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Abstract

Energetic electron accelerations and precipitations in the Earth’s outer radiation belt are highly associated with wave-particle
interactions between whistler mode chorus waves and electrons. We perform test particle simulation to investigate the electron
behaviors interacting with both parallel and obliquely propagating chorus emissions at L=4.5. We build up a database of
the Green’s functions, which are treated as results of the input electrons interacting with one emission, for a large number
of electrons interacting with whistler mode chorus emissions. The loss process of electron fluxes interacting with consecutive
chorus emissions in the outer radiation belt are traced by applying the convolution integrals of distribution functions and the
Green’s functions. Oblique chorus emissions lead to more electron precipitation than that led by parallel chorus emissions. By
checking the resonance condition and resonant energy at loss cone angle, we find that electrons are hardly dropped into the loss
cone directly by Landau resonance. The nonlinear scattering via cyclotron resonance is the main process that pushes energetic
electrons into the loss cone. We propose a 2-step precipitation process for oblique chorus emissions that contributes to more
electron loss: (1) During the first chorus emission, the nonlinear trapping of Landau resonance moves an electron near the loss
cone. (2) During the second emission, the nonlinear scattering of cyclotron resonance scatters the electron into the loss cone.
The combination of Landau resonance by oblique chorus emissions and cyclotron resonance results in the higher precipitation

rate than the single cyclotron resonance by purely parallel chorus emissions.
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Key Points:

» We performed test particle simulations for electrons in the radiation belt inter-
acting with oblique chorus emissions in a 3D dipole field.

« Oblique chorus emissions cause more energetic electron precipitation than paral-
lel chorus emissions.

¢ Combination of nonlinear trapping via Landau resonance and nonlinear scatter-
ing via cyclotron resonance causes higher precipitation rates.
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Abstract

Energetic electron accelerations and precipitations in the Earth’s outer radiation belt

are highly associated with wave-particle interactions between whistler mode chorus waves
and electrons. We perform test particle simulation to investigate the electron behaviors
interacting with both parallel and obliquely propagating chorus emissions at L=4.5. We
build up a database of the Green’s functions, which are treated as results of the input
electrons interacting with one emission, for a large number of electrons interacting with
whistler mode chorus emissions. The loss process of electron fluxes interacting with con-
secutive chorus emissions in the outer radiation belt are traced by applying the convo-
lution integrals of distribution functions and the Green’s functions. Oblique chorus emis-
sions lead to more electron precipitation than that led by parallel chorus emissions. By
checking the resonance condition and resonant energy at loss cone angle, we find that
electrons are hardly dropped into the loss cone directly by Landau resonance. The non-
linear scattering via cyclotron resonance is the main process that pushes energetic elec-
trons into the loss cone. We propose a 2-step precipitation process for oblique chorus emis-
sions that contributes to more electron loss: (1) During the first chorus emission, the non-
linear trapping of Landau resonance moves an electron near the loss cone. (2) During
the second emission, the nonlinear scattering of cyclotron resonance scatters the elec-
tron into the loss cone. The combination of Landau resonance by oblique chorus emis-
sions and cyclotron resonance results in the higher precipitation rate than the single cy-
clotron resonance by purely parallel chorus emissions.

1 Introduction

Wave-particle interaction between whistler mode chorus emissions and electrons
has been an important issue since it plays a significant role in the radiation belt dynam-
ics. Whistler mode chorus emissions in the Earth’s outer radiation belt are the main fac-
tors affecting the electron heating and pitch angle scattering(e.g., Summers et al., 1998;
Thorne et al., 2005; Omura & Summers, 2006; Summers et al., 2007; Bortnik & Thorne,
2007; Millan & Baker, 2012). Chorus emissions are thought to scatter electrons of wide
energy ranges into the loss cone (Horne & Thorne, 2003; Kennel & Petschek, 1966)

Microbursts of energetic electrons, which is a short-duration (< 1 sec) and intense
(tens of keV to a few MeV) electron precipitation, are often observed by balloons, rock-
ets, and low Earth-orbiting satellites (e.g., Anderson & Milton, 1964; Rosenberg et al.,
1990). The energetic electron precipitation (EEP) induced by chorus waves is the main
cause of pulsating auroras (Nishimura et al., 2010; Miyoshi et al., 2015; Kasahara et al.,
2018) and one of the processes removing energetic electrons from the Earth’s outer ra-
diation belt (e.g., R. Nakamura et al., 1995, 2000; Abel & Thorne, 1998). The EEP oc-
curring with chorus events simultaneously or with some time delay at the same spatial
region, namely the same magnetic local time and L-shell, are revealed by conjunctive satel-
lite observations. Kersten et al. (2011) presented microbursts for >1 MeV electrons ob-
served by SAMPEX and the associated simultaneous chorus waves detected by Solar Ter-
restrial Relations Observatory (STEREO) and Wind spacecraft. A chorus-driven rela-
tivistic electron microbursts event during the 89 October 2012 storm observed by SAM-
PEX and Van Allen Probes satellites is reported by Kurita et al. (2016). Breneman et
al. (2017) presented a clear connection between chorus emissions and microburst detected
by close conjunction observations of Van Allen Probes and FIREBIRD (Focused Inves-
tigations of Relativistic Electron Burst Intensity, Range, and Dynamics) II. Mozer et al.
(2018) reported a chorus and microburst (>35 keV) event observed by Van Allen Probe-
B at the inner magnetosphere and AC6-B satellite in the ionosphere, and verified that
quasi-linear diffusion cannot explain the faster (~ 0.2 sec) microburst flux variations caused
by large-amplitude chorus waves.
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Several simulations provided direct evidence showing the chorus-driven EEP. Rosenberg

et al. (1990) applied simple test particle simulations showing direct precipitation and mir-
rored precipitation of 20-100 keV electrons induced by chorus waves. Hikishima et al.
(2010) performed a self-consistent full-particle simulation showing a one-to-one corre-
spondence between microbursts of electrons at 10-100 keV and chorus emissions. Saito

et al. (2012) reported that microbursts of relativistic electrons (MeV) of the outer belt

are caused by chorus wave-particle interactions at high latitudes by performing three-
dimensional test particle simulations and time-of-flight analysis (Miyoshi et al., 2010).
Recently, Chen et al. (2020) presented a model of microbursts induced by ducted cho-

rus waves showing bouncing chorus packets and the corresponding electron precipita-

tion at hundreds of keV. Nevertheless, the above simulations are all under the parallel
propagating assumption. Not only parallel but also oblique chorus emissions are usually
observed in the inner magnetosphere (e.g., Santolik et al., 2009; Mourenas et al., 2015).
Oblique whistler mode wave-particle interactions accelerate electrons and lower their equa-
torial pitch angles via Landau resonance efficiently (Hsieh & Omura, 2017a, 2017b). Based
on this phenomenon, the Landau resonance should contribute to precipitation of 10-100
keV electrons or even relativistic electrons. The relation between chorus driven EEP and
the Landau resonance has not been clarified yet.

