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Abstract

Field-scale properties of fractured rocks play crucial role in many subsurface applications, yet methodologies for identification of

the statistical parameters of a discrete fracture network (DFN) are scarce. We present an inversion technique to infer two such

parameters, fracture density and fractal dimension, from cross-borehole thermal experiments data. It is based on a particle-

based heat-transfer model, whose evaluation is accelerated with a deep neural network (DNN) surrogate that is integrated into a

grid search. The DNN is trained on a small number of heat-transfer model runs, and predicts the cumulative density function of

the thermal field. The latter is used to compute fine posterior distributions of the (to-be-estimated) parameters. Our synthetic

experiments reveal that fracture density is well constrained by data, while fractal dimension is harder to determine. Adding

non-uniform prior information related to the DFN connectivity improves the inference of this parameter.
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Abstract
Field-scale properties of fractured rocks play crucial role in many subsurface applica-
tions, yet methodologies for identification of the statistical parameters of a discrete
fracture network (DFN) are scarce. We present an inversion technique to infer two
such parameters, fracture density and fractal dimension, from cross-borehole thermal
experiments data. It is based on a particle-based heat-transfer model, whose evalu-
ation is accelerated with a deep neural network (DNN) surrogate that is integrated
into a grid search. The DNN is trained on a small number of heat-transfer model
runs, and predicts the cumulative density function of the thermal field. The latter
is used to compute fine posterior distributions of the (to-be-estimated) parameters.
Our synthetic experiments reveal that fracture density is well constrained by data,
while fractal dimension is harder to determine. Adding non-uniform prior information
related to the DFN connectivity improves the inference of this parameter.

1 Introduction1

Characterization of fractured rock is a critical challenge in a wide variety of2

research fields and applications, such as extraction, management and protection of3

water resources. In fractured-rock aquifers, fractures can act as preferential flow paths4

that increase the risk of rapid contaminant migration over large distances. While the5

resource is generally stored in the surrounding matrix, fractures often determine the6

spatial extent of the extraction area (the cone of depression or well capture zone).7

Similar considerations play an important role in (oil/gas and geothermal) reservoir8

engineering, carbon sequestration, etc.9

Various characterization techniques provide complementary information about10

fractured rocks. These typically rely on direct observation data, surface and borehole11

data acquired with geophysical techniques, and borehole data collected during hy-12

draulic and tracer experiments (Bonnet et al., 2001; Dorn et al., 2012, 2013; Demirel13

et al., 2018; Roubinet et al., 2018). We focus on the latter because they provide in-14

formation that is directly related to the hydrogeological structures that drive flow and15

transport processes. For example, measurements of vertical flow velocities in a bore-16

hole under ambient and forced hydraulic conditions are used to estimate the properties17

of individual fractures that intersect the borehole (Klepikova et al., 2013; Paillet et18

al., 2012; Roubinet et al., 2015), and piezometric data collected in observation bore-19

holes allow one to evaluate features of complex fracture configurations (Fischer et al.,20

2018; Le Goc et al., 2010; Lods et al., 2020). Chemical tracer experiments, typically21

comprising the interpretation of breakthrough curves, yield information on the short22

and long paths in the fractured rock; these characterize the discrete fracture network23

(DFN) and matrix block properties, respectively (Roubinet et al., 2013; Haddad et al.,24

2014).25

Heat has also been utilized to identify the presence of fractures intersecting bore-26

holes (Pehme et al., 2013; Read et al., 2013), to estimate their properties (Klepikova et27

al., 2014), and to study flow channeling and fracture-matrix exchange at the fracture28

scale (de La Bernardie et al., 2018; Klepikova et al., 2016). Most of these thermal29

experiments employ advanced equipment, which deploys the active line source (ALS)30

to uniformly modify water temperature in a borehole (Pehme et al., 2007) and the dis-31

tributed temperature sensing (DTS) to simultaneously monitor the resulting tempera-32

ture changes in observation boreholes (Read et al., 2013). Thermal tracer experiments33

offer several advantages over their chemical counterparts. They do rely on neither34

localized multi-level sampling techniques nor localized tracer injection in boreholes;35

they interrogate larger area because heat conduction covers larger area than solute36

diffusion; and they are not restricted by environmental constraints whereas chemical37
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tracers may remain in the environment for a long time (Akoachere & Van Tonder,38

2011; Ptak et al., 2004).39

Without exception, the interpretation of hydraulic and tracer experiments in-40

volves inverse modeling. The choice of a strategy for the latter depends on the prop-41

erties of interest, the data considered, the models available to reproduce the data, and42

the prior information about the studied environment. For canonical fracture config-43

urations between two boreholes, (semi-)analytical and numerical models can be used44

to the cross-borehole flow-meter experiments mentioned above to evaluate the trans-45

missivity and storativity of the fractures that intersect the boreholes at known depths46

(Klepikova et al., 2013; Paillet et al., 2012; Roubinet et al., 2015); the inversion consists47

of the gradient-based minimization of a discrepancy between the model’s predictions48

and the collected data. Large-scale systems with complex fracture configurations re-49

quire the use of sophisticated inversion strategies designed for high volumes of data.50

Most of such studies generate data via hydraulic and/or tracer tomography experi-51

ments, and use the inversion to identify the geometrical and hydraulic properties of a52

fracture network (Fischer et al., 2018; Le Goc et al., 2010; Somogyvári et al., 2017).53

Very few studies attempt to infer the statistical characteristics of a network, such54

as fracture density and scaling exponents in distributions of length, orientation and55

aperture (I. Jang et al., 2008; Y. H. Jang et al., 2013).56

Yet, such statistics are necessary to quantify uncertainty in predictions of hy-57

draulic and transport processes in fractured rocks. Their identification rests on ensem-58

ble-based computation, which involves repeated solves of a forward model. Two com-59

plementary strategies for making the inversion feasible for large, complex problems60

are i) to reduce the number of forward solves that are necessary for the inversion61

algorithm to converge, and ii) to reduce the computational cost of an individual for-62

ward solve. The former strategy includes the development of accelerated Markov63

chain samplers, Hamiltonian Monte Carlo sampling, iterative local updating ensemble64

smoother, ensemble Kalman filters, and learning on statistical manifolds (Barajas-65

Solano et al., 2019; Boso & Tartakovsky, 2020b, 2020a; Kang et al., 2021; Zhou &66

Tartakovsky, 2021). The latter strategy aims to replace an expensive forward model67

with its cheap surrogate/emulator/reduced-order model (Ciriello et al., 2019; Lu &68

Tartakovsky, 2020a, 2020b). Among these techniques, various flavors of deep neural69

networks (DNNs) have attracted attention, in part, because they remain robust for70

large numbers of inputs and outputs (Zhou & Tartakovsky, 2021; Mo et al., 2020; Kang71

et al., 2021). Another benefit of DNNs is that their implementation in open-source72

software is portable to advanced computer architectures, such as graphics processing73

units and tensor processing units, without significant coding effort from the user.74

We combine these two strategies for ensemble-based computation to develop an75

inversion method, which makes it possible to infer the statistical properties of a fracture76

network from cross-borehole thermal experiments (CBTEs). To alleviate the high cost77

of a forward model of hydro-thermal experiments, we use a meshless, particle-based78

method to solve the two-dimensional governing equations for fluid flow and heat trans-79

fer in DFNs (Section 2). These solutions, obtained for several realizations of the DFN80

parameters, are used in Section 3 to train a DNN-based surrogate. The latter’s cost81

is so negligible as to enable us to deploy a fully Bayesian inversion (Section 4) that,82

unlike ensemble Kalman filter, does not require our quantity of interest to be (ap-83

proximately) Gaussian. Our numerical experiments, reported in Section 5, show that84

our approach is four orders of magnitude faster than the equivalent inversion based85

on the physics-based model. These synthetic experiments also reveal that the CBTE86

data allow one to obtain accurate estimates of fracture density, while the inference of87

a DFN’s fractal dimension is less robust. Main conclusions of this study are summa-88

rized in Section 6, together with a discussion of alternative strategies to improve the89

estimation of fractal dimension.90

–3–



manuscript submitted to Water Resources Research

2 Models of fracture networks and transport phenomena91

A forward model of CBTEs consists of a fracture network model and those of92

fluid flow and heat transfer. These models are described in Sections 2.1, 2.2, and 2.3,93

respectively.94

2.1 Model of fracture networks95

To be specific, we conceptualize a DFN via the fractal model of (Watanabe &
Takahashi, 1995),

Nr = Cr−D, (1)

that postulates a power-law relationship between the number of fractures, Nr, and96

their relative length r (normalized by smallest fracture length r0), in a domain of97

characteristic length L. The parameters C and D denote fracture density and fractal98

dimension, respectively. If a network’s smallest fracture has length r0, then the number99

of classes in the WT model is Nf = int(C/rD0 ) and the relative length of fractures in100

the ith class is ri = (C/i)1/D (i = 1, . . . , Nf ). This formulation is equivalent to101

the model (Davy et al., 1990) that expresses fracture density n(l, L) = αLDl−a in102

terms of fracture length l and domain size L, if one sets α = CD/Nf , D = D, and a =103

D+1. The latter model reproduces self-similar structures observed in numerous studies104

(Sahimi, 2011, chapter 6.6.8), allowing one to represent realistic fracture networks with105

the minimal number of parameters.106

To generate a synthetic data set, we consider fractures arranged at two preferred107

angles θ1 = 25◦ and θ2 = 145◦ in a 100 × 100 m2 domain. Fracture centers are108

randomly distributed over the whole domain, and their aperture is set to 5× 10−4 m,109

as in (Gisladottir et al., 2016). The resulting DFN is simplified by removing the110

fractures that are not, directly or indirectly through other fractures, connected to the111

domain’s perimeter. Fluid flow and heat transfer are modeled on this fracture network112

backbone.113

2.2 Model of fluid flow in fracture networks114

We deploy a standard model of single-phase steady-state laminar flow in a DFN,115

which assumes the ambient rock matrix to be impervious to fluid. The flow of an116

incompressible fluid is driven by a hydraulic head gradient, J , due to constant hydraulic117

heads imposed on the left and right boundaries, the top and bottom boundaries are118

impermeable.119

The fracture extremities and intersections of the DFN, whose construction is120

detailed above, form the network nodes and a fracture connecting two adjacent nodes121

are referred to as the network edge. Flow rate in each edge is computed as the cross-122

sectional average of the Poiseuille velocity profile. Thus, the flow rate, uij , of flow from123

node i to node j is uij = −b2ij/(12ν)Jij , where ν is the fluid’s kinematic viscosity, bij124

is the aperture of the fracture connecting the nodes i and j, and Jij = (hj − hi)/lij is125

the hydraulic head gradient between these nodes with lij the distance between these126

nodes. The hydraulic heads at the DFN nodes, hi (i = 1, 2, . . . ), are computed as127

the solution of a linear system built by enforcing mass conservation at each node:128 ∑
k∈Ni

bkiuki = 0, where Ni is the set of the neighboring nodes of node i (see, e.g.,129

