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Abstract

Energetic electron accelerations and precipitations in the Earth’s outer radiation belt are highly associated with wave-particle

interactions between whistler mode chorus waves and electrons. We perform test particle simulation to investigate the electron

behaviors interacting with both parallel and obliquely propagating chorus emissions at L=4.5. We build up a database of

the Green’s functions, which are treated as results of the input electrons interacting with one emission, for a large number

of electrons interacting with whistler mode chorus emissions. The loss process of electron fluxes interacting with consecutive

chorus emissions in the outer radiation belt are traced by applying the convolution integrals of distribution functions and the

Green’s functions. Oblique chorus emissions lead to more electron precipitation than that led by parallel chorus emissions. By

checking the resonance condition and resonant energy at loss cone angle, we find that electrons are hardly dropped into the loss

cone directly by Landau resonance. The nonlinear scattering via cyclotron resonance is the main process that pushes energetic

electrons into the loss cone. We propose a 2-step precipitation process for oblique chorus emissions that contributes to more

electron loss: (1) During the first chorus emission, the nonlinear trapping of Landau resonance moves an electron near the loss

cone. (2) During the second emission, the nonlinear scattering of cyclotron resonance scatters the electron into the loss cone.

The combination of Landau resonance by oblique chorus emissions and cyclotron resonance results in the higher precipitation

rate than the single cyclotron resonance by purely parallel chorus emissions.
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Key Points:5

• We performed test particle simulations for electrons in the radiation belt inter-6

acting with oblique chorus emissions in a 3D dipole field.7

• Oblique chorus emissions cause more energetic electron precipitation than paral-8

lel chorus emissions.9

• Combination of nonlinear trapping via Landau resonance and nonlinear scatter-10

ing via cyclotron resonance causes higher precipitation rates.11
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Abstract12

Energetic electron accelerations and precipitations in the Earth’s outer radiation belt13

are highly associated with wave-particle interactions between whistler mode chorus waves14

and electrons. We perform test particle simulation to investigate the electron behaviors15

interacting with both parallel and obliquely propagating chorus emissions at L=4.5. We16

build up a database of the Green’s functions, which are treated as results of the input17

electrons interacting with one emission, for a large number of electrons interacting with18

whistler mode chorus emissions. The loss process of electron fluxes interacting with con-19

secutive chorus emissions in the outer radiation belt are traced by applying the convo-20

lution integrals of distribution functions and the Green’s functions. Oblique chorus emis-21

sions lead to more electron precipitation than that led by parallel chorus emissions. By22

checking the resonance condition and resonant energy at loss cone angle, we find that23

electrons are hardly dropped into the loss cone directly by Landau resonance. The non-24

linear scattering via cyclotron resonance is the main process that pushes energetic elec-25

trons into the loss cone. We propose a 2-step precipitation process for oblique chorus emis-26

sions that contributes to more electron loss: (1) During the first chorus emission, the non-27

linear trapping of Landau resonance moves an electron near the loss cone. (2) During28

the second emission, the nonlinear scattering of cyclotron resonance scatters the elec-29

tron into the loss cone. The combination of Landau resonance by oblique chorus emis-30

sions and cyclotron resonance results in the higher precipitation rate than the single cy-31

clotron resonance by purely parallel chorus emissions.32

1 Introduction33

Wave-particle interaction between whistler mode chorus emissions and electrons34

has been an important issue since it plays a significant role in the radiation belt dynam-35

ics. Whistler mode chorus emissions in the Earth’s outer radiation belt are the main fac-36

tors affecting the electron heating and pitch angle scattering(e.g., Summers et al., 1998;37

Thorne et al., 2005; Omura & Summers, 2006; Summers et al., 2007; Bortnik & Thorne,38

2007; Millan & Baker, 2012). Chorus emissions are thought to scatter electrons of wide39

energy ranges into the loss cone (Horne & Thorne, 2003; Kennel & Petschek, 1966)40

Microbursts of energetic electrons, which is a short-duration (≤ 1 sec) and intense41

(tens of keV to a few MeV) electron precipitation, are often observed by balloons, rock-42

ets, and low Earth-orbiting satellites (e.g., Anderson & Milton, 1964; Rosenberg et al.,43

1990). The energetic electron precipitation (EEP) induced by chorus waves is the main44

cause of pulsating auroras (Nishimura et al., 2010; Miyoshi et al., 2015; Kasahara et al.,45

2018) and one of the processes removing energetic electrons from the Earth’s outer ra-46

diation belt (e.g., R. Nakamura et al., 1995, 2000; Abel & Thorne, 1998). The EEP oc-47

curring with chorus events simultaneously or with some time delay at the same spatial48

region, namely the same magnetic local time and L-shell, are revealed by conjunctive satel-49

lite observations. Kersten et al. (2011) presented microbursts for >1 MeV electrons ob-50

served by SAMPEX and the associated simultaneous chorus waves detected by Solar Ter-51

restrial Relations Observatory (STEREO) and Wind spacecraft. A chorus-driven rela-52

tivistic electron microbursts event during the 8–9 October 2012 storm observed by SAM-53

PEX and Van Allen Probes satellites is reported by Kurita et al. (2016). Breneman et54

al. (2017) presented a clear connection between chorus emissions and microburst detected55

by close conjunction observations of Van Allen Probes and FIREBIRD (Focused Inves-56

tigations of Relativistic Electron Burst Intensity, Range, and Dynamics) II. Mozer et al.57

(2018) reported a chorus and microburst (>35 keV) event observed by Van Allen Probe-58

B at the inner magnetosphere and AC6-B satellite in the ionosphere, and verified that59

quasi-linear diffusion cannot explain the faster (∼ 0.2 sec) microburst flux variations caused60

by large-amplitude chorus waves.61
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Several simulations provided direct evidence showing the chorus-driven EEP. Rosenberg62

et al. (1990) applied simple test particle simulations showing direct precipitation and mir-63

rored precipitation of 20–100 keV electrons induced by chorus waves. Hikishima et al.64

(2010) performed a self-consistent full-particle simulation showing a one-to-one corre-65

spondence between microbursts of electrons at 10–100 keV and chorus emissions. Saito66

et al. (2012) reported that microbursts of relativistic electrons (MeV) of the outer belt67

are caused by chorus wave-particle interactions at high latitudes by performing three-68

dimensional test particle simulations and time-of-flight analysis (Miyoshi et al., 2010).69

Recently, Chen et al. (2020) presented a model of microbursts induced by ducted cho-70

rus waves showing bouncing chorus packets and the corresponding electron precipita-71

tion at hundreds of keV. Nevertheless, the above simulations are all under the parallel72

propagating assumption. Not only parallel but also oblique chorus emissions are usually73

observed in the inner magnetosphere (e.g., Santoĺık et al., 2009; Mourenas et al., 2015).74