In this study, we present a comprehensive analysis of electron acceleration and pre-
cipitation in the outer radiation belt induced by oblique whistler mode chorus emissions.
We build three Green’s function sets for electrons from 10 keV to 6 MeV by demonstrat-
ing three-dimensional test particle simulations at L=4.5 for three different wave mod-
els with different wave normal angles. The evolution of electron fluxes caused by repeated
chorus emissions is reproduced by applying convolution integrals of electron distribution
functions and the Green’s function sets. We compare the energetic electron precipita-
tion rates for different longitudinal wave generation regions and different wave normal
angles.

The structure of this paper is as follows. In Section 2 we explain our simulation
method and describe the possible loss processes by showing trajectories of resonant elec-
trons. Results of convolution integrals are shown in Section 3. In Section 3.1 we com-
pare results of different longitudinal chorus generation ranges and different wave normal
angles for electrons initially at 10-30 keV. In Section 3.2 we check how fast high equa-
torial pitch angle electrons precipitate into the loss cone. The resonance conditions for
cyclotron, Landau, and higher-order cyclotron resonances are discussed in Section 4. We
also propose a two-step precipitation process, which does not occur in purely parallel cho-
rus wave-particle interactions, due to combination of Landau resonance and cyclotron
resonance in Section 4. Finally, the summary is shown in Section 5.

2 Test Particle Simulation & Green’s functions

We apply test particle simulations to reproduce wave-particle interactions between
whistler mode chorus emissions and electrons in the outer radiation belt. We simulate
the wave-particle interactions around L = 4.5 in a three-dimensional dipole field, and
the electron plasma frequency to cyclotron frequency ratio is set to be a constant wpe/€eo
=4, where wy, is electron plasma frequency and € is the equatorial electron cyclotron
frequency. Three different whistler mode wave models are used in the test particle sim-
ulations. Generally, all the wave models are generated at the equator and propagate both
northward and southward with rising tone frequencies w = 0.25-0.5¢¢¢ with subpacket
structures. The frequency and amplitude variations follow the chorus equations, i.e., equa-
tions (106) and (107) of Omura (2021). Within |Lat| < 2°, where Lat is magnetic lat-
itude, the waves perform parallel propagating along with convective growth (Omura et
al., 2008, 2009). The background parameters and equations of wave propagation within
|Lat| < 2° in this study follow the settings in Hsieh et al. (2020). The equatorial wave
amplitude and wave frequency are the same as shown in Figure 1 of Hsieh et al. (2020).
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Table 1. Parameters used in simulations

Parameters Normalized value Real value
L-shell L 4.5
Equatorial background magnetic field Boeg 342 nT
Equatorial electron gyrofrequency Qeo 9.48 kHz
Electron plasma frequency Wpe 4 Qo 37.9 kHz
Cold electron density e 18/cc
Source electron density np 0.005 n. 0.09/cc
Wave frequency w 0.25 — 0.5 Qo 2.37 — 4.74 kHz
Parallel thermal velocity of source electrons Vi 0.15 ¢ 45,000 km/s
Averaged perpendicular velocity of source electrons Vg 0.3c 90,000 km/s
Charge to mass ratio q/mo —le/m. —1.76 x 10'* C/kg
Equivalent number of particles for a delta function N, 3,600

Wave phases across each subpacket may not be continuous, which means that when a
subpacket generates at the equator its wave phase is not connected to the previous sub-
packet. Hiraga and Omura (2020) prove that the phase discontinuity does not affect the
trapping rate. Thereby, we simply apply continuous wave phase for subpackets in our
wave models.

In Case 1, we assume purely parallel propagating chorus emissions, and in Case 2
and Case 3 we apply oblique propagating chorus emissions. At 2° < |Lat| < 45°, wave
normal angles 6 are linear functions of Lat. At |Lat| < 45°, wave normal angles 0 are
a constant 6,,,,. The maximum wave normal angles 6,,,, are 20° and 60° for Case 2 and
Case 3, respectively. According to the ray-tracing result (Yamaguchi et al., 2013), we
assume that all wave normals point outward and lie on a meridian plane. Parameters
assumed in simulations are listed in Table 1. We follow the configuration of the wave field
explained in Appendix B of Hsieh and Omura (2017a). Conversion of wave components
in the field-aligned coordinates to the Cartesian coordinates is described later in Appendix
A. In the present study, the relativistic equations of motion of electrons are numerically
solved by the Bumeman-Boris method.

2.1 Analyses of pitch angle scatterings

We examine the results of the test particle simulations and deduce the behavior
of pitch angle scatterings. Figure 1 shows 4 examples for electrons starting at kinetic en-
ergy K = 50 keV and equatorial pitch angle & = 20° in Case 3. Figure 1la plots elec-
tron trajectories in a Lat-v| (latitude—electron parallel velocity) phase space. The red
and blue curves represent resonance velocities of n = 1 cyclotron resonance and n =
0 Landau resonance, respectively. The resonance velocities are given by

VRzkll<w—nQ€>, (1)