(Gisladottir et al., 2016; Zimmerman & Tartakovsky, 2020) for details).130

2.3 Model of heat transfer in fractured rock131

The DFN backbone constructed in Section 2.1 is further pruned by removing the132

edges representing the fractures with negligible flow velocities, e.g., uij ≤ 10−10 m/s133

used in the subsequent numerical experiments. Convection in the resulting fracture134
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network and conduction in the host matrix rock are modeled via the particle-based ap-135

proach (Gisladottir et al., 2016). The computational cost of this method is significantly136

lower than that of its mesh-based alternatives because it discretizes only the fracture137

segments, while the matrix is not meshed. The particle displacement is associated with138

conduction and convection times in the fracture and the matrix, respectively. The lat-139

ter time is defined from analytical solutions to a transport equation for fracture-matrix140

systems, and truncated according to the probability plim for the particle to reach a141

neighboring fracture by conduction through the matrix. Complete mixing is assumed142

at the fracture intersections, implying that the probability for a particle to enter into143

a fracture depends only on the flow rate arriving at the considered node.144

CBTEs are simulated by uniformly injecting Npart particles on the left side of the145

domain and recording their arrival times on the right side. The cumulative distribution146

functions (CDFs) of these arrival times describe the changes in the relative temperature147

T ∗ observed at distance L from the heat source, assuming complete mixing in the148

vertical direction at the observation position. The relative temperature is defined as149

T ∗ = (Tobs−Tin)/(Tinj−Tin), where Tin is the initial (at t = 0) fluid temperature in the150

system, and Tinj and Tobs the temperature at the injection and observation positions,151

respectively (Gisladottir et al., 2016).152

3 Neural network model formulation153

We define a NN surrogate for the physics-based model described in Section 2154

with a map,155

f : (C,D)→ F (x), F (x) = P(X ≤ x), x ∈ R, (2)156

where (C,D) are the fracture network parameters, and F (x) is the CDF of a particle’s157

arrival time X, i.e., the probability that X does not exceed a certain value x. Since the158

nonzero probability space of F (x) varies for different simulations (Gisladottir et al.,159

2016; Ruiz Martinez et al., 2014, and Section 5 below), we find it convenient to work160

with the inverse CDF (iCDF) F−1. Because any CDF is a continuous monotonically161

increasing function, the iCDF (or quantile CDF) is defined as162

iCDF : Q(p) = F−1(p) = min{x ∈ R : F (x) ≥ p}, p ∈ (0, 1). (3)163

If Q(p) is discretized into a set of Nk quantiles {p1, . . . , pNk
: 0 < p1 < · · · < pNk

< 1},164

then165

iCDF = {Q(p1), . . . , Q(pNk
)}, Q(p1) < · · · < Q(pNk

). (4)166
167

Consider a fully connected neural network (FCNN)168

NN : m
FCNN−−−−→ d̂ (5)169

that describes the forward surrogate model (2)–(4). The vector m, of length Nm,170

contains the parameters to be estimated (in our problems, these parameters are C171

and D, so that Nm = 2); and the vector d̂, of length Nd, contains the discretized172

values of the iCDF computed with the model NN. This model is built by defining173

an Nd × Nm matrix of weights W, whose values are obtained by minimizing the174

discrepancy between the vectors d̂ and the vector d comprising the output of physics-175

based model from Section 2. Since the relationship between m and d is likely to be176

highly nonlinear, we relate m and d̂ via a nonlinear model d̂ = σ(Wm), in which177

the prescribed “activation” function σ(·) operates on each element of the vector Wm.178

Commonly used activation functions include sigmoid functions (e.g., tanh) and the179

rectified linear unit (ReLU). The latter, σ(s) = max(0, s), is used in this study due180

to its proven performance in similar applications (Agarap, 2018; Zhou & Tartakovsky,181

2021; Mo et al., 2019).182
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The nonlinear regression model d̂ = σ(Wm) ≡ (σ ◦W)(m) constitutes a single183

layer in a NN. A (deep) FCNN model with Nl layers is constructed by a repeated184

application of the activation function to the input,185

d̂ = NN(m; Θ) ≡ (σNl
◦WNl−1) ◦ . . . ◦ (σ2 ◦W1)(m). (6a)186

The parameter set Θ = {W1, . . . ,WNl−1} consists of the weights Wn connecting the187

nth and (n+ 1)st layers with the recursive relationships188 
s1 = (σ2 ◦W1)(m) ≡ σ2(W1m),

si = (σi+1 ◦Wi)(si−1) ≡ σi+1(Wisi−1), i = 2, . . . , Nl − 2

d̂ = (σNl
◦WNl−1)(sNl−2) ≡ σNl

(WNl−1sNl−2).

(6b)189

190

Here, si is the vector of data estimated in the ith layer; W1, Wi (i = 2, . . . , Nl−2) and191

WNl−1 are the matrices of size d1×Nm, di×di−1 and Nd×dNl−2, respectively; and the192

integers di (i = 1, . . . , Nl − 2) represent the number of neurons in the corresponding193

inner layers of the NN. The fitting parameters Θ are obtained by minimizing the194

discrepancy (or “loss function”) L(di, d̂i) between d̂ and d,195

Θ = argmin
Θ

Ndata∑
i=1

L(di, d̂i), d̂i = NN(mi; Θ), (7)196

where Ndata is the number of forward runs of the physics-based model. We use the197

stochastic gradient descent optimizer (Ruder, 2016) to carry out this step, which is198

commonly referred to as “network training”.199

A choice of the functional form of the loss function L affects a NN’s perfor-200

mance. Studies on measuring quantile divergence, especially for discrete inverse dis-201

tribution, are scarce. Measures of the distance between probability distributions, such202

as the Kullback-Leibler (KL) divergence (Kullback, 1997) and the Hellinger distance203

(Le Cam, 2012), might or might not be appropriate for inverse distributions. Thus,204

while the KL divergence is a popular metric in Bayesian inference (Boso & Tartakovsky,205

2020b) and generative NNs (Kingma & Welling, 2013; Goodfellow et al., 2014), its206

asymmetry precludes its use in (7). Consequently, we quantify the distance between207

two discrete distributions P = (p1, . . . , pNk
) and P ′ = (p′1, . . . , p

′
Nk

) in terms of the208

Hellinger distance,209

LH(P, P ′) =
1√
2
‖
√
P −

√
P ′‖2 =

(
1

2

Nk∑
i=1

(
√
pi −

√
p′i)

2

)1/2

, (8)210

211

i.e., solve the minimization problem (7) with L ≡ LH(Q, Q̂).212

To reduce the training cost and improve the NN’s performance, we specify ad-213

ditional features to refine the initial guess of input parameters. The relationships214

between the fractal DFN parameters in Section 2.1, suggest the choice of C1/D, C−D215

and CD (which are equal to rii
1/D, r0/N

D
f and αNf , respectively) and 1/D as extra216

input features. Given the pair of initial parameters (C,D), the resulting full set of217

parameters for the NN is218

mNN = (C,D,C1/D, C−D, CD, 1/D)>. (9)219

4 Inversion via Bayesian update220

According to the Bayes rule, the posterior probability density function (PDF)221

fm|d of the parameter vector m is computed as222

fm|d(m̃; d̃) =
fm(m̃)fd|m(m̃; d̃)

fd(d̃)
, fd(d̃) =

∫
fm(m̃)fd|m(m̃; d̃)dm̃, (10)223
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where d̃ and m̃ are the deterministic coordinates of random variable d and m, re-224

spectively; fm is the prior PDF of m; fd|m is the likelihood function (i.e., the joint225

PDF of the measurements conditioned on the model predictions, which is treated as a226

function of m); and the normalizing factor fd ensures that fm|d integrates to 1.227

We take the likelihood function fd|m to be Gaussian,228

fd|m(m̃; d̃) =
1

σd
√

2π
exp

[
−1

2

LH(d̃,g(m̃))

σ2
d

]
. (11)229

This PDF has the standard deviation σd and is centered around the square root of the230

Hellinger distance between the data d̃ predicted by the likelihood and the data g(m̃)231

provided by the forward model g. Addition of prior knowledge of m to the likelihood232

function is done within the standard Bayesian framework by assuming that the prior233

PDF is as important as the data. We explore how the posterior PDF can be improved234

by adjusting the impact of the prior. To do so, we treat the latter as a regularization235

term with a tunable hyper-parameter γ that corresponds to the weight associated with236

the prior, enabling us to reduce the impact of the prior when its knowledge does not237

seem to be persuasive. The resulting posterior PDF is formulated as238

fm|d(m̃; d̃) ∝ e−H(m̃), H(m̃) = Hobs(m̃) + γHreg(m̃), (12)239
240

where Hobs(m̃) = − log(fd|m(m̃; d̃)) and Hreg(m̃) = − log(fm(m̃)) are the negative241

log-likelihood and log-prior distributions, respectively. This yields242

fm|d(m̃; d̃) ∝ fd|m(m̃; d̃) (fm(m̃))
γ
, γ ∈ [0, 1]. (13)243

244

This posterior PDF is computed via the following algorithm.245

1. The domains C and D of values for the parameters C and D are discretized with246

NC and ND nodes, respectively. The result is a NC × ND regular grid for the247

parameter pair (C,D) with coordinate vectors mij = (Ci, Dj)
> (i = 1, . . . , NC ,248

j = 1, . . . , ND).249

2. The iCDFs (4) are computed with the forward model g for all pairs mij .250

3. The negative log-likelihood Hobs(m) = − ln(fd|m(m̃; d̃)) is computed via (11),251

with the data g(m) provided by model g in Step 2.252

4. The posterior PDF fm|d is computed via (13) by adjusting the weight γ assigned253

to the prior knowledge. (The case γ = 0 corresponds to a uniform prior for m,254

where the unnormalized posterior PDF is equivalent to the likelihood.)255

This brute-force implementation of Bayesian inference is only made possible by256

the availability of the FCNN surrogate, whose forward runs carry virtually zero compu-257

tational cost. In its absence, or if the number of unknown parameters were large, one258

would have to deploy more advanced Bayesian update schemes such as Markov chain259

