerals. Though we considered
two common models of first- and second-order kinetics, we treat the rate constant, kg
and k,, as constant and, indeed, k4 and k, may change as temperature, pH, or ionic
strength changes.

Moreover, the assumption that chemical reactions in each tube occur indepen-
dently of the other tubes is idealized. In pore-network modeling, the porous medium is
discretized as a network of pore bodies and pore throats, and the coordination number
is defined as number of connections to each pore body. Experimental studies have
reported that the average coordination number of a sandstone is ~ 4 (e.g., Ioannidis
& Chatzis, 2000; Oren & Bakke, 2003; Hefny et al., 2020). Our bundle-of-tubes model
has an average coordination number of 0 (or 1, if one considers the pores reside at the
fluid inlet and outlet boundaries), which is the base case for pore-network modeling.
For this base case, the reaction order does not depend on Peq or Dagq. The dependence
of the reaction order on Peq or Daq for larger coordination numbers requires further
studies.

Nonetheless, our simple model reveals a possible mechanistic explanation to the
usage of the Darcy-scale reaction order larger than one, and how it can reveal geometric
information of the porous medium using the solute breakthrough curve. We suggest
considerations of the aforementioned limitations as potential topics for future research.

We propose another possible application of this work in view of energy conserva-
tion in a porous sample, where there is only one definition of temperature of the fluid,
T¢, and the porous solid, T;. A special case of energy conservation without pressure
work and viscous heating is analogous to equation (1):

orTy orTy D 0Ty

ot Vo T o2 T ID
where Dy is the thermal diffusivity of the fluid and g7 is a heat source introduced by the
porous solid. Usually, such an energy conservation model of heat tracer tests assumes
thermal equilibrium between the fluid and the porous solid, Tt = Ty, (Shook, 2001;
Anderson, 2005; Saar, 2011). However, studies and modeling on thermal disequilibrium
between fluid and solid phases have gained interest lately (Karani & Huber, 2017; Koch
et al., 2021). If we consider a heat tracer test, where we create a breakthrough curve
like the ones in Figure 3, we can model the behavior by
orTy oTy D 0*Ty DA (Ty - Ty)

v;  L*

ot* Y Oz* F9.%2

where D is a certain average of the thermal diffusivity of the porous medium, and L*
is a characteristic length that defines the heat flux between the solid-fluid boundary.
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The formulation is similar to our study of reactive transport with first-order kinetics.
Therefore, it is possible to apply the same techniques described in this work to obtain
the “reaction order” and infer pore-scale information.

5 Conclusion

Mineral reaction kinetics defined at the pore scale are not necessarily valid at the
Darcy scale. We utilize a bundle-of-tubes model to study the modeling of dissolution
kinetics in porous media at the Darcy scale. By adding an exponent, n (i.e. the Darcy-
scale reaction order), to first- and second-order kinetics, the resulting constitutive
relation approximates the average dissolution rate of the bundle-of-tubes model. Using
the pore-size and the effective-surface-area ratio distributions to characterize the tube
bundles, we expand the solute concentration of dissolving species with Taylor series
and thus relate the Darcy-scale Damkohler number, Dag, and reaction order with
the distribution moments. The Taylor-series expansions show that the Darcy-scale
reaction order of first-order kinetics is the inverse square root of Tucker’s congruence
coefficient (also known as the cosine similarity) between the pore sizes and effective-
surface-area ratios. Therefore, an increase of reaction order indicates an increase of
pore-scale heterogeneity. Such a relation gives a mechanistic meaning to the reaction
order.

Furthermore, we simulate flow-through experiments of dissolving porous media
at the laboratory as well as the field scale and discuss how one can utilize the consti-
tutive relation by fitting a solute concentration breakthrough curve with Dagq and n
as unknowns. As an additional benefit, we discuss cases of the flow-through experi-
ments where the shape factor of longitudinal dispersivity is also considered as a fitting
parameter. The inversion is successful, and the fitted parameters are close to the pre-
scribed parameters calculated by the moments of pore-size and effective-surface-area
ratio distributions. We infer that:

1. detailed pore-scale information (characterized by functions of moments) can be
inferred using averaged Darcy-scale quantities (such as solute concentration),
and

2. by analyzing the solute concentration of dissolving minerals over time using
flow-through experiments, we can acquire the Darcy-scale reaction order and
the dispersion coefficient, which represent heterogeneity at the pore scale.