Y

where n is the harmonic number, & is the parallel wave number, (2. is local electron cy-
clotron frequency, and ~y is the Lorentz factor. The dotted lines stand for w = 0.25{¢
and the dashed lines denote w = 0.5{2,¢. Note that electrons interact with chorus emis-
sions when moving with the parallel velocity v close to Vg. Hence, we can recognize that
an electron is affected by a certain resonance in Figure la. Figure 1b shows electron tra-
jectories and spatiotemporal profile of generation and propagation of chorus wave am-
plitude. We can read the timing of electrons undergoing resonances and make sure the
electrons are inside the wave subpackets in Figure 1b. In Figures 1a and 1b, the solid
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Figure 1. Examples for electrons interacting with a pair of oblique chorus emissions. The
electrons initially have the same energy and equatorial pitch angle at different positions along
the magnetic field line. The solid and hollow circles indicated the beginning and ending if each
trajectories, respectively. (a) Electron trajectories in a Lat-v) phase space. (b) Electron trajec-
tories and spatiotemporal profile of generation and propagation of chorus wave amplitude for
Case 3 with subpacket structure. (c¢) Time series of kinetic energy variations. (d) Time series of

equatorial pitch angle variations.

and hollow circles indicated the beginning and ending if each trajectories, respectively.
There are two main processes in the whistler mode wave-particle interactions. One is the
nonlinear scattering process, which makes electron energy slightly smaller and lowers the
« of the electron. The other is the nonlinear trapping process, which causes effective en-
ergy gain of the resonant electrons. Figure 1lc shows the time series of kinetic energies,
which helps us to verify the resonance processes. Figure 1d denotes the time series of
equatorial pitch angles a. Notice that our target L value is 4.5, so the related equato-
rial loss cone angle qy,ss is 4.56° corresponding to an altitude of 100 km from the Earth’s
surface. The green curve drops to the loss cone, which is shown as the gray area, around
time=320 ms (red area). This electron undergoes nonlinear scattering of n = 1 cyclotron
resonance. Most of the precipitated electrons undergo this process. The yellow curve un-
dergoes two nonlinear trapping processes. The first one is the n = 1 cyclotron resonance
(~ 165-250 ms) and the second one is the n = 0 Landau resonance (~ 250-380 ms).
Both resonances make effective accelerations but the different tendencies of pitch angle
scattering. The first one makes higher a and the second one leads to lower a. The black
curve is also affected by 2 resonances. Around 280 ms (green area) the electron drops
close to the loss cone by nonlinear scattering of the n = 1 cyclotron resonance, and then
at around 500 ms (blue area) it is pushed into the loss cone by the nonlinear trapping
of the n = 0 Landau resonance. Here we find that Landau resonance can directly cause
electron precipitation. However, this kind of precipitation by Landau resonance is rare
and it requires an electron already close to the loss cone. The purple curve first under-
goes n = 1 nonlinear scattering process and then undergoes a significant n = 0 non-
linear trapping. Nonetheless, the nonlinear trapping via the n = 0 Landau resonance

is not able to scatter the electron into the loss cone. By checking the electron trajecto-
ries, we find that:

1. Most cases of EEP are directly caused by nonlinear scattering of the n = 1 cyclotron
resonance.

2. Nonlinear trapping by the n = 0 Landau resonance also directly contributes to
EEP, but the opportunity is much less than the above one.
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2.2 Green’s function method

Based on the result of the test particle simulations, we build numerical Green’s func-
tion sets and employ the Green’s function method and convolution integral (Omura et
al., 2015; Kubota & Omura, 2018) to demonstrate the evolution of electron fluxes in the
outer radiation belt. A Green’s function G(K, Ky, «, ag) is treated as a result of one cy-
cle of chorus wave-particle interactions with respect to a given initial distribution func-
tion 0(K—Ko, a—aq), where § is the Dirac delta function, K is the initial kinetic en-
ergy, and «q is the initial equatorial pitch angle. We build up a set of Green’s functions
for electron K ranges from 10 keV to 6 MeV with an interval 10 keV, and a ranges from
5° to 89° with an interval 1°. The input electrons in the test particle simulations have
random numbers in kinetic energy (10 keV < K < 6 MeV), equatorial pitch angle (5° <
a < 89°), gyrophases 0 < ¢ < 27, and locations within 2 mirror points. The equiva-
lent number of electrons for a Green’s function is 3,600. Thereby, in total 183, 600, 000
input electrons are used to generate one Green’s function set. After the test particle sim-
ulations, we calculate the Green’s functions from the results following the method in-
troduced in Kubota and Omura (2018).

3 Results of convolution integrals

Tsurutani et al. (2009) suggested that 10-100 keV electrons may keep undergoing
cyclotron resonance with parallel chorus subpackets for several wave cycles and be trans-
ported into the loss cone rapidly. Then, the rapid pitch angle transport rate is reported
by (Lakhina et al., 2010) by calculating wave-particle diffusion coefficient. Therefore, the
EEP process may not occur within only single chorus packet.

To reproduce the wave-particle interactions for consecutive chorus emissions, the
first step is to set an initial electron distribution function and then obtain a new distri-
bution function by applying a Green’s function set. The second step is to regard the new
distribution function as a new initial distribution function, and then apply the Green’s
functions again for the next distribution function. By repeating the steps m times, we
can simulate the results of wave-particle interactions of m successive emissions without
calculating the test particle simulation for m emissions, whose simulation costs a lot of
computation resources. This process is called convolution integral (Omura et al., 2015).
Considering the chorus emission generation localized in longitude (e.g., W. Li et al., 2009;
Meredith et al., 2003) and electron drift motions, the equation of convolution integral
after m cycles of interaction is given by (Kubota & Omura, 2018)

fn (K, o, @) = Z Z Z fn1(Kj, i, ®,)GP (K, K o, a,® — ®,)) ADAK; Ay (2)
a;j K; Py

) 1 (K, 0, 0)GE (K, 0, @ — ) AD, (3)
[

w

where f,,, means the bounce-averaged distribution function after m-cycle interaction, and
®,, and ®,, mean the longitudinal position inside and outside the chorus generation re-
gion, respectively. Since the duration of a chorus emission is much shorter than the time
scale of electron drift motion, the drift degrees of an electron are very small during one-
cycle interaction. Thereby, we assume that an electron does not drift into or out of the
chorus generation region during one-cycle interaction when computing convolution in-
tegrals. Since the loss cone angle qy,ss = 4.56°, we treat the flux at o < 5° as electron
precipitate into the Earth’s atmosphere. In the convolution integral, the loss part of f,,
will not participate in the calculation for f,,41.
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3.1 Uniform initial distribution function at 10-30 keV
3.1.1 Comparison among different generation ranges