Monte Carlo (Zhou & Tartakovsky, 2021; Barajas-Solano et al., 2019) or ensemble260

updating methods (Mo et al., 2019, 2020).261

5 Numerical experiments262

The synthetic generation of DFNs and breakthrough times, tbreak, for a heat263

tracer is described section 5.1. Generation of the data for CNN training is described264

in section 5.2, with the construction of a CNN surrogate for the PDE-based model265

(section 2) reported in section 5.3. In sections 5.4 and 5.5, we use this surrogate to266

accelerate the solution of the inverse problem of identifying the DFN properties from267

the breakthrough-time data.268

–7–
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5.1 Synthetic heat-tracer experiment269

Our synthetic heat tracer experiment consists of injected hot water with tem-270

perature Tinj at the inlet (x1 = 0) and observing temperature changes at the outlet271

(x1 = L). The goal is to infer the statistical properties of a DFN, C and D, from272

a resulting breakthrough curve. A fracture network with known values of C and273

D serves as ground truth, with possible measurement errors neglected. Consistent274

with (Gisladottir et al., 2016), we set the externally imposed hydraulic gradient across275

the simulation domain to J = 0.01 and the thermal diffusion coefficient in the matrix276

to Dtherm = 9.16× 10−7 m2/s.277

5.2 Generation and analysis of synthetic data278

To generate data for the CNN training and testing, we considered the WT frac-279

ture networks (1) with C ∈ [2.5, 6.5] and D ∈ [1.0, 1.3]. These parameter ranges are280

both observed experimentally (Main et al., 1990; Scholz et al., 1993) and used in pre-281

vious numerical studies (Gisladottir et al., 2016; Watanabe & Takahashi, 1995). The282

parameter space [2.5, 6.5]× [1.0, 1.3] was uniformly discretized into Nsim = 104 nodes,283

i.e., pairs of the parameters (C,D)i with i = 1, . . . , Nsim. The number of injected284

particles, Npart, representing the relative temperature of the injected fluid during a285

CBTE, Tinj, varied between 102 and 104.286
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<latexit sha1_base64="YR/PZ/KZALmsRCgHcT3z/3AB2HA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCCyUkWq0boVAXLivYB7ShTKaTduhkEmYmQg3FX3HjQhG3/oc7/8Zpm4W2HrhwOOde7r3HixiVyra/jczK6tr6RnYzt7W9s7tn7h80ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOWNalO/9UCEpCG/V+OIuAEacOpTjJSWeuZRoVa6KcJrWDi3Lisl6FhOudgz87ZlzwCXiZOSPEhR75lf3X6I44BwhRmSsuPYkXITJBTFjExy3ViSCOERGpCOphwFRLrJ7PoJPNVKH/qh0MUVnKm/JxIUSDkOPN0ZIDWUi95U/M/rxMq/chPKo1gRjueL/JhBFcJpFLBPBcGKjTVBWFB9K8RDJBBWOrCcDsFZfHmZNM8s58Ky78r5qp3GkQXH4AQUgAMqoApuQR00AAaP4Bm8gjfjyXgx3o2PeWvGSGcOwR8Ynz8dxZEV</latexit>

(C, D) = (3.67, 1.14)

<latexit sha1_base64="YR/PZ/KZALmsRCgHcT3z/3AB2HA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCCyUkWq0boVAXLivYB7ShTKaTduhkEmYmQg3FX3HjQhG3/oc7/8Zpm4W2HrhwOOde7r3HixiVyra/jczK6tr6RnYzt7W9s7tn7h80ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOWNalO/9UCEpCG/V+OIuAEacOpTjJSWeuZRoVa6KcJrWDi3Lisl6FhOudgz87ZlzwCXiZOSPEhR75lf3X6I44BwhRmSsuPYkXITJBTFjExy3ViSCOERGpCOphwFRLrJ7PoJPNVKH/qh0MUVnKm/JxIUSDkOPN0ZIDWUi95U/M/rxMq/chPKo1gRjueL/JhBFcJpFLBPBcGKjTVBWFB9K8RDJBBWOrCcDsFZfHmZNM8s58Ky78r5qp3GkQXH4AQUgAMqoApuQR00AAaP4Bm8gjfjyXgx3o2PeWvGSGcOwR8Ynz8dxZEV</latexit>

(C, D) = (3.67, 1.14)

<latexit sha1_base64="xfeIXast6c20kSx8b4KuZT+2X5Y=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCCyUk1WI3QqEuXFawD2hDmUwn7dDJJMxMhBqKv+LGhSJu/Q93/o3TNgttPXDhcM693HuPFzEqlW1/G5m19Y3Nrex2bmd3b//APDxqyTAWmDRxyELR8ZAkjHLSVFQx0okEQYHHSNsb12d++4EISUN+ryYRcQM05NSnGCkt9c2TQr10U4TXsHBhVaol6Fhlp9g387ZlzwFXiZOSPEjR6JtfvUGI44BwhRmSsuvYkXITJBTFjExzvViSCOExGpKuphwFRLrJ/PopPNfKAPqh0MUVnKu/JxIUSDkJPN0ZIDWSy95M/M/rxsqvugnlUawIx4tFfsygCuEsCjiggmDFJpogLKi+FeIREggrHVhOh+Asv7xKWmXLqVj23WW+ZqdxZMEpOAMF4IArUAO3oAGaAINH8AxewZvxZLwY78bHojVjpDPH4A+Mzx8au5ET</latexit>

(C, D) = (3.58, 1.21)

<latexit sha1_base64="xfeIXast6c20kSx8b4KuZT+2X5Y=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCCyUk1WI3QqEuXFawD2hDmUwn7dDJJMxMhBqKv+LGhSJu/Q93/o3TNgttPXDhcM693HuPFzEqlW1/G5m19Y3Nrex2bmd3b//APDxqyTAWmDRxyELR8ZAkjHLSVFQx0okEQYHHSNsb12d++4EISUN+ryYRcQM05NSnGCkt9c2TQr10U4TXsHBhVaol6Fhlp9g387ZlzwFXiZOSPEjR6JtfvUGI44BwhRmSsuvYkXITJBTFjExzvViSCOExGpKuphwFRLrJ/PopPNfKAPqh0MUVnKu/JxIUSDkJPN0ZIDWSy95M/M/rxsqvugnlUawIx4tFfsygCuEsCjiggmDFJpogLKi+FeIREggrHVhOh+Asv7xKWmXLqVj23WW+ZqdxZMEpOAMF4IArUAO3oAGaAINH8AxewZvxZLwY78bHojVjpDPH4A+Mzx8au5ET</latexit>

(C, D) = (3.58, 1.21)

<latexit sha1_base64="ctdWjzMnfwvMb1MiZlBE6aiRl4A=">AAAB/XicbVBdSwJBFJ21L7Ov7eOtlyEJFGTZFc1eAsEeejRIE3SR2XFWB2dnl5nZwBbpr/TSQxG99j9669806j6UduDC4Zx7ufceL2JUKtv+NjJr6xubW9nt3M7u3v6BeXjUlmEsMGnhkIWi4yFJGOWkpahipBMJggKPkXtv3Jj59w9ESBryOzWJiBugIac+xUhpqW+eFBql6yK8goWqdVErQccqV4p9M29b9hxwlTgpyYMUzb751RuEOA4IV5ghKbuOHSk3QUJRzMg014sliRAeoyHpaspRQKSbzK+fwnOtDKAfCl1cwbn6eyJBgZSTwNOdAVIjuezNxP+8bqz8SzehPIoV4XixyI8ZVCGcRQEHVBCs2EQThAXVt0I8QgJhpQPL6RCc5ZdXSbtsOVXLvq3k63YaRxacgjNQAA6ogTq4AU3QAhg8gmfwCt6MJ+PFeDc+Fq0ZI505Bn9gfP4AImeRGA==</latexit>

(C, D) = (5.67, 1.24)

<latexit sha1_base64="ctdWjzMnfwvMb1MiZlBE6aiRl4A=">AAAB/XicbVBdSwJBFJ21L7Ov7eOtlyEJFGTZFc1eAsEeejRIE3SR2XFWB2dnl5nZwBbpr/TSQxG99j9669806j6UduDC4Zx7ufceL2JUKtv+NjJr6xubW9nt3M7u3v6BeXjUlmEsMGnhkIWi4yFJGOWkpahipBMJggKPkXtv3Jj59w9ESBryOzWJiBugIac+xUhpqW+eFBql6yK8goWqdVErQccqV4p9M29b9hxwlTgpyYMUzb751RuEOA4IV5ghKbuOHSk3QUJRzMg014sliRAeoyHpaspRQKSbzK+fwnOtDKAfCl1cwbn6eyJBgZSTwNOdAVIjuezNxP+8bqz8SzehPIoV4XixyI8ZVCGcRQEHVBCs2EQThAXVt0I8QgJhpQPL6RCc5ZdXSbtsOVXLvq3k63YaRxacgjNQAA6ogTq4AU3QAhg8gmfwCt6MJ+PFeDc+Fq0ZI505Bn9gfP4AImeRGA==</latexit>

(C, D) = (5.67, 1.24)

<latexit sha1_base64="4IoyMl5ktTHxoEvvky3sXOo/3jA=">AAACGnicbZDLSgMxFIYzXmu9jbp0E2wFF1IyRdGNUHDjSirYC7SlZNJMG5q5kJwRyzDP4cZXceNCEXfixrcxbQfR1h8CP985h5Pzu5EUGgj5shYWl5ZXVnNr+fWNza1te2e3rsNYMV5joQxV06WaSxHwGgiQvBkpTn1X8oY7vBzXG3dcaREGtzCKeMen/UB4glEwqGs7beD3kBSvu1MTUQUpvsAOIaR4jH94T+gxLhfTrl0gJTIRnjdOZgooU7Vrf7R7IYt9HgCTVOuWQyLoJGaRYJKn+XaseUTZkPZ5y9iA+lx3kslpKT40pIe9UJkXAJ7Q3xMJ9bUe+a7p9CkM9GxtDP+rtWLwzjuJCKIYeMCmi7xYYgjxOCfcE4ozkCNjKFPC/BWzAVWUgUkzb0JwZk+eN/VyyTktkZuTQoVkceTQPjpAR8hBZ6iCrlAV1RBDD+gJvaBX69F6tt6s92nrgpXN7KE/sj6/ARZRnuw=</latexit>