The relations we derived provide us a quantitative approach to measure the
spatial heterogeneity of a porous domain using the Darcy-scale reaction order and
reveal a mechanistic explanation for n > 1.

Appendix A Derivation of the longitudinal dispersivity using spatial
moment analysis
We introduce an advection equation of solute concentration in a pore

oC* +u30* B

ot* 0z*

The velocity, u, is defined using equation (12)
oC* n ﬁ AP OC*

ot* 8 ul, 0z*

When injecting a solute pulse at = 0, the center of mass of the solute is located at

5 AP
r
8uL,

() =

—20—

= 0. (A1)

(A2)

£ (A3)
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Similar to the volume averaging procedure, Eq. (33), we define the center of mass in
a bundle of tubes system

- 2 (t%; r)rzp(r)dr

o0 2 .
/ r2p(r)dr B(r?) 8uL-
0

Following the procedures of spatial moment analysis (Goltz & Roberts, 1987; Dentz
& de Barros, 2013; Lee et al., 2018; Natarajan & Kumar, 2018), the mean velocity is

_d=  E() AP
YT 4t T E(?) 8uL, (45)

which is the volume averaged velocity, equation (18). The change of spatial variance
over time is

o, = /oo . - (Z7(t))? (A6)
r2p(r)dr
0
B (E(r6) EQ(T4)) ( AP t*)2
= — (AT)
E(r2) E2(r?) 8ul,

_ (E0OE(E?) E(rY) AP )\’

- ("o 1) (B a) .

_ (E@°®)E(r?) _ a2

- ( 0] 1)( t*) (A9)

The longitudinal dispersion coefficient is
1 do? E(r)E(r? 9%

DL_2dtz_((E2)(r£))1)at, (A10)

which concludes the derivation of equation (21). The nondimensional solute transport
equation is

02°C
022

aoC oC
5 T Pea = (1+(Pea)’t £(r))

=0. (A11)

Following Crank (1975), the fundamental solution of the aforementioned transport
equation is

Clot) !

— 29 — Peqt)?
= exp (— (z = 2 6(21 ) ) (A12)
VAar(t + (Peqt)?/2) 4(t + (Peat)?/2)
We test the validity of the dispersion coefficient by comparing with volume-averaged
solute concentration, equation (7). We consider two cases of pore size distributions Ry
and Ry with initial injection at zg = 0 and Peq = 10.

Figure Al shows the comparison between C and C,y, at different time steps.
When the travel distance increases, the difference between C and Clyg increases. Such
effect is more pronounced when o is larger, as shown in the right panel of Figure
Al. Higher order method of moments are employed for better modeling of dispersion
effects (Chatwin, 1970; Zhang et al., 2008; Vikhansky & Ginzburg, 2014; Jiang &
Chen, 2019). However, we limit our analysis to second order to focus on the topic of
Darcy-scale reaction order.
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Figure A1l. Comparison of the volume-averaged solute concentration and the modeled con-
centration. The left panel shows the case of pore size distribution R;, and the right panel shows

the case of pore size distribution Rs.

