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Abstract

Collision between ions and neutral particles is an essential characteristic of Earth’s ionosphere. This ion-neutral collision is

usually caused by the polarization of neutral particles. This collision can also be caused by charge exchange, if the particle

pair is parental, such as atomic oxygen and its ion. The total collision frequency is not the sum of the polarization and charge-

exchange components, but is essentially equal to the dominant component. The total is enhanced only around the classic

transition temperature, which is near the ionospheric temperature range (typically 200-2000 K). However, the magnitude of

this enhancement has differed among previous studies; the maximum enhancement has been reported as 41% and 11% without

physical explanation. In the present study, the contribution of the polarization force to the charge-exchange collision is expressed

as a simple curved particle trajectory effect. As a result, the maximum enhancement is found to be 22%. It is discussed that

the enhancement has been neglected in classic models partly due to confusion with the glancing particle contribution, which

adds 10.5% to the polarization component. The enhancement has been neglected presumably also because there has been no

functional form to express it. Such an expression is derived in this study.
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Key Points: 6 

 The charge-exchange collision frequency is enhanced by the long-range attractive 7 

polarization force at ionospheric temperatures. 8 

 This enhancement has been ignored in the classic regime, partly due to confusion. 9 

 We derive a theoretical form to express this enhancement using the curved particle 10 

trajectory effect. 11 

Abstract 12 

Collision between ions and neutral particles is an essential characteristic of Earth’s ionosphere. 13 

This ion–neutral collision is usually caused by the polarization of neutral particles. This collision 14 

can also be caused by charge exchange, if the particle pair is parental, such as atomic oxygen and 15 

its ion. The total collision frequency is not the sum of the polarization and charge-exchange 16 

components, but is essentially equal to the dominant component. The total is enhanced only 17 

around the classic transition temperature, which is near the ionospheric temperature range 18 

(typically 200–2000 K). However, the magnitude of this enhancement has differed among 19 

previous studies; the maximum enhancement has been reported as 41% and 11% without 20 

physical explanation. In the present study, the contribution of the polarization force to the 21 

charge-exchange collision is expressed as a simple curved particle trajectory effect. As a result, 22 

the maximum enhancement is found to be 22%. It is discussed that the enhancement has been 23 

neglected in classic models partly due to confusion with the glancing particle contribution, which 24 

adds 10.5% to the polarization component. The enhancement has been neglected presumably 25 

also because there has been no functional form to express it. Such an expression is derived in this 26 

study. 27 

Plain Language Summary 28 

Solar radiation partially ionizes Earth’s neutral atmosphere to form the ionosphere. The 29 

ionosphere is a region of plasma at altitudes between 60 and 800 km. The ionosphere co-exists 30 

with the neutral atmosphere, and thus ions collide with neutral particles. The corresponding ion–31 

neutral collision frequency is relatively well known at high temperatures, but is less understood 32 

at ionospheric temperatures (200–2000 K), because this type of collision has two components 33 

that vary with temperature. Near a transition temperature, the classic models underestimate the 34 

total collision frequency. We have derived a theoretical form to calculate the collision frequency 35 

at ionospheric temperatures that takes into consideration an enhancement near the transition 36 

temperature. The revised collision frequency is higher than the classic values by a maximum of 37 

22%. 38 

  39 

mailto:ieda@isee.nagoya-u.ac.jp)


Confidential manuscript submitted to JGR 

 2 / 28 

 

1 Introduction 40 

Ions collide with neutral particles in Earth’s ionosphere. This ion–neutral collision is represented 41 

by the collision cross section or frequency as a function of temperature. Accordingly, an accurate 42 

model of the cross section is necessary to study the ionosphere. 43 

 44 

There are two types of ion–neutral collision (e.g., Banks & Kockarts, 1973). One is electric-45 

polarization collision, which occurs in all ion–neutral pairs because a neutral particle is polarized 46 

by an ion. The corresponding cross section is expressed by a classic theoretical functional form 47 

of the polarization collision. 48 

 49 

The other is charge-exchange collision, which effectively occurs between an ion and its parent 50 

atom, such as O
+
 and O, because the energy state is the same before and after the electron-51 

transfer collision. The corresponding cross section has been obtained at high temperatures and 52 

expressed by a classic theoretical functional form of the charge-exchange collision. This form is 53 

appropriate at high temperatures, but its validity has been less clear at ionospheric temperatures, 54 

where the values are extrapolated. 55 

 56 

For the parental particle pair, the polarization collision dominates at low temperatures (i.e., low 57 

kinetic energy), whereas the charge-exchange collision dominates at high temperatures (Figure 58 

1). The total cross section for momentum transfer is not the sum of the polarization and charge-59 

exchange components (Banks & Kockarts, 1973, p. 211). Instead, the total is equal to the 60 

dominant component, except for temperatures near a temperature of transition. The transition 61 

temperature classically corresponds to the intersection of the polarization and charge-exchange 62 

components in Figure 1. Near the classic transition temperature, the total cross section is higher 63 

than the dominant component.  64 

 65 

However, the magnitude of the enhancement has diverged in previous studies. The total cross 66 

section is sometimes calculated as the root-mean-square average of the two classic components 67 

(e.g., Bruno et al., 2010; Capitelli et al., 2013; Levin & Wright, 2004; Murphy, 1995). This 68 

formulation results in a maximum enhancement of 41%. In contrast, Banks (1966) stated that the 69 

enhancement was only approximately 11%; accordingly, the enhancement is not included in 70 

classic models (e.g., Banks & Kockarts, 1973; Schunk & Nagy, 2009). 71 

 72 

The purpose of this study is to clarify the enhancement in the total cross section and express it 73 

using a simple theoretical functional form. We approximate the contribution of the polarization 74 

force to the charge-exchange collision as a simple curved particle trajectory effect. As a result, 75 

we find that the maximum enhancement is generally 22%. 76 

 77 

The physical parameters are defined in Section 2. The classic basics of the ion–neutral collision 78 

are summarized in Section 3. The definition of transition temperature is revised in Section 4. The 79 

curve effect is numerically calculated in Section 5. We derive an analytical form of the curve 80 

effect on the temperature-dependent charge-exchange cross section in Section 6. This analytical 81 

form requires a typical charge-exchange cross section for the curve effect. Four types of such 82 

typical cross section are derived and evaluated in Section 7. We discuss the reason why the 83 

enhancement is ignored in the classic models in Section 8. Appendix A summarizes the 84 

computation of our final equations. Appendix B summarizes the computation of an O
+
–O 85 
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collision model, which is used as an example in the figures of this study. Appendix C 86 

summarizes the gamma function, which is used in the detailed derivations provided in 87 

Appendices D and E. 88 

 89 

 90 
 91 

Figure 1. Figure 2 of Banks (1966) explains the classic model. Reused with permission from 92 

Elsevier (license number 5005811313501). Our clarifications are shown in green. The square 93 

root of the O
+
–O momentum-transfer cross sections are shown against twice the ion–neutral 94 

reduced temperature. The solid line shows the total cross section, which consists of two 95 

components, shown by the dashed lines. The total is not the sum of the two components, but is 96 

essentially equal to the polarization component at low temperatures and to the charge-exchange 97 

component at high temperatures. The total cross section is larger than that of either component 98 

only around the transition temperature, where the two components intersect. The corresponding 99 

maximum enhancement was stated to be 11% in Banks (1966), although it was not explained 100 

how the total cross section was calculated. 101 

 102 

2 Definitions 103 

The physical parameters used in this study are defined in Table 1. Note that the charge-exchange 104 

collision includes both the charge-exchange cross section (CXCS) and the momentum-transfer 105 

cross section (MTCS); in contrast, the polarization collision includes only the MTCS.  106 