Npart = 1000, Ndis = 2

<latexit sha1_base64="/xZ/TrL3CakCXxIpnWqAlLZuEtw=">AAACKXicbVBNSwMxFMz6bf2qevQSrIKClF1R9FgQxKOCtYW2lGz6toZms0vyIpalf8eLf8WLgqJe/SNm2x60OhAYZt5j8iZMpTDo+x/e1PTM7Nz8wmJhaXllda24vnFjEqs5VHkiE10PmQEpFFRRoIR6qoHFoYRa2DvL/dodaCMSdY39FFox6yoRCc7QSe1ipYlwj9mZja100h3QjgvVIrS5TyOreE4O6M75XlMqiu3RQuhCeoP9nUG7WPLL/hD0LwnGpETGuGwXX5qdhNsYFHLJjGkEfoqtjGkUXMKg0LQGUsZ7rAsNRxWLwbSy4aUDuuuUDo0S7Z5COlR/bmQsNqYfh24yZnhrJr1c/M9rWIxOW5lQqUVQfBQUWUkxoXltrhUNHGXfEca1cH+l/JZpxtGVW3AlBJMn/yU3h+XguOxfHZUqR+M6FsgW2SZ7JCAnpEIuyCWpEk4eyBN5JW/eo/fsvXufo9Epb7yzSX7B+/oG84qnkQ==</latexit> C
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<latexit sha1_base64="mHHLSmW2nSP1ntrTSp8l3fwnU9E="></latexit>

Logarithm of breakthrough time, ln tbreak

<latexit sha1_base64="Lvvl6277xpvvpm5UPP+jJEPA1uA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqmRE0Y1QcONKKtgHtMOQSTNtaOZBckcchvorblwo4tYPceffmLaz0NYDFw7n3Jvce/xECg2EfFulldW19Y3yZmVre2d3z94/aOs4VYy3WCxj1fWp5lJEvAUCJO8mitPQl7zjj6+nfueBKy3i6B6yhLshHUYiEIyCkTy7euv1gT9CnlAFE3yFHUI8u0bqZAa8TJyC1FCBpmd/9QcxS0MeAZNU655DEnBz86Jgkk8q/VTzhLIxHfKeoRENuXbz2fITfGyUAQ5iZSoCPFN/T+Q01DoLfdMZUhjpRW8q/uf1Uggu3VxESQo8YvOPglRiiPE0CTwQijOQmSGUKWF2xWxEFWVg8qqYEJzFk5dJ+7TunNfJ3VmtQYo4yugQHaET5KAL1EA3qIlaiKEMPaNX9GY9WS/Wu/Uxby1ZxUwV/YH1+QNrwpPm</latexit>

Npart = 100
<latexit sha1_base64="Lvvl6277xpvvpm5UPP+jJEPA1uA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqmRE0Y1QcONKKtgHtMOQSTNtaOZBckcchvorblwo4tYPceffmLaz0NYDFw7n3Jvce/xECg2EfFulldW19Y3yZmVre2d3z94/aOs4VYy3WCxj1fWp5lJEvAUCJO8mitPQl7zjj6+nfueBKy3i6B6yhLshHUYiEIyCkTy7euv1gT9CnlAFE3yFHUI8u0bqZAa8TJyC1FCBpmd/9QcxS0MeAZNU655DEnBz86Jgkk8q/VTzhLIxHfKeoRENuXbz2fITfGyUAQ5iZSoCPFN/T+Q01DoLfdMZUhjpRW8q/uf1Uggu3VxESQo8YvOPglRiiPE0CTwQijOQmSGUKWF2xWxEFWVg8qqYEJzFk5dJ+7TunNfJ3VmtQYo4yugQHaET5KAL1EA3qIlaiKEMPaNX9GY9WS/Wu/Uxby1ZxUwV/YH1+QNrwpPm</latexit>

Npart = 100
<latexit sha1_base64="Lvvl6277xpvvpm5UPP+jJEPA1uA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqmRE0Y1QcONKKtgHtMOQSTNtaOZBckcchvorblwo4tYPceffmLaz0NYDFw7n3Jvce/xECg2EfFulldW19Y3yZmVre2d3z94/aOs4VYy3WCxj1fWp5lJEvAUCJO8mitPQl7zjj6+nfueBKy3i6B6yhLshHUYiEIyCkTy7euv1gT9CnlAFE3yFHUI8u0bqZAa8TJyC1FCBpmd/9QcxS0MeAZNU655DEnBz86Jgkk8q/VTzhLIxHfKeoRENuXbz2fITfGyUAQ5iZSoCPFN/T+Q01DoLfdMZUhjpRW8q/uf1Uggu3VxESQo8YvOPglRiiPE0CTwQijOQmSGUKWF2xWxEFWVg8qqYEJzFk5dJ+7TunNfJ3VmtQYo4yugQHaET5KAL1EA3qIlaiKEMPaNX9GY9WS/Wu/Uxby1ZxUwV/YH1+QNrwpPm</latexit>

Npart = 100

<latexit sha1_base64="PerhWbNpVRCU4+o41HtHO+OVD7A=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVTKi6EYouHElFewD2mHIpGkbmskMyR2xDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hMmUhgg5NtZWFxaXlktrBXXNza3tt2d3bqJU814jcUy1s2QGi6F4jUQIHkz0ZxGoeSNcHA19hv3XBsRqzsYJtyPaE+JrmAUrBS4+zdBG/gDZAnVMMKX2COEBG6JlMkEeJ54OSmhHNXA/Wp3YpZGXAGT1JiWRxLwM/ukYJKPiu3U8ISyAe3xlqWKRtz42WT7ET6ySgd3Y21LAZ6ovycyGhkzjELbGVHom1lvLP7ntVLoXviZUEkKXLHpR91UYojxOArcEZozkENLKNPC7opZn2rKwAZWtCF4syfPk/pJ2Tsrk9vTUoXkcRTQATpEx8hD56iCrlEV1RBDj+gZvaI358l5cd6dj2nrgpPP7KE/cD5/AOA0lCA=</latexit>

Npart = 1000
<latexit sha1_base64="PerhWbNpVRCU4+o41HtHO+OVD7A=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVTKi6EYouHElFewD2mHIpGkbmskMyR2xDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hMmUhgg5NtZWFxaXlktrBXXNza3tt2d3bqJU814jcUy1s2QGi6F4jUQIHkz0ZxGoeSNcHA19hv3XBsRqzsYJtyPaE+JrmAUrBS4+zdBG/gDZAnVMMKX2COEBG6JlMkEeJ54OSmhHNXA/Wp3YpZGXAGT1JiWRxLwM/ukYJKPiu3U8ISyAe3xlqWKRtz42WT7ET6ySgd3Y21LAZ6ovycyGhkzjELbGVHom1lvLP7ntVLoXviZUEkKXLHpR91UYojxOArcEZozkENLKNPC7opZn2rKwAZWtCF4syfPk/pJ2Tsrk9vTUoXkcRTQATpEx8hD56iCrlEV1RBDj+gZvaI358l5cd6dj2nrgpPP7KE/cD5/AOA0lCA=</latexit>

Npart = 1000
<latexit sha1_base64="PerhWbNpVRCU4+o41HtHO+OVD7A=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVTKi6EYouHElFewD2mHIpGkbmskMyR2xDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hMmUhgg5NtZWFxaXlktrBXXNza3tt2d3bqJU814jcUy1s2QGi6F4jUQIHkz0ZxGoeSNcHA19hv3XBsRqzsYJtyPaE+JrmAUrBS4+zdBG/gDZAnVMMKX2COEBG6JlMkEeJ54OSmhHNXA/Wp3YpZGXAGT1JiWRxLwM/ukYJKPiu3U8ISyAe3xlqWKRtz42WT7ET6ySgd3Y21LAZ6ovycyGhkzjELbGVHom1lvLP7ntVLoXviZUEkKXLHpR91UYojxOArcEZozkENLKNPC7opZn2rKwAZWtCF4syfPk/pJ2Tsrk9vTUoXkcRTQATpEx8hD56iCrlEV1RBDj+gZvaI358l5cd6dj2nrgpPP7KE/cD5/AOA0lCA=</latexit>

Npart = 1000

Figure 1. Representative CDFs of the logarithm of breakthrough times (in seconds) of Npart

particles, F (ln tbreak), for 20 realizations of the DFN characterized by a given combination of the

DFN parameters (C,D). Each colored curve corresponds to a different random realization; in all

simulations, we set plim = 0.5.