We set an initial electron equatorial distribution function FSI’EQ as a stationary dis-
tribution function with uniform K from 10 to 30 keV and uniform « from 5° to 89°. The
relation between equatorial distribution function F'® rq and the bounce-averaged dis-
tribution function f,, is

Erpo = fm(K, o, ®)A(K, a,h =0) . (4)

m

The A is a parameter concerning the phase space volume of trapped electrons given by

! K K O\1/2 B —1/2
A(E, a, h) = 2mm3/ 2 K1/? (1 + moc2> (2 + moc2) [1 - BO(@)} sin2a,  (5)
mp

where By(h) is the background magnetic field at distance along the field line from the
equator h, B,,p,(a) is the background magnetic field at the mirror point for an electron
with an equatorial pitch angle a, mg is electron rest mass, and c is light speed. The ini-
tial distribution is treated as source electrons generating the waves. We also assume an
incessant influx of source electrons from the Earth’s tail into the inner magnetosphere.
Thereby, we keep the F(;I)EQ as a constant distribution during all cycles of chorus inter-
actions. We show three different chorus generation regions: A®,, = (1) 10°, (2) 60°, and
(3) 90°. Note that the total initial flux and the influx integrated over E, o, and ® are
normalized to 1m~2. We apply the convolution integral method described above to the
initial distribution function.

Figure 2 shows the equatorial distribution functions F/® Eq integrated over the lon-
gitudinal direction with interaction cycle m = (a) 20, (b) 50, (c) 600, and (d)1000 for
Case 3 (0pax = 60°). It is natural that wider A®,, results in more effective electron
acceleration. After 1000 cycles of interaction, electron flux with A®,, = 90° reaches more
than 5 MeV. On the other hand, the maximum K in A®,, = 10° case is about 4 MeV.
The corresponding cross-sections are shown in Figure 3. From ® = 0° to the white dashed
lines are the range of longitudinal wave generation area. Figure 3c shows that some elec-
trons can undergo the second acceleration process after 600 or more cycles of interac-
tion, and also demonstrates that the wider A®,, gives electrons more opportunity for
wave-particle interactions. The precipitation rate ANy, (solid lines) and total electron
fluxes Nyotar (dotted lines) are plotted in Figures 4a—c for A®,, = 10°, 60°, and 90°,
respectively. The purple, blue, green, and red curves respectively denote m = 20, 50, 600,
and 1000. The ANy, is given by

ANL = Zme(K, achI))A(KJXL)AOzREQA‘I) s (6)

® arp

where ay, is the equatorial pitch angles corresponding to the precipitated electrons, and
A is obtained by integrating A over the distance h along the magnetic field line between
the two mirror points —h,,, and +h,,.

- +h'ln
A / A(E, o, h)dh . (1)
_h7n
The Nyptar is expressed as
Niotar = Y Y fm(K, 0, ®)A(K,a) AaRpAD . (8)
® «

It is obvious that after more interaction cycles, both electron precipitation and acceler-
ation increased. We can find MeV electron precipitation at the early stage (m = 20)
for Figures 4a—c. In Figures 4b and 4c, we find precipitation greater than 4 MeV.
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Figure 2. (a—d) Time evolution of the equatorial electron distribution functions

F® gq(E, a,®) summed over the longitudinal direction as functions of kinetic energy K and
equatorial pitch angle a for Case 3 (6maz=60°). The chorus emissions exist in longitudinal ranges
(left column) A® = 10°, (middle column ) A® = 60°, and (right column) A®=90°. The ini-
tial equatorial distribution function F(?EQ (E,a, ®) is set as a static distribution of which energy
ranges from 10 to 30 keV, equatorial pitch angle ranges from 5° to 89°, and longitudinal ranges
from 0° to (left column) 10°, (middle column) 60°, and (right column) 90°. These integrations of

F(EI’EQ over E, a, and the longitude are normalized to 1m 2.
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255 3.1.2 Comparison among different wave normal angles

256 Applying the same initial distribution function, influx functions, and longitudinal

257 chorus generation range for A®,, = 60° introduced in Section 3.1.1, we compare the con-
258 volution integral results for different Green’s function sets. We plot the equatorial dis-

259 tribution functions F,% pq With m = 20, 50, 600, and 1000 in Figure 5 and also plot their
260 corresponding cross-sections in Figure 6. In Figure ba, we find that electrons are accel-

261 erated to MeV level rapidly in Case 3, and in Figure 5¢ we have electron more than 4

262 MeV in Case 1. The result are similar to what we have presented in Hsieh et al. (2020),
263 in which the simulations are performed in a one-dimensional background magnetic field.
264 Since that purely parallel chorus emissions can accelerate electrons to > 4 MeV faster

265 than the other cases, the re-acceleration effect of Case 1 is stronger than the other 2 cases

266 (see Figures 6¢ and 6d).

267 The precipitation rate ANy, and the total fluxes Ny as functions of kinetic en-

268 ergy K are shown in Figure 7. The configuration of Figure 7 is the same as Figure 4. Ac-
269 cording to Figure 4 and Figure 7, we conclude that chorus emissions contribute to en-

270 ergetic electron precipitation for a wide energy range from tens of keV to a few MeV.

o However, the number of electrons precipitated into the loss cone is much smaller than

on2 that of electrons being accelerated and remaining in the radiation belt. By comparing

273 Figures Ta—c, we find that oblique chorus waves make more electron precipitation than

274 parallel chorus waves at K < 3 MeV. It is interesting that after hundreds of cycles of

215 interaction, the purely parallel chorus emissions lead to noticeable precipitation at K >

276 3 MeV, which does not appear in the oblique cases. However, the value of K > 3 MeV
277 precipitation of Case 1 is small compared with the precipitations at K < 1 MeV.

278 We integrate the precipitation fluxes over K, ap,, ® for each cycle m and plot the

279 normalized precipitation rate Ny, /Ny for 3 minutes in Figure 8. The Ny, is given by

20 Ny =Y AN,AK , (9)

K

281 and Nrp, the total electron fluxes in the system, is written as

202 Np = Z Z Z fn(K, o, ®)A(K, ar) Rpg APAQAK . (10)
K « 3]

283 We convert the precipitation rate from per cycle to per second in Figure 8 according to

284 the time scale of one-cycle of interaction(0.66 seconds). Figures 8a—d compare the en-

285 ergetic electron precipitation among the 3 cases at different energy ranges, which are (a)

286 K < 100 keV, (b) 100 keV < K < 500 keV, (c¢) 0.5 MeV < K < 1 MeV, and (d)
287 K > 1 MeV. The blue, green, and red curves stand for Case 1, Case 2, and Case 3, re-

288 spectively. For all cases, most of the precipitation occurs in K < 100 keV. Precipita-

289 tion rates for K > 1 MeV is much less than that for K < 100 keV. This phenomenon

200 agrees with the observation reviewed by Tsurutani et al. (2013).