 107 

For the charge-exchange collision, the labels str (straight) and cv (curved) are used when 108 

necessary for clarification. The label total refers to the combination of the polarization and 109 

charge-exchange components. 110 
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Table 1. Definitions of Physical Parameters for Ion–Neutral Collision 111 

Physical parameter Definition 

ɛ0 Vacuum electric permittivity, 8.854188  10–12 F/m 

e Fundamental charge, 1.602176634  10–19 C 

kB Boltzmann constant, 1.380649  10–23 J/K 

mu Unified atomic mass constant, 1.660539  10–27 kg 

Ar (u) Relative atomic mass, 16.0 for oxygen atom 

mi, mn (kg) Mass (ion, neutral particle) 

µr (kg) Reduced mass mimn/(mi+mn) 

V (m3) Polarizability volume 

wr (J) Reduced energya µrg
2/2  

ɛr (eV) Reduced energya wr/e  

x Normalized energy wr/kBTr = eɛr/kBTr 

Ti, Tn (K) Temperature (ion, neutral gas) 

Tr (K) Reduced temperature (mnTi+miTn)/(mi+mn)  

QCX(ɛr) (m
2) Energy-dependent charge-exchange cross section (CXCS) 

QMT(ɛr) (m
2) Energy-dependent momentum-transfer cross section (MTCS) 

SCX(Tr) (m
2) Temperature-dependent CXCS 

SMT(Tr) (m
2) Temperature-dependent MTCSb 

nn (1/m3) Number density of neutral gas 

in (1/s) Ion–neutral collision frequencyc 

Note. The SI unit system is used. 112 

a
This energy is the conventional kinetic energy used in theoretical atomic collision studies, also 113 

known as the kinetic energy of the reduced mass particle. See further explanations in Appendix 114 

A of Ieda (2021). 
b
This is also known as the average diffusion or momentum-transfer cross 115 

section ǬD in Banks (1966) and Banks and Kockarts (1973), which is the same as the collision 116 

integral 1,1(T) in Pesnell et al. (1993) and Hickman et al. (1997a). Note that the term collision 117 

integral refers to slightly different quantities in some previous studies (e.g., Schunk & Nagy, 118 

2009; Stallcop et al., 1991).
 c
“Ion–neutral collision frequency” in this study refers to the collision 119 

frequency for momentum transfer from neutral gas to ions in the laboratory frame. 120 

3 Classic Basics of Ion–Neutral Collision 121 

In this section, we summarize the classic basic concepts associated with collisions between ions 122 

and neutral particles. The Langevin cross section is the core part of the polarization cross section. 123 

3.1 Collision Cross Section and Frequency 124 

The energy-dependent MTCS QMT(ɛr) is obtained from theoretical or laboratory studies. QMT(ɛr) 125 

is integrated or weighted-averaged over energy for each temperature to obtain the average or 126 

temperature-dependent MTCS SMT(Tr) as follows:  127 
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    2

MT r MT0

1
exp

2
S T Q x x dx





  , (3-1) 128 

where x is the normalized energy defined by 129 

 r r

B r B r

w e
x

k T k T


  . (3-2) 130 

See Table 1 for the definitions of the physical parameters. Equation 3-1 is equivalent to Equation 131 

3 of Dalgarno et al. (1958) and implies an average of QMT(ɛr), weighted by a Maxwellian 132 

velocity distribution of particles. 133 

 134 

SMT(Tr) is associated with the diffusion or momentum-transfer collision frequency in, according 135 

to 136 

 n B
in n r MT

i n r

84
/

3

m k
n T S

m m






 (3-3) 137 

in the laboratory frame. This equation is equivalent to Equation 9.78 of Banks and Kockarts 138 

(1973).  139 

 140 

The collision frequency in Equation 3-3 is widely used in ionospheric studies. For example, it is 141 

used to calculate the electric conductivity (e.g., Equation 1 of Ieda et al., 2014). It is also used to 142 

express the frictional force or momentum transfer caused by the neutral gas in an ion-fluid 143 

equation of motion or momentum equation  144 

    i
i i B i i in i i i n

d
n m k nT n m

dt
   

U
U U , (3-4) 145 

where Ui and Un are the fluid velocities of the ion and neutral gases, respectively, and ni is the 146 

ion number density.  147 

3.2 Electric Polarizability and Polarizability Volume 148 

When an ion approaches a neutral particle, the ion-associated electric field induces an electric 149 

dipole in the neutral particle (Figure 2a). The strength of the induced dipole is proportional to the 150 

applied electric field. The corresponding constant factor is called the electric dipole 151 

polarizability, and depends on the species of neutral particle.  152 

 153 

Previous studies have used the CGS unit system, in which the polarizability  is given in units of 154 

 (cm
3
) (e.g., Table 1 of Banks, 1966). We use the SI unit system, in which the unit of 155 

polarizability is  (C m
2
 V

-1
). Because this unit is not convenient, we use the polarizability 156 

volume V (m
3
) instead. These are associated in the SI unit system (e.g., Atkins et al., 2018, p. 157 

710) according to 158 

    2 2 -1 3

0 VC m V 4 m    . (3-5) 159 

 160 
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 161 
Figure 2. Illustration of the polarization collision between an ion and a neutral particle. (a) The 162 

collision in the neutral-particle rest frame for an impact parameter, which corresponds to the Y 163 

distance of the ion at X = . The ion induces an electric dipole in the neutral particle. (b) The 164 

collision in the center-of-mass (CM) frame for four impact parameters. The ion takes three 165 

different types of trajectory as labelled, depending on the impact parameter. The O
+
–O collision 166 

calculated at a reduced energy of 0.05 eV is shown as an example. 167 

3.3 Particle Orbiting and Langevin Cross Section 168 

The ion and the induced dipole attract each other, meaning that the ion collides with the neutral 169 

particle. The two-body problem can be reduced to a one-body problem (McDaniel, 1989, p. 83) 170 

with the virtual reduced mass particle interacting with the electric potential of the system, as 171 

shown in Figure 2b. The kinetic energy of the reduced mass particle is defined as the reduced 172 

energy in Table 1. For each kinetic energy, the significance of the collision depends on the 173 

impact parameter.  174 

 175 

For the distant collision labeled glancing in Figure 2b, the particle takes a glancing trajectory, 176 

where the attractive force is weaker than the centrifugal force. For the close collision labeled 177 

spiral in Figure 2b, the particle is captured by the polarization attractive force and then takes a 178 

spiral trajectory toward the barycenter. The particle is subsequently reflected by a repulsive core. 179 

This reflection is not illustrated in Figure 2b for simplicity. 180 

 181 

The two regions of glancing and spiral trajectories are separated by the orbiting trajectory, where 182 

the attractive force and the centrifugal force balance at the closest approach. A particle on this 183 

orbiting trajectory subsequently undergoes infinite rotation with the orbiting radius Rorb. We call 184 

the area inside this radius the capture area Qcap, which is given by 185 

 2

cap orbQ R . (3-6) 186 

The spiral motion inside this capture area implies that the particle velocity direction is practically 187 

random. Thus, the momentum of the particle is zero on average, and the capture area therefore 188 

corresponds numerically to an MTCS. 189 

 190 
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In addition, the particle trajectory is already curved by the attractive polarization force before 191 

entering the capture area. That is, the particle comes from a wider area, and the MTCS is 192 

effectively enhanced. This effective energy-dependent MTCS is twice the capture area and is 193 

called the Langevin cross section, which is given by 194 

 V Lan
Lan cap

0 r r

2
2

C
Q Q e

w w




   , (3-7) 195 

where the constant CLan is defined by this equation, which is equivalent to Equation 3-6-6 of 196 

McDaniel (1989). 197 

 198 

Equation 3-7 is integrated over energy for each temperature to obtain the corresponding 199 

temperature-dependent MTCS  200 

 Lan Lan
Lan

B r B r

1 3 3

2 4 8

C C
S

k T k T

 
  . (3-8) 201 

3.4 Polarization Collision Cross Section 202 

The glancing particle in Figure 2b is not included in Equation 3-7. It adds 10.5% of the Langevin 203 

cross section (Dalgarno et al., 1958; Heiche & Mason, 1970; Kihara et al., 1960; Langevin, 204 