In addition to Npart, the simulation time and accuracy of each forward model run287

are largely controlled by the number of elements used to discretize a fracture, which288

is defined by the parameter plim introduced in section 2.3. The simulation time tsim289

refers to the time (in seconds) it takes to estimate the CDF of breakthrough times for290

–8–
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one random DFN realization and one of the Nsim = 104 pairs of the parameters (C,D).291

We found the average tsim not to exceed 1 s if either Npart = 100 or the fracture is292

not discretized (Table 1 of the Supplemental Material); the average is over 20 random293

realizations of the DFN obtained with different random seeds for each parameter pair294

(C,D).295
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<latexit sha1_base64="YR/PZ/KZALmsRCgHcT3z/3AB2HA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCCyUkWq0boVAXLivYB7ShTKaTduhkEmYmQg3FX3HjQhG3/oc7/8Zpm4W2HrhwOOde7r3HixiVyra/jczK6tr6RnYzt7W9s7tn7h80ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOWNalO/9UCEpCG/V+OIuAEacOpTjJSWeuZRoVa6KcJrWDi3Lisl6FhOudgz87ZlzwCXiZOSPEhR75lf3X6I44BwhRmSsuPYkXITJBTFjExy3ViSCOERGpCOphwFRLrJ7PoJPNVKH/qh0MUVnKm/JxIUSDkOPN0ZIDWUi95U/M/rxMq/chPKo1gRjueL/JhBFcJpFLBPBcGKjTVBWFB9K8RDJBBWOrCcDsFZfHmZNM8s58Ky78r5qp3GkQXH4AQUgAMqoApuQR00AAaP4Bm8gjfjyXgx3o2PeWvGSGcOwR8Ynz8dxZEV</latexit>

(C, D) = (3.67, 1.14)
<latexit sha1_base64="xfeIXast6c20kSx8b4KuZT+2X5Y=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCCyUk1WI3QqEuXFawD2hDmUwn7dDJJMxMhBqKv+LGhSJu/Q93/o3TNgttPXDhcM693HuPFzEqlW1/G5m19Y3Nrex2bmd3b//APDxqyTAWmDRxyELR8ZAkjHLSVFQx0okEQYHHSNsb12d++4EISUN+ryYRcQM05NSnGCkt9c2TQr10U4TXsHBhVaol6Fhlp9g387ZlzwFXiZOSPEjR6JtfvUGI44BwhRmSsuvYkXITJBTFjExzvViSCOExGpKuphwFRLrJ/PopPNfKAPqh0MUVnKu/JxIUSDkJPN0ZIDWSy95M/M/rxsqvugnlUawIx4tFfsygCuEsCjiggmDFJpogLKi+FeIREggrHVhOh+Asv7xKWmXLqVj23WW+ZqdxZMEpOAMF4IArUAO3oAGaAINH8AxewZvxZLwY78bHojVjpDPH4A+Mzx8au5ET</latexit>

(C, D) = (3.58, 1.21)
<latexit sha1_base64="ctdWjzMnfwvMb1MiZlBE6aiRl4A=">AAAB/XicbVBdSwJBFJ21L7Ov7eOtlyEJFGTZFc1eAsEeejRIE3SR2XFWB2dnl5nZwBbpr/TSQxG99j9669806j6UduDC4Zx7ufceL2JUKtv+NjJr6xubW9nt3M7u3v6BeXjUlmEsMGnhkIWi4yFJGOWkpahipBMJggKPkXtv3Jj59w9ESBryOzWJiBugIac+xUhpqW+eFBql6yK8goWqdVErQccqV4p9M29b9hxwlTgpyYMUzb751RuEOA4IV5ghKbuOHSk3QUJRzMg014sliRAeoyHpaspRQKSbzK+fwnOtDKAfCl1cwbn6eyJBgZSTwNOdAVIjuezNxP+8bqz8SzehPIoV4XixyI8ZVCGcRQEHVBCs2EQThAXVt0I8QgJhpQPL6RCc5ZdXSbtsOVXLvq3k63YaRxacgjNQAA6ogTq4AU3QAhg8gmfwCt6MJ+PFeDc+Fq0ZI505Bn9gfP4AImeRGA==</latexit>

(C, D) = (5.67, 1.24)

<latexit sha1_base64="WHK7NKw0oJzK6c9mx+20KHqIaeY=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKuKHoRAl48SQTzgGRZZiedZMjsg5leMS75Ei8eFPHqp3jzb5wke9DEgoaiqnumu4JECo2O820VVlbX1jeKm6Wt7Z3dsr2339Rxqjg0eCxj1Q6YBikiaKBACe1EAQsDCa1gdD31Ww+gtIijexwn4IVsEIm+4AyN5NvlW7+L8IhZwhRO6JVvV5yqMwNdJm5OKiRH3be/ur2YpyFEyCXTuuM6CXqZeU1wCZNSN9WQMD5iA+gYGrEQtJfNFp/QY6P0aD9WpiKkM/X3RMZCrcdhYDpDhkO96E3F/7xOiv1LLxNRkiJEfP5RP5UUYzpNgfaEAo5ybAjjSphdKR8yxTiarEomBHfx5GXSPK2651Xn7qxSc/I4iuSQHJET4pILUiM3pE4ahJOUPJNX8mY9WS/Wu/Uxby1Y+cwB+QPr8weyfpMN</latexit>

Npart =
<latexit sha1_base64="WHK7NKw0oJzK6c9mx+20KHqIaeY=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKuKHoRAl48SQTzgGRZZiedZMjsg5leMS75Ei8eFPHqp3jzb5wke9DEgoaiqnumu4JECo2O820VVlbX1jeKm6Wt7Z3dsr2339Rxqjg0eCxj1Q6YBikiaKBACe1EAQsDCa1gdD31Ww+gtIijexwn4IVsEIm+4AyN5NvlW7+L8IhZwhRO6JVvV5yqMwNdJm5OKiRH3be/ur2YpyFEyCXTuuM6CXqZeU1wCZNSN9WQMD5iA+gYGrEQtJfNFp/QY6P0aD9WpiKkM/X3RMZCrcdhYDpDhkO96E3F/7xOiv1LLxNRkiJEfP5RP5UUYzpNgfaEAo5ybAjjSphdKR8yxTiarEomBHfx5GXSPK2651Xn7qxSc/I4iuSQHJET4pILUiM3pE4ahJOUPJNX8mY9WS/Wu/Uxby1Y+cwB+QPr8weyfpMN</latexit>

Npart =
<latexit sha1_base64="WHK7NKw0oJzK6c9mx+20KHqIaeY=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKuKHoRAl48SQTzgGRZZiedZMjsg5leMS75Ei8eFPHqp3jzb5wke9DEgoaiqnumu4JECo2O820VVlbX1jeKm6Wt7Z3dsr2339Rxqjg0eCxj1Q6YBikiaKBACe1EAQsDCa1gdD31Ww+gtIijexwn4IVsEIm+4AyN5NvlW7+L8IhZwhRO6JVvV5yqMwNdJm5OKiRH3be/ur2YpyFEyCXTuuM6CXqZeU1wCZNSN9WQMD5iA+gYGrEQtJfNFp/QY6P0aD9WpiKkM/X3RMZCrcdhYDpDhkO96E3F/7xOiv1LLxNRkiJEfP5RP5UUYzpNgfaEAo5ybAjjSphdKR8yxTiarEomBHfx5GXSPK2651Xn7qxSc/I4iuSQHJET4pILUiM3pE4ahJOUPJNX8mY9WS/Wu/Uxby1Y+cwB+QPr8weyfpMN</latexit>

Npart =
<latexit sha1_base64="m5K4LAwUjU3gZMnLU49NphLQSF4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKRY8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhuLMbfXmljc2t7p7xb2ds/ODyqHp90TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptLPsZ4WK3hOl4ArRO/IDUo0BpWvwajmKaSKUsFMabv48QGGdGWU8HmlUFqWELolIxZ31FFJDNBtrh1ji6cMkJRrF0pixbq74mMSGNmMnSdktiJWfVy8T+vn9roNsi4SlLLFF0uilKBbIzyx9GIa0atmDlCqObuVkQnRBNqXTwVF4K/+vI66VzV/UYdP1zXmriIowxncA6X4MMNNOEeWtAGChN4hld486T34r17H8vWklfMnMIfeJ8/wKmNVQ==</latexit>

1000
<latexit sha1_base64="m5K4LAwUjU3gZMnLU49NphLQSF4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKRY8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhuLMbfXmljc2t7p7xb2ds/ODyqHp90TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptLPsZ4WK3hOl4ArRO/IDUo0BpWvwajmKaSKUsFMabv48QGGdGWU8HmlUFqWELolIxZ31FFJDNBtrh1ji6cMkJRrF0pixbq74mMSGNmMnSdktiJWfVy8T+vn9roNsi4SlLLFF0uilKBbIzyx9GIa0atmDlCqObuVkQnRBNqXTwVF4K/+vI66VzV/UYdP1zXmriIowxncA6X4MMNNOEeWtAGChN4hld486T34r17H8vWklfMnMIfeJ8/wKmNVQ==</latexit>

1000
<latexit sha1_base64="m5K4LAwUjU3gZMnLU49NphLQSF4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKRY8FLx4r2A9ol5JNs21okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemAhuLMbfXmljc2t7p7xb2ds/ODyqHp90TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptLPsZ4WK3hOl4ArRO/IDUo0BpWvwajmKaSKUsFMabv48QGGdGWU8HmlUFqWELolIxZ31FFJDNBtrh1ji6cMkJRrF0pixbq74mMSGNmMnSdktiJWfVy8T+vn9roNsi4SlLLFF0uilKBbIzyx9GIa0atmDlCqObuVkQnRBNqXTwVF4K/+vI66VzV/UYdP1zXmriIowxncA6X4MMNNOEeWtAGChN4hld486T34r17H8vWklfMnMIfeJ8/wKmNVQ==</latexit>

1000
<latexit sha1_base64="Xg6Kf7o/1KoGuJqi+akYKI12Sxc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoseAF48RzQOSJcxOZpMhs7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTJW0SOm3V1hb39jcKm6Xdnb39g/Kh0dNm2SGiwZPVGLaIbNCSS0aKFGJdmoEi0MlWuHodua3noSxMtGPOE5FELOBlpHkDJ304FPaK1dolc5BVomfkwrkqPfKX91+wrNYaOSKWdvxaYrBhBmUXIlpqZtZkTI+YgPRcVSzWNhgMj91Ss6c0idRYlxpJHP198SExdaO49B1xgyHdtmbif95nQyjm2AidZqh0HyxKMoUwYTM/iZ9aQRHNXaEcSPdrYQPmWEcXTolF4K//PIqaV5U/asqvb+s1GgeRxFO4BTOwYdrqMEd1KEBHAbwDK/w5invxXv3PhatBS+fOYY/8D5/AFJwjRs=</latexit>

100
<latexit sha1_base64="Xg6Kf7o/1KoGuJqi+akYKI12Sxc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoseAF48RzQOSJcxOZpMhs7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTJW0SOm3V1hb39jcKm6Xdnb39g/Kh0dNm2SGiwZPVGLaIbNCSS0aKFGJdmoEi0MlWuHodua3noSxMtGPOE5FELOBlpHkDJ304FPaK1dolc5BVomfkwrkqPfKX91+wrNYaOSKWdvxaYrBhBmUXIlpqZtZkTI+YgPRcVSzWNhgMj91Ss6c0idRYlxpJHP198SExdaO49B1xgyHdtmbif95nQyjm2AidZqh0HyxKMoUwYTM/iZ9aQRHNXaEcSPdrYQPmWEcXTolF4K//PIqaV5U/asqvb+s1GgeRxFO4BTOwYdrqMEd1KEBHAbwDK/w5invxXv3PhatBS+fOYY/8D5/AFJwjRs=</latexit>