Oblique whistler mode wave-particle interactions accelerate electrons and lower their equa-75

torial pitch angles via Landau resonance efficiently (Hsieh & Omura, 2017a, 2017b). Based76

on this phenomenon, the Landau resonance should contribute to precipitation of 10–10077

keV electrons or even relativistic electrons. The relation between chorus driven EEP and78

the Landau resonance has not been clarified yet.79

In this study, we present a comprehensive analysis of electron acceleration and pre-80

cipitation in the outer radiation belt induced by oblique whistler mode chorus emissions.81

We build three Green’s function sets for electrons from 10 keV to 6 MeV by demonstrat-82

ing three-dimensional test particle simulations at L=4.5 for three different wave mod-83

els with different wave normal angles. The evolution of electron fluxes caused by repeated84

chorus emissions is reproduced by applying convolution integrals of electron distribution85

functions and the Green’s function sets. We compare the energetic electron precipita-86

tion rates for different longitudinal wave generation regions and different wave normal87

angles.88

The structure of this paper is as follows. In Section 2 we explain our simulation89

method and describe the possible loss processes by showing trajectories of resonant elec-90

trons. Results of convolution integrals are shown in Section 3. In Section 3.1 we com-91

pare results of different longitudinal chorus generation ranges and different wave normal92

angles for electrons initially at 10–30 keV. In Section 3.2 we check how fast high equa-93

torial pitch angle electrons precipitate into the loss cone. The resonance conditions for94

cyclotron, Landau, and higher-order cyclotron resonances are discussed in Section 4. We95

also propose a two-step precipitation process, which does not occur in purely parallel cho-96

rus wave-particle interactions, due to combination of Landau resonance and cyclotron97

resonance in Section 4. Finally, the summary is shown in Section 5.98

2 Test Particle Simulation & Green’s functions99

We apply test particle simulations to reproduce wave-particle interactions between100

whistler mode chorus emissions and electrons in the outer radiation belt. We simulate101

the wave-particle interactions around L = 4.5 in a three-dimensional dipole field, and102

the electron plasma frequency to cyclotron frequency ratio is set to be a constant ωpe/Ωe0103

=4, where ωpe is electron plasma frequency and Ωe0 is the equatorial electron cyclotron104

frequency. Three different whistler mode wave models are used in the test particle sim-105

ulations. Generally, all the wave models are generated at the equator and propagate both106

northward and southward with rising tone frequencies ω = 0.25–0.5Ωe0 with subpacket107

structures. The frequency and amplitude variations follow the chorus equations, i.e., equa-108

tions (106) and (107) of Omura (2021). Within |Lat| ≤ 2◦, where Lat is magnetic lat-109

itude, the waves perform parallel propagating along with convective growth (Omura et110

al., 2008, 2009). The background parameters and equations of wave propagation within111

|Lat| ≤ 2◦ in this study follow the settings in Hsieh et al. (2020). The equatorial wave112

amplitude and wave frequency are the same as shown in Figure 1 of Hsieh et al. (2020).113

–3–
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Table 1. Parameters used in simulations

Parameters Normalized value Real value

L-shell L 4.5
Equatorial background magnetic field B0eq 342 nT
Equatorial electron gyrofrequency Ωe0 9.48 kHz
Electron plasma frequency ωpe 4 Ωe0 37.9 kHz
Cold electron density ne 18/cc
Source electron density nh 0.005 ne 0.09/cc
Wave frequency ω 0.25− 0.5 Ωe0 2.37− 4.74 kHz
Parallel thermal velocity of source electrons Vt‖ 0.15 c 45, 000 km/s
Averaged perpendicular velocity of source electrons V⊥0 0.3 c 90, 000 km/s
Charge to mass ratio q/m0 −1e/me −1.76× 1011 C/kg
Equivalent number of particles for a delta function Np 3, 600

Wave phases across each subpacket may not be continuous, which means that when a114

subpacket generates at the equator its wave phase is not connected to the previous sub-115

packet. Hiraga and Omura (2020) prove that the phase discontinuity does not affect the116

trapping rate. Thereby, we simply apply continuous wave phase for subpackets in our117

wave models.118

In Case 1, we assume purely parallel propagating chorus emissions, and in Case 2119

and Case 3 we apply oblique propagating chorus emissions. At 2◦ < |Lat| < 45◦, wave120

normal angles θ are linear functions of Lat. At |Lat| ≤ 45◦, wave normal angles θ are121

a constant θmax. The maximum wave normal angles θmax are 20◦ and 60◦ for Case 2 and122

Case 3, respectively. According to the ray-tracing result (Yamaguchi et al., 2013), we123

assume that all wave normals point outward and lie on a meridian plane. Parameters124

assumed in simulations are listed in Table 1. We follow the configuration of the wave field125

explained in Appendix B of Hsieh and Omura (2017a). Conversion of wave components126

in the field-aligned coordinates to the Cartesian coordinates is described later in Appendix127

A. In the present study, the relativistic equations of motion of electrons are numerically128

solved by the Bumeman-Boris method.129

2.1 Analyses of pitch angle scatterings130

We examine the results of the test particle simulations and deduce the behavior
of pitch angle scatterings. Figure 1 shows 4 examples for electrons starting at kinetic en-
ergy K = 50 keV and equatorial pitch angle α = 20◦ in Case 3. Figure 1a plots elec-
tron trajectories in a Lat–v‖ (latitude–electron parallel velocity) phase space. The red
and blue curves represent resonance velocities of n = 1 cyclotron resonance and n =
0 Landau resonance, respectively. The resonance velocities are given by

VR =
1

k‖

(
ω − nΩe

γ

)
, (1)

where n is the harmonic number, k‖ is the parallel wave number, Ωe is local electron cy-131

clotron frequency, and γ is the Lorentz factor. The dotted lines stand for ω = 0.25Ωe0132

and the dashed lines denote ω = 0.5Ωe0. Note that electrons interact with chorus emis-133

sions when moving with the parallel velocity v‖ close to VR. Hence, we can recognize that134

an electron is affected by a certain resonance in Figure 1a. Figure 1b shows electron tra-135

jectories and spatiotemporal profile of generation and propagation of chorus wave am-136

plitude. We can read the timing of electrons undergoing resonances and make sure the137

electrons are inside the wave subpackets in Figure 1b. In Figures 1a and 1b, the solid138

–4–
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Figure 1. Examples for electrons interacting with a pair of oblique chorus emissions. The

electrons initially have the same energy and equatorial pitch angle at different positions along

the magnetic field line. The solid and hollow circles indicated the beginning and ending if each

trajectories, respectively. (a) Electron trajectories in a Lat-v‖ phase space. (b) Electron trajec-

tories and spatiotemporal profile of generation and propagation of chorus wave amplitude for