1905). Accordingly, the energy-dependent polarization MTCS is 205 

 pol Lan1.105Q Q  , (3-9) 206 

which is equivalent to Equation 4 of Banks (1966). This collision is called the nonresonant 207 

collision by Schunk and Nagy (2009); we refer to it as the polarization collision to emphasize the 208 

physical mechanism.  209 

 210 

The corresponding temperature-dependent MTCS of the polarization collision is obtained by 211 

integrating Equation 3-9 over energy for each temperature, or simply by  212 

 pol Lan1.105S S  . (3-10) 213 

This equation is equivalent to Equation 5 of Banks (1966). 214 

3.5 Classic Charge-Exchange Cross Section 215 

Charge exchange occurs with a probability of approximately ½ in a reaction area (Figure 3): 216 

    CX r react r / 2Q Q  . (3-11) 217 

The polarization force is negligible at high energies in the charge-exchange collision. That is, the 218 

particle trajectory is practically straight at high energies. The classic model implicitly assumes a 219 

straight trajectory or high energies. Under this condition, the CXCS QCX(ɛr) can be 220 

approximately given in the form of 221 

    
2

CX r 0 0 10 rlogQ A B   , (3-12) 222 

where A0 and B0 are constants that depend on the particle species. These constants are obtained 223 

from theoretical calculations or laboratory experiments. The ratio A0/B0 is relatively constant and 224 

is typically between 8 and 10 among the particle pairs that are relevant to ionospheric studies in 225 

Banks (1966). This form was theoretically established by Dalgarno (1958). We call this type of 226 

CXCS classic or straight, in contrast to effective or curved, which will be explained in the next 227 

section. 228 

 229 
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When QCX(ɛr) is given in the form of Equation 3-12, the general integration in Equation 3-1 can 230 

be approximated as a semi-analytical integration as 231 

      
2 2str

CX r 0 0 10 r 0 0 10 r B3.668 log log 2.492 /S T A B T A B T k e             (3-13) 232 

(Mason & Vanderslice, 1959; Banks, 1966; Pesnell et al., 1994; Ieda, 2020). See details in 233 

Appendix D. Note that the straight particle trajectory also implies the following approximation: 234 

 

str str

MT CX

str str

MT CX

2

2

Q Q

S S

  


 
. (3-14) 235 

 236 

 

Figure 3. Illustration of the charge-exchange collision 

with the classic or straight-trajectory assumption. The 

O
+
–O model presented in Appendix B is used at a 

reduced energy of 100 eV as an example. The charge-

exchange collision is caused by an electron transfer to 

an ion from a parent neutral particle. A simplified 

average view of this process is shown. In reality, the 

electron goes back and forth between an ion and a 

neutral particle. In other words, the probability of an 

electron transfer is approximately 50% inside the 

reaction area. Accordingly, the charge-exchange cross 

section is half the reaction area.  

4 Revising the Definition of Transition Temperature 237 

The ion–neutral collision MTCS of the parental particle pair is expressed by different equations 238 

between the polarization and charge-exchange domains. The two domains are separated by the 239 

transition energy or temperature, which are different between the classic and our regimes, as 240 

summarized in Table 2. 241 

Table 2. Definitions of Transition Energy and Temperature 242 

Symbol Type Defining equation Value
a
 for O

+
–O 

Transition energy 

cla

tran  (eV) Classic str

MT polQ Q  0.0281 eV 

phy

tran  (eV) Physical 
polstr Lan

MT
2 2.21

QQ
Q    

0.00429 eV 

Transition temperature 

cla

tranT  (K) Classic str

MT polS S  147
b
 K 

phy

tranT  (K) Physical 
polstr Lan

MT
2 2.21

SS
S    

22 K 
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Note. Classic type separates the polarization and charge-exchange domains in the classic regime 243 

(Banks, 1966; Banks & Kockarts, 1973; Schunk & Nagy, 2009), whereas the physical type 244 

separates the two domains in the curved regime introduced in this study. 245 

a
Values are examples specific to the O

+
–O collision model defined in Appendix B. 

b
Strictly 246 

speaking, the classic transition temperature (147 K) in this table is a classic-type transition 247 

temperature and is different from the classic transition temperature of 235 K in classic models. 248 

These values are different because the basis models are different. 249 

4.1 Definition of Classic Transition Energy and Temperature 250 

Although we cannot find an explicit definition of the classic transition temperature in previous 251 

studies, it is presumably defined as the temperature of the intersection in Figure 1, where MTCS 252 

is the same for the polarization (Equation 3-10) and classic charge-exchange (Equation 3-14) 253 

components. This interpretation is numerically consistent with the transition temperature of 254 

Banks (1966). Accordingly,  255 

 
str

MT pol Lan

2.21

2
S S S  . (4-1) 256 

 257 

The corresponding classic transition energy is not defined in most previous studies, but in Heiche 258 

and Mason (1970), using  259 

 
str

MT polQ Q , (4-2) 260 

which is analogous to Equation 4-1. 261 

4.2 Definition of Revised Transition Energy and Temperature 262 

As detailed in Section 4.3, a physical transition does not occur at the classic transition energy but 263 

at an energy at which the capture and charge-exchange reaction areas are the same: 264 

 str str

Lan cap react CX MT/ 2 2Q Q Q Q Q     . (4-3) 265 

Accordingly, we define a “physical” transition energy using 266 

 
polstr Lan

MT
2 2.21

QQ
Q   . (4-4) 267 

This physical transition energy is much lower than the classic transition energy.  268 

 269 

The corresponding temperature of physical transition is less strict because the temperature-270 

dependent cross section is a weighted average of the energy-dependent cross section. However, it 271 

is useful to define a corresponding physical transition temperature as a measure. We define it as  272 

 
str Lan
MT

2

S
S   (4-5) 273 

for simplicity in analogy to the physical transition energy in Equation 4-4. This definition is 274 

numerically reasonable, as discussed in Section 8.1. 275 

4.3 Physical Implications of the Transition Energies 276 

In the classic regime, the particle trajectory is assumed to be straight in the charge-exchange 277 

collision, as described in Section 3.5. The classic transition energy separates the polarization and 278 

straight-trajectory charge-exchange domains. In reality, the particle trajectory is curved toward 279 
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the charge-exchange reaction area. This curve is not negligible around the transition energy by 280 

definition. Thus, the classic transition energy in Equation 4-2 is irrelevant to actual physical 281 

transitions but is an artifact or approximation; instead, it is the physical transition energy defined 282 

in Equation 4-3 that actually separates the two domains (i.e., the polarization and curved-283 

trajectory charge-exchange domains), as follows. 284 

 285 

Figure 4a shows the parental collision below 𝜀tran
phy

, that is, in the polarization or capture domain 286 

where Qcap > Qreact. In other words, a small charge-exchange reaction sphere is added to Figure 287 

2b. Under this condition, the captured particles take the spiral trajectory, and their direction is 288 

already practically random before the charge-exchange collision. That is, the charge-exchange 289 

collision process does not contribute to the momentum transfer. Accordingly, the MTCS is the 290 

same as the polarization MTCS in Equation 3-10.  291 

 292 

For clarification, in the revised polarization domain, the effective rate of reaction is generally 293 

determined by the capture (Gioumousis & Stevenson, 1958). Accordingly, the effective CXCS is 294 