100
<latexit sha1_base64="Xg6Kf7o/1KoGuJqi+akYKI12Sxc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoseAF48RzQOSJcxOZpMhs7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTJW0SOm3V1hb39jcKm6Xdnb39g/Kh0dNm2SGiwZPVGLaIbNCSS0aKFGJdmoEi0MlWuHodua3noSxMtGPOE5FELOBlpHkDJ304FPaK1dolc5BVomfkwrkqPfKX91+wrNYaOSKWdvxaYrBhBmUXIlpqZtZkTI+YgPRcVSzWNhgMj91Ss6c0idRYlxpJHP198SExdaO49B1xgyHdtmbif95nQyjm2AidZqh0HyxKMoUwYTM/iZ9aQRHNXaEcSPdrYQPmWEcXTolF4K//PIqaV5U/asqvb+s1GgeRxFO4BTOwYdrqMEd1KEBHAbwDK/w5invxXv3PhatBS+fOYY/8D5/AFJwjRs=</latexit>

100

<latexit sha1_base64="mHHLSmW2nSP1ntrTSp8l3fwnU9E="></latexit>

Logarithm of breakthrough time, ln tbreak

<latexit sha1_base64="FFxALc75wCDuz2oWd2DkP2P9WEQ=">AAACEnicbVDLSgNBEJyNrxhfqx69DCaCgoRdiehRUIIXQcGYQBLC7KSTDJmdXWZ6xbDkG7z4K148KOLVkzf/xsnj4KugoajqnumuIJbCoOd9OpmZ2bn5hexibml5ZXXNXd+4MVGiOVR4JCNdC5gBKRRUUKCEWqyBhYGEatA/HfnVW9BGROoaBzE0Q9ZVoiM4Qyu13L0Gwh2mF8AUPT0r79NCebchFcXWxAjsY/3hXoEOW27eK3pj0L/En5I8meKy5X402hFPQlDIJTOm7nsxNlOmUXAJw1wjMRAz3mddqFuqWAimmY5PGtIdq7RpJ9K2FNKx+n0iZaExgzCwnSHDnvntjcT/vHqCneNmKlScICg++aiTSIoRHeVD20IDRzmwhHEt7K6U95hmHG2KORuC//vkv+TmoOgfFr2rUv6kNI0jS7bINtklPjkiJ+ScXJIK4eSePJJn8uI8OE/Oq/M2ac0405lN8gPO+xfr6ZxU</latexit> M
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Figure 2. Mean CDFs of the logarithm of breakthrough times (in seconds) of Npart particles,

F (ln tbreak), averaged over the corresponding DFN realizations in Figure 1.

Representative CDFs of breakthrough times of Npart particles, in each of these296

20 DFN realizations, are displayed in Figure 1 for three pairs of the DFN parameters297

(C,D). The across-realization variability of the CDFs is more pronounced for Npart =298

102 then 103 particles, and visually indistinguishable when going from Npart = 103299

to 104 particles (not shown here). Likewise, no appreciable differences between the300

CDFs computed with plim = 0.5 and 0.2 were observed. Finally, when the random-seed301

effects are averaged out, the resulting breakthrough-time CDFs for Npart = 102 and302

103 are practically identical (Figure 2). Based on these findings, in the subsequent303

simulations, we set Npart = 100 and plim = 0.5 in order to obtain an optimal balance304

between the computational time and accuracy.305
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(5.63, 1.03)
(2.96, 1.16)
(2.91, 1.13)

<latexit sha1_base64="zV4hEoD4YrhoYSL3ptIejKTIIFY=">AAACDXicbVDLSgMxFM3UV62vqks3wVaoIGVGKrosVIrLCvYBnaFk0rQNzWSG5I5Yhv6AG3/FjQtF3Lp359+YPhbaeuDC4Zx7k3uPHwmuwba/rdTK6tr6Rnozs7W9s7uX3T9o6DBWlNVpKELV8olmgktWBw6CtSLFSOAL1vSHlYnfvGdK81DewShiXkD6kvc4JWCkTjbvAnuApHJdPcP5asEVEkNnpvnmneH4NI/HnWzOLtpT4GXizEkOzVHrZL/cbkjjgEmggmjdduwIvIQo4FSwccaNNYsIHZI+axsqScC0l0yvGeMTo3RxL1SmJOCp+nsiIYHWo8A3nQGBgV70JuJ/XjuG3pWXcBnFwCSdfdSLBYYQT6LBXa4YBTEyhFDFza6YDogiFEyAGROCs3jyMmmcF52Lon1bypVL8zjS6AgdowJy0CUqoxtUQ3VE0SN6Rq/ozXqyXqx362PWmrLmM4foD6zPH3e6moE=</latexit> C
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<latexit sha1_base64="pMPtKHajUOH/6FNf6zduuvF6eU4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6LLgxmUF+4AmhMl00g6dTMLMjbSE/IobF4q49Ufc+TdO2yy09cDA4Zx7uHdOmAquwXG+rcrG5tb2TnW3trd/cHhkH9e7OskUZR2aiET1Q6KZ4JJ1gINg/VQxEoeC9cLJ3dzvPTGleSIfYZYyPyYjySNOCRgpsOuekBgCD9gU8tAkJ0VgN5ymswBeJ25JGqhEO7C/vGFCs5hJoIJoPXCdFPycKOBUsKLmZZqlhE7IiA0MlSRm2s8Xtxf43ChDHCXKPAl4of5O5CTWehaHZjImMNar3lz8zxtkEN36OZdpBkzS5aIoExgSPC8CD7liFMTMEEIVN7diOiaKUDB11UwJ7uqX10n3suleN52Hq0brqqyjik7RGbpALrpBLXSP2qiDKJqiZ/SK3qzCerHerY/laMUqMyfoD6zPH110lJw=</latexit>

ln tbreak

<latexit sha1_base64="Nf9IY2UzDmyQoP0xfBW656waci4=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPEjYlYgeA5HgMYJ5QLKE2clsMmR2dpnpFeOSL/HiQRGvfoo3/8bJ46CJBQ1FVTfdXX4suAbH+bYya+sbm1vZ7dzO7t5+3j44bOooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR9Wp33pgSvNI3sM4Zl5IBpIHnBIwUs/Od4E9Qlq9qZ3jYq046dkFp+TMgFeJuyAFtEC9Z391+xFNQiaBCqJ1x3Vi8FKigFPBJrluollM6IgMWMdQSUKmvXR2+ASfGqWPg0iZkoBn6u+JlIRaj0PfdIYEhnrZm4r/eZ0Egmsv5TJOgEk6XxQkAkOEpyngPleMghgbQqji5lZMh0QRCiarnAnBXX55lTQvSu5lybkrFyrlRRxZdIxO0Bly0RWqoFtURw1EUYKe0St6s56sF+vd+pi3ZqzFzBH6A+vzBwOpkfc=</latexit>

CDF, F

<latexit sha1_base64="hsT0zKrv8iNxMwud5WyXxKnJH9g=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJVHRZEMRlBfuAJoTJdNoOnUzCzI1YQsFfceNCEbd+hzv/xmmbhbYeGDiccw/3zgkTwTU4zrdVWFldW98obpa2tnd29+z9g5aOU0VZk8YiVp2QaCa4ZE3gIFgnUYxEoWDtcHQ99dsPTGkey3sYJ8yPyEDyPqcEjBTYR56QGAIP2CNkoUmOJpWbs8AuO1VnBrxM3JyUUY5GYH95vZimEZNABdG66zoJ+BlRwKlgk5KXapYQOiID1jVUkohpP5udP8GnRunhfqzMk4Bn6u9ERiKtx1FoJiMCQ73oTcX/vG4K/Ss/4zJJgUk6X9RPBYYYT7vAPa4YBTE2hFDFza2YDokiFExjJVOCu/jlZdI6r7oXVeeuVq7X8jqK6BidoApy0SWqo1vUQE1EUYae0St6s56sF+vd+piPFqw8c4j+wPr8Acg/lVE=</latexit> ln
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(3.67, 1.14)
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(5.67, 1.24)
(5.63, 1.03)
(2.96, 1.16)
(2.91, 1.13)

<latexit sha1_base64="oHYKQzDumEabPYpz18LUcdVV+es=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQQcquKHoRCvXgsYL9gHYp2TTbhmaza5IVytI/4cWDIl79O978N6btHrT1wcDjvRlm5vmx4No4zjfKrayurW/kNwtb2zu7e8X9g6aOEkVZg0YiUm2faCa4ZA3DjWDtWDES+oK1/FFt6reemNI8kg9mHDMvJAPJA06JsVK7XDu7PcU3uFcsORVnBrxM3IyUIEO9V/zq9iOahEwaKojWHdeJjZcSZTgVbFLoJprFhI7IgHUslSRk2ktn907wiVX6OIiULWnwTP09kZJQ63Ho286QmKFe9Kbif14nMcG1l3IZJ4ZJOl8UJAKbCE+fx32uGDVibAmhittbMR0SRaixERVsCO7iy8ukeV5xLyvO/UWp6mRx5OEIjqEMLlxBFe6gDg2gIOAZXuENPaIX9I4+5q05lM0cwh+gzx975o49</latexit>

(C, D) =
<latexit sha1_base64="C1mJfn60j0XSuj5pvEpc1TlXcn4=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBahgoREq/VY8OKxgv2ANpTNdtMu3WzC7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6uwtr6xuVXcLu3s7u0f2IdHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0H47uZ336iUrFYPOpJQv0IDwULGcHaSL3KlXNTu0Ce41XP+3bZddw50CrxclKGHI2+/dUbxCSNqNCEY6W6nptoP8NSM8LptNRLFU0wGeMh7RoqcESVn81vnqIzowxQGEtTQqO5+nsiw5FSkygwnRHWI7XszcT/vG6qw1s/YyJJNRVksShMOdIxmgWABkxSovnEEEwkM7ciMsISE21iKpkQvOWXV0nr0vGuHfehWq67eRxFOIFTqIAHNajDPTSgCQQSeIZXeLNS68V6tz4WrQUrnzmGP7A+fwAeE48T</latexit>