Case 3 with subpacket structure. (c) Time series of kinetic energy variations. (d) Time series of

equatorial pitch angle variations.

and hollow circles indicated the beginning and ending if each trajectories, respectively.139

There are two main processes in the whistler mode wave-particle interactions. One is the140

nonlinear scattering process, which makes electron energy slightly smaller and lowers the141

α of the electron. The other is the nonlinear trapping process, which causes effective en-142

ergy gain of the resonant electrons. Figure 1c shows the time series of kinetic energies,143

which helps us to verify the resonance processes. Figure 1d denotes the time series of144

equatorial pitch angles α. Notice that our target L value is 4.5, so the related equato-145

rial loss cone angle αloss is 4.56◦ corresponding to an altitude of 100 km from the Earth’s146

surface. The green curve drops to the loss cone, which is shown as the gray area, around147

time=320 ms (red area). This electron undergoes nonlinear scattering of n = 1 cyclotron148

resonance. Most of the precipitated electrons undergo this process. The yellow curve un-149

dergoes two nonlinear trapping processes. The first one is the n = 1 cyclotron resonance150

(∼ 165–250 ms) and the second one is the n = 0 Landau resonance (∼ 250–380 ms).151

Both resonances make effective accelerations but the different tendencies of pitch angle152

scattering. The first one makes higher α and the second one leads to lower α. The black153

curve is also affected by 2 resonances. Around 280 ms (green area) the electron drops154

close to the loss cone by nonlinear scattering of the n = 1 cyclotron resonance, and then155

at around 500 ms (blue area) it is pushed into the loss cone by the nonlinear trapping156

of the n = 0 Landau resonance. Here we find that Landau resonance can directly cause157

electron precipitation. However, this kind of precipitation by Landau resonance is rare158

and it requires an electron already close to the loss cone. The purple curve first under-159

goes n = 1 nonlinear scattering process and then undergoes a significant n = 0 non-160

linear trapping. Nonetheless, the nonlinear trapping via the n = 0 Landau resonance161

is not able to scatter the electron into the loss cone. By checking the electron trajecto-162

ries, we find that:163

1. Most cases of EEP are directly caused by nonlinear scattering of the n = 1 cyclotron164

resonance.165

2. Nonlinear trapping by the n = 0 Landau resonance also directly contributes to166

EEP, but the opportunity is much less than the above one.167

–5–
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2.2 Green’s function method168

Based on the result of the test particle simulations, we build numerical Green’s func-169

tion sets and employ the Green’s function method and convolution integral (Omura et170

al., 2015; Kubota & Omura, 2018) to demonstrate the evolution of electron fluxes in the171

outer radiation belt. A Green’s function G(K,K0, α, α0) is treated as a result of one cy-172

cle of chorus wave-particle interactions with respect to a given initial distribution func-173

tion δ(K−K0, α−α0), where δ is the Dirac delta function, K0 is the initial kinetic en-174

ergy, and α0 is the initial equatorial pitch angle. We build up a set of Green’s functions175

for electron K ranges from 10 keV to 6 MeV with an interval 10 keV, and α ranges from176

5◦ to 89◦ with an interval 1◦. The input electrons in the test particle simulations have177

random numbers in kinetic energy (10 keV ≤ K ≤ 6 MeV), equatorial pitch angle (5◦ ≤178

α ≤ 89◦), gyrophases 0 ≤ φ < 2π, and locations within 2 mirror points. The equiva-179

lent number of electrons for a Green’s function is 3, 600. Thereby, in total 183, 600, 000180

input electrons are used to generate one Green’s function set. After the test particle sim-181

ulations, we calculate the Green’s functions from the results following the method in-182

troduced in Kubota and Omura (2018).183

3 Results of convolution integrals184

Tsurutani et al. (2009) suggested that 10–100 keV electrons may keep undergoing185

cyclotron resonance with parallel chorus subpackets for several wave cycles and be trans-186

ported into the loss cone rapidly. Then, the rapid pitch angle transport rate is reported187

by (Lakhina et al., 2010) by calculating wave-particle diffusion coefficient. Therefore, the188

EEP process may not occur within only single chorus packet.189

To reproduce the wave-particle interactions for consecutive chorus emissions, the190

first step is to set an initial electron distribution function and then obtain a new distri-191

bution function by applying a Green’s function set. The second step is to regard the new192

distribution function as a new initial distribution function, and then apply the Green’s193

functions again for the next distribution function. By repeating the steps m times, we194

can simulate the results of wave-particle interactions of m successive emissions without195

calculating the test particle simulation for m emissions, whose simulation costs a lot of196

computation resources. This process is called convolution integral (Omura et al., 2015).197

Considering the chorus emission generation localized in longitude (e.g., W. Li et al., 2009;198

Meredith et al., 2003) and electron drift motions, the equation of convolution integral199

after m cycles of interaction is given by (Kubota & Omura, 2018)200

fm(K,α,Φw) =
∑
αj

∑
Ki

∑
Φw

fm−1(Kj , αi,Φw)GΦ(K,Ki, α, αj ,Φ− Φw)∆Φ∆Ki∆αj (2)201

+
∑
Φ̄w

fm−1(K,α, Φ̄w)GΦ
0 (K,α,Φ− Φ̄w)∆Φ , (3)202

203

where fm means the bounce-averaged distribution function after m-cycle interaction, and204

Φw and Φ̄w mean the longitudinal position inside and outside the chorus generation re-205

gion, respectively. Since the duration of a chorus emission is much shorter than the time206

scale of electron drift motion, the drift degrees of an electron are very small during one-207

cycle interaction. Thereby, we assume that an electron does not drift into or out of the208

chorus generation region during one-cycle interaction when computing convolution in-209

tegrals. Since the loss cone angle αloss = 4.56◦, we treat the flux at α < 5◦ as electron210

precipitate into the Earth’s atmosphere. In the convolution integral, the loss part of fm211

will not participate in the calculation for fm+1.212
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3.1 Uniform initial distribution function at 10–30 keV213

3.1.1 Comparison among different generation ranges214

We set an initial electron equatorial distribution function FΦ
0EQ as a stationary dis-215

tribution function with uniform K from 10 to 30 keV and uniform α from 5◦ to 89◦. The216

relation between equatorial distribution function FΦ
mEQ and the bounce-averaged dis-217

tribution function fm is218

FΦ
mEQ = fm(K,α,Φ)A(K,α, h = 0) . (4)219

The A is a parameter concerning the phase space volume of trapped electrons given by220

A(E,α, h) = 2πm
3/2
0 K1/2

(
1 +

K

m0c2

)(
2 +

K

m0c2

)1/2 [
1− B0(h)

Bmp(α)