Appendix B Taylor series of the averaged second-order kinetics model

The averaged second-order kinetics model, equation (51), is

’

C = Daq (1 —62)”. (B1)

We show derivations of expanding equation (B1) using a Taylor series. A Taylor series
expansion of C around ¢t = 0 is

7" "

C(t)=C(0) + c (0)t + 2<0) 2 + ¢ 6(0) 3+ 0(th), (B2)

which consists of derivatives of C. Differentiate equation (B1)

n—1 ’

C = _2Dagn (1-0%)" o7 (B3)

The initial condition, C(0) = 0, leads to C' (0) = 0, which corresponds to the second-
order term in equation (50). Instead of performing further differentiation, we rearrange
equation (B1)

’

C =Dag(1-C)" (1+0)". (B4)
Applying the binomial approximation to (1 + C)" yields
C ~Dag(1-C)" (1+n0) for [nC] < 1. (B5)
Differentiate
T =DaanC (-(1-0)"' (14+4C) + (1-0)"), (B6)

which retains the property C' (0) = 0. Further differentiate and omit C

1" ’

—\ n—2

T =DagnC ((n-1)(1-0)" " (1+n0) T (B7)
—n(1-0)"'T —n(1-0)"7'T). (BS)
Hence,
T (0) = ~(Daa)® n(n+1). (89)
Therefore, the Taylor series with an approximated third-order derivative is
C(t) = Daqt — M(Dad t)® 4+ O(th). (B10)
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Appendix C Numerical methods of the reactive transport model

The continuity equation of the concentration is

oC
EJFV'(f(C)):% (C1)
where f is a function that defines the flux and ¢ represents a source or sink of the

concentration. The conservative form of the continuity equation is

9 1o + f(C)~nds::j/qu, (C2)
o Ot 20 Q

where (2 is an arbitrary control volume, 02 denotes the boundary of the control volume,
and n is the outward normal vector of the control volume. Following Koren (1993), a
cell-centered finite volume discretization of equation (C2) in one dimension is

= / qdz, (C3)
j—1/2 Q;

J

9C 1 4 f(0)

% - 4(©)

j+1/2

where the half-integer indices j — 1/2 and j + 1/2 refer to the cell faces 9;_; /, and
0Qj 412, as illustrated in Figure C1. Instead of approximating the fluxes with a first-
order upwind scheme, we utilize the x interpolation scheme, originated from van Leer

(1985),

1+ k 11—k
fivie =1+ T(fj+1 = fi)+ 1

(fi = fi-1), k€ [-1,1]. (C4)

The flux term f(C)|;11/2 is abbreviated as f;1/5. We use a second-order upwind
scheme, k = —1, for linear advection f(C) = C such that

1
fiv12=0C; + §(Cj —Cj-1). (C5)

Consider a Total Variation Diminishing (TVD) framework (Sweby, 1984), we define
the ratio of concentration gradient assuming constant mesh size

. _ SO Cin =G
IOV G- Oy

(C6)

A flux limiter is a function that selects spatial discretization schemes based on the ratio
of concentration gradient. In the case of linear advection, we apply the flux limiter
¥(r) to equation (C5)

fit12=C5+ w(;) (Cj = Cj-1). (C7)

When ¢(r) = 1, we have the second-order upwind flux, and when ¥ (r) = r, a centered
difference flux is recovered. Note that the flux reduces to first-order given ¢(r) = 0.
We choose the minmod limiter (Roe, 1986)

¥(r) = max (0, min (1,7)), (C8)

which switches the advection flux between second-order upwind and centered differ-
ence in the second-order TVD region. Following the Discontinous Galerkin approach
(Riviere, 2008), we reformulate the reactive transport model in a single pore, equa-
tion (6),

Ua—cdﬂ +/ v|PeC— o¢ ‘nds = / vDa(l - C)dQ, (C9)
o Ot 09 0z Q
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where v is a piecewise constant test function. We calculate the diffusion flux using the
two-point flux approximation. Closely following the derivations of Roy et al. (2019)
and utilize the flux-limited advection, we have

oC [C] — [ wDal1 -
Qvadﬂ + /Fmt [v] (adv(C) Pen+ h) ds = /Q Da(1 - C)dQ, (C10)
adv(C) = C"™ + @ (C"P — CVPuP) | (C11)

where I'j,¢ denote the union of all interior boundaries, h is the distance between two
cell centers, and [-] is the jump operator. The superscript “up” denotes the upwind
cell, and “upup” represents the upwind cell of the aforementioned upwind cell. For
example, when the surface integral is performed over 9€); 1/, the advection term is