(3.67, 1.14)
<latexit sha1_base64="cwbxxbCxIaf5fT2Igep5gkhxHqg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgoSkWuyx4MVjBfsBbSib7aZdutmE3Y1QQv+GFw+KePXPePPfuE1z0NYHA4/3ZpiZ58ecKe0431ZhY3Nre6e4W9rbPzg8Kh+fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT+8WfveJSsUi8ahnMfVCPBYsYARrIw2q13a9cYVcu+ZeDssVx3YyoHXi5qQCOVrD8tdgFJEkpEITjpXqu06svRRLzQin89IgUTTGZIrHtG+owCFVXprdPEcXRhmhIJKmhEaZ+nsixaFSs9A3nSHWE7XqLcT/vH6ig4aXMhEnmgqyXBQkHOkILQJAIyYp0XxmCCaSmVsRmWCJiTYxlUwI7urL66RTs9267TzcVJpOHkcRzuAcquDCLTThHlrQBgIxPMMrvFmJ9WK9Wx/L1oKVz5zCH1ifPxsJjxE=</latexit>

(3.58, 1.21)
<latexit sha1_base64="OAbbm4ZEpZuNGTTA9M1TnZmjejk=">AAAB83icbVBNS8NAEJ3Ur1o/WvXoZbEIFSQkpbUeC148VrAf0Iay2W7apZtN2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeX7MmdKO823ltrZ3dvfy+4WDw6PjYunktKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3q38LtPVCoWiUc9i6kX4rFgASNYG2lQqds3jWvk2tXa1bBUdmxnCbRJ3IyUIUNrWPoajCKShFRowrFSfdeJtZdiqRnhdF4YJIrGmEzxmPYNFTikykuXN8/RpVFGKIikKaHRUv09keJQqVnom84Q64la9xbif14/0cGtlzIRJ5oKsloUJBzpCC0CQCMmKdF8ZggmkplbEZlgiYk2MRVMCO76y5ukU7Xduu081MpNJ4sjD+dwARVwoQFNuIcWtIFADM/wCm9WYr1Y79bHqjVnZTNn8AfW5w8itY8W</latexit>

(5.67, 1.24)
<latexit sha1_base64="vcWyF9t9C3YdW9+ek8FPThMDC24=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahgixZa9VjwYvHCvYD2qVk02wbms0uSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMCxLBtcH428mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7YBoJrhkDcONYO1EMRIFgrWC0d3Mbz0xpXksH804YX5EBpKHnBJjpW656l5XLpDn4sp5r1jCLp4DrRIvIyXIUO8Vv7r9mKYRk4YKonXHw4nxJ0QZTgWbFrqpZgmhIzJgHUsliZj2J/Obp+jMKn0UxsqWNGiu/p6YkEjrcRTYzoiYoV72ZuJ/Xic14a0/4TJJDZN0sShMBTIxmgWA+lwxasTYEkIVt7ciOiSKUGNjKtgQvOWXV0nz0vWqLn64KtVwFkceTuAUyuDBDdTgHurQAAoJPMMrvDmp8+K8Ox+L1pyTzRzDHzifPxf4jw8=</latexit>

(5.63, 1.03)
<latexit sha1_base64="2AFGT6QfF3OCiG+SaTQuVhYJZN0=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBahgoSkaNVbwYvHCvYD2lA22027dLMJuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63C2vrG5lZxu7Szu7d/YB8etVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjO9mfvuJSsVi8agnCfUjPBQsZARrI/UqVee2doE8x6ud9+2y67hzoFXi5aQMORp9+6s3iEkaUaEJx0p1PTfRfoalZoTTaamXKppgMsZD2jVU4IgqP5vfPEVnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/ed1Uhzd+xkSSairIYlGYcqRjNAsADZikRPOJIZhIZm5FZIQlJtrEVDIheMsvr5JW1fGuHPfhslx38ziKcAKnUAEPrqEO99CAJhBI4Ble4c1KrRfr3fpYtBasfOYY/sD6/AEiqI8W</latexit>
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Figure 3. CDFs (left) and corresponding iCDFs (right) of the thermal breakthrough times for

a single realization of the six DFNs characterized by six pairs of the parameters (C,D).
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For some parameter pairs (C,D), not every DFN realization (defined by the ran-306

dom seed) hydraulically connects the injection and observation boundaries. Such hy-307

draulically disconnected networks are not suitable for our flow model (see section 2.2).308

However, in our numerical experiments, there were at least 10—and, in the major-309

ity of cases, 19—connected fracture networks for each (C,D) pair (Figure 2 of the310

Supplemental Material).311

The final step in our data generation procedure consists of converting the esti-312

mated CDFs F into corresponding iCDFs F−1 (Figure 3). The latter form the data313

set d, different parts of which are used to train a CNN and to verify its performance.314

5.3 CNN training and testing315

The data generated above are arranged in a set {mNNi ,di}
Nsim
i=1 with Nsim = 104316

and mNN defined in (9). We randomly select 8 · 103 of these pairs to train the FCNN317

NN in (5), leaving the remaining 2 · 103 for testing. The output data d come in318

the form of iCDFs, i.e., non-decreasing series of numbers. Since a NN model is not319

guaranteed to reproduce this trend, we use the hyper-parameter tuning method (Liaw320

et al., 2018) to perform the search in the hyper-parameter space specified in Table 1.321

Table 1. Hyper-parameter search space defined by the number of layers, the number of neu-

rons in each layer, the optimizer names, and (logarithm of) the learning rate. These parameters

are uniformly sampled from either a discrete set of values, U{·, ·, . . . , ·}, or an interval, U [·, ·].
The RMSprop optimizer (Graves, 2013; Hinton et al., 2012), rms; the stochastic gradient descent

optimizer (Sutskever et al., 2013), sgd; the Adagrad optimizer (Duchi et al., 2011) ada; and the

Adam optimizer (Kingma & Ba, 2014), adam, slightly differ from each other when performing the

parameter gradient descent during the NN training.

Parameter name Search region

Number of layers U{3, 4, 5, 6}
Number of neurons U{22, 23, ..., 29}
Optimizer name U{rms, sgd, ada, adam}
Learning rate, lr log10(lr) ∼ U [−4,−2]

The hyper-parameter search involved 2500 trials; in each trial, the subset of322

data {mNNi
, di}8000i=1 were randomly split into a training set consisting of 6400 pairs323

{mNNi ,di} and a validation set comprising the remaining 1600 pairs {mNNi ,di}. For324

each epoch, the 6400 training pairs were used to optimize the NN parameters, and the325

NN accuracy is evaluated on the validation set. Each trial used one of the optimizers326

in Table 1 for at most 103 epochs; the trial was stopped if the validation loss did not327

decrease for 102 epochs. After completion of all the trials with these rules, the trial328

with the smallest validation loss was saved. The optimal FCNN, described in Table 2,329

has 6 layers between the input and output layers and is obtained using the Adam330

optimizer with the Adam optimizer coefficients β = (0.9, 0.999) to perform gradient331

descent. This trial is associated with a learning rate lr = 0.00403 and the averaged332

Hellinger loss of 0.0827 on the validation set. This FCNN was further trained with333

a learning rate that reduces on plateau of the validation performance to further fine-334

tune the model parameters for another 103 epochs; the ending testing Hellinger loss335

is 0.0652 and the total training time is 37340 seconds. Figure 4 depicts the FCNN336

predictions of the iCDFs of the particle breakthrough times in DFNs characterized by337

different parameter-pairs (C,D) not used for training. These predictions are visually338
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indistinguishable from those obtained with the physics-based model g(m) described339

in section 2.1.340

Table 2. The best-trial NN architecture consists of six hidden layers, FCi (i = 1, . . . , 6), with

the corresponding weight matrix Wi and layer output si (i = 1, . . . , 6) in (6). Bias parameters

are added to each layer, but not shown in this table.

Layer Weights Layer output

Input - 6
FC1 W1 : 256× 6 s1 : 256
FC2 W2 : 64× 256 s2 : 64
FC3 W3 : 512× 64 s3 : 512
FC4 W4 : 256× 512 s4 : 256
FC5 W5 : 32× 256 s5 : 32
FC6 W6 : 128× 32 s6 : 128
Output W7 : 50× 128 50
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Figure 4. Physics-based and FCNN predictions of the iCDFs of the particle breakthrough

times in DFNs characterized by different parameter-pairs (C,D) not used for training.

5.4 Bayesian inversion without prior information341

We start with the Bayesian data assimilation and parameter estimation from342

section 4. Taking the uniform prior, γ = 0 in (13), and assimilating the Nsim = 104343

candidates provided by the physics-based model g, this procedure yields the posterior344

PDFs of C and D shown in Figure 5. While this non-informative prior indicates that345

all values of the parameters (C,D) are equally likely, the sharpened posterior correctly346

assigns higher probability to the region containing the reference (C,D) values. The347

relatively small number (Nsim = 104) of the forward solves of the physics-based model348

g manifests itself in granularity of the posterior PDF maps.349

Significantly more forward model runs are needed to further sharpen these pos-350

terior PDFs around the true values of (C,D) and to reduce the image pixelation.351

Generating the significant amounts of such data with the physics-based model is com-352

putationally prohibitive. Instead, we use 107 additional candidates, corresponding to353

a 104 × 103 mesh of the parameter space, provided by the FCNN surrogate. Figure 5354
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Figure 5. Examples of posterior PDFs of the DFN parameters C and D, for three experi-

ments defined by the reference parameter values (blue circles). These PDFs are computed via

Bayesian assimilation of either 104 runs of the physics-based model (top row) or additional 107

runs of the FCNN surrogate (bottom row).

demonstrates that assimilation of these data (forward runs of the cheap FCNN surro-355

gate) further reduces the band containing the unknown model parameters (C,D) with356

high probability. Generation of such large data sets with the physics-based model is357

four orders of magnitude more expensive than that with the FCNN.358

Table 3. Computational cost of the Bayesian inversion using the physics-based model g(m)

or the FCNN surrogate NN(m). Each inversion requires Nsim forward runs and takes time Ttot.

The latter comprises time to train the model (Ttrain), time to execute the forward runs (Trun) and

time to define the posterior PDF on the discretized parameter grid (Tgrid). The running time for

g(m) is a projection based on the simulation time of 6560 seconds that was necessary to run 104

simulations. The FCNN was trained and executed on GPUs provided by GoogleColab. All times

are in seconds.