]−1/2

sin 2α , (5)221

where B0(h) is the background magnetic field at distance along the field line from the222

equator h, Bmp(α) is the background magnetic field at the mirror point for an electron223

with an equatorial pitch angle α, m0 is electron rest mass, and c is light speed. The ini-224

tial distribution is treated as source electrons generating the waves. We also assume an225

incessant influx of source electrons from the Earth’s tail into the inner magnetosphere.226

Thereby, we keep the FΦ
0EQ as a constant distribution during all cycles of chorus inter-227

actions. We show three different chorus generation regions: ∆Φw = (1) 10◦, (2) 60◦, and228

(3) 90◦. Note that the total initial flux and the influx integrated over E, α, and Φ are229

normalized to 1m−2. We apply the convolution integral method described above to the230

initial distribution function.231

Figure 2 shows the equatorial distribution functions FΦ
mEQ integrated over the lon-232

gitudinal direction with interaction cycle m = (a) 20, (b) 50, (c) 600, and (d)1000 for233

Case 3 (θmax = 60◦). It is natural that wider ∆Φw results in more effective electron234

acceleration. After 1000 cycles of interaction, electron flux with ∆Φw = 90◦ reaches more235

than 5 MeV. On the other hand, the maximum K in ∆Φw = 10◦ case is about 4 MeV.236

The corresponding cross-sections are shown in Figure 3. From Φ = 0◦ to the white dashed237

lines are the range of longitudinal wave generation area. Figure 3c shows that some elec-238

trons can undergo the second acceleration process after 600 or more cycles of interac-239

tion, and also demonstrates that the wider ∆Φw gives electrons more opportunity for240

wave-particle interactions. The precipitation rate ∆NL (solid lines) and total electron241

fluxes Ntotal (dotted lines) are plotted in Figures 4a–c for ∆Φw = 10◦, 60◦, and 90◦,242

respectively. The purple, blue, green, and red curves respectively denote m = 20, 50, 600,243

and 1000. The ∆NL is given by244

∆NL =
∑
Φ

∑
αL

fm(K,αL,Φ)Ã(K,αL)∆αREQ∆Φ , (6)245

where αL is the equatorial pitch angles corresponding to the precipitated electrons, and246

Ã is obtained by integrating A over the distance h along the magnetic field line between247

the two mirror points −hm and +hm.248

Ã =

∫ +hm

−hm

A(E,α, h)dh . (7)249

The Ntotal is expressed as250

Ntotal =
∑
Φ

∑
α

fm(K,α,Φ)Ã(K,α)∆αREQ∆Φ . (8)251

It is obvious that after more interaction cycles, both electron precipitation and acceler-252

ation increased. We can find MeV electron precipitation at the early stage (m = 20)253

for Figures 4a–c. In Figures 4b and 4c, we find precipitation greater than 4 MeV.254

–7–
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Figure 2. (a–d) Time evolution of the equatorial electron distribution functions

FΦ
mEQ(E,α,Φ) summed over the longitudinal direction as functions of kinetic energy K and

equatorial pitch angle α for Case 3 (θmax=60◦). The chorus emissions exist in longitudinal ranges

(left column) ∆Φ = 10◦, (middle column ) ∆Φ = 60◦, and (right column) ∆Φ=90◦. The ini-

tial equatorial distribution function FΦ
0EQ(E,α,Φ) is set as a static distribution of which energy

ranges from 10 to 30 keV, equatorial pitch angle ranges from 5◦ to 89◦, and longitudinal ranges

from 0◦ to (left column) 10◦, (middle column) 60◦, and (right column) 90◦. These integrations of

FΦ
0EQ over E, α, and the longitude are normalized to 1m−2.

–8–
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Figure 3. (a–d) Time evolution of the equatorial electron distribution functions

FΦ
mEQ(E,α,Φ) summed over the equatorial pitch angle α from 5◦ to 89◦ as functions of lon-

gitudinal angle Φ and kinetic energy K for Case 3 (θmax=60◦). The chorus emissions exist in

longitudinal ranges (left column) ∆Φw = 10◦, (middle column) ∆Φw = 60◦, and (right column)

∆Φw=90◦ as shown by white dashed lines.
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Figure 4. The precipitation rate ∆NL and the total electron fluxes Ntotal corresponding to

Figure 2 as functions of kinetic energy for (a) ∆Φw = 10◦, (b) ∆Φw = 60◦, and (c) ∆Φw = 90◦.

The solid lines represent ∆NL and the dotted lines stand for Ntotal. The purple, blue, green, and

red curves denote interaction cycles m = 20, 50, 600, and 1000, respectively.
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3.1.2 Comparison among different wave normal angles255

Applying the same initial distribution function, influx functions, and longitudinal256

chorus generation range for ∆Φw = 60◦ introduced in Section 3.1.1, we compare the con-257

volution integral results for different Green’s function sets. We plot the equatorial dis-258

tribution functions FΦ
mEQ with m = 20, 50, 600, and 1000 in Figure 5 and also plot their259

corresponding cross-sections in Figure 6. In Figure 5a, we find that electrons are accel-260

erated to MeV level rapidly in Case 3, and in Figure 5c we have electron more than 4261

MeV in Case 1. The result are similar to what we have presented in Hsieh et al. (2020),262

in which the simulations are performed in a one-dimensional background magnetic field.263

Since that purely parallel chorus emissions can accelerate electrons to > 4 MeV faster264

than the other cases, the re-acceleration effect of Case 1 is stronger than the other 2 cases265

(see Figures 6c and 6d).266

The precipitation rate ∆NL and the total fluxes Ntotal as functions of kinetic en-267

ergy K are shown in Figure 7. The configuration of Figure 7 is the same as Figure 4. Ac-268

cording to Figure 4 and Figure 7, we conclude that chorus emissions contribute to en-269

ergetic electron precipitation for a wide energy range from tens of keV to a few MeV.270

However, the number of electrons precipitated into the loss cone is much smaller than271

that of electrons being accelerated and remaining in the radiation belt. By comparing272

Figures 7a–c, we find that oblique chorus waves make more electron precipitation than273

parallel chorus waves at K < 3 MeV. It is interesting that after hundreds of cycles of274

interaction, the purely parallel chorus emissions lead to noticeable precipitation at K >275

3 MeV, which does not appear in the oblique cases. However, the value of K > 3 MeV276

precipitation of Case 1 is small compared with the precipitations at K < 1 MeV.277

We integrate the precipitation fluxes over K, αL, Φ for each cycle m and plot the278

normalized precipitation rate NL/NT for 3 minutes in Figure 8. The NL is given by279

NL =
∑
K

∆NL∆K , (9)280

and NT , the total electron fluxes in the system, is written as281

NT =
∑
K

∑
α

∑
Φ

fm(K,α,Φ)Ã(K,αT )REQ∆Φ∆α∆K . (10)282

We convert the precipitation rate from per cycle to per second in Figure 8 according to283

the time scale of one-cycle of interaction(0.66 seconds). Figures 8a–d compare the en-284

ergetic electron precipitation among the 3 cases at different energy ranges, which are (a)285