 CX Lan / 2Q Q , (4-6) 295 

which is consistent with Equation 65 of Rapp and Francis (1962) and is significantly larger than 296 

the classic CXCS. That is, the low-energy part of the classic CXCS in Figure 1 merely implies 297 

the imaginary charge-exchange component. 298 

 299 

In contrast, Figure 4b shows the parental collision above 𝜀tran
phy

, that is, in the charge-exchange 300 

domain where Qcap < Qreact. In other words, a large charge-exchange reaction sphere is added to 301 

Figure 2b. Under this condition, the particles enter the charge-exchange reaction area before 302 

reaching the capture area. Accordingly, the MTCS is basically expressed by Equation 3-14. In 303 

addition, this MTCS is effectively enhanced as discussed in the next section.  304 

 305 

 306 
 307 

Figure 4. Combination of the polarization and charge-exchange collisions. The charge-exchange 308 

reaction area is added to the illustration of the polarization collision shown in Figure 2b. 309 

Collision between an ion and a parent neutral particle is represented by a corresponding reduced 310 
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mass particle. The O
+
–O cross section model presented in Appendix B1 is used as an example. 311 

The origin corresponds to the barycenter. The particle takes different types of trajectory 312 

depending on the impact parameter, which corresponds to the Y distance at X = . (a) Collision 313 

at a reduced energy of 0.001 eV in the polarization domain. Charge exchange is irrelevant to the 314 

momentum-transfer cross section (MTCS). (b) Collision at 0.05 eV in the charge-exchange 315 

domain. The charge-exchange process basically determines the MTCS, which is effectively 316 

enhanced in addition by the curved particle trajectories caused by the polarization force. 317 

5 Curved Particle Trajectory Effect 318 

5.1 Curve Effect on Energy-Dependent Cross Section  319 

In the charge-exchange domain, the MTCS is effectively enhanced owing to the curved 320 

trajectory outside the charge-exchange reaction area. We call this additional contribution the 321 

curved particle trajectory effect.  322 

 323 

The curve effect on the energy-dependent CXCS can be derived from the condition that the 324 

distance of the closest approach is the same as the radius of the charge-exchange reaction area, as 325 

shown in Figure 4b. The resultant effective or curved CXCS 𝑄CX
cv (𝜀r) is  326 

 

2

cv str Lan
CX CX str

CX

1
1

16

Q
Q Q

Q

  
    
   

, (5-1) 327 

where 𝑄CX
str(𝜀r) refers to the classic or straight CXCS, as shown in Equation 3-12. Equation 5-1 is 328 

equivalent to Equation 16 of Holstein (1952) and Equation 12 of Wolf and Turner (1968).  329 

 330 

Using Equation 3-14 (i.e., QMT = 2QCX), the corresponding MTCS is 331 

 

2

cv str Lan
MT MT str

MT

1
1

4

Q
Q Q

Q

  
    
   

. (5-2) 332 

Note that Equation 3-14 does not necessarily hold, but is a good approximation at energies 333 

above approximately the classic transition energy (Heiche & Mason, 1970). That is, the 334 

MTCS in Equation 5-2 is not strictly equal to the actual total MTCS but implies a measure or 335 

a component below the classic transition energy. 336 

5.2 Maximum Enhancement in Energy-Dependent Cross Section  337 

Figure 5 shows various components of the energy-dependent MTCS. Most components are 338 

explained in Section 3, except for the red line labeled curved CX, which represents the charge-339 

exchange component with the curved trajectory effect in Equation 5-2. 340 

 341 

The polarization component intersects with the classic charge-exchange component at 0.0281 eV. 342 

Around this classic transition energy, the curved CX component is practically equal to the total 343 

cross section. The increase in the total cross section from the greater of the polarization or classic 344 

charge-exchange components is called an enhancement. The maximum enhancement is 20.47%, 345 

as shown in Figure 5b. Similarly, the maximum enhancement is 25% when the Langevin 346 

component is referenced, instead of the polarization component. This 25% can be readily 347 

expected from Equation 5-2 and is independent of the particle pair. 348 
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 349 

  
 350 

Figure 5. Components of energy-dependent momentum-transfer collision cross sections. The 351 

O
+
–O cross section model presented in Appendix B1 is used as an example. The charge-352 

exchange (CX) components refer to the charge-exchange cross section multiplied by two. The 353 

components include polarization, Langevin, capture, classic CX, and curved or effective CX. 354 

The dashed lines indicate transition energies. (a) Square-root of the momentum-transfer cross 355 

section. (b) Ratio of the components to the classic CX component. The curved or effective CX 356 

component is higher than the greater of the polarization or classic CX components by a 357 

maximum of 20.47%. 358 

5.3 Maximum Enhancement in Temperature-Dependent Cross Section 359 

The effective energy-dependent CXCS in Equation 5-2 can be numerically integrated using 360 

Equation 3-1. Figure 6 shows the results as the red line labeled curved CX.  361 

 362 

We define the enhancement of the total cross section as in the previous section. The maximum 363 

enhancement is 22.3% at the classic-type transition temperature of 146.8 K when the polarization 364 

component is referenced. This classic-type transition temperature (146.8 K) is somewhat lower 365 

than the classic transition temperature (235 K in the classic model) because the basis models are 366 

different. The maximum enhancement is 27.3% at 115.7 K when the Langevin cross section is 367 

referenced. 368 

 369 

For clarification, the transition temperature depends on the particle pair. For example, the classic 370 

transition temperature is approximately 600 K for the O2
+
-O2 collision (Ieda, 2020) and is 371 

approximately 50 K for the H
+
-H collision (Banks, 1966).  372 

 373 
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 374 

Figure 6. Components of temperature-dependent momentum-transfer collision cross sections. 375 

The O
+
–O cross section model presented in Appendix B1 is used as an example. Most 376 

components are integrals of the energy-dependent components shown in Figure 5 and are shown 377 

similarly here, except that the prediction by Murphy (1995) is added. The dashed lines indicate 378 

transition temperatures. (a) Square-root of the momentum-transfer cross section. (b) Ratio of the 379 

components to the classic charge-exchange component. The effective charge-exchange 380 

component is higher than the greater of the polarization or classic charge-exchange components 381 

by at most 22%. 382 

6 Derivation of Analytical Form 383 

The effective temperature-dependent cross section was numerically obtained in the previous 384 

section. In this section, we derive the corresponding approximate analytical form. 385 

6.1 Preparation 386 

We prepare concise notation “< >” that represents the weighted averages, as explained in 387 

Appendix C. Using this notation, Equation 3-1 is generally expressed as 388 

   2 2

MT r MT MT0

1 1

2 2

xS T Q x e dx Q x
   . (6-1) 389 

Equation 3-14 (i.e., QMT = 2QCX) does not necessarily hold, but is used to define the MTCS that 390 

corresponds to CXCS in the following. We use the label str to explicitly indicate that the straight 391 

particle trajectory is assumed in CXCS: 392 

    str str 2 str 2 str

MT r MT CX CX r

1
2

2
S T Q x Q x S T    . (6-2) 393 

In contrast, we use the label cv to explicitly indicate that the curve effect is included in CXCS: 394 

    cv cv 2 cv 2 cv

MT r MT CX CX r

1
2

2
S T Q x Q x S T    . (6-3) 395 
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6.2 General Form 396 

Substitution of Equation 5-1 into Equation 6-3 yields 397 

 
2 2

cv cv 2 str 2 2 str 2Lan Lan
CX CX CX CXstr str

CX CX

1 1 1 1 1

2 2 2 16 32

Q Q
S Q x Q x x S x

Q Q
     , (6-4) 398 

where Equation 6-2 was used. 399 

 400 

From Equations 3-7 and 3-8, the energy- and temperature-dependent Langevin cross sections are 401 

related to each other by 402 

 
2

2 Lan Lan Lan
Lan

r B r

64

9

C C S
Q

w xk T x
   . (6-5) 403 

Accordingly, the second term (i.e., the curve effect) of Equation 6-4 is transformed as 404 