201 Furthermore, in each energy range, the precipitation affected by oblique chorus emis-
200 sions is greater than those affected by parallel chorus emissions, and the electron pre-

203 cipitation ratio (oblique case/parallel case) becomes larger for greater electron energies.

204 At K < 100 keV, it is interesting that precipitation in Case 2 is greater than that in

295 Case 3. The reason is that in Case 3, many low « electrons move to higher energy through
206 the n=0 Landau resonance, the number of electrons remaining in K < 100 keV for Case

207 3 is less than that for other cases. Figures 8b—d indicate that if we want to find sub-relativistic
208 or relativistic electron precipitation induced by chorus emissions, it requires several con-

209 secutive emissions to make the K of electrons great enough and the « of electrons low

300 enough. It is very difficult to have relativistic electron precipitation by a single chorus

301 emission or a few emissions.
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Figure 5. (a—d) Time evolution of the equatorial electron distribution functions

F® gq(E, a, ®) summed over the longitudinal direction for A®,,=60° after m cycles of inter-
action with parallel chorus emissions (left column) or with oblique chorus emissions (middle and
right columns). The initial equatorial distribution function Fg’EQ (E,a, ®) is set as a static distri-
bution whose energy ranges from 10 to 30 keV, equatorial pitch angle ranges from 5° to 89°, and
longitudinal ranges from 0° to 60°. These integrations of iy over E, a, and the longitude are

normalized to 1m™2.
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Figure 6. (a—d) Time evolution of the equatorial electron distribution functions

FiEQ (F, a, ®) summed over the equatorial pitch angle o from 5° to 89° as functions of longi-

tudinal angle ® and kinetic energy K for Case 1 (left panels), Case 2 (middle panels), and Case 3

(right panels). The chorus emissions exist in longitudinal ranges A®,, = 60° as shown by white

dashed lines.
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Figure 7. The precipitation rate ANy and the total electron fluxes Niotq; corresponding
to Figure 5 as functions of kinetic energy for wave models (a) Case 1: 0,q.=0°, (b) Case 2:
Omaz=20°, and (c) Case 3: 01ma»=60°. The solid lines represent ANy and the dotted lines stand
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Figure 8.

Electron precipitation rates (per second) normalized by trapped electrons Nr with
respect to the distribution functions shown in Figure 5. The precipitation rates are calculated

with the energy range (a) K < 100 keV, (b) 100 keV < K < 500 keV, (c) 0.5 MeV < K < 1 MeV
and (d) K > 1 MeV. The red, green and blue lines represent Case 1-3, respectively.
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302 3.2 Electrons initially at high equatorial pitch angle

303 When geomagnetic substorm occurs, there are energetic particles with high equa-
304 torial pitch angle injected into the inner magnetosphere from the magnetic tail (e.g., Baker
30 et al., 1982; Reeves et al., 1990; X. Li et al., 1998; Turner et al., 2017, and references therein).
306 We study how fast these high equatorial pitch electrons get into the loss cone via cho-

307 rus wave-particle interactions. Figure 9 shows the time evolution of electron fluxes ini-
308 tially at K=10-30 keV and a=70-89°, which represent tens of keV and high equatorial
300 pitch angle electrons, interacting with the 3 cases. Here the A®,, is 60°, and the initial
310 fluxes integrated over E, a, and ® are also normalized to 1m~2. Figures 9a—c stand for
a1 interaction cycles equal to 1-3, respectively. The high equatorial pitch angle electrons

312 fall into the loss cone (the white area at the bottom of the figures) after interacting with
313 3 chorus emissions, whose time scale is about 2 seconds, for all 3 cases. It is clear that
314 the number of precipitation electrons for oblique chorus emissions is more than that for
315 parallel emissions, and the precipitate electrons of the oblique cases contain higher en-
316 ergy than those of the parallel case. Especially for Case 3, there is an obvious Landau
317 branch causing higher energy electrons and eventually the combination of the Landau

318 resonance and cyclotron resonance makes the higher energy pattern at a wide range of
319 equatorial pitch angle. Figure 10 is similar to Figure 9 but the initial energy is 0.99-1.01
320 MeV, which represent relativistic electrons. Figures 10a—c show interaction cycles of 1,
321 5, and 10, respectively. Comparing with tens of keV electrons, nonlinear scattering and
22 nonlinear trapping for relativistic electrons cannot lower the equatorial pitch angle ef-

323 fectively. Even after 10 cycles (about 7 seconds), no electron is dropped to the loss cone
324 in all three cases. Therefore, the EEP at MeV level is much difficult than that at tens

35 of keV level. However, Figure 10c indicates that oblique chorus emissions make relativis-
326 tic electrons move to lower a more efficiently than parallel chorus emissions, resulting

327 in higher probability of precipitation.

328 Figure 9 and Figure 10 imply three things: (1) Electron precipitation at tens of keV
329 is much easier than that at MeV. (2) Oblique chorus emissions contribute to more elec-
330 tron precipitation. (3) If the initial electron conditions are the same, precipitated elec-

331 trons induced by oblique chorus reach higher energy than that induced by the purely par-
332 allel chorus.

333 4 Discussion
334 We check the resonance condition at different latitudes to verify the relations among
335 K, a, and Lat during the electron precipitation process. The perpendicular velocity of
336 a resonant electron is given by
337 v = VRtanozh ) (11)
338 where ay, is the local pitch angle. Then, the Lorentz factor of a resonant electron is writ-
339 ten as
340 Y= + 1= = . 12

moc? 1_ V,%;vi 2 — Visec? ay, (12)
301 The relation between local equatorial pitch angle o, and equatorial pitch angle « is

. BOeq .
32 sina = sin ay, . 13
By(h) 13)

43 According to (11), (12), and (13), we derive equatorial pitch angles « as functions of elec-
344 tron kinetic energy K for the nth resonance as

— gin~! / Boeq [ w 2 (v — ”QE/W)2
345 o= Bo(h) \/1 (Ck| ) 772 1 . (14)

—16—



Case 1: 0 __ =0°
max
(a)cycles=1,t=0.7s

90
60 !