K < 100 keV, (b) 100 keV ≤ K < 500 keV, (c) 0.5 MeV ≤ K < 1 MeV, and (d)286

K ≥ 1 MeV. The blue, green, and red curves stand for Case 1, Case 2, and Case 3, re-287

spectively. For all cases, most of the precipitation occurs in K < 100 keV. Precipita-288

tion rates for K > 1 MeV is much less than that for K < 100 keV. This phenomenon289

agrees with the observation reviewed by Tsurutani et al. (2013).290

Furthermore, in each energy range, the precipitation affected by oblique chorus emis-291

sions is greater than those affected by parallel chorus emissions, and the electron pre-292

cipitation ratio (oblique case/parallel case) becomes larger for greater electron energies.293

At K < 100 keV, it is interesting that precipitation in Case 2 is greater than that in294

Case 3. The reason is that in Case 3, many low α electrons move to higher energy through295

the n=0 Landau resonance, the number of electrons remaining in K < 100 keV for Case296

3 is less than that for other cases. Figures 8b–d indicate that if we want to find sub-relativistic297

or relativistic electron precipitation induced by chorus emissions, it requires several con-298

secutive emissions to make the K of electrons great enough and the α of electrons low299

enough. It is very difficult to have relativistic electron precipitation by a single chorus300

emission or a few emissions.301
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Figure 5. (a–d) Time evolution of the equatorial electron distribution functions

FΦ
mEQ(E,α,Φ) summed over the longitudinal direction for ∆Φw=60◦ after m cycles of inter-

action with parallel chorus emissions (left column) or with oblique chorus emissions (middle and

right columns). The initial equatorial distribution function FΦ
0EQ(E,α,Φ) is set as a static distri-

bution whose energy ranges from 10 to 30 keV, equatorial pitch angle ranges from 5◦ to 89◦, and

longitudinal ranges from 0◦ to 60◦. These integrations of FΦ
0EQ over E, α, and the longitude are

normalized to 1m−2.
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Figure 6. (a–d) Time evolution of the equatorial electron distribution functions

FΦ
mEQ(E,α,Φ) summed over the equatorial pitch angle α from 5◦ to 89◦ as functions of longi-

tudinal angle Φ and kinetic energy K for Case 1 (left panels), Case 2 (middle panels), and Case 3

(right panels). The chorus emissions exist in longitudinal ranges ∆Φw = 60◦ as shown by white

dashed lines.
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Figure 7. The precipitation rate ∆NL and the total electron fluxes Ntotal corresponding

to Figure 5 as functions of kinetic energy for wave models (a) Case 1: θmax=0◦, (b) Case 2:

θmax=20◦, and (c) Case 3: θmax=60◦. The solid lines represent ∆NL and the dotted lines stand

for Ntotal. The purple, blue, green, and red curves denote interaction cycles m = 20, 50, 600, and

1000, respectively.
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Figure 8. Electron precipitation rates (per second) normalized by trapped electrons NT with

respect to the distribution functions shown in Figure 5. The precipitation rates are calculated

with the energy range (a) K < 100 keV, (b) 100 keV ≤ K < 500 keV, (c) 0.5 MeV ≤ K < 1 MeV

and (d) K ≥ 1 MeV. The red, green and blue lines represent Case 1–3, respectively.
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3.2 Electrons initially at high equatorial pitch angle302

When geomagnetic substorm occurs, there are energetic particles with high equa-303

torial pitch angle injected into the inner magnetosphere from the magnetic tail (e.g., Baker304

et al., 1982; Reeves et al., 1990; X. Li et al., 1998; Turner et al., 2017, and references therein).305

We study how fast these high equatorial pitch electrons get into the loss cone via cho-306

rus wave-particle interactions. Figure 9 shows the time evolution of electron fluxes ini-307

tially at K=10–30 keV and α=70–89◦, which represent tens of keV and high equatorial308

pitch angle electrons, interacting with the 3 cases. Here the ∆Φw is 60◦, and the initial309

fluxes integrated over E, α, and Φ are also normalized to 1m−2. Figures 9a–c stand for310

interaction cycles equal to 1–3, respectively. The high equatorial pitch angle electrons311

fall into the loss cone (the white area at the bottom of the figures) after interacting with312

3 chorus emissions, whose time scale is about 2 seconds, for all 3 cases. It is clear that313

the number of precipitation electrons for oblique chorus emissions is more than that for314

parallel emissions, and the precipitate electrons of the oblique cases contain higher en-315

ergy than those of the parallel case. Especially for Case 3, there is an obvious Landau316

branch causing higher energy electrons and eventually the combination of the Landau317

resonance and cyclotron resonance makes the higher energy pattern at a wide range of318

equatorial pitch angle. Figure 10 is similar to Figure 9 but the initial energy is 0.99–1.01319

MeV, which represent relativistic electrons. Figures 10a–c show interaction cycles of 1,320

5, and 10, respectively. Comparing with tens of keV electrons, nonlinear scattering and321

nonlinear trapping for relativistic electrons cannot lower the equatorial pitch angle ef-322

fectively. Even after 10 cycles (about 7 seconds), no electron is dropped to the loss cone323

in all three cases. Therefore, the EEP at MeV level is much difficult than that at tens324

of keV level. However, Figure 10c indicates that oblique chorus emissions make relativis-325

tic electrons move to lower α more efficiently than parallel chorus emissions, resulting326

in higher probability of precipitation.327

Figure 9 and Figure 10 imply three things: (1) Electron precipitation at tens of keV328

is much easier than that at MeV. (2) Oblique chorus emissions contribute to more elec-329

tron precipitation. (3) If the initial electron conditions are the same, precipitated elec-330

trons induced by oblique chorus reach higher energy than that induced by the purely par-331

allel chorus.332

4 Discussion333

We check the resonance condition at different latitudes to verify the relations among334

K, α, and Lat during the electron precipitation process. The perpendicular velocity of335

a resonant electron is given by336

v⊥ = VR tanαh , (11)337

where αh is the local pitch angle. Then, the Lorentz factor of a resonant electron is writ-338

ten as339

γ =
K

m0c2
+ 1 =

1√
1− V 2

R+v2⊥
c2

=
c√

c2 − V 2
R sec2 αh

. (12)340

The relation between local equatorial pitch angle αh and equatorial pitch angle α is341

sinα =

√
B0eq

B0(h)
sinαh . (13)342

According to (11), (12), and (13), we derive equatorial pitch angles α as functions of elec-343

tron kinetic energy K for the nth resonance as344

α = sin−1

√ B0eq

B0(h)