 
22 2

dcv 2 2Lan
CX Lan Lanstr str str

CX CX CX

1 1 64 2

32 32 9 9

Sx x x
S Q S

Q x Q Q 
   . (6-6) 405 

6.3 Approximate Form using a Typical Cross Section 406 

Although Equation 6-6 can be numerically integrated, we aim to derive an analytical form. 407 

Direct analytical integration of 𝑥/𝑄CX
str in Equation 6-6 over energy is difficult and probably 408 

impossible. Thus, we approximate Equation 6-6 by replacing 𝑄CX
str(𝜀r) by a typical cross section 409 

𝑆CX
typ(𝑇r) that is independent of energy but satisfies 410 

 
str typ

CX CX

x x

Q S
 . (6-7) 411 

 412 

This approximation is numerically justified in the next section. This approximation is expected to 413 

be reasonable because only a limited range of x around the average normalized energy near x  2 414 

is practically relevant to Equation 6-6, owing to the exponential term in Equation 6-1. It is also 415 

reasonable because the energy dependence of 𝑄CX
str(𝜀r) is logarithmic, as shown in Equation 3-10, 416 

and thus is weaker than that of x. 417 

 418 

Accepting this concept of approximation, Equation 6-7 can be transformed as 419 

 
str typ typ typ

CX CX CX CX

1xx x

Q S S S
  . (6-8) 420 

Accordingly, the curve effect in Equation 6-6 is approximated as 421 

 
2

dcv 2 5Lan V
CX Lan str typ typ

CX CX CX r

2 2
1.0312 10

9 9

Sx
S S

Q S S T



 

   , (6-9) 422 

where Equation 3-8 was used. The corresponding effective cross section in Equation 6-4 is  423 

 

2
cv str dcv str str 5Lan V
CX CX CX CX CXtyp typ

CX CX r

2
1.0312 10

9

S
S S S S S

S S T





      . (6-10) 424 
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7 Selection of Typical Cross Section 425 

We have derived an approximate analytical form of the effective CXCS in Equation 6-10. In this 426 

form, the concept of typical CXCS 𝑆CX
typ(𝑇r) is introduced to avoid numerical integration of the 427 

curve effect. Four actual expressions of 𝑆CX
typ

 are evaluated in this section. All types can be useful 428 

depending on the relative importance of accuracy and simplicity. We recommend the factored 429 

type for typical application. 430 

7.1 Simple Average-Energy Type 431 

A quick candidate for 𝑆CX
typ(𝑇r) is the classic temperature-dependent CXCS 𝑆CX

str(𝑇r) in Equation 432 

3-13. That is, we assume 433 

 typ str

CX CXS S  (7-1) 434 

in Equation 6-9. 435 

 436 

This type is evaluated in Figure 7a as follows. We first calculate the curve component 𝑆CX
dcv(𝑇r) 437 

using the numerical integration in Equation 6-6. The results are expected to be accurate and are 438 

used as references. We then calculate the curve component using Equation 7-1 (i.e., simple type) 439 

in Equation 6-9. The resultant 𝑆CX
dcv(𝑇r) are compared with the reference values by taking the 440 

difference.  441 

 442 

This comparison was conducted for three sets of A0/B0. The classic CXCS is characterized by 443 

constants A0 and B0, as shown in Equation 3-12. Our example O
+
–O collision model in Appendix 444 

D corresponds to A0  6 and A0/B0  9, which is used as the primary test. The ratio A0/B0 is 445 

relatively constant and is typically between 8 and 10 among the particle pairs that are relevant to 446 

ionospheric studies in Banks (1966). Accordingly, we also tested the cases with A0/B0 = 6 and 12 447 

as measures of maximum deviation. The constant A0 is fixed at 6 because its variation is not 448 

essential in this test of the replacement of numerical integration. 449 

 450 

The three sets of A0/B0 correspond to the three lines in Figure 7a1. The resultant difference in 451 

𝑆CX
dcv(𝑇r) is relatively small and typically within 4%. Figure 7a2 shows the corresponding 452 

difference in the total (classic plus curve) charge-exchange component 𝑆MT
cv (𝑇r), which is much 453 

lower and within 1% accuracy at temperatures above the classic-type transition temperature of 454 

146.8 K. Accordingly, this simple type is reasonably accurate, especially above approximately 455 

the classic transition temperature, in terms of the difference from the numerically integrated 456 

values. 457 

 458 



Confidential manuscript submitted to JGR 

 16 / 28 

 

 459 
Figure 7. Four candidates for the typical cross section are evaluated by difference from accurate 460 

numerical integration. The O
+
–O cross section model presented in Appendix B1 is used as an 461 

example. The typical cross sections are used to replace numerical integration of the curve effect 462 

over energy in this study. The upper and lower panels respectively show the difference in the 463 

curve component 𝑆CX
dcv(𝑇r) and the total (classic plus curve) charge-exchange component 𝑆CX

cv(𝑇r). 464 

From left to right shown are four types of typical cross sections: (a) simple, (b) separate, (c) 465 

factored, and (d) precise. The constants A0 and B0 characterize the classic-type CXCS in 466 

Equation 3-12. The three lines in each panel correspond to A0/B0 ratios of 6, 9, and 12. The 467 

constant A0 is always fixed at 6. The dashed lines indicate the classic transition temperatures. 468 

7.2 Separate Average-Energy Type 469 

It is unclear what is the source of the small error in the simple average-energy type in Figure 7a. 470 

Accordingly, we attempt to find a more accurate approximation of numerical integration. 471 

 472 

The classic CXCS in Equation 3-13 can be interpreted as 473 

    
2str

CX r 0 0 10 a r Blog /S T A B X T k e     , (7-2) 474 

where Xa  2.492. That is, this classic temperature-dependent CXCS implies that the variable 475 

normalized energy x = eɛr/kBTr in the classic energy-dependent CXCS 𝑄CX
str(𝜀r) in Equation 3-12 476 

is replaced by the constant average normalized energy Xa  2.492. 477 

 478 

Equation 7-1 implies that Xa is assumed to be 2.492 for the typical cross section in the simple 479 

average-energy type. However, Xa should differ from 2.492 for the typical cross section. Thus, 480 

the approximation is expected to be improved if another average normalized energy 𝑋a
typ

 is 481 

separately used for the typical cross section as 482 

    
2

typ typ

CX r 0 0 10 a r Blog /S T A B X T k e   
 

. (7-3) 483 

 484 
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We calculate this another 𝑋a
typ

 inversely as follows. We first calculate the correct 𝑆CX
dcv(𝑇r) by 485 

numerical integration in Equation 6-6. Inserting this 𝑆CX
dcv(𝑇r) in Equation 6-9 yields  486 

 
2

typ Lan
CX dcv

CX

2

9

S
S

S
. (7-4) 487 

Then, substituting into Equation 7-3 yields the resultant 𝑋a
typ

(Tr, B0/A0). 488 

 489 

Figure 8a shows the map of the resultant average normalized energy 𝑋a
typ

(Tr) for three different 490 

A0/B0 ratios. This quantity appears to be approximately 1.59, which corresponds to A0/B0 = 9 at 491 

1000 K, as shown in Figure 8a. Deviations in 𝑋a
typ

 from 1.59 appear to be typically 0.04, which 492 

is much smaller than the difference (0.9) from Xa  2.492, which corresponds to the classic cross 493 

section. Accordingly, the typical cross section is expected to be improved by replacing Xa = 494 

2.492 with 𝑋a
typ

 = 1.59. That is, 495 

    
2 2typ

CX 0 0 10 B r 0 0 10 rlog 1.59 / 3.86 logS A B k T e A B T            . (7-5) 496 

 497 

This expectation is confirmed by the curves shown in Figure 7b, which are shown similarly to 498 

the simple type in Figure 7a. The difference in the curve component is within 0.4% and is 499 

typically 0.1% in Figure 7b1, which is much smaller than that in Figure 7a1 (4%). The difference 500 

in the corresponding total (classic plus curve) charge-exchange component 𝑆MT
cv (𝑇r) is 0.1% in 501 