=0+ $e) (€ = Cja), (C12)

adv(C) 5

j+1/2

which is the advection flux, equation (C7). Before we define the temporal discretization
scheme, we abbreviate equation (C10)

9C jo = — v]adv e-ndS — FP q
/Qvatde /Fim[]d(C’)P ds — FP(C) + FI(C), (C13)

where FP(C) is the diffusion term, and F9(C) represents the reaction term. To ap-
proach second order accuracy in time, we utilize the explicit midpoint method

Cn+1/2 e
/ W= 0 - —/ ]G Pe-ndS — FP(C™) 4+ FA(C™), (C14)
U 05A g

int

n+1l _ n
/ vudQ = —/ [v]adv(C™1/2) Pe -ndS
Q At r

int

_FD(Cn+1/2) +Fq(cn+1/2)’ (C15)

where At is the time step size. The superscripts n, n+1/2, and n+ 1 refers to current
time step, midpoint step, and the next time step, respectively. The midpoint value
C"™*1/2 is approximated using first-order upwind advection. Then we apply the flux
limiter to the second step. To ensure numerical stability, the explicit midpoint method
should follow the time step size limitation proposed by (Prabhakaran & Jones Tarcius
Doss, 2015)

h2

At < ——.
t_2+Peh

(C16)
Although the time step size limitation is derived for flux-limited advection diffusion
equations with no source terms, it is treated as a maximum value for the time step

size in the simulations while using the explicit midpoint method. The time step size
limitation restricts the efficiency of explicit methods. Rearrange equation (C16)

Pe At 2At
<1 ==
—<1-—, (C17)

where Pe At/h is the CFL number, and 2At/h? is the Fourier number. The maximum
CFL number allowed while using the explicit upwind scheme is 1 normally. However,
the explicit centered difference treatment of diffusion causes a degradation of the max-
imum CFL number in equation (C17). To alleviate this issue, one may consider an
implicit time discretization scheme for diffusion. This idea leads to the implicit-explicit
(IMEX) time-discretization scheme, which consists of applying an implicit discretiza-
tion for diffusion and an explicit one for advection (Ascher et al., 1997; Pareschi &
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Russo, 2005; Boscarino et al., 2015). Of many possible implementations of IMEX
schemes, we implement the following

C7L+1/2 —_Cc"
/ VA = —/ [v]CUP™ Pe-ndS — FP(C™HY/2) 4 Fa(Com), (C18)
0 0.5At o
n+1 _ n
/ W= 0 - 7/ [v]adv(C™*1/2) Pe -ndS
Q At Fint
G FP(CY) L SEP(O) 4 PO, (1)

2

where both steps include implicit diffusion terms. We benchmark the numerical
method based on the solution of tracer transport with first order decay

M
————exp (— - Dat),
4 (t +to)

where zg is the center of mass of the inverted Gaussian, M and ty are the parameters
adjusted to bound the initial concentration between 0 and 1. In the benchmark, we
set the initial condition with M = 0.2, to = 5x 1073, and 2z = 0.5. The mesh
size, h, is 0.04. For the explicit midpoint scheme, the time step size is 5 x 10™%, and
for the IMEX scheme, the time step size is 5 x 1073. The simulation ends at 0.1
nondimensional time.

(2 — 29 — Pet)?

A(t + to) (G20)

Cz,t)=1-

Figure C2 and C3 shows the benchmark result at different time steps, and both
numerical solution agrees with the analytical solution. However, since the IMEX
scheme allows larger time step size during simulations, we use only the IMEX scheme
in our simulations.

Flow direction —

L . . . >
Qo 093 Qo O 1 Y 0 !
h
Figure C1. An illustration of the cell-centered finite volume grid.
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Figure C2.

Benchmark of the numerical methods with analytical solutions of tracer transport

with first-order decay using the explicit midpoint scheme. The CFL number is 0.25.
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Figure C3. Benchmark of the numerical methods with analytical solutions of tracer transport

with first order decay using the IMEX scheme. The CFL number is 2.5.
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