√
1−

(
ω

ck‖

)2
(γ − nΩe/ω)

2

γ2 − 1

 . (14)345
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Figure 9. The equatorial electron distribution functions FΦ
mEQ(E,α,Φ) summed over the

longitudinal direction for ∆Φw=60◦ after 1–3 cycle of interactions for Cases 1–3. The initial dis-

tribution function FΦ
0EQ(E,α,Φ) is a static distribution whose energy ranges from 10 to 30 keV,

equatorial pitch angle ranges from 70◦ to 89◦, and longitudinal ranges from 0◦ to 60◦.
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Figure 10. The equatorial electron distribution functions FΦ
mEQ(E,α,Φ) summed over the

longitudinal direction for ∆Φw=60◦ after 1, 5, and 10 cycle of interactions for Cases 1–3. The

initial distribution function FΦ
0EQ(E,α,Φ) is a static distribution whose energy ranges from 0.99

to 1.01 MeV, equatorial pitch angle ranges from 70◦ to 89◦, and longitudinal ranges from 0◦ to

60◦.
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The parallel wave number k‖ is derived by the Appleton-Hartree equation, which is the346

dispersion relation of whistler mode equation. We plot the solutions of equation (14) at347

different latitudes for resonances with harmonic numbers n=0, 1, −1, and 2 in Figures 11a–348

d, respectively. The parallel wave number k‖ follows the value of Case 3. The blue, green,349

red, and magenta lines respectively stand for Lat = 0◦, 15◦, 30◦, and 40◦. The arrows350

in Figures 11a and 11b point out the scattering tendency for electrons undergoing the351

nonlinear trapping according to the Green’s function set of Case 3 as references. It is worth352

noting that at high latitudes the nonlinear trapping becomes very difficult because of353

the large gradient of the background magnetic field. In Figure 11a, in low α part all the354

curves appear at very low energy, indicating that the electron loss through the n=0 Lan-355

dau resonance only occurs at low energy, namely, below 100 keV. In other words, for >356

100 keV electrons, they have difficulty being pushed into the loss cone by the n = 0 Lan-357

dau resonance. The curves also imply that the interaction via the n = 0 resonance oc-358

curs in a wide range of latitude. Figure 11b points out that electron precipitation induced359

by the n = 1 cyclotron resonance can take place from a few keV to about 3 MeV. In ad-360

dition, precipitated electrons with higher energies must correspond to interaction posi-361

tions with higher latitudes. This description is the same as the conclusion reported by362

Miyoshi et al. (2015).363

In Figures 11c and 11d we can find that n = −1 and n = 2 resonance might con-364

tribute to EEP for a wide energy range as well. In Hsieh and Omura (2017b) we do found365

EEP caused by nonlinear trapping of the n = −1 (see Figures 8f and 9f of Hsieh and Omura366

(2017b)), but it requires very large amplitude and long wave packet. Compared with the367

n = 0 and 1 resonances, direct contributions to EEP by n = −1 and 2 resonances are368

very small.369

The solutions of equation (14) at different latitudes for the n = 1 cyclotron reso-370

nance with different ratios of electron plasma frequency to cyclotron frequency ratio ωpe/Ωe0371

are plotted in Figure 12. The k‖ follows the value of Case 1. The arrows in Figure 11b372

point out the scattering tendency for electrons undergoing the nonlinear trapping based373

on the Green’s function set of Case 1. Focusing on the low α part, if the ωpe/Ωe0 ratio374

is greater, the cyclotron resonance becomes more concentrated to the lower energy part,375

indicating that the precipitation rate of relativistic electrons is high for low ωpe/Ωe0 ra-376

tio and low for high ωpe/Ωe0. In Figure 11d, high ωpe/Ωe0 ratio denotes plasmaspheric377

hiss, which locates in higher plasma density regions. The EEP induced by hiss at energy378

< 1 MeV is a remaining issue for future studies.379

Then, we calculate the resonant energy for the electron near the loss cone α = 4.56◦.380

Combining equations (1), (11), and (12), we have381 (
Ũ2 − 1

)
γ2 + 2n

Ωe
ω
γ −

(
Ũ2 + n2 Ω2

e

ω2

)
= 0 , (15)382

where Ũ = c
Vp‖

cosαh, and Vp‖ = ω/k‖ is the parallel phase velocity. Solving equation383

(15), we obtain384

K = m0c
2

−nΩe

ω +
√

(nΩe

ω )2 + (Ũ2 − 1)(Ũ2 + n2 Ω2
e

ω2 )

Ũ2 − 1
− 1

 . (16)385

We plot the result for equation (16) for both n = 0 and n = 1 in Figure 13 according386

to the parameters of Case 3. The solid and dotted lines are for wave frequencies ω = 0.25387

and 0.5 Ωe0, respectively. The blue curves stand for the n = 0 Landau resonance with388

α = αloss and the red curves denote the n =1 cyclotron resonance with α = αloss. Since389

the wave phase velocity Vp‖ does not change much with different θ, Figure 13 is a good390

reference for chorus emissions with various θ. We find that resonant energy of the n =391

1 cyclotron resonance is always greater than that of the n = 0 Landau resonance at all392
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Figure 11. Solutions of equation (14) as resonance curves for n = −1 to 2 resonances at Lat

= 0◦ (blue), Lat = 15◦ (dark green), Lat = 30◦ (red), and Lat = 40◦ (magenta). The dashed

and solid curves indicate solutions for ω = 0.25 and 0.5 Ωe0, respectively. The electron plasma

frequency to cyclotron resonance ratio is 4. Scattering tendencies of nonlinear trapped electrons

are denoted by arrows for n = 0 and 1. Right blue arrows stand for tens of keV electrons, orange

arrows denote hundreds of keV electrons, and pink arrows represent MeV electrons.
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Figure 12. Solutions of equation (14) as resonance curves for ωpe/Ωe0 = 2, 4, 8, and 16, for

n = 1 resonances at Lat = 0◦ (blue), Lat = 15◦ (dark green), Lat = 30◦ (red), and Lat = 40◦

(magenta). The dashed and solid curves indicate solutions for ω = 0.25 and 0.5 Ωe0, respectively.