30

al’]

Case 2: 0 =20°
max

%.0 0.1 0.2 0.3

(b) cycles =2,t=1.3s
)

60

a[?]

30

%.0 0.1 0.2 0.3

(c)cycles=3,t=2.0s
)

60
<
30
%0 0.1 0.2 03 %0 0.1 0.2 0.3
Kinetic energy [MeV]
Figure 9. The equatorial electron distribution functions

90
60

30

%

F;,};EQ (E, o, ) summed over the

Case 3: 0 =60°
max

0 0.1 0.2 0.3
Kinetic energy [MeV]

- -
S o
o =]

N
.
3

107

-

<
N
S

1 0-25

SFS RegA0 m?keV' deg™]

-

]
[
S

longitudinal direction for A®,,=60° after 1-3 cycle of interactions for Cases 1-3. The initial dis-

tribution function Fyp(E, «, ®) is a static distribution whose energy ranges from 10 to 30 keV,

equatorial pitch angle ranges from 70° to 89°, and longitudinal ranges from 0° to 60°.
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The parallel wave number k|| is derived by the Appleton-Hartree equation, which is the
dispersion relation of whistler mode equation. We plot the solutions of equation (14) at
different latitudes for resonances with harmonic numbers n=0, 1, —1, and 2 in Figures 11a—
d, respectively. The parallel wave number k| follows the value of Case 3. The blue, green,
red, and magenta lines respectively stand for Lat = 0°, 15°, 30°, and 40°. The arrows

in Figures 11a and 11b point out the scattering tendency for electrons undergoing the
nonlinear trapping according to the Green’s function set of Case 3 as references. It is worth
noting that at high latitudes the nonlinear trapping becomes very difficult because of

the large gradient of the background magnetic field. In Figure 11a, in low « part all the
curves appear at very low energy, indicating that the electron loss through the n=0 Lan-
dau resonance only occurs at low energy, namely, below 100 keV. In other words, for >

100 keV electrons, they have difficulty being pushed into the loss cone by the n = 0 Lan-
dau resonance. The curves also imply that the interaction via the n = 0 resonance oc-

curs in a wide range of latitude. Figure 11b points out that electron precipitation induced
by the n = 1 cyclotron resonance can take place from a few keV to about 3 MeV. In ad-
dition, precipitated electrons with higher energies must correspond to interaction posi-
tions with higher latitudes. This description is the same as the conclusion reported by
Miyoshi et al. (2015).

In Figures 11c and 11d we can find that n = —1 and n = 2 resonance might con-
tribute to EEP for a wide energy range as well. In Hsieh and Omura (2017b) we do found
EEP caused by nonlinear trapping of the n = —1 (see Figures 8f and 9f of Hsieh and Omura
(2017Db)), but it requires very large amplitude and long wave packet. Compared with the
n = 0 and 1 resonances, direct contributions to EEP by n = —1 and 2 resonances are
very small.

The solutions of equation (14) at different latitudes for the n = 1 cyclotron reso-
nance with different ratios of electron plasma frequency to cyclotron frequency ratio wpe/€eo
are plotted in Figure 12. The k| follows the value of Case 1. The arrows in Figure 11b
point out the scattering tendency for electrons undergoing the nonlinear trapping based
on the Green’s function set of Case 1. Focusing on the low « part, if the wy. /e ratio
is greater, the cyclotron resonance becomes more concentrated to the lower energy part,
indicating that the precipitation rate of relativistic electrons is high for low wpe /e ra-
tio and low for high wpe/Qeo. In Figure 11d, high wye /o ratio denotes plasmaspheric
hiss, which locates in higher plasma density regions. The EEP induced by hiss at energy
< 1 MeV is a remaining issue for future studies.

Then, we calculate the resonant energy for the electron near the loss cone a = 4.56°.
Combining equations (1), (11), and (12), we have

- 0. - 02
@ﬂ—lyf+2nw7—(U2+n%;>:0, (15)

where U = - cosap, and V| = w/ky| is the parallel phase velocity. Solving equation
p
(15), we obtain

Qe Qey2 4 (72 72 4 2 8%
—n=t +4/(n=2)? 4+ (U? -1)(U? +n’=5
K =mgc? = ¢(“%( i “)—1. (16)
Uz-1

We plot the result for equation (16) for both n = 0 and n = 1 in Figure 13 according

to the parameters of Case 3. The solid and dotted lines are for wave frequencies w = 0.25
and 0.5 Q¢p, respectively. The blue curves stand for the n = 0 Landau resonance with

@ = qqpss and the red curves denote the n =1 cyclotron resonance with o = 5. Since
the wave phase velocity V), does not change much with different ¢, Figure 13 is a good
reference for chorus emissions with various . We find that resonant energy of the n =

1 cyclotron resonance is always greater than that of the n = 0 Landau resonance at all
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Figure 11. Solutions of equation (14) as resonance curves for n = —1 to 2 resonances at Lat

= 0° (blue), Lat = 15° (dark green), Lat = 30° (red), and Lat = 40° (magenta). The dashed
and solid curves indicate solutions for w = 0.25 and 0.5 Q.q, respectively. The electron plasma
frequency to cyclotron resonance ratio is 4. Scattering tendencies of nonlinear trapped electrons
are denoted by arrows for n = 0 and 1. Right blue arrows stand for tens of keV electrons, orange

arrows denote hundreds of keV electrons, and pink arrows represent MeV electrons.
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Figure 12. Solutions of equation (14) as resonance curves for wpe/Qeo = 2, 4, 8, and 16, for

n = 1 resonances at Lat = 0° (blue), Lat = 15° (dark green), Lat = 30° (red), and Lat = 40°
(magenta). The dashed and solid curves indicate solutions for w = 0.25 and 0.5 Qeo, respectively.
Scattering tendencies of nonlinear trapped electrons for wpe /€0 = 4 case are denoted by arrows
in Figure 12b. Blue arrows stand for tens of keV electrons, orange arrows denote hundreds of keV

electrons, and pink arrows represent MeV electrons.
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Figure 13. Resonant energies for electrons at equatorial pitch angle a as functions of Lat-
itude for Case 3. The red and blue curves stand for the results at o = ayoss for the n = 1 cy-
clotron resonance and the n = 0 Landau resonance, respectively. The solid lines are for wave
frequency w = 0.25{20, and the dotted lines denote w = 0.25.0. The magenta and cyan cures
denote resonant energies at o = 20° for the n = 1 cyclotron resonance and the n = 0 Landau

resonance, respectively.