Nsim Ttrain Trun Tgrid Ttot

g(m) 2× 108 0 1.312 · 108 5.47 1.312 · 108

NN(m) 107 37340 1.26 5.47 3.735 · 104

The posterior PDFs displayed in Figure 5 show that the fracture density C is359

well constrained and amenable to our Bayesian inversion, whereas the inference of the360

fractal dimension D is more elusive. Examples of the DFNs in this study are provided361

in Figure 2 of (Gisladottir et al., 2016). They suggest that, for the parameter ranges362

considered, C impacts the spatial extent of a fracture network, while D affects the363

fracture-length distribution. Consequently, C has a more significant impact on the364

overall structures.365
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5.5 Bayesian inversion with data-informed priors366

To refine the inference of parameters C and D from the breakthrough-time CDFs,367

we add some prior information. First, we observe that the field data reported in368

Appendix A suggest that C and D are correlated. These data are fitted with a shallow369

feed-forward NN resulting in the prior PDF of C and D shown in Figure 6. These370

data vary over larger ranges than those used for C and D in the previous section; at371

the same time, most values correspond to C < 2. That is because the field data come372

from a large number of different sites and from direct outcrop observations. Figure 9373

in (Watanabe & Takahashi, 1995) shows that a network with C < 2 would have low374

connectivity. On the other hand, a DFN with a large D is very dense, requiring375

large computational times to simulate and, possibly, being amenable to a (stochastic)376

continuum representation. Driven by these practical considerations, and to ascertain377

the value of this additional information, we restrict the prior PDF from Figure 6 to378

the same range of parameters as that used in the previous section.379
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Figure 6. Prior joint PDF of C and D inferred from the field-scale data in Appendix A (left)

and its rescaled counterpart over the parameter range used in our study (right).

The relative importance given to the prior information about the DFN properties380

C and D (Figure 6) is controlled by the parameter γ in (12). Large values of γ381

correspond to higher confidence in the quality and relevance of the data reported382

in Appendix A. Figure 7 exhibits posterior PDFs of C and D computed via our383

Bayesian assimilation procedure with γ = 0.5 and 1. Visual comparison of Figures 5384

and 7 reveals that the incorporation of the prior information about generic (not site-385

specific) correlations between C and D sharpens our estimation of these parameters,386

i.e., decreases the area in the parameter space where they are predicted to lie with high387

probability. Putting more trust in the prior, i.e., using a higher value of γ, amplifies this388

trend. However, the increase in certainty might be misplaced, as witnessed by several389

examples the reference parameter values fall outside the high probability regions.390

Fracture network’s connectivity is another potential source of information that
can boost one’s ability to infer the parameters C and D from CBTEs. Let Nconi denote
the number of connected fracture networks among 20 random realizations of a DFN
characterized by (C,D)i. Figure 8 exhibits Nconi

for Nsim = 104 DFNs characterized
by (C,D)i (i = 1, . . . , Nsim), with the results interpolated to 104 × 103 mesh of the
(C,D) space by means of a shallow NN. We define a prior PDF for C and D as

fm(m̃) ∝ N2
con(m̃), Ncon ∈ [0, 1, . . . , 20], (14)
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Figure 7. Examples of posterior PDFs of the DFN parameters C and D in the presence of

prior information, for three experiments defined by the reference parameter values (blue circles).

These PDFs are computed via Bayesian assimilation with the informative prior (Figure 6), whose

relative importance increases from γ = 0.5 (top) to γ = 1.0 (bottom).

which is properly normalized to ensure it integrates to one. This prior PDF, shown in391

Figure 8, assigns larger probability to those (C,D) pairs that show higher connectivity392

in our data set.
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DFN model with a given parameter pair m = (C,D)> (left); and corresponding prior PDF fm

in (14) (right).

393

The Bayesian inference procedure with this prior yields the posterior joint PDFs394

of C and D in Figure 9. These distributions are sharper than those computed with395

either uninformative (Figure 5) or correlation-based (Figure 7) priors, indicating the396

further increased confidence in the method’s predictions of C and D. As before,397

assigning more weight to the prior, i.e., increasing γ, reduces the area of the high-398

probability regions in the (C,D) space. This increased confidence in predictions of399

C and D is more pronounced when the connectivity-based prior, rather than the400

correlation-based prior, is used. The connectivity information also ensures that this401
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confidence is not misplaced, i.e., the reference parameter values lie within the high-402

probability regions.403
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Figure 9. Examples of posterior PDFs of the DFN parameters C and D in the presence of

prior information, for three experiments defined by the reference parameter values (blue circles).

These PDFs are computed via Bayesian assimilation with the informative prior (14), whose

relative importance increases from γ = 0.5 (top) to γ = 1.0 (bottom).

6 Conclusions404

We developed and applied a computationally efficient parameter-estimation me-405

thod, which makes it possible to infer the statistical properties of a fracture network406

from cross-borehole thermal experiments (CBTEs). A key component of our method is407

the construction of a neural network surrogate of the physics-based model of fluid flow408

and heat transfer in fractured rocks. The negligible computational cost of this surro-409

gate allows for the deployment of a straightforward grid search in the parameter space410

spanned by fracture density C and fractal dimension D. Our numerical experiments411

lead to the following major conclusions.412

1. The neural network surrogate provides accurate estimates of an average inverse413

cumulative distribution function (iCDF) of breakthrough times, for the fracture414

network characterized by given parameters (C,D).415

2. In the absence of any expert knowledge about C and D, i.e., when an uninforma-416

tive prior is used, our method—with the likelihood function defined in terms of417

the Hellinger distance between the predicted and observed iCDFs—significantly418

sharpens this prior, correctly identifying parameter regions wherein the true419

values of (C,D) lie.420

3. Incorporation of the prior information about generic (not site-specific) corre-421

lations between C and D sharpens our estimation of these parameters, i.e.,422

decreases the area in the parameter space where they are predicted to lie with423

high probability. Putting more trust in the prior, i.e., using a higher value of424

γ, amplifies this trend. However, the increase in certainty might be misplaced,425

as witnessed by several examples the reference parameter values fall outside the426

high probability regions.427

4. Incorporation of the prior information about a fracture network’s connectiv-428

ity yields the posterior joint PDFs of C and D that are sharper than those429
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computed with either uninformative or correlation-based priors, indicating the430

further increased confidence in the method’s predictions of C and D.431

5. The increased confidence in predictions of C and D is more pronounced when432

the connectivity-based prior, rather than the correlation-based prior, is used.433

The connectivity information also ensures that this confidence is not misplaced,434

i.e., the reference parameter values lie within the high-probability regions.435

Appendix A Field-scale characterization of fracture networks436

For the sake of completeness, we report in Table A1 the field-scale observations of437

fracture networks from (Bonnet et al., 2001). These are accompanied by our calculation438

of the corresponding values of parameters C and D in the WT model of fracture439

networks.440

Table A.1: Fracture number (Nf), power-law exponent (a), surface area (S), minimum fracture441

length (lmin), and density parameter α for various fracture networks reported in Table 2 in (Bonnet442

et al., 2001). The corresponding values of fracture density (C) and fractal dimension (D) in the443

WT network model (1) are determined from the parameter relationships in Section 2.1.444

Nf [-] a [-] S [m2] lmin [m] α [-] D [-] C [-]

107 1.74 24 0.1 0.60035 0.74 86.80731

121 2.11 25 0.1 0.41703 1.11 45.46014

3499 1.88 2.70·1011 103 4.97809·10−6 0.88 0.01979

120 0.9 8.25·107 40 -1.00582·10−7 -0.1 0.00012

101 1 2.62·107 57 0 0 NaN

300 1.76 NP 7.00·103 NaN 0.76 NaN

380 1.9 3.43·103 3 0.26777 0.9 113.05832

350 2.1 1.26·108 220 0.00115 1.1 0.36680

1000 3.2 1.60·109 380 0.65137 2.2 296.07649

1000 2.1 1.65·1010 2.00·103 0.00028 1.1 0.25921

800 2.2 2.50·101 6.00·10−2 1.31254 1.2 875.02702

380 2.1 NP 2.50·103 NaN 1.1 NaN

1700 2.02 1.00·1010 1.00·103 0.0002 1.02 0.33182

260 1.3 8.75·103 1.00 0.00891 0.3 7.72571

100 1.8 2.10·103 1.00 0.03809 0.8 4.76190

873 2.64 3.40·101 5.00·10−3 0.00709 1.64 3.7745

320 2.61 2.07·107 4.00·10 0.00945 1.61 1.87779

50 1.67 2.90·107 7.00·10 1.99004·10−5 0.67 0.00148

180 1.97 2.80·108 3.00·102 0.00016 0.97 0.02925

400 2.21 1.20·108 4.00·10 0.00035 1.21 0.11573

250 2.11 2.50·1011 4.50·103 1.26005·10−5 1.11 0.00284

400 2.84 2.90·1011 5.50·103 0.01935 1.84 4.20716

70 2.67 3.60·109 1.60·103 0.00728 1.67 0.30533

150 2.66 5.10·109 1.25·103 0.00675 1.66 0.61021

200 3.07 6.20·109 1.00·103 0.10829 2.07 10.46329

1034 2.51 8.70·107 1.00·10 0.00058 1.51 0.39767

40 1.6 2.00·104 6.00·10−2 0.00022 0.6 0.01479

318 2.42 1.69·108 7.00·10 0.00111 1.42 0.24946

291 2.69 1.69·108 7.00·10 0.00382 1.69 0.65783
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78 2.1 1.69·108 1.00·102 8.04638·10−5 1.1 0.00570

218 2.02 1.00 2.00·10−2 4.11251 1.02 878.94881

111 3.04 8.40·107 2.00·102 0.13328 2.04 7.25217

470 1.8 1.17·104 6.00·10−2 0.00338 0.8 1.98852

417 2.18 6.00·107 4.00·10 0.00064 1.18 0.22519

201 2.4 3.00E-01 1.50E-04 0.00416 1.4 0.59676

100 2.4 6.00·108 7.00·102 0.00224 1.4 0.16032

1034 2.36 8.70·107 1.00·10 0.00037 1.36 0.28153

450 2.18 2.20·108 7.00·10 0.00036 1.18 0.13843

350 2.75 1.50·109 1.80·102 0.00361 1.75 0.72239

300 2.37 NP 1.00·102 NaN 1.37 NaN
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