Scattering tendencies of nonlinear trapped electrons for ωpe/Ωe0 = 4 case are denoted by arrows

in Figure 12b. Blue arrows stand for tens of keV electrons, orange arrows denote hundreds of keV

electrons, and pink arrows represent MeV electrons.
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Figure 13. Resonant energies for electrons at equatorial pitch angle α as functions of Lat-

itude for Case 3. The red and blue curves stand for the results at α = αloss for the n = 1 cy-

clotron resonance and the n = 0 Landau resonance, respectively. The solid lines are for wave

frequency ω = 0.25Ωe0, and the dotted lines denote ω = 0.25Ωe0. The magenta and cyan cures

denote resonant energies at α = 20◦ for the n = 1 cyclotron resonance and the n = 0 Landau

resonance, respectively.

latitudes. We plot magenta curves representing the resonant energy for the n = 1 cy-393

clotron resonance at α = 20◦ because the n = 1 cyclotron resonance can drop electrons394

to the loss cone from α = 20◦ based on the trajectories on Figure 1d. The magenta curves395

show higher resonant energies than the red curves. As a reference, we also plot cyan curves396

representing the n = 0 Landau resonance for electrons at α = 20◦. At energy > 100 keV,397

the blue curves relate to Lat > 40◦, where it is difficult to have strong resonance. Be-398

cause of the large gradient of the background magnetic field, which makes the inhomo-399

geneity factor very large (Omura et al., 2019), we only have very weak resonance at high400

latitudes. Because the nonlinear trapping of the n = 1 cyclotron resonance cannot lower401

the equatorial pitch angle of electrons, the precipitation is all done by nonlinear scat-402

tering. Therefore, we conclude that most of the EEP cases are directly pushed by non-403

linear scattering of the n = 1 cyclotron resonance. The n = 0 Landau resonance only404

contributes to a small portion of precipitation at K < 100 keV. We examine trajecto-405

ries of the precipitation electrons for several Green’s functions. We find that the num-406

ber of EEP cases directly done by the n = 0 Landau resonance is much smaller than that407

directly done by the n = 1 cyclotron resonance.408

However, our convolution integral results show that EEP cases induced by oblique409

chorus emissions is more than that induced by parallel chorus emissions. In oblique whistler410

mode wave-particle interactions, an electron can go through not only n = 1 cyclotron411

resonance but also the n = 0 Landau resonance and higher-order resonances of mul-412

tiple emissions during a bounce motion. Hence, the electron interacting with a oblique413

chorus has more opportunity to move toward a lower equatorial pitch angle than that414

interacting with a purely parallel chorus. The n = 0 Landau resonance can move elec-415

trons from high α to low α via the nonlinear trapping effectively as demonstrated in Fig-416

ure 10. On the other hand, the n = 1 or n = 2 cyclotron can lower electron’s α via417
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Figure 14. Schematic pictures of the wave-particle interactions between chorus emissions

and an electron showing the precipitation process by multiple resonances of different emissions.

(a) Schematic picture along a field line. (b) Schematic picture showing the kinetic energy and

equatorial pitch angle tendency during the process. The 2 steps of precipitation process are: (1)

A high equatorial pitch angle electron gets energy and its equatorial pitch angle becomes lower

via nonlinear trapping of Landau resonance. (2) The electron is pushed into the loss cone via

nonlinear scattering of cyclotron resonance. The green, pink, and purple patterns stand for the

electron status before step 1, after step 1, and after step 2, respectively. After step 2, the electron

precipitates at the opposite hemisphere.

nonlinear scattering process. Finally, after a few cycles of interaction, an electron moves418

close to αloss and then be pushed into the loss cone by the n = 1 cyclotron resonance.419

A schematic picture explaining this process is plotted in Figure 14. Figure 14a shows a420

sketch along a field line, and Figure 14b illustrates the process in the K–α phase space.421

The two steps of the energetic electron precipitation for oblique whistler mode wave-particle422

interactions are: (1) A high equatorial pitch angle electron obtains energy from a cho-423

rus emission and its equatorial pitch angle becomes lower via nonlinear trapping of Lan-424

dau resonance. (2) The electron bounces back toward the equator and then is pushed425

into the loss cone via the nonlinear scattering of cyclotron resonance by another emis-426

sion. The green, pink, and purple patterns in Figure 14 stand for the electron status be-427

fore step 1, after step 1, and after step 2, respectively. After the electron moved to the428

loss cone, it precipitates in the opposite hemisphere if there is no other process making429

its equatorial pitch angle larger.430

Although subpacket structure of chorus emissions allows electrons undergo mul-431

tiple resonances within one wave packet (Hsieh et al., 2020), the 2-step precipitation pro-432

cess cannot finish within one wave packet. Figure 13, which is derived from the first or-433

der resonance condition, shows that the interaction latitude of the n = 0 Landau res-434

onance is higher than that of the n = 1 cyclotron resonance for electrons at the same435

energy. Nonlinear trapping via the Landau resonance occurs when an electron and a cho-436

rus emission move in the same direction along a field line. The Landau resonance brings437

the resonant electron to higher latitude. Hence, the step 2 must happen at least after438

the electron bounces back from the mirror point.439

In considering the second order resonance condition, the inhomogeneity factor Sn440

is an important factor controlling the nonlinear interactions in both n = 0 and n = 1441
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resonances given by442

Sn = − 1

Ω2
t,n

{(
1− VR

Vg‖

)2
∂ω

∂t
+

[
ωv2
⊥

2ΩeVp‖
− n

γ
VR

(
1 +

Λχ2[Ωe − (γ/n)ω]

2(Ωe − ω)

)]
∂Ωe
∂z

}
.

(17)443

Detailed explanation of parameters in Sn is given by equation (165) of Omura (2021).444

In the 2-step precipitation process, we need |S0| < 1 for the nonlinear trapping (step445

1) and |S1| around 1 for the effective nonlinear scattering (step 2). The second term of446

equation (17) shows the effect of the gradient of the background magnetic field and this447

term is smaller when n = 0 then that when n 6= 0, resulting in that the latitudinal range448

for |S0| < 1 is wider than that for |S1| around 1.449

Besides, an electron with lower equatorial pitch angle has longer bounce period,450

which means that it takes more time for the bounce-backed electron to reach the inter-451

action latitude for the n = 1 cyclotron resonance. Taking the timescale of a single cho-452

rus emission, group velocity, and electron bounce period into account, when an electron453

after step 1 bounces back to the low latitude, where the cyclotron resonance should oc-454

cur, the tail of the same chorus emission has already left. Therefore, after step 1, an res-455

onant electron has no chance to interact with the same chorus emission via the n = 1456

cyclotron resonance. In other words, this precipitation process cannot be completed within457

a single emission.458

5 Summary459

We performed test particle simulations of energetic electrons interacting with oblique460

whistler mode chorus emissions in a three-dimensional dipole field. By calculating the461

Green’s functions and taking convolution integrals for 3 chorus wave models with dif-462

ferent wave normal angle variations, we compared the precipitation rates among cases463

with purely parallel propagation and oblique propagation.464

Our findings regarding energetic electron precipitation (EEP) are listed as follows:465

1. Most of the EEP events are less than 100 keV. We also find EEP for relativistic466

electrons but the fluxes are much smaller than those of electrons less than 100 keV467