Figure 7b2, which is much smaller than approximately 1% in Figure 7a2. In summary, the error 502 

in the simple type is mostly due to the fact that the average energy of the classic charge exchange 503 

is implicitly used in the typical cross section. The simple type is improved by adoption of the 504 

average energy of the typical cross section to become the separate type. 505 

 506 

  
Figure 8. Quantities that characterize typical cross section candidate models. The O

+
–O cross 507 

section model presented in Appendix B1 is used as an example. The characteristic quantities are 508 

calculated from the consistency with the correct values obtained by numerical integration of the 509 

curve effect. The characteristic quantities corresponding to three A0/B0 ratios are shown. The 510 

A0/B0 ratio characterizes the charge-exchange collision. A0 is fixed at 6. The characteristic 511 

quantities are then approximated to be constant in this figure to construct typical cross section 512 
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models, which are used to skip the numerical integration of the curve effect. (a) Separate 513 

average-energy type in Equation 7-3 and (b) factored average-energy type in Equation 7-6.  514 

7.3 Factored Average-Energy Type 515 

The separate type is an improvement on the simple type, but it requires an additional Equation 7-516 

5 and thus is not very concise. The simple type may be improved in a different way. We expect 517 

that 𝑆CX
typ

 is reasonably proportional to the classic CXCS with a constant factor, 518 

 typ str

CX F CXS C S . (7-6) 519 

 520 

This factor CF is also calculated inversely, similar to Xa in Section 7.2. Figure 8b shows a map of 521 

the resultant factor. This factor is approximately 1.04 at 1000 K, as shown in Figure 8b. We 522 

conservatively approximate that this factor is approximately 1.0312 so that Equation 6-10 is 523 

approximated to be a simple form:  524 

 
5

cv str V
CX CX str

CX r

10
S S

S T

 
 . (7-7) 525 

 526 

We evaluate this factored type approximation similar to that in Section 7.2. Figure 7c1 shows the 527 

difference in 𝑆CX
dcv(𝑇r). The difference is within 2% and is somewhat smaller than that in Figure 528 

7a1 (4%). The difference in 𝑆CX
cv(𝑇r) in Figure 7c2 is typically three times smaller than that in 529 

Figure 7a2 and is within 1%. In addition, the resultant Equation 7-7 is simple. Thus, we 530 

recommend this factored type for typical ionospheric applications. 531 

7.4 Precise Taylor Expansion Type 532 

A precise form of the typical cross section is obtained in Appendix E using the Taylor expansion 533 

and gamma functions. This option is evaluated similarly, as shown in Figure 7d. The difference 534 

in 𝑆CX
dcv(𝑇r) is less than 0.01% and is difficult to see visually in Figure 7d1. The small difference 535 

justifies our approximation in Equation 6-7. 536 

 537 

Figure 7d2 shows a similar comparison, but for the total charge-exchange component in 𝑆CX
cv(𝑇r). 538 

The difference is less than 0.1%, but it is larger than the difference in Figure 7d1. The larger 539 

difference implies that it does not stem from the assumption Equation 6-7, but rather from the 540 

small error in approximation in the integration of the classic component in Equation 3-13, which 541 

is detailed in Appendix D. This precise type is used as a reference in this study, but may not be 542 

concise enough for typical ionospheric studies. 543 

8 Discussion 544 

8.1 Switching of the Two Domains 545 

We have obtained an approximate form to express the curved or effective CXCS in Equation 6-546 

10. This CXCS is multiplied by a factor of two as in Equation 3-14 to obtain the corresponding 547 

MTCS. The resultant MTCS can be recognized as the total MTCS above approximately the 548 

classic transition temperature Ttran,cla. However, the total MTCS should instead approach the 549 

polarization component as the temperature decreases.  550 

 551 
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The energy-dependent curved MTCS is numerically the same as the Langevin cross section at 552 

the physical transition energy in Figure 5a. In contrast, the temperature-dependent curved MTCS 553 

is larger than the Langevin cross section by 4% at the physical transition temperature in Figure 554 

9a because the temperature-dependent cross section is the average of the energy-dependent cross 555 

section. The curved MTCS is the closest to the Langevin cross section near the physical 556 

transition temperature Ttran,phy defined in Equation 4-5. Therefore, this definition is numerically 557 

reasonable. 558 

 559 

There is a temperature where the curved MTCS intersects the polarization cross section in Figure 560 

9a. We call this temperate the switching temperature Tswitch between the physical and classic 561 

temperatures as 562 

 phy cla

tran switch tranT T T  . (8-1) 563 

The total MTCS can be generally expressed by the polarization cross section below Tswitch and by 564 

the curved MTCS above Tswitch: 565 

 
 

 

pol r switchtotal

MT cv

MT r switch

     ,  i.e., in the polarization domain

     ,  i.e., in the curved charge-exchange domain

S T T
S

S T T


 



. (8-2) 566 

 567 

However, Tswitch is generally much lower than Ttran,cla. This means that the polarization domain is 568 

less relevant to the ionosphere in the revised regime than it had been in the classic regime. 569 

Accordingly, Equation 8-2 can usually be simplified in actual computation, as summarized in 570 

Appendix B.  571 

 572 

  
Figure 9. Components of temperature-dependent momentum-transfer collision cross sections. 573 

The O
+
–O cross section model presented in Appendix B1 is used as an example. Shown are 574 

ratios in a format similar to that of Figure 6b, except that reference values are the precise type 575 

curved charge-exchange component labeled curved CX (precise type). (a) The switching 576 

temperature is indicated. (b) The Murphy (1995) model is shown. We point out that another 577 

model labeled cube is closer to the correct values (i.e., the polarization component at low 578 

temperatures and curved charge-exchange component at high temperatures). 579 



Confidential manuscript submitted to JGR 

 20 / 28 

 

8.2 Murphy Form 580 

As mentioned in Section 1, the total MTCS has been estimated as the root-mean-square of the 581 

polarization and the classic-type charge-exchange components in some previous studies (e.g., 582 

Capitelli et al., 2013; Laricchiuta et al., 2009; Wright et al., 2007; Murphy, 1995, 2000, 2012); 583 

that is,  584 

    
22

total str

MT pol MTS S S  , (8-3) 585 

as shown by the line labeled Murphy1995 in Figure 6. The corresponding maximum 586 

enhancement is 41% by definition, that is, √2 − 1. This value significantly overestimates the 587 

precise value (22%). We could not find a reasoning for this form in these studies. Thus, Equation 588 

8-3 probably has no physical implications. 589 

 590 

However, this form is simple because it does not require the consideration of transition 591 

temperatures. Thus, this form would be useful if the physical implication is not important. In this 592 

case, the cube-mean 593 

    
1/3

33
total str

MT pol MTS S S  
  

 (8-4) 594 

is also simple and is numerically much better than Equation 8-3, as can be seen in Figure 9b. In 595 

particular, differences from the precise type cross section are at most 3% above the classic 596 

transition temperature whereas the corresponding difference can be 15% in Equation 8-3. Thus, 597 

we propose to replace Equation 8-3 by Equation 8-4. 598 

8.3 Why Is Enhancement Neglected in Classic Studies? 599 

The enhancement has been neglected in ionospheric studies partly because of the following 600 

confusion. Banks (1966) showed a line that indicates the total cross section in Figure 1 (their 601 

Figure 2). They neglected the enhancement in the total cross section because they recognized 602 

that “the maximum error arising from the omission of the polarization effect is 11 per cent” (p. 603 

1115) for the O
+
–O collision. However, they did not explain how they calculated this 11% and 604 

the total cross section. Instead, they referred to Knof et al. (1964).  605 

 606 

Knof et al. (1964) showed a similar line that indicates the total cross section in their Figure 4. 607 