latitudes. We plot magenta curves representing the resonant energy for the n = 1 cy-
clotron resonance at a = 20° because the n = 1 cyclotron resonance can drop electrons

to the loss cone from a = 20° based on the trajectories on Figure 1d. The magenta curves
show higher resonant energies than the red curves. As a reference, we also plot cyan curves
representing the n = 0 Landau resonance for electrons at o = 20°. At energy > 100 keV,
the blue curves relate to Lat > 40°, where it is difficult to have strong resonance. Be-
cause of the large gradient of the background magnetic field, which makes the inhomo-
geneity factor very large (Omura et al., 2019), we only have very weak resonance at high
latitudes. Because the nonlinear trapping of the n = 1 cyclotron resonance cannot lower
the equatorial pitch angle of electrons, the precipitation is all done by nonlinear scat-
tering. Therefore, we conclude that most of the EEP cases are directly pushed by non-
linear scattering of the n = 1 cyclotron resonance. The n = 0 Landau resonance only
contributes to a small portion of precipitation at K < 100 keV. We examine trajecto-

ries of the precipitation electrons for several Green’s functions. We find that the num-

ber of EEP cases directly done by the n = 0 Landau resonance is much smaller than that
directly done by the n = 1 cyclotron resonance.

However, our convolution integral results show that EEP cases induced by oblique
chorus emissions is more than that induced by parallel chorus emissions. In oblique whistler
mode wave-particle interactions, an electron can go through not only n = 1 cyclotron
resonance but also the n = 0 Landau resonance and higher-order resonances of mul-
tiple emissions during a bounce motion. Hence, the electron interacting with a oblique
chorus has more opportunity to move toward a lower equatorial pitch angle than that
interacting with a purely parallel chorus. The n = 0 Landau resonance can move elec-
trons from high « to low « via the nonlinear trapping effectively as demonstrated in Fig-
ure 10. On the other hand, the n = 1 or n = 2 cyclotron can lower electron’s « via
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Figure 14. Schematic pictures of the wave-particle interactions between chorus emissions

and an electron showing the precipitation process by multiple resonances of different emissions.
(a) Schematic picture along a field line. (b) Schematic picture showing the kinetic energy and
equatorial pitch angle tendency during the process. The 2 steps of precipitation process are: (1)
A high equatorial pitch angle electron gets energy and its equatorial pitch angle becomes lower
via nonlinear trapping of Landau resonance. (2) The electron is pushed into the loss cone via
nonlinear scattering of cyclotron resonance. The green, pink, and purple patterns stand for the
electron status before step 1, after step 1, and after step 2, respectively. After step 2, the electron

precipitates at the opposite hemisphere.

nonlinear scattering process. Finally, after a few cycles of interaction, an electron moves
close to ag,ss and then be pushed into the loss cone by the n = 1 cyclotron resonance.
A schematic picture explaining this process is plotted in Figure 14. Figure 14a shows a
sketch along a field line, and Figure 14b illustrates the process in the K—a phase space.
The two steps of the energetic electron precipitation for oblique whistler mode wave-particle
interactions are: (1) A high equatorial pitch angle electron obtains energy from a cho-
rus emission and its equatorial pitch angle becomes lower via nonlinear trapping of Lan-
dau resonance. (2) The electron bounces back toward the equator and then is pushed
into the loss cone via the nonlinear scattering of cyclotron resonance by another emis-
sion. The green, pink, and purple patterns in Figure 14 stand for the electron status be-
fore step 1, after step 1, and after step 2, respectively. After the electron moved to the
loss cone, it precipitates in the opposite hemisphere if there is no other process making
its equatorial pitch angle larger.

Although subpacket structure of chorus emissions allows electrons undergo mul-
tiple resonances within one wave packet (Hsieh et al., 2020), the 2-step precipitation pro-
cess cannot finish within one wave packet. Figure 13, which is derived from the first or-
der resonance condition, shows that the interaction latitude of the n = 0 Landau res-
onance is higher than that of the n = 1 cyclotron resonance for electrons at the same
energy. Nonlinear trapping via the Landau resonance occurs when an electron and a cho-
rus emission move in the same direction along a field line. The Landau resonance brings
the resonant electron to higher latitude. Hence, the step 2 must happen at least after
the electron bounces back from the mirror point.

In considering the second order resonance condition, the inhomogeneity factor S,
is an important factor controlling the nonlinear interactions in both n = 0 and n = 1
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1 Vi \” 0w wv? n A2 Qe — (v/n)w] \] 09
o= {(1 v) ' [mevp| SR\ T e 9z
(17)

gll
Detailed explanation of parameters in S, is given by equation (165) of Omura (2021).
In the 2-step precipitation process, we need |Sp| < 1 for the nonlinear trapping (step
1) and |S1| around 1 for the effective nonlinear scattering (step 2). The second term of
equation (17) shows the effect of the gradient of the background magnetic field and this
term is smaller when n = 0 then that when n # 0, resulting in that the latitudinal range
for |Sp| < 1 is wider than that for |Si| around 1.

Besides, an electron with lower equatorial pitch angle has longer bounce period,
which means that it takes more time for the bounce-backed electron to reach the inter-
action latitude for the n = 1 cyclotron resonance. Taking the timescale of a single cho-
rus emission, group velocity, and electron bounce period into account, when an electron
after step 1 bounces back to the low latitude, where the cyclotron resonance should oc-
cur, the tail of the same chorus emission has already left. Therefore, after step 1, an res-
onant electron has no chance to interact with the same chorus emission via the n = 1
cyclotron resonance. In other words, this precipitation process cannot be completed within
a single emission.