(See Figure 8).468

2. Most of the EEP events are directly caused by the nonlinear scattering of the n =469

1 cyclotron resonance.470

3. Nonlinear trapping of the n=0 Landau resonance also directly contributes to EEP471

at K < 100 keV, but the number of the cases is much less than that of the EEP472

directly caused by nonlinear scattering of the n=1 cyclotron resonance.473

4. For electrons < 0.1 MeV, the precipitation is very prompt within a time scale474

of a few emissions (a few seconds). For electrons > 0.1 MeV, the precipitation475

requires interactions with tens or hundreds chorus emissions (a few minutes).476

5. Obliquely propagating chorus emissions cause more EEP than parallel propagat-477

ing chorus emissions through the following 2-step EEP process:478

(1) During the first chorus emission, a high equatorial pitch angle electron obtains479

energy and its equatorial pitch angle becomes lower via nonlinear trapping due480

to Landau resonance.481

(2) The electron bounces back toward the equator and then is pushed into the loss482

cone via the nonlinear scattering due to cyclotron resonance with another chorus483

emission.484

Although we find that chorus emissions can cause the precipitation of electrons in485

the outer radiation belt, the fluxes are extremely small for MeV electrons (see Figure 4).486

We will calculate evolution of electron fluxes interacting with both whistler mode cho-487

rus and electromagnetic ion cyclotron (EMIC) waves, which makes remarkable contri-488
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butions to relativistic electron loss (e.g., S. Nakamura et al., 2019), in the future to un-489

derstand more about the formation and loss processes of the outer radiation belt.490

Appendix A Wave magnetic field and electric field components in a491

dipole magnetic magnetic field492

The wave magnetic field and electric field in a field-align frame are given by493

Bw = ex′′B
′′
x + ey′′B

′′
y + ez′′B

′′
z494

= ex′′B
w
x cosψ + ey′′B

w
y sinψ − ez′′B

w
z cosψ , (A1)495

496

Ew = ex′′E
′′
x + ey′′E

′′
y + ez′′E

′′
z497

= ex′′E
w
x sinψ − ey′′E

w
y cosψ + ez′′E

w
z sinψ , (A2)498

where ex′′ , ey′′ , and ez′′ are unit vectors in the x, y, and z directions of the field-align499

coordinate. The ez′′ points out the direction of the background magnetic field line, the500

ex′′ is the outward (radial) direction of the field line, and the ey′′ is eastward direction.501

The local wave phase ψ is given by502

ψi(t) = ψ0 +

∫
ω(t)dt−

∫ hi

h0

k‖dh− k⊥rL cos(φ′) , (A3)503

where h is the distance along the field from the equator, rL is gyroradius. The φ′ is 90◦504

minus the gyrophase, and the way of obtaining the cos(φ′) is described later in Appendix505

B. Note that the wave vector is at the x′′ − z′′ plane. The given wave magnetic field506

amplitude Bw is written in the form507

Bw =
√

(Bwx cosψ)2 + (Bwy sinψ)2 + (Bwz cosψ)2 . (A4)508

Tilt angle η is the angle between z-axis of the dipole field (North pole) and the background509

magnetic field given by510

η = atan2
(√

B2
0x + B2

0y ,B0z

)
. (A5)511

Converting the wave fields to the meridian plane, the wave magnetic fields are written512

as513  Bx′

By′

Bz′

 =

 cos η 0 − sin η
0 1 0

sin η 0 cos η

 Bx′′

By′′

Bz′′

 for z > 0 (Northern Hemisphere), (A6)514

and515  Bx′

By′

Bz′

 =

 cos η 0 sin η
0 1 0

− sin η 0 cos η

 Bx′′

By′′

Bz′′

 for z < 0 (Southern Hemisphere). (A7)516

Setting the longitude Φ = 0◦ as +x direction and Φ = 90◦ as +y direction, we rotate517

the wave magnetic field and obtain the wave field in the dipole field as518  Bx
By
Bz

 =

 cos Φ − sin Φ 0
sin Φ cos Φ 0

0 0 1

 B′x
B′y
B′z

 . (A8)519

Hence, the wave magnetic fields in the dipole field are written as520  Bx
By
Bz

 =

 cos Φ − sin Φ 0
sin Φ cos Φ 0

0 0 1

 cos η 0 ∓ sin η
0 1 0

± sin η 0 cos η

 B′′x
B′′y
B′′z

 . (A9)521
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For Northern/Southern Hemisphere, we apply the upper/lower part of the ± and ∓ signs522

in equation (A9). Coordinate transformation of wave electric fields (Ex, Ey, and EZ)523

is the same as that of wave magnetic fields (Bx, By, and Bz).524

The wave components in equations (A1) and (A2) are given by following relations.525

Bwx =
Bw√

cos2 ψ +A2
S (1−AP tan θ)

2
sin2 ψ + tan2 θ cos2 ψ

Bwy = AS(1−AP tan θ)Bwx

Bwz = tan θBwx

Ewx = ASVp‖B
w
x

Ewy = Vp‖B
w
x

Ewz = ASAPVp‖B
w
x .

(A10)526

The dispersion relation of oblique whistler mode waves is given by527

n2
r =

c2k2

ω2
= 1− 2X(1−X)

2(1−X)− Y 2 sin2 θ + Y
√
Y 2 sin4 θ + 4(1−X)2 cos2 θ

, (A11)528

where529

X =
ω2
pe

ω2
,

Y =
Ωe
ω

.

(A12)530

The related variables in (A10) are derived from the dispersion relation (A11) as follows.531

S̃ = 1−
ω2
pe

ω2 − Ω2
e

,

D̃ =
ω2
pe

ω2

ωΩe
ω2 − Ω2

e

,

P̃ = 1−
ω2
pe

ω2
,

AS =
n2
r − S̃
D̃

,

AP =
n2
r sin θ cos θ

n2
r sin2 θ − P̃

.

(A13)532

Appendix B Calculate the gyrophase from particle positions533

To obtain wave phase from equation (A3), we need to calculate cos(φ′), where φ′534

is 90◦ minus the gyrophase φ. The potion vector of an particle is535

p = expx + eypy + ezpz . (B1)536

The guiding center of the particle is given by537

Rgc = p + rLâ , (B2)538

where â is the direction from the particle to the guiding center given by539

â =
B0 × v⊥
|B0 × v⊥|

, (B3)540

and the parallel velocity vector v‖ and the perpendicular velocity vector v⊥ of the par-541

ticle are given by542

v‖ =
v ·B0

|B0|2
B0 , (B4)543
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544

v⊥ = v − v‖ . (B5)545

The ex′′ is written as546

ex′′ =
B0 × (Rgc ×B0)

|B0 × (Rgc ×B0) |
. (B6)547

Finally, we obtain cos(φ′) by548

cos(φ′) = −â · ex′′ . (B7)549
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