They determined the line by “graphical interpolation between the high and low temperature 608 

asymptotes” (p. 3551). They did not explain what “graphical interpolation” means, except for 609 

referring to Mason and Vanderslice (1959), who made no explanation but stated that this 610 

“graphical interpolation” is “reasonably accurate” (p. 500). 611 

 612 

Although we cannot find explicit explanations in the literature, this “graphical interpolation” 613 

probably does not refer to a state-of-the-art graphical theory but rather to a less-strict manual 614 

visual expectation. Such an interpolation can have significant ambiguity without a reference 615 

value. Accordingly, we speculate that there was an unstated reference value to conduct the 616 

“graphical interpolation” in Banks (1966), Knof et al. (1964), and Mason and Vanderslice (1959).  617 

 618 

The maximum enhancement is 25% for the energy-dependent cross section in Equation 5-2 when 619 

the Langevin component is referenced. This number may have been known in some previous 620 

studies (e.g., Heiche & Mason, 1970) because Equation 5-2 is known. The maximum 621 
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enhancement is expected to be similar in the temperature-dependent cross section because this 622 

cross section originates from the energy-dependent cross section. Thus, prediction by “graphical 623 

interpolation” should be “reasonably accurate” if the enhancement in the energy-dependent cross 624 

section is implicitly referred to. This is probably what Mason and Vanderslice (1959) intended to 625 

state.  626 

 627 

This expectation is confirmed to be reasonable in the present study; that is, the maximum 628 

enhancement in the temperature-dependent cross section from the Langevin cross section is 629 

27.3%, which is close to the 25% in the energy-dependent cross section. In other words, the 630 

present study has derived a function that is practically equivalent to “graphical interpolation.”  631 

 632 

However, it is still unclear why the maximum enhancement was 11% in Banks (1966), which is 633 

significantly lower than 25%. A key to resolve this discrepancy is that this 11% is close to 10.5%, 634 

which has been known as the classic glancing particle contribution to the polarization collision in 635 

Equation 3-10. That is, Banks (1966) have presumably confused the classic glancing contribution 636 

with the curve effect on the charge-exchange component.  637 

 638 

It should be noted that the classic glancing particles are located outside the orbiting radius and 639 

thus are not captured. In contrast, for the parental particle pair, a charge-exchange reaction area 640 

is added. Then, some of the glancing particles hit this additional area. Consequently, the glancing 641 

polarization collision becomes the head-on charge-exchange collision. Accordingly, the 642 

momentum transfer is significantly enhanced. This curve effect is much larger than the classic 643 

glancing contribution. 644 

 645 

In summary, the enhancement has been neglected in ionospheric studies, partly due to the 646 

confusion about the glancing contribution in Banks (1966). Setting aside the confusion, this 647 

neglect may have been a practical compromise to express the temperature-dependent cross 648 

section because there was no temperature-dependent functional form to express the enhancement. 649 

This functional form has been derived in the present study. Thus, there is no longer any reason to 650 

ignore the enhancement, which is at most 22% when the polarization component is referenced. 651 

The computational details are summarized in Appendix A. 652 

9 Conclusion 653 

We have studied the ion–neutral collision cross section or frequency for a parental particle pair 654 

such as O
+
–O. Collisions of such parental pairs include polarization and charge-exchange 655 

components. The coupling of the two components has been ignored in the classic straight-656 

trajectory regime, partly due to confusion with the glancing component. 657 

 658 

In contrast, we include the coupling, which is the curved trajectory effect on the charge-exchange 659 

component. In this curved-trajectory regime, the collision cross section or frequency is generally 660 

enhanced by approximately 22% at the maximum. We derived a simple form that expresses the 661 

enhancement as a function of temperature for practical application. 662 

 663 

There may be additional effects on the collision frequency, depending on the particle pair. For 664 

example, the fine-structure effect works for the O
+
–O collision. This effect will be investigated in 665 

a separate study.  666 
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Appendix A: Summary of Computation 667 

In this appendix, analytical forms of the collision cross section and frequency are summarized 668 

for computation. The curve effect is included to improve the classic form. Physical units are 669 

defined in Section 2. This summary is valid only for collisions between ions and their parent 670 

neutral particles, such as O
+
 and O. Note that the factored-type typical cross section is adopted 671 

here but the other three typical cross sections derived in Section 7 could be used instead, 672 

depending on the relative importance of accuracy and simplicity. 673 

A1 Input Parameters and Classic Cross Sections 674 

There are two input parameters: (1) the dipole polarizability volume V (m
3
) in Equation 3-5, 675 

which is used in Equations 3-8 and 3-10 to obtain the Langevin and polarization cross sections; 676 

and (2) the charge-exchange constants A0 and B0, which are defined with the classic (i.e., without 677 

the curve effect) CXCS 𝑄CX
str(𝜀r) (m

2
) in Equation 3-12 as 678 

    
2str

CX r 0 0 10 rlogQ A B   . (A-1) 679 

 680 

These input parameters yield classic-type cross sections in Section 3 as 681 

 
 

pol Lan V r V r

2str

CX 0 0 10 r

1.105 1.105 / 0.01330.01207 39 /

3.668

14

lo

8

g

S S T T

S A B T

      


     

. (A-2) 682 

A2 Effective Collision Cross Section and Frequency 683 

The curved or effective CXCS is generally approximated as Equation 6-10. Substituting the 684 

factored-type typical cross section in Equation 7-7 yields 685 

  
2 5 5

cv str str strLan V V
CX r CX CX CXtyp typ str

CX CX r CX r

10 102
1.0312

9

S
S T S S S

S S T S T

 



  
      . (A-3) 686 

 687 

The total MTCS is generally obtained using Equation 8-2, which can usually be simplified in 688 

realistic ionospheric temperatures as  689 

    total cv

MT r pol CXmax , 2S T S S  , (A-4) 690 

where the max operator indicates the greater of the two coefficients (i.e., the polarization or 691 

charge-exchange here) for each temperature. Note that Equation A-4 is invalid at extremely low 692 

temperatures (e.g., less than 11 K in Figure 9a). 693 

 694 

The collision frequency can be calculated using Equation 3-3. Approximating the ion mass to be 695 

the same as the neutral mass, 696 

 total B
in,LAB n r MT

u r r

81 4 137.19
/

2 3 / 2

k
n T S

m A A



  . (A-5) 697 

Using Equations A-2 and A-4, 698 

 cv cvV V
in,LAB n r CX CX r

r rr r

137.19 274.37
/ max 0.013339 ,2 max 1.8299 ,n T S S T

T AA A

 


  
         

   

. (A-6) 699 
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Appendix B: Example O
+
–O Model 700 

An example O
+
–O collision model was used in this study. Equations specific to this model are 701 

summarized as example usage of Appendix A. 702 

B1 Input Parameters and Classic Cross Sections 703 

Atomic oxygen has a relative atomic mass Ar of 16.0. The dipole polarizability volume of an 704 

oxygen atom is V = 0.77  10
-30

 m
3
 from Table 1 of Alpher and White (1959), Table 4.1 of 705 

Schunk and Nagy (2009), and Table B1 of Ieda (2020). 706 

 707 

We use the O
+
–O charge-exchange collision model proposed by Ieda (2021). This model is based 708 

on Stebbings et al. (1964), who conducted an ion-beam experiment to measure the energy-709 

dependent CXCS of O
+
–O collision at 40–10,000 eV. Their experiment was contaminated with 710 

excited-state O
+
, and their results were adjusted by Ieda (2021) to the ground-state O

+
-only case. 711 

The resultant model is characterized by charge-exchange constants 712 

 
 

 

10

0

10

0

m 5.9700 10  

m 0.65292 10  

A

B





  


 