5 Summary

We performed test particle simulations of energetic electrons interacting with oblique
whistler mode chorus emissions in a three-dimensional dipole field. By calculating the
Green’s functions and taking convolution integrals for 3 chorus wave models with dif-
ferent wave normal angle variations, we compared the precipitation rates among cases
with purely parallel propagation and oblique propagation.

Our findings regarding energetic electron precipitation (EEP) are listed as follows:

1. Most of the EEP events are less than 100 keV. We also find EEP for relativistic
electrons but the fluxes are much smaller than those of electrons less than 100 keV
(See Figure 8).

2. Most of the EEP events are directly caused by the nonlinear scattering of the n =
1 cyclotron resonance.

3. Nonlinear trapping of the n=0 Landau resonance also directly contributes to EEP
at K < 100 keV, but the number of the cases is much less than that of the EEP
directly caused by nonlinear scattering of the n=1 cyclotron resonance.

4. For electrons < 0.1 MeV, the precipitation is very prompt within a time scale
of a few emissions (a few seconds). For electrons > 0.1 MeV, the precipitation
requires interactions with tens or hundreds chorus emissions (a few minutes).

5. Obliquely propagating chorus emissions cause more EEP than parallel propagat-
ing chorus emissions through the following 2-step EEP process:

(1) During the first chorus emission, a high equatorial pitch angle electron obtains
energy and its equatorial pitch angle becomes lower via nonlinear trapping due

to Landau resonance.

(2) The electron bounces back toward the equator and then is pushed into the loss
cone via the nonlinear scattering due to cyclotron resonance with another chorus
emission.

Although we find that chorus emissions can cause the precipitation of electrons in
the outer radiation belt, the fluxes are extremely small for MeV electrons (see Figure 4).
We will calculate evolution of electron fluxes interacting with both whistler mode cho-
rus and electromagnetic ion cyclotron (EMIC) waves, which makes remarkable contri-
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butions to relativistic electron loss (e.g., S. Nakamura et al., 2019), in the future to un-
derstand more about the formation and loss processes of the outer radiation belt.

Appendix A Wave magnetic field and electric field components in a
dipole magnetic magnetic field

The wave magnetic field and electric field in a field-align frame are given by

Bw =  exr B:/E/ =+ ey B;/ + ez B;’

= exr B cos+ ey By sint — ez B cosp, (A1)
E, = exr E;/ + eyn E?:/ + e, E;/

= ex B sing —eyn B costh + ey B sin), (A2)

where ey, ey, and e, are unit vectors in the z, y, and z directions of the field-align

coordinate. The e,~ points out the direction of the background magnetic field line, the
ey is the outward (radial) direction of the field line, and the ey~ is eastward direction.
The local wave phase 1 is given by

h

wi(t) =1 + /w(t)dt — / ’i kHdh —kirg COS(QS/) , (A3)

ho

where h is the distance along the field from the equator, ry, is gyroradius. The ¢’ is 90°
minus the gyrophase, and the way of obtaining the cos(¢’) is described later in Appendix
B. Note that the wave vector is at the ” — 2" plane. The given wave magnetic field
amplitude B,, is written in the form

B, = \/(B;” cos1p)? + (B siny))? + (BY cos )2 . (A4)
Tilt angle 7 is the angle between z-axis of the dipole field (North pole) and the background

magnetic field given by
n = atan2 (. /B, + BE,, Bgz) . (A5)

Converting the wave fields to the meridian plane, the wave magnetic fields are written
as

By cosnp 0 —sinng | [ By
B, | = 0 1 0 By for z > 0 (Northern Hemisphere),  (A6)
| B | | sinp O cosn | | By |
and
[ By ] [ cosp 0 sinp | [ By ]
B, | = 0 1 0 By for z < 0 (Southern Hemisphere). (A7)
| B | | —sinp 0 cosn | | B. |

Setting the longitude ® = 0° as 4z direction and ® = 90° as +y direction, we rotate
the wave magnetic field and obtain the wave field in the dipole field as

B, cos® —sin® 0 B!
By sin®  cos® 0 By, | . (A8)
B. 0 01| B

Hence, the wave magnetic fields in the dipole field are written as

B, cos® —sin® 0 cosn 0 Fsinny B!
By | =| sin® cos® 0 0 1 0 By | . (A9)
B, 0 0 1 +siny 0  cosnm BY
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For Northern/Southern Hemisphere, we apply the upper/lower part of the + and F signs
in equation (A9). Coordinate transformation of wave electric fields (E,, E,, and Ez)
is the same as that of wave magnetic fields (B,, By, and B,).

The wave components in equations (A1) and (A2) are given by following relations.
By,

\/cos2 ¥+ A% (1 — Aptan0)”sin® ¢ + tan? 6§ cos? ¢

By = As(1 — Aptan0)By’

BY =

x

BY =tandB} (A10)
EY = AV, By
E;U = pHBﬂlﬂu

EY = AsApr”B;) .

z

The dispersion relation of oblique whistler mode waves is given by

22 2X(1- X
’I’L%:L B) =1- ( ) ’ (All)
w 21— X) — Y2sin® 0+ Y\ /Y2sin® 0+ 4(1 — X)? cos? 0
where )
w,
X = “re
62 (A12)
y = ¢
w

The related variables in (A10) are derived from the dispersion relation (A11) as follows.

~ w?

1 pe
S=1- 5"
D_LZQ)E WQE
_w2w2—Q§’
2
15:1_&;7 (A13)
w
n2—8
Ag="r 2
STD

n? sin 0 cos 6
nZsin“ 0 — P

Appendix B Calculate the gyrophase from particle positions

To obtain wave phase from equation (A3), we need to calculate cos(¢’), where ¢’
is 90° minus the gyrophase ¢. The potion vector of an particle is

P = expy + eypy + €D, . (B1)
The guiding center of the particle is given by
Rgc =p+7r1d, (B2)
where @ is the direction from the particle to the guiding center given by

BOXVL

a:|BOXVJ_"

(B3)
and the parallel velocity vector v|| and the perpendicular velocity vector v of the par-
ticle are given by

V- B()

=——B B4
|B0|2 0 ( )

Ml
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VLZV—VH. (B5)

The ey~ is written as
B() X (Rgc X BO)

IBo X (Rge X Bo) |~

(B6)

ex// =

Finally, we obtain cos(¢’) by
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