, (B-1) 713 

which are defined with Equation A-1. 714 

 715 

Corresponding classic-type cross sections are obtained using Equation A-2 as 716 

 

 

2 30 -20

pol r r

2str 2 20

CX 10 r

m 0.013339 0.77 10 / 1170.5 10 /

m 8.3648 0.65292 log 10

S T T

S T





        


       

.   (B-2) 717 

B2 Effective Collision Cross Section and Frequency 718 

Using the input polarization volume, the curved or effective CXCS in Equation A-3 yields 719 

 
35

cv str

CX CX str

CX r

0.77 10
S S

S T


  , (B-3) 720 

where the classic cross section 𝑆CX
str(𝑇r) is given by Equation B-2. Note that the factored-type 721 

typical cross section is adopted in Equation A-3. 722 

 723 

Equation A-6 corresponds to  724 

  
30

cv 16 cv

in,LAB n CX r r CX

0.77 10 274.37
/ max 1.8299 , max 4.014 10 ,68.593

16.0 16.0
n S T T S




 
   

 
 

.  (B-4) 725 

 726 

However, the switching temperature of this particular O
+
–O collision is 54 K, which is lower 727 

than the ionospheric temperature range; thus, Equation B-4 reduces to 728 

 cv

in,LAB n r CX/ 68.593n T S  . (B-5) 729 
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Appendix C: Gamma Functions 730 

The gamma function is used for semi-analytical integration of energy-dependent cross sections in 731 

this study. The specific values are summarized in this appendix. The gamma function is defined 732 

as 733 

   1

0

z xz x e dx
      (C-1) 734 

and its derivatives are 735 

  1

0

( )
ln

n
nz x

n

d z
x x e dx

dz

  
   (C-2) 736 

For concise form, we define an operator for quantity y as 737 

 
0

xy ye dx
   . (C-3) 738 

 739 

We calculate some values associated with gamma functions using the method outlined by Mason 740 

and Vanderslice (1959) as follows:   741 
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. (C-4) 742 

Appendix D: Small Adjustment to Classic Charge-Exchange Cross Section 743 

In this appendix, we detail a small adjustment to the classic temperature-dependent CXCS in 744 

Section 3.5. This adjustment improves the classic CXCS in ionospheric studies. The 745 

improvement is typically 0.1%, which is usually negligible, except in detailed studies such as 746 

this one, which evaluates numerical integrations in Section 7.4. 747 

 748 

The classic energy-dependent CXCS in Equation 3-12 is often given by theoretical study or 749 

laboratory experiment as 750 

    
2

CX r 0 0 10 rlogQ A B   . (D-1) 751 

 752 

The corresponding temperature-dependent CXCS can be obtained using gamma functions in 753 

Equation C-4, as outlined by Mason and Vanderslice (1959), as 754 

    
2 2

CX r 0 0 10 r B 0log 2.5163 / 0.074489S T A B T k e B       ,  (D-2) 755 

which is consistent with Equation 7 of Pesnell et al. (1994). 756 

 757 

The last term is usually neglected, as in Pesnell et al. (1994), resulting in 758 
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2 2

CX r 0 0 10 a r B 0 0 T 10 rlog / logS T A B X T k e A B R T            , (D-3) 759 

where 𝑋𝑎 ≈ 2.5163 and 𝑅𝑇 ≈ 3.664, which is consistent with Equation 26 of Banks (1966) and 760 

Equation 4.151 of Schunk and Nagy (2009). 761 

 762 

However, the last term (0.07×B0
2
) in Equation D-2 is always positive. Accordingly, Equation 763 

D-3 always underestimates. This underestimation is typically 0.1% in ionospheric applications, 764 

as shown in Figure D1a. 765 

 766 

We make a small adjustment to RT in Equation D-3 to compensate for dropping the last term of 767 

Equation D-2 as follows. The correct SCX is obtained in Equation D-2 and inserted into Equation 768 

D-3 to obtain the corresponding equivalent RT. The resultant RT values are shown in Figure D1c 769 

and is closer to 3.668 than to the classic value of 3.664.  770 

 771 

Thus, we replace 𝑅𝑇 ≈ 3.664 in Equation D-3 with 𝑅𝑇 ≡ 3.668 to obtain 772 

      
2 2

CX r 0 0 10 r 0 0 10 r B3.668 log log 2.492 /S T A B T A B T k e             . (D-4) 773 

The corresponding difference from Equation D-2 is shown in Figure D1b. The temperature range 774 

between 100 and 10,000 K includes Earth’s ionosphere and Solar chromosphere. The resultant 775 

error is typically 0.02% and is much smaller in Figure D1b than in Figure D1a.  776 

 777 

 778 
 779 

Figure D1. Small adjustment in classic temperature-dependent charge-exchange cross section 780 

(CXCS) or collision frequency. The classic temperature-dependent CXCS originally includes a 781 

small term (0.07×B0
2
) in Equation D-2. This term is neglected in Equation D-3, as in Schunk 782 

and Nagy (2009). (a) Original difference from Equation D-2 of Equation D-3. (b) Reduced 783 

difference from Equation D-2 of modified version of Equation D-3, where the neglection of the 784 

small term is partly compensated by the adjustment of the factor RT from 3.664 to 3.668. (c) The 785 

equivalent factor RT that makes Equation D-3 consistent with Equation D-2. The resultant value 786 

RT = 3.668 is used in (b). 787 

Appendix E: Derivation of Precise Typical Charge-Exchange Cross Section for the Curve 788 

Effect 789 

In Section 6, we derive an approximate analytical form of the temperature-dependent CXCS 790 

including the curve effect in Equation 6-10. This form requires a typical CXCS that satisfies 791 

Equation 6-7. Three types of approximate typical CXCS are derived in Section 7. In this 792 
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appendix, we derive another typical CXCS using Taylor expansions. The result is the most 793 

precise but is less concise. 794 

 795 

At each temperature, using the normalized energy x in Equation 3-2, the energy-dependent 796 

CXCS in Equation 3-12 can be transformed as follows:  797 

   str

CX 0 0 10 r 0 0 10 B r 0 0 10 B r 0 10log log / log / logQ A B A B xk T e A B k T e B x       . (E-1) 798 

We define the following for brevity: 799 
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. (E-2) 800 

Then, Equation E-1 is expressed as 801 

      str

CX T 0 10 T T Tlog ln 1 ln 1Q A B e x A x A y      . (E-3) 802 

Substituting this into Equation 6-8 yields  803 
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2typ str 22
CX CX TT
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, (E-4) 804 

which is transformed to 805 

 
typ 2

CX T /S A F , (E-5) 806 

where we have defined 807 

  
2

1F x y


  , (E-6) 808 

which is obtained in the following. 809 

 810 

It is reasonable to assume  811 

 
T ln 1y x   (E-7) 812 

because of the following. First, T is at most approximately 0.05 below 10,000 K: 813 

 
 

 
0 10 0 0

T

T 0 0 10 r 0

log 0.43429
0.43429 0.05

4.0646 log

B e B B

A A B T A



   

 
, (E-8) 814 

where B0/A0 is approximately 1/9 in relevant ionospheric charge-exchange collisions. Second, 815 

only QCX(ɛr) around x2 practically contributes to SCX(Tr), as can be predicted from the shape of 816 

the integrant in Equation 6-1; thus, ln x is at most approximately 1. 817 

 818 

Because of Equation E-7, it is reasonable to take the Taylor expansion as 819 

  
2 2 31 1 2 3 4y y y y


     . (E-9) 820 

Inserting into Equation E-6 yields 821 
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where 823 
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 (E-11) 824 

using Equation C-4. 825 

 826 

We derived a typical CXCS for the curve effect in Equation E-5, which is used in Equation 6-7. 827 

This typical cross section is called precise type because the corresponding error is within 0.01% 828 

in Equation 6-9, as shown in Figure 7g and discussed in Section 7.4. 829 
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